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Abstract We study the parameterized post-Newtonian
approximation in teleparallel model of gravity with a scalar
field. The scalar field is non-minimally coupled to the
scalar torsion as well as to the boundary term intro-
duced in Bahamonde and Wright (Phys Rev D 92:084034
arXiv:1508.06580v4 [gr-qc], 2015). We show that, in con-
trast to the case where the scalar field is only coupled to the
scalar torsion, the presence of the new coupling affects the
parameterized post-Newtonian parameters. These parame-
ters for different situations are obtained and discussed.

1 Introduction

In a teleparallel model of gravity, instead of the torsionless
Levi-Civita connections, curvatureless Weitzenbock connec-
tions are used [2—4]. A teleparallel equivalent of general rel-
ativity was first introduced in [5] as an attempt for unification
of electromagnetism and gravity. This theory is considered
as an alternative theory of usual general relativity and has
been recently employed to study the late time acceleration of
the Universe [6-8]. This can be accomplished by considering
modified f(7) models [9-24], where T is the torsion scalar,
or by introducing exotic field such as quintessence. Assum-
ing a non-minimal coupling between the scalar field and the
torsion opens new windows in studying the cosmological
evolution [25-31], and can be viewed as a promising sce-
nario for late time acceleration and super-acceleration [32].
A non-minimally coupled scalar field, like the scalar—
tensor model, may alter the Newtonian potential. So it is
necessary to check if the model can pass local gravitational
tests such as solar system observations. This can be done in
the context of the parameterized post-Newtonian formalism
[35-40]. In [33,34] it was shown that when the scalar field
is only coupled to the scalar torsion, there is no deviation
from general relativity in the parameterized post-Newtonian
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(PPN) parameters and the theory is consistent with gravita-
tional tests and solar system observations.

Recently a new coupling between the scalar field and a
boundary term B, corresponding to the torsion divergence
B o V,T*, was introduced in [1], where the cosmologi-
cal consequences of such a coupling for some simple power
law scalar field potential and the stability of the model were
discussed. There it was found that the system evolves to an
attractor solution, corresponding to late time acceleration,
without any fine tuning of the parameters. In this framework,
the phantom divide line crossing is also possible. Thermo-
dynamics aspects of this model were studied in [41]. This
model includes two important subclasses, i.e. quintessence
non-minimally coupled to the Ricci scalar and quintessence
non-minimally coupled to the scalar torsion. Another impor-
tant feature of this model is its ability to describe the present
cosmic acceleration in the framework of Z, symmetry break-
ing by alleviating the coincidence problem [42].

In this paper, we aim to investigate whether this new
boundary coupling may affect the Newtonian potential and
PPN parameters: y (r) and B(r).

The scheme of the paper is as follows: In the second sec-
tion we introduce the model and obtain the equations of
motion. In the third section, we obtain the weak field expan-
sion of the equations in the PPN formalism and obtain and
discuss their solutions for spherically symmetric metric. We
show that the PPN parameters may show deviation from gen-
eral relativity. We consider different special cases and derive
explicit solutions for the PPN parameters in terms of the
model parameters and confront them with observational data.

We use units with i = ¢ = 1 and choose the signature
(—, +, +, +) for the metric.

2 The model and the field equations

In our study we use vierbeins e, = e,/9,, whose duals,
a a v % :
ey, are defined through e“,e,” = §,. The metric ten-
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sor is given by g"” = ngpestep’, n = diag(—1,1,1,1).
e = det(e”,) = det/—g. Greek indices (indicating coordi-
nate bases) like the first Latin indices (indicating orthonor-
mal bases) a, b, c, ... belong to {0, 1, 2, 3}, while i, j, k, ... €
{1,2,3}.

Our model is specified by the action [1]

T 1
S = f <W + 5(_814‘1’3#‘17 + €T¢2 + XB¢2)
V) + ﬁm)ed4x, )

where k2 = 87 Gy, and Gy is the Newtonian gravitational
constant. The torsion scalar is defined by

1 1
T =S8, = ZTpuvaﬂv+§TpMVTUMP_TpMpTWV’
2)
and the boundary term is [43,44]

B= gau(eT“), 3)

where T# = T*,"*. The Weitzenbdck torsion and connection
are given by

T)L;w = F)L;w - F)Lvu = eakTa;w 4
and
FA;w = eakaueau’ (5)

respectively. S, is defined according to

1 1 1
SP = Z(Tp,w - T+ T+ EaﬁTJW - 58{}T",w.
(6)
Note that R = —T + B, where R is the Ricci scalar curvature.
Hence for x = —e the model reduces to a quintessence

model coupled non-minimally to the scalar curvature, while
for x = 0, we recover the quintessence model coupled non-
minimally to the scalar torsion.

By variation of the action (1) with respect to the vierbeins
we obtain

2 _ 1
(172 + 2e¢2) <e Lo 83(eS,™) — TP, S, — Zaﬂ)

1
3 (—5 W3 — V(¢>)

—0"¢d, ¢ +4(x + €S, P o0
+x (8,09 — V'V,67) = —1. (7)

7,, is the energy-momentum tensor of matter.
The trace of (7), multiplied by —3§), /2, is
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1 2
—5;1 <k_2 +€¢ )
1
(7" e"uh(eSa™)) = 58, 0a00%¢ — 25,V (#)
3 1
—28% (X + )pSa"* dpp — Exaljmpz =25 ®

By combining (8) and (7) we obtain

(k% + 2e¢2> <e_leaM8)L(eSa)‘”) —T*,8,"F — %8;T>
—81V(¢) — 0" 0. +4(x + €)¢S, " dp¢p
—x V'V, % — %Xa;mz
5 (kiz + e¢2> (e e dreS,™)
—28), (X + €)pSs " dp¢p

1
=-1, + 53/‘11. 9)

Note that the trace of the energy-momentum tensor is 7 =
gty
In the same way, variation of the action with respect the

scalar field gives

1
——0ueg"" 0,6 — xBg — T+ V'(¢) = 0. (10)

Equations (9) and (10) are the main equations that we will
work with in the following.

3 Post-Newtonian formalism

To investigate the post-Newtonian approximation [35—40] of
the model, the perturbation is specified by the velocity of
the source matter |9| such that e.g. O(n) ~ |v|". The matter
source is assumed to be a perfect fluid obeying the post-
Newtonian hydrodynamics:

Tpy = (,O-l-,OH—i-p)Muuu-i-Pguv, (11)

where p is energy density, p is the pressure and IT is the
specific internal energy. u** is the four-vector velocity of the
fluid. The velocity of the source matteris v’ = Z—(l) The orders
of smallness of the energy-momentum tensor ingredients are
[35-40]

,0~1'I~§~U~(9(2) (12)

where U is the Newtonian gravitational potential. The com-
ponents of the energy-momentum tensor are given by

10" = —p — pv? — pIT 4+ O(6)
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7' = —pv' + O(5)
5! = pvlv; + ps! + O(6). (13)

We expand the metric around the Minkowski flat background
as [33,34]

guv = Nuv + 1P + 104 + 1@, + O(5). (14)
Note AV w = 0[35-40]. Accordingly, the vierbeins may be
expanded as [34]
ey =84+ B@, + B

u+BY +065). (15)

Note BV x = 0. In our analysis we need non-zero compo-
nents of the metric up to order 4, i.e. h(z) hé%)), héf), h(4)
We also use the notation By, = nMB » and §,° B¢, =
B?,,. By comparing (14) and (15) we derive (like in [33,34],

Bl.(/.z) is assumed to be diagonal)
2 (@)

hij” =28B;;
(2 2

hoo = 2By,

n® =28
4 4 2

hi) =2BS) — (B{)?. (16)

We introduce two functions A, and y (which is one of the
PPN parameters) through [33]

Bl = A
2
B =y As;;. (17)

The scalar field is expanded as

¢ =0+, (18)
where
v =v?+y?+00), (19)

and ¢ is a constant cosmological background. ¢ is of order
O(0) and may evolve in times of order of the Hubble time,
so in solar system tests we assume that it is static. The time
derivatives, dy = %, of the other fields are weighted with
order O(1) [35-40].

The potential around the background is

v (¢o)

V() = V(o) + V' (do)¥ +

Y2+ 0(6). (20)
Defining V (¢0) = Vo, L) — v, we find

V= Vi +2Vayr + 3V + O(6). 1)

After these preliminaries, let us solve Egs. (9) and (10) order
by order in the PPN formalism. At zeroth order (9) and (10)
imply
Vo=V =0. (22)
The 0-0 component of (9) gives

3 +2e¢” Le0d5(eS.™) — T’ 80Sp 08 _ 1T

k2 4

—V(¢) — 3°¢pdoe

1
+40x + 950" — xVOVop? — 2 x0g?
1 -1 e
2 +6¢ (e «01€5,™)
ja 0 1
—2(x + )¢S 0jp = —15 + =T, (23)

2
which at order 2 reduces to

(klz +€¢0>3 So’® = V() — fxD¢ - ( L +ed )8;8#’"

=r
=7 (24)

resulting in
(L +epd | VPA — xpoViy® = Loy (25)
where the potential is given by

VU = ——p. (26)

To obtain (25), we have used

. .
SO0 =—0(yA), SP =0 (1-pA),

S(z)loj =0
0
3e® =09, (By — 1A, TP ;p=—-dA4,
0
S@%0 = 8: (y A). (27)

By taking the trace of the i-j component of (9), at order 2,
we obtain

1 .
-3 <k2 + e¢0> 38070 — (172 + e¢3> 3,87 — SxpoViy®

3

which reduces to

(kiz + e¢§) V2 ((4y — DA) — 5xdoV2iy P = %Wu.
(29)
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At the second order perturbation, the boundary term B,
defined in (3), is derived:

B@ =2V%((1 —2y)A). (30)

Hence from (10) the equation of motion of the scalar field
becomes

V2@ 42V, @ = 2x(1 — 2y) Ady. 31)

Equations (25), (29), and (31) are our three main equations
for determining A, y, and w(z). Using these three equations,
for a given U, A is derived:

2

A= U, (32)
(1 + €3k (1 + y)
and ¥ is obtained:
v® = y—_ly. (33)
K xgo(y +1)
y is determined by the equation
62 v 202 k4202
| — Lf‘)z V2(TU) — 2V5(TU) = —X;fozp,
1 —+ ek ¢0 1 + ek ¢0
(34)

where I' := )’:—;} (34) is a nonhomogeneous screened Pois-
son equation whose solution is

K4y 202 exp (=x|F—r
— X ¢0 / < - ),o(x’, l)d3x’,
1+ ek? — 6k 65 ax |7 —r
(35)
where
2Va(1 4 k2e?
_ 2( > ¢()) 5. (36)
14 k2e¢0 — 6k2X2¢0
Equation (32) allows us to take
G= 2 (37
T (4R + 1)
where G is defined through
h? =24 =2GU (38)
00 = = :
So one can define an effective Gefr. through
Geit = GGy. (39)
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The 0-i component of (7) at the third order gives

2 ) ; )
(172 + 2e¢§) 3,80 = =1y = pv', (40)
which, by using

73°, = 5B — 3,80

7O 5= 9,84 — 8iap(y A)

T = =300y A) + 3B, (41)
reduces to

2 1 o 1. 0
(k—2 + 2e¢§> (aoa,-(yA) — zVZB(3> P+ Eafa,»B@ ,»)

= pV;. (42)

To simplify computations one may employ the gauge con-
dition

. 2
_pip@i 4 Lyigor XK i
J 2 1 k2 +6¢g
. 1 . Xk2¢0
—9.8®/ Z90B®7 . = a0 ®, 43
J 0+ 2 0 j k2+6¢8 01// 43)

which determines B(?’)oj in terms of second order parame-
ters. This gauge is compatible with Egs. (25) and (29).
Using

1 0 0
SO =y Adj(yA) + Ad;A —9;BYy + 3 BD";
0
SW” 0 =yAd;(yA)
; 3
' = —5d(r A), (44)

one can find that (23) at the fourth order gives

1 0
(k—2 + e¢%) (V2B 0+ vy )

_3V(yA)-VA — AVZA)
—degoy P VIA = 2(x + )V
VA= IV D)7 — vy @)
2
—x$0V2Y Y + 3590V ((y = DA) - V@ + (a0y?)

1 .
+3xbodl v @ + (k—2 + e¢é>  (300(r 4) — 8:8%)

1 ; 0 1 0
- (k—z + e¢§> 3/30BY"; = 51(4) — @, (45)

Also, the scalar field equation at the fourth order is

_VZI/,(“) + 2V2¢(4) + 3§¢(2) — X¢OB(4)
+Y @B +egoT® —3v5(y )2 (46)
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By using
B® = —8V2(y2A%) + 14V - (yAVA) +2(1 — 57)AV?A
F12y AV2(y A) — V2 B9 1 602 (y A)

231808 (47)
and
T® =2V(yA)- V(2 — y)A), (48)
(46) becomes

—V2y @ L2y @ 4 a5y @
= 6x 033 (y A) — 2x0d;30B" g
2x¢0 <—4J/2A2 1+ 7V.(yAVA)

£ (1-50)AV2A + 6yAV2(yA)>

+2y V(1 - 2)A)
+2e¢oV(y A) - V(2 — y)A) — 3V3(yP)?
25 oV2BD) +3V(1 — A VY@, (49)

Equations (45) and (49) are our main results in the fourth
order. These equations together with (42) and (43) in the third
order, and (32)—(34), in the second order must be solved to
give the post-Newtonian parameters.

To solve these complicated equations, we consider solu-
tions specified by U = U (r), which results in
A=A, v=r0), v@ =y, (50)
The gauge (43) implies 3/ B O j
reduces to

- (l + e¢>§) (v28%) = pui. 51)

= 0. Therefore (42)

k2

For v! = 0, (51) gives B(3)Oi = 0 (by the assumption that
perturbation terms vanish at large distance). In this situation
Egs. (45) and (49) become

1 0
(;72 + e¢%) (V2B + V2(y4)?

_3V(yA)-VA — AV2A>
—4edoy P VIA = 2(x +€)
xgoVy @ VA = 2V D)2 — vy @)

—x oV D £ 3500V ((y — DA) - Vy?
1

0
_ 51(4) _ 1(4)0 (52)
and

_v21/,(4) + 2V2¢(4)

- 2X¢0( — 4924 £ TV.(YAV A)
+(1 = 5)AV2A + 6yAV2(yA))
2y PVA((1 = 2y)A) + 2oV (v A)
V(2= y)A) —3v3(yP)?
2x¢oVEBD) £ 3V(1 — )A - VY@, (53)

respectively. To obtain the post-Newtonian parameters we
must obtain A, ¥®, and y (r). By inserting them in (52) and
(53), we obtain solutions for B(4)8. To do so we consider a
spherically symmetric metric with a point source.

3.1 Spherically symmetric metric

The source is assumed to be

p=M5F), =0, p=0, v; =0, (54

and the metric is given by

200 = —1 4 2G et U — 2G2 BU? + Self + O(6)

gij = O(5)

gij = (1 +2GesryU) &5 + O(4), (55)

where “Self” denotes self-energy terms of order 4, and S is
the PPN parameter. The Newtonian potential is

k*M
U= . (56)
8mr
To determine y, from (32), (33), and (35), we obtain
2x¢o
@ = exp(—Ar 57
and
kK*M
A= . , (58)
47 (1 4 €k?>¢p)(1 + y)r
where
1 + aexp(—Ar)
y = oI (59)
1 —aexp(—Air)
in which
2k2 242
X% (60)

o = s
1+ ke — 6k2 3202

and X is given by (36). From h(()%) =2A = 2GU, we obtain
G as (37).

@ Springer
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To obtain B(4)8, one must insert (57)—(59) in (52) and
(53), and solve them together. From B(4)g we determine the
other PPN parameter, B, as

2B@°%) + A2 = 2G2B(HU(r). 61)

To determine the PPN parameters y and B, we will con-
sider different situations.

311 x=0

For x = 0, from (59) and (60), we find y = 1, hence

k*M 1
= oiar iy O T 62)
87 (1 + ek2¢g)r 1+ k2egy
Equation (57) gives ¥® = 0. So we write (52) as
1
v2R@Y, _ SVAA)? 424724 =0, (63)

where VA - VA = %VZA2 — AV?A has been used. Putting
(62) in (63), and ignoring the gravitational self-energy, we
obtain

A? k*M?
@0, — 4 , 64
OT T2 T 6an2(1 + ek2gd)2r? ©4)
Therefore (61) yields B(r) = 1. So for x = 0 we find
Blx=0=ykx=0=1 (65)

Therefore there is no deviation from general relativity for the
PPN parameters. This is in complete agreement with [33,34].

32 ¢o=0
For x # 0, we may have also a situation with no deviation

in the PPN parameters from general relativity, this occurs for
¢o = 0. For example for the potentials

V(p) = —%/ﬁqﬂ + %df*, A >0, (66)
and
V(g)=A¢", A>0, n>I, (67)

Vo = Vi = 0 (see (22)) leads to ¢9 = 0, which by using
(59-61) resultsiny = 1, G = 1, and B = 1. Therefore in
this case too, there is no deviation from general relativity for
the PPN parameters.

@ Springer

3.2.1 V(g) =0

If we ignore the scalar field potential, we obtain A = 0 (see
(36)), and y becomes a constant

1= @G- ok
TS @ —oked

(63)

By solving the system of Egs. (52) and (53) for B (4)00 and
by considering Egs. (57)—(61), after some computations we
find

P
(L + 22+ Ok (1 — (8x2 — e)k2¢D)?

B (69)

where

3 3 3
P=14+1 6, > 5, > _4_ 2 273
+ 60<x + 106)( +4O€X 166 X

1 2.2 3 3 1 3 6,6
— = — )k
10€ % T 160€ X T 160¢ JK %

3 3
+2(X3 —8x% + FX€ + 56)k2¢>§

7 8 1 1
4 3 2 2 2,44
+12<X — §€X - §ex + EXE + Ze )k ¢y- (70)

Let us consider some limiting values: for small x, x < 1 we
have

3ek?p? 26292
=1+ 0 _ 0 24 03
P Tt ekl T TreaegrX TOW
4k2¢(% 2 4
=14+ —9 24 0(Y, 71
v eg X OO (71)
and for small k¢, kg < 1 we have
B =1+ xQ2x*—2x +30)k*¢; + Ok*¢3)
y = 1+4x%3203 + OUtp). (72)

322 ar > 1

In this limit from (57) and (59) we have v ® = 0and y = 1,
respectively. The solution of (52) is obtained, thus:

0 1 Q+1
B®W 0=—A2+—

v,
2 2x o

(73)

gy 2R
where Q = -1+ Trekgt

scalar field (53) becomes

. The equation of motion of the

QV2Y D12V @ = (e—2x)¢oVZAZ+(8x —€)poAVZA,
(74)
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Vor

whose solution, in the limit o> 1,1s

@ = k* Mo (e — 2x) 1
6472(1 + ek2¢3) (2x2k2p3 — kg — 1) | r?

(75)
From (75), (73), and (61), we find
— k¢ — 1
_ =D ¢02 . (76)
(2x2 —ek*p5 — 1
For small k2¢5, k2¢g <& 1 this gives
B =1+ Qx> — xOk*¢; + OK*4p), (77)

and for small x, x < 1 gives

B ek2¢>§ p
1+ ek2¢}

i X2+0u3.  (78)
1 + ek2¢?

Finally, let us note that, for small Ar, Ar < 1, we take
exp(—Ar) =~ 1. In this case y and B take the same form as
(68) and (69), respectively.

3.3 Range of parameters

The most precise value for y experimentally has been
obtained from Cassini [45]. The bound on this parameter
is [46]

ly =11 <23 x 1072, (79)

In this experiment the gravitational interaction, in terms of
Astronomical Units takes place at r >~ 7.44 x 1073AU [47).

The parameter B is determined by lunar laser ranging
experiments via the Nordtvedt effect [48]. This test indicates
the bound [46]

IB—1] <23 x 1074, (80)

at a gravitational interaction distance r = 1AU [47]. Equa-
tions (79) and (80) restrict the parameters of our model.
For V(¢) = 0, (79)and (68) give

4K% x5

<23x107°. 81
1= @8x%— k5|~ e

In the limiting cases (71) and (72) we find
4K}

—— x| $23x107
1 + ek?¢;

2
X

3ek’p?

— 0 421 <23 x 107 82
L+ek2g” |~ (82

2
X

and
4x°K 5 <23 %1070

‘X(zxz —2x + 36)k2¢§‘ <23 %1074, (83)

respectively.
For Ar > 1, we have

2 2
\/ 2Va(1 + k2egd) (1AD)-1. )

>
1+ k2ed — 6k2x 293
and (80) restricts our parameters:

xXQ2x — Ok*$}

<23x 107 85
Qx%— k25 — 1|~ ®

4 Conclusion

The teleparallel model of gravity with quintessence (non-
minimally) coupled to the torsion and also to a boundary
term (proportional to the torsion divergence) was consid-
ered (see (1)). Although the model shows some interesting
aspects in cosmology and in describing the late time accel-
eration of the Universe, it must also pass local gravitational
and solar system tests. So we studied the parameterized post-
Newtonian (PPN) approximation of the model. We obtained
the equations of motion (see the Sect. 2), and solve them order
by order to obtain PPN parameters (see Sect. 3). Explicit
expressions for the PPN parameters in a spherically sym-
metric metric were obtained and different possible situations
were discussed. Our results show that the PPN parameters,
except for some special cases, i.e. in the absence of boundary
terms and also with zero scalar field background, differ from
general relativity. So we conclude that coupling of the scalar
field to the boundary term generally makes the model deviate
from general relativity in the PPN limit.

Since T and B are not invariant under local Lorentz trans-
formations, the teleparallel model with boundary term is
not invariant under Lorentz transformations unless one takes
x = —e. Despite this, in spacetimes with spherical symme-
try like Schwarzschild spacetime and so on, it is possible to
choose good or preferred tetrads to solve this issue [49]. In
scalar-tetrad theories of gravity the effect of the preferred
tetrads cannot be detected via measuring the metric compo-
nents [50,51]. Similarly, in our model, the PPN parameters
in the standard post-Newtonian formalism do not identify
the effect of the preferred tetrads. To include these effects
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one must generalize the post-Newtonian approach, as was
pointed out in [33].

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.
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