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Abstract The quasi-bound states of charged massive scalar
fields in the near-extremal charged Reissner–Nordström
black-hole spacetime are studied analytically. These discrete resonant modes of the composed black-hole-field system are characterized by the physically motivated boundary condition of ingoing waves at the black-hole horizon
and exponentially decaying (bounded) radial eigenfunctions
at spatial infinity. Solving the Klein–Gordon wave equation for the linearized scalar fields in the black-hole spacetime, we derive a remarkably compact analytical formula
for the complex frequency spectrum which characterizes the
quasi-bound state resonances of the composed Reissner–
Nordström-black-hole-charged-massive-scalar-field system.

1 Introduction
The powerful no-hair theorems of Bekenstein and Mayo [1]
(see also [2–34])1 have revealed the fact that, in asymptotically flat spacetimes, spherically symmetric charged black
holes cannot support external static matter configurations
made of charged massive scalar fields. It should be emphasized, however, that these mathematically elegant no-hair
theorems [1] do not address the following physically interesting question: how long does it take for a newly born charged
black hole to shed (that is, to swallow or to radiate to infinity)
the external charged fields?
Interestingly, recent numerical investigations [35,36] of
the Klein–Gordon wave equation for charged massive scalar
fields in the spherically symmetric Reissner–Nordström
1

It is worth mentioning the physically interesting fact that, as explicitly
shown in [5–34], non-spherically symmetric rotating black holes in
asymptotically flat spacetimes can support external stationary matter
configurations which are made of (neutral or charged) massive scalar
fields.

black-hole spacetime have demonstrated explicitly that exponentially decaying quasi-bound state charged matter configurations, which are characterized by extremely long lifetimes,2
can be supported in the external spacetime region of the
central charged black hole. These external quasi-bound field
configurations are characterized by the physically motivated
boundary condition of ingoing waves at the outer black-hole
horizon and exponentially decaying (bounded) radial eigenfunctions at spatial infinity [37–42].3
The main goal of the present paper is to explore the physical properties of these quasi-bound state charged matter configurations in the Reissner–Nordström black-hole spacetime.
To this end, we shall analyze the Klein–Gordon wave equation for the charged massive scalar fields in the charged
black-hole spacetime. Interestingly, as we shall explicitly
show below, in the extremal Q/M → 1 limit4,5 of the
central charged black hole, one can derive a remarkably
compact analytical formula for the discrete frequency spectrum which characterizes the quasi-bound state resonances
of the composed Reissner–Nordström-black-hole-chargedmassive-scalar-field configurations.

2

In particular, as shown in [35,36], the lifetimes of the external quasibound matter configurations can be very large on the scale M set by the
black-hole mass.

3

It is worth noting that the familiar quasinormal resonances (free oscillations) of the composed Reissner–Nordström-black-hole-chargedmassive-scalar-field system studied in [37–42] are characterized by the
boundary condition of free outgoing waves at spatial infinity. On the
other hand, as emphasized above, the quasi-bound state black-hole-field
resonances that we shall study in the present paper are characterized by
exponentially decaying (bounded) radial eigenfunctions at spatial infinity [see Eqs. (10) and (11) below] [35,36].
4

We shall use natural units in which G = c = h̄ = 1.

5
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Here M and Q are, respectively, the mass and electric charge of the
central Reissner–Nordström black hole.
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2 Description of the system
We consider a scalar field  of mass μ and charge coupling constant q 6 which is linearly coupled to a Reissner–
Nordström black hole of mass M and electric charged Q.7
The charged black-hole spacetime is described by the spherically symmetric metric [43]
1
dr 2 + r 2 (dθ 2 + sin2 θ dφ 2 ),
ds = − f (r )dt +
f (r )
2

2

(1)

Q2
2M
+ 2.
r
r

(2)

The horizon radii which characterize the charged Reissner–
Nordström black-hole spacetime,
r± = M ± (M 2 − Q 2 )1/2 ,

(3)

are determined by the zeros of the dimensionless metric function f (r ) [43].
The dynamics of the linearized charged massive scalar
fields in the curved black-hole spacetime is governed by the
familiar Klein–Gordon wave equation [37–42,44–48]
[(∇ ν − iq Aν )(∇ν − iq Aν ) − μ2 ] = 0,

(4)

where Aν = −δν0 Q/r is the electromagnetic potential of
the Reissner–Nordström black hole. Substituting into (4) the
metric functions (1) and using the scalar field expansion8
 
(t, r, θ, φ) =
eimφ Slm (θ )Rlm (r ; ω)e−iωt dω, (5)
lm

one finds the characteristic radial differential equation [44–
48]
f (r )

R(r → r+ ) ∼ e−i(ω−ωc )y

dR 
d 2
r f (r )
+UR = 0
dr
dr

(6)

(8)

of purely ingoing waves (as measured by a comoving
observer) at the outer horizon of the black hole, where
ωc =

where
f (r ) = 1 −

We shall be interested in resonant modes of the charged
massive scalar fields in the charged black-hole spacetime
which are characterized by the physically motivated boundary condition [2–4,8,12,14,35,35,36,49–75]:

qQ
r+

(9)

is the critical (marginal) frequency for the superradiant
scattering phenomenon of charged bosonic fields in the
charged Reissner–Nordström black-hole spacetime [76], and
the radial coordinate y is defined by the relation dy/dr =
1/ f (r ).10 In addition, the quasi-bound state resonances of
the linearized charged massive scalar fields that we shall analyze in the present paper are characterized by the asymptotic
boundary condition [2–4,8,12,14,35,35,36,49–75]
R(r → ∞) ∼

1 −√μ2 −ω2 r
e
r

(10)

of exponentially decaying radial eigenfunctions in the
bounded regime
ω2 < μ2

(11)

of small resonant frequencies.
The characteristic quasi-bound state resonances {ω(μ, q,
l, M, Q; n)}11 of the charged massive scalar fields in the
charged Reissner–Nordström black-hole spacetime are determined by the set of Eqs. (6), (8), and (10). Interestingly, as we
shall explicitly show in the next section, the complex resonant spectrum which characterizes the quasi-bound state resonances of the composed Reissner–Nordström-black-holecharged-massive-scalar-field system can be determined analytically in the near-extremal (r+ − r− )/r+  1 regime.

for the radial scalar eigenfunction R(r ), where9
U = (ωr − q Q)2 − f (r )[μ2 r 2 + l(l + 1)].

(7)

6 Note that μ and q stand for μ/h̄ and q/h̄, respectively. Hence, these
physical parameters of the charged massive scalar fields have the dimensions of (length)−1 .
7

We shall assume Q>0 and q>0 for the composed black-hole-field
system without loss of generality.

The integer parameters m and l ≥ |m| are, respectively, the azimuthal
harmonic index and the spherical harmonic index which characterize
the scalar field mode. We shall henceforth omit these harmonic indices
for brevity.

3 The quasi-bound state resonances of the charged
massive scalar fields in the charged
Reissner–Nordström black-hole spacetime
In the present section we shall study analytically the set of
Eqs. (6), (8), and (10) which determine the quasi-bound state

8

Here l(l +1) with l = 0, 1, 2, . . . are the familiar discrete eigenvalues
of the angular spherical harmonic functions Slm (θ).

9

123

Note that the near-horizon limit r → r+ corresponds to the asymptotic radial limit y → −∞.

10

11

Here the integer n is the resonance parameter which characterizes
the quasi-bound state resonances of the charged massive scalar fields
[see Eq. (35) below].
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resonances of the charged massive scalar fields. In particular, below we shall derive a remarkably compact analytical
formula for the complex resonant spectrum which characterizes the quasi-bound state massive scalar configurations in
the charged Reissner–Nordström black-hole spacetime.
It proves useful to define the dimensionless physical
parameters [47,77,78]
r+ − r−
r − r+
; τ≡
; k ≡ 2ωr+ − q Q;
r+
r+
ω − ωc
≡
2π TBH

x≡

(12)

which characterize the composed Reissner–Nordström-blackhole-charged-massive-scalar-field system, where
TBH =

r+ − r−
2
4πr+

(13)

is the Bekenstein–Hawking temperature of the charged black
hole. In addition, we shall use the dimensionless black-holefield parameter
β 2 ≡ (l + 1/2)2 + (μr+ )2 − k 2 .

d2 R
dR
+ U R = 0,
+ (2x + τ )
2
dx
dx

x  1.

(17)

In this spatial region one may approximate the effective
radial potential (16) by U → Unear ≡ (kx + τ/2)2 /[x(x +
τ )] − l(l + 1) − (μr+ )2 . One can express the physically
acceptable14 near-horizon solution of the radial differential
Eq. (15) in the form [13,37,79,80]

i −ik
x
1
2
+1
− β − ik,
R(x) = x −i 2
F
2 1
τ
2
1
+ β − ik; 1 − i ; −x/τ ,
(18)
2
where 2 F1 (a, b; c; z) is the familiar hypergeometric function.
Using Eq. 15.3.7 of [80] one may express (18) in the form
R(x) = x −i

2

x
τ

+1

i

2

−ik

 x −1/2−β+ik
(1 − i ) (−2β)
(1/2 − β − ik) (1/2 − β + ik − i ) τ
1
1
× 2 F1 ( + β − ik, + β − ik + i ; 1 + 2β; −τ/x)
2
2
×

(14)

Below we shall assume 0 < β ∈ R.12
Using the dimensionless parameters (12), one can express
the radial differential Eq. (6) in the form [37,47]
x(x + τ )

We shall first analyze the radial equation (15) in the nearhorizon region,

+ (β → −β) ,

(19)

where the notation (β → −β) means “replace β by −β in
the preceding term”. Substituting into (19) the asymptotic
expression (see Eq. 15.1.1 of [80])

(15)
2 F1 (a, b; c; z)

→1

for

where the effective radial potential is given by
(ωr+ x 2 + kx + τ/2)2
x(x + τ )
2
(16)
−l(l + 1) − [μr+ (1 + x)] .

U = U (x; μ, q, ω, l, M, Q) =

As shown in [37], for near-extremal black holes in the
τ  1 regime, the characteristic differential equation (15)
is amenable to an analytical treatment in the two asymptotic
regions x  1 and x
τ × max(1, ) [13]. Interestingly,
and most importantly for our analysis, by performing a standard matching procedure of the two analytical solutions [see
Eqs. (18) and (26) below] in the overlapping radial region
τ × max(1, )  x  1,13 one may determine the complex spectrum {ω(μ, q, l, M, Q; n)} of resonant frequencies
which characterize the quasi-bound state configurations of
the charged massive scalar fields in the charged Reissner–
Nordström black-hole spacetime.
12
13

It is worth mentioning that the case iβ ∈ R was studied in [37].

Note that this matching procedure is valid in the low-temperature
τ  1 regime of near-extremal black holes.

ab
·z →0
c

(20)

one obtains [37]
R(x) =

(1 − i ) (−2β)τ 1/2+β−i /2
(1/2 − β − ik) (1/2 − β + ik − i
+ (β → −β)

1

)

x − 2 −β
(21)

in the intermediate spatial region
τ × max(1,

)  x  1.

(22)

We shall next analyze the radial scalar equation (15) in the
far-region
x

τ × max(1,

).

(23)

In this spatial region one may approximate (15) by [37]
x2

d2 R
dR
+ Ufar R = 0,
+ 2x
dx 2
dx

(24)

14

That is, the mathematical solution of the radial Eq. (15), which
respects the physically motivated boundary condition (8) of purely ingoing waves at the outer black-hole horizon.
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where the effective far-region potential is given by U →
Ufar = (ωr+ x + k)2 − l(l + 1) − [μr+ (1 + x)]2 . Defining
the dimensionless variables
≡

μ2 − ω2 r+ ; κ ≡

ωkr+ − (μr+ )2

,

(25)

one can express the far-region solution of radial differential
Eq. (24) in the form [13,37,79,80]
1

1

R(x) = N1 × (2 ) 2 −β x − 2 −β e− x

1
−β −κ, 1−2β, 2 x + N2 × (β → −β) ,
F
1 1
2
(26)
where 1 F1 (a, b, z) is the familiar confluent hypergeometric
function and {N1 , N2 } are normalization constants.
Substituting into (26) the asymptotic expression (see Eq.
(13.1.2) of [80])
1 F1 (a, b, z)

→1

for

a
· z → 0,
b

(27)

one obtains [37]
1

1

R(x) = N1 × (2 ) 2 −β x − 2 −β + N2 × (β → −β)

(28)

in the intermediate spatial region
τ × max(1,

)  x  1.

(29)

Matching the analytically derived radial solutions (21)
and (28), which are both valid in the overlap region τ ×
max(1, )  x  1, one finds the normalization constants15 [37]
(1 − i

N1 (β) =

) (−2β)

( 21 − β − ik) ( 21 − β + ik − i
and N2 (β) = N1 (−β)

1

)

1

τ 2 +β−i 2 (2 )− 2 +β

(30)

of the radial solution (26). In addition, using Eq. 13.5.1 of
[80], one finds the asymptotic spatial behavior

R(x → ∞) → N1 × (2 )κ

1
(1 − 2β) −1+κ
(−1)− 2 +β+κ
x
( 21 − β + κ)

+ N2 × (β → −β) e− x

(1 − 2β) −1−κ
+ N1 × (2 )−κ 1
x
( 2 − β − κ)

+ N2 × (β → −β) e x
(31)

15

Note that the radial solutions (21) and (28) are characterized by the
same functional dependence on the spatial coordinate x. This fact allows
one to match these mathematical solutions in the overlap radial region
τ × max(1, )  x  1.

123

for the radial eigenfunction (26). Remembering that the
quasi-bound configurations of the charged massive scalar
fields in the charged Reissner–Nordström black-hole spacetime are characterized by exponentially decaying radial
eigenfunctions at spatial infinity [see Eqs. (10) and (11)], one
arrives at the important conclusion that the coefficient of the
exploding exponent e x in the asymptotic spatial expression
(31) should vanish:
N1 × (2 )−κ

(1 − 2β)
( 21

− β − κ)

x −1−κ + N2 × (β → −β) = 0.
(32)

Finally, substituting the normalization constants (30) into
(32), one obtains the (rather cumbersome) resonance equation [37]


(2β) 2 ( 21 − β − ik) ( 21 − β − κ) ( 21 − β + ik − i )
(−2β)
( 21 + β − ik) ( 21 + β − κ) ( 21 + β + ik − i )
2β
(33)
= 2 τ

for the complex frequency spectrum {ω(μ, q, l, M, Q; n)},
which characterizes the quasi-bound state resonances of the
linearized charged massive scalar fields in the near-extremal
charged Reissner–Nordström black-hole spacetime.
The assumption 0 < β ∈ R (see footnote 12) implies the
strong inequality
2β
 1 for τ → 0
(34)
δ≡ 2 τ
in the low-temperature τ → 0 limit. In this regime of nearextremal (τ → 0) black holes, the discrete resonant solutions
of Eq. (33) can be expressed in the compact form
n


1
≡ k − i n + + β − η · δ ; 0 ≤ n ∈ Z.
2

(35)

The dimensionless constant η in (35) can be determined by
substituting the leading order expansion (see Eq. 6.1.34 of
[80])
1
( 21

+ β + ik − i

)

= (−1)n n!η · δ + O(δ 2 )

(36)

into the l.h.s. of the resonance equation (33). This yields
η=

F
,
(−1)n n!

(37)

where [see Eq. (33)]
 (−2β) 2
F=
(2β)
×

( 21 + β − ik) ( 21 + β − κ)
( 21 − β − ik) ( 21 − β − κ) ( 21 − β + ik − i

.
)
(38)
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4 Summary
In summary, in this paper we have studied analytically the
quasi-bound state resonances of charged massive scalar fields
in the near-extremal charged Reissner–Nordström blackhole spacetime. These characteristic resonant modes of the
composed black-hole-field system are characterized by the
physically motivated boundary condition of purely ingoing
waves at the black-hole horizon and asymptotically decaying
(bounded) radial eigenfunctions at asymptotic spatial infinity.
Solving the Klein–Gordon wave equation for the linearized charged massive scalar fields in the near-extremal
(M TBH → 0) charged black-hole spacetime, we have derived
the compact analytical formula [see Eqs. (9), (12)–(14), (34),
and (35)]16
ωn = ωc + 2π TBH





1
· q Q − i n + + (l + 1/2)2 + M 2 (μ2 − q 2 ) + O(M TBH , δ) ;
2
n = 0, 1, 2, . . .

(39)

for the complex resonant spectrum which characterizes the
quasi-bound state configurations of the composed Reissner–
Nordström-black-hole-charged-massive-scalar-field system.
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