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Abstract The aim of this paper is to investigate the sta-
ble/unstable regimes of the non-static anisotropic filamentary
stellar models in the framework of f(R, T, R, T"") grav-
ity. We construct the field equations and conservation laws
in the perspective of this model of gravity. The perturbation
scheme is applied to the analysis of the behavior of a partic-
ular f(R, T, R,,, T*") cosmological model on the evolution
of cylindrical system. The role of the adiabatic index is also
checked in the formulations of the instability regions. We
have explored the instability constraints in the Newtonian
and post-Newtonian limits. Our results reinforce the signif-
icance of the adiabatic index and dark source terms in the
stability analysis of celestial objects in modified gravity.

1 Introduction

The accelerated expansion of the cosmos has become clearly
manifest after the discovery of unexpected reduction in the
detected energy fluxes coming from supernovae of type Ia
[1,2]. Other observational data like cosmic microwave back-
ground radiations, large scale structures and galaxy red shift
surveys [3,4] also provide evidence in this favor. These obser-
vational data led one to propose an enigmatic form of force,
dubbed dark energy (DE), which takes part in the expansion
phenomenon and dominates overall the energy density of the
cosmos. Despite some very solid claims about the existence
of DE, its unknown nature is the substantial puzzle in cosmol-
ogy. The idea of modified gravitational theories is obtained by
extending the standard Einstein—Hilbert (EH) action, which
has gained much fame in order to demonstrate the secrets of
cosmic accelerating expansion.

There exist various theories of modified gravity such as
f(R) gravity with R the Ricci scalar, f(7) gravity in which
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T is the torsion scalar, f(R,T) gravity with T the trace
of energy-momentum tensor, f(G) gravity in which G rep-
resents the Gauss—Bonnet invariant and f(R, T, Q) grav-
ity (where QO = R, T*9) etc. Nojiri and Odintsov [5]
reviewed various versions of modified gravity models that
could explain DE dominance in this accelerating cosmos.
Cognola et al. [6] introduced some viable formulations of
f(R) DE models and classified them into four main streams.
Nojiri and Odintsov [7] studied some important aspects of
f(R) gravity in order to make them well consistent with
observational data. Bamba et al. [8] discussed the role of DE,
through modified cosmic models, in the expansion of our
accelerating cosmos. Durrer and Maartens [9] investigated
the idea that some f(R) models could lead to new schemes
to test out the credibility of general relativity itself on cos-
mological scales. Bhatti et al. [10] discussed the dynamical
instability of a non-static cylindrical cosmic configuration by
using f(7) gravity and found that additional curvature con-
ditions generate the stability of an expanding stellar frame.

Harko et al. [11] used f (R, T) theory of gravity and pre-
sented the corresponding equations of motion for the mas-
sive particles through the variational principle in f(R, T)
theory. The generalization of f (R, T') gravityis f(R, T, Q)
gravity, where Q = R;,T*° shows the non-minimal cou-
pling between matter and geometry [12]. Haghani et al. [13]
obtained the field equations by using a Lagrange multiplier
in the f(R, T, Q) theory of gravity. Odintsov and Sdez-
Gomez [14] studied f (R, T, Q) gravity with a non-minimal
association between matter and gravitational fields and con-
cluded that the ensuing modified gravity contains additional
points which would recast the possible cosmological evo-
lution. Elizalde and Vacaru [15] evaluated some exact off-
diagonal cosmological models in f(R, T, Q) gravity. Baf-
fou et al. [16] used the perturbation technique and performed
a stability analysis with the help of de Sitter and power
law models through numerical simulations in f(R, T, Q)
gravity.
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Gravitational collapse is a fundamental and highly dis-
sipative phenomenon leading to structure formation in our
universe. Chandrasekhar [17] studied the dynamical insta-
bility of an oscillating spherically symmetric model by using
a perfect fluid and found the instability limits in terms of
the adiabatic index. Herrera et al. [18] analyzed the dynam-
ical instability of dense stars with zero expansion scalar
in a spherically symmetric configuration and found insta-
bility limits that are independent of adiabatic index. Cem-
branos et al. [19] studied gravitational collapse in f(R)
gravity and found this phenomenon to possibly work as a
key tool to constrain modified gravity models that describe
late time cosmological acceleration. Yousaf et al. [20,21]
investigated the irregularity constituents for spherical self-
gravitating stars in the presence of an imperfect matter distri-
bution within f (R, T') gravity and found that the complexity
of matter increases with the increase of anisotropic stresses.
Yousaf [22] explored collapsing spherical models support-
ing a vacuum core in a A-dominated era within the stellar
interior.

The subject of exploring the cosmic filamentary celestial
objects has been a focus of great attention of many astro-
physicists [23-29]. On a large cosmic scale, it has been
analyzed that matter is usually configured to make large
filaments. These stellar structures have been found to be
very clear characteristics of the interstellar medium. They
may give rise to galaxies upon contraction. Motivated by
several simulations and observational results, the stability
analysis of cosmic filaments with more realistic assump-
tions has received great interest. Binney and Tremaine [30]
have linearized the Vlasov equation about the steady phase
of the relativistic interior and solved the resulting eigen-
value equation in order to discuss the dynamical stabil-
ity of collision-less celestial structures supported by the
Vlasov—Poisson formulations. Chavanis [31] has extended
their results in the context of non-linear dynamical stabil-
ity and explored the problem of stability of barotropic as
well as collision-less stellar systems via the maximization
of a Casimir functional (or H-function) with fixed values
of energy and mass. Quillen and Comparetta [32] assumed
a constant linear mass density and approximately evaluated
a dispersion relation in the background of the tidal galaxy
tail.

Myers [33] has discussed the evolution of some observed
characteristics of cores and filaments and concluded that
during the contraction of host filaments, the core grows
in mass and radius, and this phenomenon stops if the sur-
rounding filament gas will no longer exist, making further
accretion impossible. Breysse et al. [34] carried out an ana-
lytical approach with the detailed perturbation background
and investigated the stability of polytropic fluid filaments.
They found that the instabilities of the cosmic fluid fila-
ments could be enhanced by introducing a tangential fluid
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motion of the system. Sharif and Manzoor [35] studied the
dynamical instability of the axially symmetric stellar struc-
ture with reflection degrees of freedom coupled with locally
anisotropic fluid configurations in self-interacting Brans—
Dicke gravity and obtained stability conditions through
the adiabatic index in both the N and the pN approxima-
tions. Birnboim et al. [36] performed a stability analysis
in planar, filamentary and spherical infall geometries for
the existence of a virialized gas in one-, two- and three-
dimensional (3D) gravitational collapse and concluded that
cosmic filaments are likely to host halos under some con-
straints.

Recently, we have investigated the anisotropic spherical
collapse in the background of f(R, T, Q) gravity and dis-
cussed the stability of compact stars by taking into account
the particular viable model with perturbation technique. We
also examined that adiabatic index I'; has significant role
in the dynamical instability of these massive stars [37]. The
motivation of this paper is to explain the mathematical as
well as physical features of self-gravitating cylindrical celes-
tial objects within the framework of the f(R, T, Q) the-
ory of gravity. Particularly, some properties of viable mod-
ified gravity model are discussed to create the expansion
and DE consequences in cosmos. This paper is organized
as follows: We provide the basic formalism of f(R, T, Q)
gravity in Sect. 2. Section 3 deals with the dynamics of
cylindrical self-gravitating collapsing model in which for-
mation of field equations and conservation laws by linear
perturbation technique and instability constraints at New-
tonian (N) and post-Newtonian (pN) limits are investi-
gated. Finally, we conclude our main results in the last sec-
tion.

2 The formalism of f (R, T, Q) gravity

The formalism of f(R, T, Q) gravity is based on the con-
tribution of non-minimal coupling of geometry and matter.
Here R in the EH action is replaced with an arbitrary func-
tion of R, T and R},(;TV‘S. In [13] modified EH action is
demonstrated in the following way:

1
Iyr,1,0) = §/d4xv—g[f(R,T, RisT*) + Lyl, (1)

where L,, expresses the relative Lagrangian density of matter
distribution then the respective energy-momentum tensor is
expressed as

T(m) — _ 2 8(\/ _ng)

Lo \/_—g 5 g)m :
On varying the modified action Eq. (1), with metric tensor
g0, the following field equations are obtained:
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- GAU(fQEnz - fR)

R 1
— 8o {g —0Ofr - EfR - EVan(fQTW) - ﬁme}

1
+2foR0.T,) + ED(fQTAa) — VaValT7, fol
2L,y
3gkoagnp

—rm R )= VsV, fr=0 3
M(fr+2fQ+) 2Vofr =0, (3)

—2(frg™ + foR™)

where V,; and G,, indicates covariant derivative and
Einstein tensor, respectively, with [ = g“ V), Vs as a
d’ Alembert operator. From Eq. (3), one can obtain the expres-
sion of trace as in [37]. In the framework of [11] the matter
Lagrangian has no specific distinction for perfect fluid, and
the corresponding second variation was neglected in their cal-
culations. Equation (3) can be rewritten in GR perspective as
follows:

R eff

Rys — Egka = Gy = Tho, (C))

where the effective energy-momentum tensor T3, has the
following form:

1 1 (m)
_ —R 1T,
(fR—fQLm)|:<fT+2 Jot ) o

R(f . 1
+{§(E _fR> — Ly fr — 3

Tio eff _

1
X Van(fQT”p)}gm - ED(fQTAa)

- (gAaD - VAVU)fR - 2fQRn(ATZ)

2r,
b4 TP TP
+VaVolTy) fol + 2(foR™ + frg )7agkaagﬂp}-
On taking Q = 0 in the above equation, f (R, T, Q) gravity
would reduce to f(R, T) theory. However, in the case of
vacuum it leads to f (R) gravity theory and consequently we
will obtain GR results whenever f(R) = R.

3 Anisotropic matter distribution and cylindrical field
equations

We consider the three-dimensional (3D) timelike hypersur-
face, A, that would demarcate the 4D manifold V into couple
of regions, i.e., exterior W and interior W~ . The interior
region of relativistic stellar system is given by the following
cylindrically symmetric spacetime:

ds? = —A2(r, 1)(de? — dr?) + B2(t, r)dz? + C2(1, r)dg?.
©)

For the representation of cylindrical symmetry, the following
ranges are imposed on the coordinates: —oo < ¢ < 00,0 <
r,—00 < 7 < 00,0 < ¢ < 2m. We number the respective
coordinates x* = 7, x! = r,x2 = zand x3 = ¢. We assumed
C = 0 at r = 0, which represents a non-singular axis. The
spacetime for W is [38]

ds? = -2V (dv? — dp?) + eV p?de? +e?VdZ?, (6)

where y and v are the functions of v and p, while the coordi-
nates are numbered as x? = (v, p, ¢, 2). The corresponding
vacuum field equations provide

f—Rfg

(W2 02 =L I 20rv), (7
szvUp = Yv» 8)
200-v) [ F_RF 2y
v e R e
Upy — £ _Upp = 4 f = fR {pe_4v+_}a
P o fr o
©)

where subscripts p and v show partial differentiations with
respect to p and v, respectively and tilde indicates that the
corresponding values are evaluated with constant R, T and
Q conditions. It has been proved by Senovilla [39] that mod-
ified extra curvature terms on the boundary surface should
be constant. Due to this, we have evaluated the above equa-
tions with constant R, T and Q. These equations suggest the
existence of a gravitational field. We assume anisotropic and
non-dissipative collapsing matter in the cylindrical geometry,
whose energy-momentum tensor is

T = (P + w)ViVo + Prgoo — Ki Ko (Pr — Pd))

—S1So (Pr — Py), (10)

where p is the energy density which is the eigenvalue of
T, for eigenvector V;, while Py, P,, P, are the principal
stresses. The spacetime (5) is the canonical form for cylin-
drical symmetry, defined as usual by the 2D group that defines
the cylindrical symmetry. The unitary vectors V;, Ly, S, K
are configured so as to render a canonical orthonormal tetrad
in which a hypersurface orthogonal 4-velocity vector is V.
Further, the two vectors S and K, are tangent to the orbits of
the 2D group that preserves cylindrical geometry and L, is
orthogonal to the 4-velocity V, and to these orbits. It is wor-
thy to stress that we are considering an Eckart frame where
fluid elements are in the state of rest. The four-vectors obey
the following relations:

VAV, =—1, KK, =1=§8"S,,
V K, = V'S, = K*S; =0. (11)

We choose the fluid to be comoving in a given coordinate
system; therefore, we have
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Vi =—A8), K, =C8, L;=As and S; = BS3,

(12)
The four-acceleration vectorisa, = Vy., V7, witha = 2—; as
a scalar associated with the four-acceleration. The expansion
scalar, (© = V,))‘\), for our cylindrical spacetime leads to

1 (A B C
O=—(S+-+—-),

13
A\A B C (13)

where an overdot represents the time derivative. The shear
tensor o, 18

1
Oio = Vo) +ap Vo) — §®hxa,

where h,, is a projection tensor with s = gis + Vo Vs.
The shear tensor can also be expressed as follows:

/’l h)»(r
0o =05 | S35 _T + o | KiKs -3 )

where

1 (A B 1 (A C
Usz_— —_—— . o'k:— _— —

A\A B A\A C
The non-zero modified gravitational field equations for our

cylindrical line element associated with matter distribution
(10) take the form

(14)

1 [CB c” B B’C/+ eff (15)
R B - AN
A2|Bc ¢ B BC T TH
B C\NA ¢ B B C\ A
S )2 2 (2 ) o 16
<B+C)A c B+<B+C)A ’ (16)
B'C’ B BC ( eff
2B P 17
BC B BC c =i an
B\ 2 c’ ¢ eff Cc\? B B ;)ff
(3) [n+T-c)=% (B) |+ 5 5]
(18)
where
_(€. B A+ B\ A
“a=\c"B)a"\BTc)a
A2 A/2 A A
i~ wm a
eff 1 1
=——— | Lyufr—s(f —RfR)+ux1+ix
fR—fgﬂM[ 2
ii/ M// 4
o el / r 19
topfotyplot st sl (19)

fo sA
/
thxat by {AZ ~ a3l

@ Springer

Jfo

T 5A2B (PZB+PB)— P; 3fQ—i—PZ)(5

fo . C , C’
_2¥ (p. = _pl
242 \'?c " "¢
fr B C
A2 <A+B+C>

Ir B’ Ir
M(A_B_>+M}

+Pyx

AT [
r W f fR) — MfT+A21//1
. [ 5A fo
+“<2A3f A2>
. Y
/ M WA
—fRW2+PrX7—me+MX8+WfQ

P
72fQ + Pzxo + Py xio
fo
MEVel B
eff 1
ST frR—folwm

B . C

c’ .
Pf+P¢E—P¢ }+PrX11+PX12:|

wA
A2fQ+ s le

(20)

1 .
X |:2(f—RfR)_£MfT +ax14+mx13—

fQ
+Pryis + +P
rX15 2A3fQ (2A3fQ
" .
- ﬁfg + P x16 + Plx17 — P;
i

2fQ + Py x19

fo (€ c’
+E P¢*—P¢C +¢3 B
eff 1
Pp=——
frR— foLlm

1
X [*(f = RfR) — Lm fr + fx1a + p1x13 —

B,
X X18 — 2fQ+

1)

WA

ji
me"" 3fQ

s+ B fot+ P22 4, _te
Y E 24370 T 42

//

- 2A2 fo+ Poxao + Pyxas + Py

¢ ‘ P// f B /B,
Efg-i— 2fQ+P¢X2'+2A2(PB_Pf§>+¢4’
(22)

where a prime stands for the f—r operator and the quantities
Xi contain combinations of metric variables and their deriva-
tives as mentioned in the appendix. The value of R for the
spacetime is given as

R 2 A’+1§+C A”+B”+C” +1(A/2 i
T A2|\A B C A B C A?
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+E(3c_3c>] 23)
3.1 Viability of f(R, T, Q) model and junction conditions

In this subsection, we shall deal with the hydrodynamics
of cylindrical stellar collapse by using dynamical equations.
The expression of covariant derivative of effective energy-
momentum tensor is

. 2

 Rfo+2fr+1

1
X [V(T(‘Cme) + Va(fQRﬂ}\Tna) - E(ngrrp + fQRer)

VT

X Vg T — Gio V)L(focm)iIs (24)
which would lead to two equations of motion in (R, T, Q)

theory. Making use of Gﬁ‘,’ = 0 and Egs. (15)—(18) along
with A = 0, 1, the above equation gives

n off 1 eff eff eff 1 eff eff
74‘@ n+ = Pr+Pz+P¢ +§ Pz_Pr (205 — o%)

3
1 eff eff
+§(P¢7Pr)(20-k*0's)+21=0, (25)
eff 1 eff eff\ B’ eff eff\ C’ off eff’
FA(F )£ )
xa+2Z)=0, (26)

where the superscript “eff” indicates the presence of (R, T, Q)

terms in the matter variables and the expressions of Z; and
Z, are mentioned in the appendix in Egs. (Al) and (Al).
The quantities Z1 and Z; are due to the non-conserved diver-
gence of the energy-momentum tensor. The dynamical equa-
tions could help to explain the hydrodynamics of locally
anisotropic cylindrical relativistic massive bodies. It is wor-
thy to mention that the theoretically designed stellar models
are of importance if they are stable against instabilities and
fluctuations. Now, we will explain the dynamic instability of
anisotropic and non-dissipative relativistic cylindrical geom-
etry by using a particular (R, T, Q) model [40],

f(R,T,Q)=aR*+ 0, 27)

where o and B are constants. The model with « R" 4+ Q™
is the generalization of the above-mentioned f(R, T, Q)
model, in which m and n are constants. In order to deal with
this theory free from Ostrogradski instabilities, one should
take n # 1. However, this model will generate a stable theory
for m = 1, by giving the EH term including the canonical
scalar field having a non-minimal variation coupling of the
Einstein tensor. The model with n = 2 and m = 1 along
with constant 8 could help to understand the dynamics and
evolution of the inflationary cosmos. For the particular value

of the constant «, i.e., & = 6# [41] with M = 2.7 x 10712
GeV, this model behaves as a substitute of DM. In the case of
a = 0, there is a geometry—matter association due to the cou-
pling between the stress-energy tensor and the Ricci scalar.
Yousaf et al. [37] studied this model withn = 2, m = 1
and discussed the stability of compact stars in an anisotropic
spherical configuration by taking 8 > O along witha = #.

For the smooth matching of Egs. (5) and (6) over A, we
shall use junction conditions proposed by Darmois [42] as
well as Senovilla [39] for f(R, T, Q) theory. Since we have
assumed a timelike hypersurface, we impose » =constant in
Eq. (5) and p (v) in the exterior metric (10). In this framework,
the first fundamental form yields

) 172

A 2y—2v dp

dr =e”7 1- W dv = Adr, (28)
v

A

BEev, CcLevp, (29)

. 2 . .
with 1 — (g—g) > 0. Here, the notation overset A indicates
that the corresponding equations and quantities are evaluated

on the hypersurface, A. The second fundamental form yields

ezy_zv[vtrpt — PreVe — (Ve (Yp — Vp) + pc (o — i)}

A
x (7 =PI = —5, (30)
A BB’
CZU(PIUV + VrUp) = A
v —CC’
C_ZUPZ (Prvv + Vv — ;r) 2 A (31)

By making use of Eqs. (28)—(31), the field equations and after
some manipulations, we obtain

eff A

P. =0. (32)

From Eq. (4), one can write the following form:

1
- (fR - fQLm)

R(f L L VoV (foT
+EE_fR - mT_EX =Vo(fo ) (8o
1

! (m)
Gio fT+§RfQ+1 TAU

O(foTho) + VaVo fr + 87"V Vi (Tio f0)

NS]

— &SR+ 2fQRTAa],

which can be transformed to
1

QAG =
(1 + fr+ %RfQ)

[(fR - fQLm)GAo

1 1
- z(f — RfR)8w0 + Lin fT&.0 + 5
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X anp(fQTnp) }gka

1
— ED(fQTM) — Vi.Ve fr + gAanR], (33)

where 2, indicates a tensor associated with bulk matter. In
a Gaussian normal coordinate system, we have

ds? = dy? + yapdx?dx?,

in which the boundary surface is at y = 0. In this context,
the Ricci scalar takes the form

4 -
R =20,K — §K2 — K}, K* — R, (34)

where K, is the extrinsic curvature at the hypersurface,
tilde shows the constant choice of the Ricci scalar evaluated
through induced spacetime, while K, and K are the traceless
and trace components of the extrinsic curvature, respectively.
The value of the extrinsic curvature can be expressed through
Yab 8 Kqp = —1/2 x 3yy,4p. The Einstein tensor yields

Gyy = —%(KMKM +R—K?),

Gyo = —V(K", — 8" K),

Gro = iy(Kso — K7io) + 5720 (Kpus K"+ K)
+Gis — 3K Ko + 2K Koo

Now, we split Eq. (33) into two tensorial quantities,

Qo = QAU + Lyg, (35)

where

1
Qla = (fR - fQLm)G)m + Lm.ng)m - E(.f - RfR)g}»Gv (36)

1 1
Ly = Evuvv(fQle)g)m - ED(fQT)La) — ViV fr + 80O fr.
(37

The components of Eq. (36) are obtained as follows:

1
Qyy =Gy fr— foLmGyy + E(RfR =
Qyﬁ = fRG_vﬁ - fQLﬂleﬁv

1
Qup = fRGot/S - fQLmGa/S + LmVaﬂfT - E(f - RfR)Votﬂg
while Eq. (37) provides us with the following relations:
- 1- K. o
Lyy = =Koy fr+0fr — ED(fQTaﬂ) + ?‘)y(fQT ),

1-
Lyp = =050y fr = Koy fr = 50(foTyp),
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Lotﬂ = _vaﬁ + Ka,‘}ayfR + Eyozﬁ[vp.u(fQTMU) - K;Lvay(fQle)L
1~ -
- ED(fQTa/S) + Vaﬁ[DfR + 8yyfR - KayfR]-

Now, we compute the ya and yy components of Eq. (35),
which after some simplifications give rise to

y[(Kno — Kyao) SR + Vro f000y Q + Vo fRRIyR] = 0.
(38)

Upon integration across the hypersurface, Eq. (38) yields

[(Kao — Kyoo) R+ VAUfQQayQ + VAUfRRayR]|i_ =0.
(39)

The integration of Eq. (34) gives R|" = 0, while the trace
and traceless components of Eq. (39) give rise to

FRRIWRIT =0, freKi, 1T =0, foold,0lf =0,

Kt =0, (40)
along with
RIT=0, QIT=0, wolf=0, (41)

provided the matching conditions for the f (R, T, Q) theory
of gravity in which fgrg # 0 and f oo # 0O should be
satisfied. The details of this approach in f(R) gravity have
been mentioned in [39,43,44]. Equation (32) arises due to
the Darmois junction conditions, which indicates that the
effective radial pressure on A is zero. Equations (40) and (41)
over X are required for the continuity of R and Q invariants
even for matter in thin shells.

3.2 Perturbation scheme

In order to discuss the stability of cylindrical celestial objects,
we shall explore the perturbed form of field as well as the
dynamical equations in this section. A perturbation deals with
small variations in a physical system resulting by gravita-
tional effects of other stellar objects. Therefore, in the recent
few decades, researchers were very keen to analyze the stabil-
ity of the cosmic stellar filaments against oscillatory motion
induced by perturbations. Here, we use the linear perturba-
tion scheme with a very small perturbation parameter € so
that one can neglect its second and higher powers. Initially,
the celestial system is considered to be in hydrostatic equilib-
rium, but as time passes, it is subject to oscillatory motion. All
the metric functions and fluid parameters can be perturbed
(18],

A(t,r) = Ap(r) + eo(t)a(r),
B(t,r) = Bo(r) + € (1)b(r),

wt,r) = 1o (r) + €t r),
Pr(t,r) = Pro(r) + €P(t, 1),
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C(t,r) = Co(r) + ew(t)c(r), Py(t,r) = Pyo(r) + € Py(t,r),

R(t,r) = R,(r) + ew(t)d(r), P, (t,r) = P,(r)+ ef_’z(t, r).
(42)

By using the above perturbation technique along with the
junction conditions (32), (40) and (41), Eq. (17) can be exe-
cuted in terms of a second order partial differential equation,

&—xlw20, (43)
where
(B o) (aY (A, Sy (2

B, C,)\A, A, Co )\ By

. B, . Al c\ b 4 c\!

2+ 22 )= X|—+ = .

B, A,)\C, B, C,
The most general solution of the above equation is given by
w(1) = cpexp(x1) + caexp(—x1), (44)

where ¢; and ¢ are arbitrary constants. Equation (44) indi-
cates two solutions that are independent from each other.
Here, we wish to explore unstable regimes of a collapsing
stellar anisotropic system. Due to this, we consider our stel-
lar filament to be in static equilibrium at large past time, i.e.,
o (—o00) = 0; then with the passage of time it enters into the
present state and goes forward in the phase of gravitational
collapse by decreasing its areal radius. Such a model could
be achieved only by taking ¢; = —1 along with ¢ = 0. This
would describe the monotonically decreasing configuration
of the solution as time passes.

The most general solution of Eq. (43) includes oscillat-
ing and non-oscillating functions that correspond to stable
and unstable configurations of stellar anisotropic filament,
respectively. The choice ¢; = +1 is exactly equivalent to
the case if one absorbs the sign in a, b, ¢ and d. Our aim is
to explore instability regimes of collapsing stellar interiors;
therefore, we have to restrict our perturbations a, b, ¢ and d
on the boundary surface as positive definite in order to make
x2 > 0. (This assumption has been made by a number of
astrophysicists [18,35,45-50] to discuss unstable limits of
collapsing stellar populations.) The required solution asso-
ciated with Eq. (43) can be achieved by taking ¢; = —1 and
¢ =0as

A
w(t) = —exp (x1). (45)
The perturbed configuration of (R, T, Q) model is

f=[aR?+ B0, + 2aw(t)d(r)R,, (46)

where
R :—i A_Z+B_g+c_‘/;_A_/02+B;C¢/7
°" A, LA, B, C, A, B,C,|

By using above perturbation scheme, the static forms of
f(R, T, Q) field equations are

S _ !
0 2aR, + Bluo
X |:HOX10 + M;X?m + ProXdo + ProXs50 + P¢()X60

a 4R1/)/ 2 ’ B
5( A2 + Ry — 4R, | + H{Z)

+

o

B/ c Al B
"yPl P2 4+pP, 2 _5P "2)_L"0,|, 47
x <“o + Pro+ P B, + Py, C, roa, D) Qo (47)

) _ 1
7 2R, + Buo

X [Moxso + Plox120 + ProX70 + Pz0X90 + PpoX100

o 52 / B ’ A;; ’ B(/) ’ C(/) B

— —(R;—4R, — -P,,——P, — —
2( 0 g'//20)+2A(2) <M02A0 wp, o, + 3 Qo |,
(48)

1
2aRo + Buo

1
X [E(Ing - OlR(%) + oXx130 + ProX150 + PzoX160 + Pz/oX17o

B
+ P¢0Xl4o + Y30+

242
A/ A/ C/
(152 +5m 52 =y 2l = B2 )| (49)
o o o

where the superscript (S) indicates the static form of the
Einstein tensors. Their expressions are given in the appendix
as Egs. (A2)-(A4). However, the perturbed configurations of
these equations are

Goo |:0)(adRo + oX1 + ProXs

~ 2aR,+ B
+ Pyoxs + P¢0x6 + [,L;)Q) + X0

+ x20 + I_L/X3o + ﬁrX4o + PzXSo + P_¢X6o +

24,
. _ _, A
x <ﬂ+ﬁ”+ P —SP/A—”
0
-,C! _ B/ CU,B
P, —2 pP.—2) - =
the ot B0> A2
" % aP!, bP,B), aP,B, bP],
A, A, 2B? A,B, ' 2B,
¢ cPpC,  aPp,C! Bl bY
+ P, + 2+ ) +50P, = =
902C, " 2C,z | 24,C, ) " oo\ a3
d// 2R//
+2aw<A—% - A—g” + Ry + d/wZO)
2ocwd L eff
- 2acbdxmo} _ Jaod + pu off (50)
2R, + B1ro
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G |:U)(Pr0x7 —adR, + [oxg

- 2R, + Bito
+ Pox9 + Pyoxio + Plyx12
2] B
A2 242

o

—2aR)ys) + 2ad
I A _, ¢ _,B _
x| P n—p—-2+ Py 2+ P 2 P
<r+ﬂ MA0+ ¢C0+ ZB(;)+r

X X70 + X80 + PzX90 + 15¢X100 + Perlu + 15/)(120

oB (u,d
—| —— +2a
+ 2A%( A, +
P,B, 3w,a  bP,B, P, cPy,Cp
« 2 _ 4 . 4
A,B, A2 B? B, C?
2awd o eff
_ —+ﬂlj/ 0 (51)
2aR, + Buo
. 1
Gp = m [W(MOXIS —aRed + Prox15 + PyoXi6

+ Pl x17 + Ppox19 + ¥3)

+ X130 + X140 + Pr X150 + P x160
7 - -

+ Pz X170 — Pz X180 + Py X190

=/

Al . _, A _ - _ c’
+ i(ﬁ’—” —fi+PB' =P "~ P +P"~P, J)

242\ 4, Ao Co
of [ u,a , Al , d
o —3ula=e +5pP L
2A3: A, Motz Ty
A aP! aP!
_15P ale ro _ “Tzo
o2 YA T A,
C (c 2 2owd + B eff
+P4;(,C—"<C—+A——1)”—27’3“Pm, (52)
0 o 0 aR, + Bio
. 1

G33 [w(uoxla —aRyd + Proxis

N 2R, + Bo
+ Prox20 + Plyx23 + PpoXal + ya)
e (,u,;a’ _ 3ppa | 5a'P,
242\ 4, A2 A,
, a
— lSPrOA—%
" Ii) taPo B, 3 b'Pl, 3 2a P},
B, « AoB, B, Ao
+ [ix130 + AX140 + Pr X150 + Pz X200
2wd + B _eff

— —————— Pyo, 53
20R, + Biro ¢ (53)

where the overbar shows the perturbed form of the Ein-
stein tensors and they are written in the appendix as
Eqgs. (AS5)—(AS8). In the case of hydrostatic equilibrium,
the second dynamical equation has the following
form:

=/
+ P, +2aP/,+bP],

+ 15¢X210 + I;¢X220 + 15¢/X230]

@ Springer

1 ©eff AL /oo eff B’ eff eff
_A Pro/+ AZ (llvo +Pr0) + I ; <Pr0_on>
o oo

0
/ eff

Co eff
+A C Pro_P¢0 + Z3 =0, (54
o“o

while their non-static forms are

eff
n +aon=0, (55)

1[0 wa | ff B oot et
- Pr +A_ Prg"f'B_(on_Pro)

14 14

C’ eff eff £f eff
+_0 <P¢0_Pro> + <lfo +Pro)
a 24! eff  eff b\’
s el () ()
(@) -

o B()

eff eff Al _
+{a+pP |2 +wZr, =0, (56)
Ao
where
Y G T o G I
n= Mo AD Ba Co ro AD Ba CD do 04&1-

Against a non-static environment, the scalar variables asso-
ciated with expansion and shear tensors are found as follows:

W a+b+c _ W b a

2L 8) a2 (2L

A, \A, B,  C, YT A, \B, A,
a

B
_ o [ c
k v - — — .
A, <C0 Ao)

3.3 Stability analysis

@
Il

Here, we want to discuss the stability of cylindrical anisotropic
compact objects in terms of the stiffness parameter I';. The
Harrison—Wheeler equation of state [51] has a great impact
in this context; it forms a relationship between the pressure
components and energy density given as

_ P
Pi=p—2 . (57)
' no + Pio

Then Eq. (55) can be rewritten as follows:

eff

n = —on.
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The integration of this equation gives

eff
i = —on. (58)

Using the above value of [ eff in Eq. (57), we obtain

eff eff
cff Pronw off Ponw
po=-1 " p =
off eff off eff
(Mo + Pro) (o + Pzo)
i eff
s Pyonw
Py = —I—21% (59)
off eff
(o + Ppo)

Substituting the values from Egs. (58) and (59) in Eq. (54),
the corresponding modified collapse equation turns out to be

PEff B/ (o Al
o [ﬁr(’eff{"@*c”‘[)‘"'
€
M —|—P o o o

o0 ro
!
n eff’ eff’
7{,‘1:(“0 + Pr(] ) - 77
eff €
(o + Pro)
eff’ eff eff ,
Pro B(,; PZO C(,) P¢0 a Peff
X —2 -2 |=-—
of o B, e e ' 1C, o off A, "
Mo + Pro Ho + Pro Mo + Pyo

eff ((aB, C, da 24 bY cY
+P"’{AOBO o td T _<BT) _<CT) }
eff b\ aB) eff
e i(?) 4B, } o

/ / / / /
c C, eff (a’ 24 nA, _
— ) -=2 - - AyZs. 60
X!(Cg) Co +“"(a A,,>+ a, TAoA (60)

In a given equation, the terms including the adiabatic index
"1 would generate pressure and counter gravitational effects,
while the remaining terms work as the generator of the grav-
ity force. The effects, produced by principal stresses and
f(R, T, Q) gravity terms intervened by the fluid have great
relevance in the analysis of gravity forces.

3.3.1 N approximations

Here, we compute the instability for the cylindrical interior
system in the N limit with the theory of gravity induced by
the @ R> + BQ model. In the N regime, we shall consider a
flat background metric, which leads to weak field approxi-
mations. Therefore, we take

Since we are dealing with the compact configurations of cos-
mic stellar filament, we may assume that the energy density of
the matter content is much greater than the pressure compo-
nents. Due to this, we shall consider the following constraint

in our calculation in the N limit:
o > Pio.

It was demonstrated by Chandrasekhar [17] and Herrera
et al. [18] that all the terms coming in the stability conditions
should be positive definite. Therefore, to attain the instabil-
ity regions of the cylindrical stellar system, we consider each
term in the respective collapse equation to be positive. The
collapse equation (60) takes the form

ff c - ff -
[Jo (a +b+ C—) + Zl] Ty = i (a'/a) + 11 + 23,

o

where

L eff eff eff eff Cé
n=5 (qu_Pro) +<P¢0+Pro> C_

o

c \/ [ eff eff eff’
- (C_> <P¢0+Pro> —aPb, (61)
o

includes anisotropic effects for the onset of instability
regimes in cylindrical compact objects.

Now, we recall the work of Chandrasekhar [17], who
checked the collapsing behavior of a perfect spherical star
with the help of the numerical value of I'1. He found three
possibilities as regards the N limits of the star. These are:

1. The effects of the star weight will be stronger than pres-
sure, once the system satisfies I'y < 4/3 condition. This
would eventually lead the body to enter into collapse
state.

2. The initial compression would lead the system towards
hydrostatic equilibrium if I'j = 4/3.

3. Further, the limit I'; > 4/3 indicates that the influence of
pressure on the stellar dynamics is much greater than the
star’s weight, thereby increasing the resulting outward
force. Then the system will move towards equilibrium
and is said to be dynamically stable.

Keeping in mind the same analysis for f(R, T, Q) theory
of gravity, the evolving cylindrical anisotropic stellar object
will be in the phase of hydrostatic equilibrium whenever it
satisfies

ff -
| o (a' Ja) + T1 + Z5|

r = .
ff =
iy (a+b+ &) + 21l

(62)

If the effects of | ;ff(a//a)—i-n—i-z_zl and | Mezf (a +b+ c%)"‘

Z 1| are equal, then

=1 (63)
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will give us the condition of hydrostatic equilibrium for the
cylindrically symmetric anisotropic interiors. However, if the

ff = . ff
role of | /fo (a'/a) + T1+ Z5| is less significant than |/fo (a +
b+ CLG) + Z1|, then the relation

eff =
n+z
P o ho@/a) + T+ 2| o

ff . -
| o (a+b+CL”)+le

shows that the given system is in an unstable region and the
range of the adiabatic index would be (0, 1). If the modified
ff =
gravity forces generated by | ,ui, (a'/a) +T1 + Z,| are higher
ff = .
than that of | 1L, (a+b+ CL(,) + Z|, then this will make the
system enter the stable window. This means that the forces

of anti-gravity and principal stresses produce the stability
constraint in the N region:

ry > 1.

This state is said to be dynamically stable.

3.3.2 pN approximations

In order to attain the pN instability constraints, we consider
Ay(r) = 1 — ¢, By(r) = 1 + ¢ with effects up to O(¢),
where ¢ (r) = @ In this context, the collapse equation (60)
yields the following value of I'y:

F,
ry=-—=, (65)
EpN
where
eff
P,
FoN = __Tro
off eff
MU + P}"()
eff
C/ M/
/ (% (4 /
X | =NpN T 7pN C_0+ " w0 —9)
I’LO + Pr()
eff , eff
P + 2¢/ + & P¢o
eff  eff C, et eff ||’
Mo + Pro o + Pyo

eff’ eff eff
EPN= —a(1+¢)Pr() +Sl(Pr0_ ZU)

eff eff eff eff
+ S2(Pro — P¢>0) + 83(o + Pro),
—¢' 1+ @)mpn + (1 — ) Zs.

The anisotropic cosmic filament will enter into the window
of stable configurations, once the modified gravity forces
generated by Fp,\ are greater than that of EpN. In that case, the

@ Springer

stability of the relativistic system is ensured by the following
pN limit:

F,
r, > N (66)
EpN

However, if during evolution the system attains the state at
which Fyn = EpN, then the system will cease to be in the
regime of equilibrium. At that time, the cylindrical system
will no longer be in the evolutionary phases. One can deal
with such a situation by considering Eq. (65). The constraint
for instability can be entertained by the anisotropic cylindri-
cal compact system, if the impact of Fpy is less than EpN.
This would give

F,
r, <N (67)
EpN

This pN instability limit depends upon the contribution of
principal stresses and counter gravity terms related with 'y
and f(R, T, Q) gravity. This also indicates the significance
of hydrostatic equilibrium factors in the study of dynamical
unstable regimes of our system.

4 Concluding remarks

In the framework of modified gravity, the stability problem
of massive objects has appeared to be a main concern in rel-
ativistic astrophysics. In this paper, we have analyzed the
instability ranges of a self-gravitating cylindrical collapsing
model in the f (R, T, Q) gravity structure. We have investi-
gated the field equations for cylindrical symmetric spacetime
for an anisotropic and non-dissipative matter distribution. In
this aspect, the dynamical equations are developed by using
the contraction of the Bianchi identities. The perturbed pro-
file of the field, the dynamical equations and the kinematical
quantities are evaluated by imposing the perturbation scheme
on the matter and geometric variables.

Initially, we have assumed that our cylindrical system is
in hydrostatic equilibrium. However, as time passes, it goes
into the oscillating phase. Therefore, the resulting equations
are applied to construction of the collapse equation, which
is further analyzed in the N and pN limits. Against this
background, the adiabatic index assisted by the equation of
state has been used to quantify the stiffness of the matter
composition. Also, we have considered a feasible model of
f(R, T, Q) theory and examined its impact in the dynam-
ical evolution of locally anisotropic celestial system. It is
noticed that additional curvature terms appear because of the
modification in the gravity model, which are the major cause
of obstacles in evolving celestial objects. Consequently, the
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evolving cosmic filament systems are more stable due to their | B* B”? B B,
. . x5=—"75lfolmz =) /et 550l
non-attractive behavior. A B B 2B 2B

Itis noted that, for the stability of isotropic spherical rela- 1 ¢ c? ¢ .
tivistic bodies, the particular numerical value of the stiffness X6="12 fo c? ) ff ot ff Q|
parameter, i.e., %, was calculated by Chandrasekhar [17].

3R
X7=1+fr—7fQ+f£

Since then, many astrophysicists have tried to examine the A2
instability regimes for various celestial geometries. We have 24" 3A7% A A A(B C
observed the critical role of the adiabatic index in the descrip- N TA T Az T "az a4 a\sToC
tion of unstable/stable regimes. We also examined how I'y A /B C fLo/74 B
depends upon the stgt?c conﬁguratiop of geometry and matter Ta\s T )T a2\ T Tae
as well as on the additional terms which appear due to matter— iy (34 2B ¢
curvature coupling. It is noted that the system will remain _Le (242, =
o . . 242\ A B 2C
unstable whenever it sticks to the range as specified in Egs. . ; .
(64) and (67) for the N and pN limits, respectively. When the — LQz’ Xi1 = ;fg <3é + B g) _ Lg
system is unable to remain in the above-mentioned ranges, 24 i 222 :/2 B C A
it will enter the stable or equilibrium phase. It should be 4 — f_% <_ —4— - _2>
noted that in the absence of non-minimal coupling of matter A2 \A A A
and geometry, these results boil down to f(R, T') outcomes. n 1 S5A Fo— fot A’ 7
However, in the case of vacuum, one can get the result of 2A2 \ A Q Q A’e)
f(R) gravity. fo (C/z C2> N 1 A f Vol P
Xw=-os\cz2 "2 KAz \ /2™ /o)
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Appendix A X5="0\"41 7 a2 a2
. 1"
The quantities x; and ¥ appearing in Egs. (19)—(22) are + i 5_A/ 1l i fo— &
A\ a‘eT a0 )
_3R 1 .. . . .
xa=l+frtfol——+ _fo[B" B B ¢ 4B
4A'2 A A/2 A/z A'2 A A 16 = A2 B 2B B\C B
Xi?_ AT T AT AT AT L B(C 3B fo (4B C
<B+C>+A/<B/+C/>” B \C B A2\ B 2C
[ =+ = e
B c) A\B ¢ 3Rfp 1 .
A 14+ fr——=+ 575fg — fo)
L fo (34 B CN, Jr=—="*aplo~Jo
A2 \24 2B 2C 2A2
PV fo (4B C'\ [
(o (B C ar="2(—+=)+2
242 \ B c )’ A B C A
B 9i ¢ fo (2B C\ | f
petg (B % ¢ , = le (B C) e
A’\B 2A C A B 2C A
v, fo(B ¢ _fo(C? (C? 1 (C. C
i 2 2 > 1
1., 447 A" A? 547, A fo (B* B 1 (B. B ,
R - ) = — - - = _— + JE— J— JE— s
= [fQ+fQ<A2 A ar)  alomaplel =g\ ) T \ple e
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fo C”+C’ B’+C’ ¢ B+4C c
=0 c T e\ ) c\BTc) ¢

fo (4c’ B 0 (B 5C
L Jo (4 B\ _ Jo (B 5C
2A2 c "'B) 24a2\B " ¢

. 3R
1 - T4 3
2A2f —fo)+1+fr——fo
_ fo Jo B  5C
X22 12 2A2 +C )
fo  fo (B 5C
X23——F+m<—+T>,
w_l A+B+c' = A B
'=2\a" B c T 2\a B )
1 /. c’
%:A_ fR—fr+ fR+ fR

1 . , B B,
W4—ﬁ<fR—fR+§fR+§fR>-

The expressions S; appearing in Eq. (65) are
_C, c\
-&-(2).

The quantities Z and Z in Eqs. (25) and (26) are

2
L+ RfRrT +2/T

. . 1
x [2<m> — (frr RO W) + (P frr R'0)Y — {pm + Py

St =a¢' —[b(1 -9, S

Sy = % +26'(1 + ¢).

Z| =

3
+*+ C—‘ﬁ} {fRTgRii +fT(32+C2)}

—G®ufr) - ZAZ(RfRTj MfT

2
1+ Rfgr +2f7

/ . 1
x [2(uf7> — (frr RV + (P frTR'YY — {pm +P)

-G wfr)]. 22

+*+*} {fRTZRu +fT(32+C2)}
i=0

_ 01 ¢ Al ;o br
G ufr) = 6" wfrY - 55

< {(Rfrr) + 2f;}]. (A1)

The static configurations of the Einstein tensors appearing in
Eqgs. (47)—(49) are

®_ 1 45 ié+gé _ B, G BG (A2)
0 ™ a21A,\B, B, B, C, B,C,|’
1 [A (B, C B/ C!
(S) o 4 o [
Gl =—7|-"22+2 )+, A3
1 A2 [Ao (Bo Bo> BOC,,] (A3)
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A, B, A2
(A4)

L[Ag, G AZ] o 1[4, B A2
c, A2

) _
Gy = A2 33 = A2

o

The non-static perturbed configurations of Einstein tensors
appearing in Egs. (50)—(53) are

Cc//

B, B,,

_ B w [bB// b//

i By g,
B, B, \ C, A,

(AS5)

A AVEANN A’+C’ by
X —= - N J—
BO C(; Ao C() 0

B, A c\ eff g
+ (B—: + A_Z) (c_0> ]—2ProA—0w, (A6)
- & [ a c w
Gzz——A% (A_o C0>+A2
a’ " aAl  cC) 24, (a
) [A_o C A A (A”
eff g
2P, a, w, (A7)
G 1) (a N b ) N 1)
A2\ A, B, A2
a' b aAy bB] 2A,(a\
. [A_o B, A2 BZ A, (A”
eff g
- 2P¢,0A—0a) (A8)
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