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Abstract Considered is the NV = 1 supersymmetric QCD-
like ®-theory with SU(N.) colors and 0 < Np < 2N,
flavors of light quarks QZ,E; with equal small masses.
In addition to quarks and gluons of the standard V' = 1
SQCD, it includes N% colorless but flavored fields @{ , with
the large mass parameter ue > Ag (A is the scale fac-
tor of the gauge coupling), interacting with quarks through
the Yukawa coupling in the superpotential. The mass spec-
tra of this (direct) ®-theory are first directly calculated in
all vacua with the unbroken or spontaneously broken flavor
symmetry U(Np) — U(ny) x U(n) at 0 < Np < N,
in which case this theory is logarithmically weakly coupled.
Further, the mass spectra of both, this direct ®-theory and
its Seiberg’s dual variant with SU(Nr — N.) dual colors,
the d ®-theory, are calculated at 3N./2 < Nr < 2N, and
at various values of ue (in strong coupling regimes with
coupling constants O (1)), now using the dynamical scenario
introduced by the author in his previous article (Chernyak
in JETP 114:61, arXiv:0811.4283 [hep-th], 2012). This sce-
nario assumes that quarks in this case can be in two different
standard phases only: either this is the HQ (heavy quark)
phase with (QZ) = 0 where they are confined, or they are
higgsed with some components <Q£1> # 0, atappropriate val-
ues of lagrangian parameters. It is shown that mass spectra of
the direct ®- and dual d ®-theories are parametrically differ-
ent, so that they are not equivalent. Besides it is shown in the
direct ®-theory that a qualitatively new phenomenon takes
place: under appropriate conditions, the seemingly heavy
and dynamically irrelevant fields & ‘turn back’ and there
appear two additional generations of light ®-particles with
small masses uPo(d) « A . Also considered is the X-
theory which is the N' = 2 SQCD with SU (N,) colors and
0 < Nfr < 2N, flavors of light quarks, broken down to
N = 1 by the large mass parameter of the adjoint scalar
superfield X, pux > A,. The tight interrelations between
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these X- and ®-theories are described, in particular, the con-
ditions under which they are equivalent.
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1 Introduction

Our main purpose in this article is to calculate the mass spec-
tra in the two A/ = 1 SQCD-like theories outlined in the
abstract: the direct ®-theory and its Seiberg’s dual variant
[1,2], the d ®-theory. In Sect. 2 the definitions of these direct
®- and dual d®-theories and their most general properties
are presented in some detail.

In Sect. 3 we calculate the mass spectra of the direct ®-
theory at 0 < Nr < N,. As we show, for these values of N
all quarks interactions have logarithmically small couplings
and so all calculations do not require any additional dynam-
ical assumptions and are, in a sense, standard and straight-
forward.

Starting from Sect. 4 we consider both the direct and the
dual theories with N, < N < 2N,.. In Sect. 4 the exact
results are given for multiplicities of the vacua and the non-
trivial parametric behavior of quark and gluino condensates
in different vacua and at different values of uo/Ag > 1,
where (g is the large mass parameter of the fields ® and A o
is the scale factor of the gauge coupling. These results for the
quark (and gluino) condensates constitute a base for further
calculations of mass spectra in Sects. 6, 7, 8, 9, 10, 11.

In Sect. 5 we discuss a new non-trivial phenomenon of
the appearance (at the appropriate conditions) of additional
generations of light colorless ®-particles in the direct theory.
We show that, due to their Yukawa interactions with light
quarks in the superconformal regime at scales u© < A g, the
seemingly heavy and dynamically irrelevant fields & (fions)
with the large original mass parameter o (1 ~ Ag) > Ag
can “turn back’, and there appear two additional generations
of light ®-particles with small masses P°'®(P) <« Ag.

@ Springer

InSects. 6,7,8,9, 10, 11 we deal with calculations of mass
spectra in the direct and dual theories at 3N, /2 < N < 2N,
where both theories are, in general, in the strong coupling
conformal regimes at scales © < A, with the gauge cou-
pling of the direct theory a = (N.g2/87%) = O(1). At
present, unfortunately, it is not known how to obtain direct
solutions (i.e. without any additional assumptions) of N = 1
SQCD-like theories in strong coupling regimes. Therefore,
to calculate mass spectra of N' = 1 theories in such cases
one has to introduce and use some assumptions about the
dynamics of these theories in the strong coupling regions. In
other words, one has to rely on a definite dynamical scenario.

We use in this paper the dynamical scenario introduced by
the author in [3]. Recall that this dynamical scenario assumes
that in considered A" = 1 SQCD-like theories, ® and d®,
the quarks can be in two standard phases only. These are:
(a) the HQ (heavy quark) phase where they are not higgsed
but confined, (QL) = 0; (b) the Higgs phase where they are
not confined but higgsed, with some components (QL) # 0.
Moreover, the ‘standard phases’ imply that these two phases
are realized in a standard way, even in the strong coupling
regime a ~ 1. This means that, unlike e.g. N’ = 2 SQCD
with its very special properties, in these N' = 1 SQCD-
like theories without adjoint colored scalar superfields, there
appear no additional non-standard parametrically lighter
particles (e.g. parametrically lighter magnetic monopoles or
dyons) in the spectrum in the strong coupling region a ~ 1,
in comparison with that in the weak coupling one. The mass
spectra were calculated in [3] in the standard direct N' = 1
SQCD with the superpotential W = Tr (EmQQ) and in
Seiberg’s dual variant [1,2] within this scenario. It was shown
that the mass spectra of the direct theory and its Seiberg’s dual
variant are parametrically different.

In Sects. 6, 7, 8, 9, 10, 11 below we calculate the mass
spectra of the @ and d® theories within this dynamical
scenario (mainly at the left end of the conformal window,
0 < by/Nr = 2Np —3N.)/Nr < 1) and show that, simi-
larly to the standard direct N/ = 1 SQCD with the superpo-
tential W = Tr (@m 0 Q) considered in [3], the mass spectra
of the direct ®-theory and its Seiberg’s dual variant, the d ®-
theory, are parametrically different, so that these two theories
are not equivalent.

We would like to emphasize, however, that, by itself, this
does not mean that Seiberg’s proposal [1,2] about the equiv-
alence of the direct and dual theories, although not proven
and remains a hypothesis up to now, is not correct. Still, it
may be right but maybe not. The reason is, clearly, that the
results about parametric differences of mass spectra of the
direct and dual theories obtained in [3] and in this paper
are based on definite additional dynamical assumptions. In
other words, on using the dynamical scenario introduced in
[3]. This dynamical scenario from [3] satisfies all those tests
which were used as checks of Seiberg’s hypothesis. More-
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over, to the best of our knowledge, it looks self-consistent
and is not in contradiction with any known at present proven
results. Therefore, it has to be considered at present as pos-
sibly right. Therefore, what is still missing at present in this
story is a proof that, for instance, either the Seiberg hypothe-
sis is right or that the dynamical scenario introduced in [3] is
right. Nevertheless, the results obtained within this scenario
in [3] and in this paper demonstrate that the checks on which
the Seiberg hypothesis about the equivalence of the direct
and dual theories is based (i.e. the 't Hooft triangles for the
effectively massless particles and some correspondences in
the superconformal regime), although necessary, may well
be insufficient.

Finally, we consider in Sect. 12 the X-theory which is
N = 2 SQCD broken down to N' = 1 by the large mass
parameter 1y > A of the adjoint scalar superfield. The
tight interrelations between these X- and ®-theories are
described, in particular, the conditions under which they are
equivalent.

The direct ®- and dual d®-theories considered in this
paper have much in common with the standard ' = 1 SQCD
(and its dual variant) considered in [3]. It is implied that the
reader is familiar with Ref. [3] and with the calculation meth-
ods used therein. These methods (by the way, sufficiently
standard, the non-standard is only the dynamical scenario
itself) are heavily used in this paper. For this reason, some
technical details are omitted in the text below, and we refer to
[3] where all additional details of similar calculations can be
found. But besides, for the reader’s convenience, we recall
below in Sect. 2.1 assumptions of the dynamical scenario
introduced in [3].

2 Definitions and some generalities
2.1 Direct ®-theory

The field content of this direct N = 1 ®-theory includes
SU(N.) gluons and 0 < Np < 2N, flavors of the quarks
@la Qé, a=1...N,i=1...Np.Besides, there are

N% colorless but flavored fields CD{ (fions) with the large
mass parameter (o > Ag.

The Lagrangian of this UV-free theory at scales u >
Ag (orat u > py if g > Ag, where g is the next
largest physical mass below uflmle(cb) > A, see Appendix
A; N, = Np — N,, the exponents with gluons in the Kihler

term K are implied here and everywhere below) looks like

1 _
K = FTr(cb*cb) +2(Ag, WTr( QT 0 + (0 — 0)),

2
W=——" 5+ W+ Wo.

— 2.1
a(u, Ag) @b

1 2
We = M7¢|:Tr(cl>2) - N—(Trcb) }

Wo =Tr Q(mg — ®)0,

m Ne/bo
zo(Ag, ) ~ <1ﬂ —> > 1.
Ao

Here 1o and m o are the mass parameters, S = —Wg wa. B /
3272 where Wg is the gauge field strength,a = 1... Nf —
1, B=1,2, a(u, Ag) = g>(1n, Ag)/4m is the gauge cou-
pling with its scale factor Ay, f is the Yukawa coupling,
ar = ch2/87r2 < 1, b, = 3N, — NF. This normalization
of fields is used everywhere below in the main text. Besides,
the perturbative NSVZ B-function for massless SUSY theo-
ries [4,5] is used in this paper.

Therefore, finally, the ®-theory we deal with has the
parameters N, 0 < Np < 2N, ue, Mg, mo, f, with
the strong hierarchies juo > Ag > mg. Throughout this
text the mass parameter 1o will be varied while m g and A g
will stay intact.

The Konishi anomalies [6] from (2.1) for the ith flavor
look like ( =1 ... Np)

Wo
(q>i)< 5,
(mg' ;) =mo — (@),

>= 0, (m)(0;0") =(S),

152
(0;0') =485(0;0",

, 1 _ , 1 _
(@) = — ((QjQ’> - B}VCTr<QQ>) ,
2.2)

and, in cases with uy < Ag, (mtgi) is the value of the

quark total running mass at i = Ag.

At all scales “p” until the field ® remains too heavy
and non-dynamical, i.e. until its perturbative running mass
ugf rt(,u) > W, it can be integrated out and the Lagrangian
takes the form

K =z9(Ag, WTr(Q'Q+ 0 — 0),

W= 54w
T a(pAg) e

_ 1 _ 1 —
Wo =moTr(QQ) — . (Tr(QQ)2 -5 (T QQ)Z) :

(S) = AA
S \32x2/"
The Konishi anomalies from (2.3) for the ith flavor look
like

(2.3)

W .
<S>=< ia—@Q>=mQ<Q,~Q'>

@ Springer
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NF
. 1 —
—— D (0;0)(0;0") - —(0;0')/(Tr Q)
1224 =1 c
[
=[mQ—M—¢(<Q,-Q>—V(TrQQ)>
x(0;0') = (m§')(Q;Q"), i=1...Np, (24)
<_aWQ _aWQ>
0: i T= ]T
90 9Q;

1 - = 1 —
=|mg——1(Q;0"+0,0/) - —(TrQQ>>}

[ e I'L<I>< ' / Ne¢

x(Q;0' = 0;0).
It is seen from (2.4) that there are only two types of
vacua: (a) the vacua with the unbroken flavor symme-
try, (Q; 0l = 8}(QQ), (b) the vacua with the sponta-
neously broken flavor symmetry, and the breaking is of
the type U(Nr) — U(ny) x U(nz) only: (Q;0") =
SN 0r 0l = Qo). i =
(0;0) = 51(30°, 07 0) = 81(0,0% = 8.((00)). i,
j =n1+1,... Np. In these vacua with the broken flavor
symmetry one obtains from (2.4)

1,...n1, and

_ —_ 1 —
<(QQ)1+(QQ)2—FTTQQ> =mope,

br
| E— _
(Shor = —((QD)1)6e ((Q O)2)brs
J72
(@D 1)br # ((Q0)2)br.
(s e = g = (1) = LEZE,
('S )or = mg — (®2)pr = “Qf%. (2.5)

We now recall details of the dynamical scenario intro-
duced in [3] and used in this paper in Sects. 6, 7, 8, 9, 10,
11 for calculations of mass spectra in the conformal window
3N./2 < Nfr < 2N, in the strong coupling regime, both in
the direct and dual theories.

1. Recall first that NSVZ B-function [4,5] predicts exact
values of quark anomalous dimensions, yo of the direct
quark or y, of the dual one, in the conformal regime at
3N./2 < Nr < 3N,. In the direct theory

da='(n) 4 b, — N b
—:ﬁ(a)zo—FyQ: ]/QZ—O,
dlnp N:.(1 —a) Np
N.g>
by = 3N — Np > 0, a(u) = “5 W o
8

Therefore, the renormalization factor of the quark Kih-
ler term is also known exactly in the conformal regime:

zo(p1, w2) = (n2/p1)"e, while a(p K Ag) — ax =

@ Springer

const, a, = O(1) in general. When the fion field ® is
effectively massless and participates actively in the con-
formal regime, its anomalous dimension and renormal-
ization factor are also known exactly from the conformal
symmetry: yo = —2yo, zo(U2, n1) = (u2/pm1)™.
In the dual theory, correspondingly: N, — N, =
Np = Ne, a(u) — a(u), b, — b, = 3N. — Ny =
2Np —3N; > 0, yy = bo/NF, yu = —2y,, and the
dual gauge coupling a(u < Ag) — a4 = const. But
at the left end of the conformal window there appears
additional small parameter: 0 < BO/NF = (2Np —
3N:)/Nr < 1, y; = bo/NF ~ @, < 1. The explicit
parametric dependence of various particle masses on this
small parameter is widely used in the text. It allows one to
trace the parametric differences of mass spectra of direct
and dual theories.

2. At some lower scales u; < A the conformal regime
is broken explicitly by nonzero particles masses. These

may be e.g. the quark pole masses mg”lie, i = lor?2,

or gluon masses ,ugﬁlf due to higgsed quarks. And

this is a first place where we need to use the addi-
tional assumption of the dynamical scenario from [3].
This states that (at least parametrically, i.e. up to non-
parametric factors O(1), this is sufficient for our pur-
poses) the scales of these masses are given by the standard

. . pole pole pole, 2
expressions: mg, ;' ~ m/ZQ(AQ,mQ,i), (p,gl,i) ~

(8")z0(Ag, /Lgﬁlie)((aQ)i). If quarks Q' are in the
strong coupling regime, a,(u = meo’lie L Ag) =
Nc(g*)2/271 = O(1), and are in the HQ (heavy quark)
phase, i.e. not higgsed but confined, then the value meO’lie
determines the typical mass scale of hadrons made from
these quarks.

3. It is additionally assumed that, unlike the very specific
N = 2 SQCD, in considered N' = 1 SQCD-like the-
ories without colored adjoint scalar fields, the dynam-
ics is really standard, i.e. no additional parametrically
lighter solitons (e.g. magnetic monopoles or dyons) are
formed at those scales where the conformal regime is
broken explicitly by the quark masses in the HQ (heavy
quark) masses, or quark and gluon masses originating
from higgsed quarks.! That is, in this respect, the dynam-
ics is qualitatively similar to those in the weak coupling
regime.

4. Finally, to deal with the ' = 1 SYM theory, originating
after decoupling of heavy quarks at lower energies, we
use the effective superpotential proposed by Veneziano
and Yankielowicz [7].

The use of the values of quark condensates ((QQ)1)
and ((Q Q)>) in various vacua calculated in Sect. 3, the

' Note that the appearance of such additional light solitons will change
the "t Hooft triangles at lower energies.
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known RG evolution in the superconformal regime and
described above assumptions of the dynamical scenario
is sufficient to calculate parametrically (i.e. up to non-
parametric factors O (1) ) mass spectra of direct and dual
theories in the conformal window 3N./2 < Nr < 2N,.
This is done in Sects. 6, 7, 8, 9, 10, and 11.

5. Moreover, we explicitly calculate in these sections the
parametric dependencies of particle masses on the addi-
tional small parameter, 0 < BO/NF = (2Np —
3N.)/Nr <« 1, appearing at the left end of the con-
formal window; see Sect. 2.2 below and section 4 in [3]
for more details. This allows one to trace explicitly the
parametric differences in mass spectra of the direct and
Seiberg’s dual theories.

2.2 Dual d®-theory

In parallel with the direct ®-theory with N, < Nr < 2N,
we consider also the Seiberg dual variant [1,2] (the d®-
theory), with the dual Lagrangian at © = A g

+

1 ¥ N _ MM
K:FTrCD ®+Trqg'qg+(q—>q)+Tr—5—,
K2

S a(u=Ag)
Wye = /%D |:Tr(<b2) — %(Tr CD)Z} +TrM(mg — ),

W, =— € Tr(g M q). 2.7
231
Here the number of dual colors is N, = Np — N, by =
3N. — Np, and M;. — (aj Q') are the N% elementary
mion fields, a(u) = N.@(n)/2r = N.g>(w)/87? is
the dual running gauge coupling (with its scale parameter
Ag),S = —WyW"P /3222, W is the dual gluon field
strength. The gluino condensates of the direct and dual theo-
ries are matched in all vacua, (— S) = (S) = A;M, aswell as
(M) = (Mi(n = Ag)) = (Q;0") = (Q;0"(n = Ag)),
and the scale parameter A, of the dual gauge coupling is
taken as |Ay| ~ Agp; see the appendix in [3] for more
details. At 3/2 < Nfp/N, < 2 this dual theory can be
taken as UV-free at u© > Ay, and this requires that its
Yukawa coupling at © = Ag, f(u = Ag) = p2/p1,
cannot be larger than its gauge coupling g(u = Ag), i.e.
ua2/im1 < 1. The same requirement to the value of the Yukawa
coupling follows from the conformal behavior of this theory
at3/2 < Np/Ne < 2and u < Ag,ie. f(u = Ag) =
wa/m1 =~ fr = O(1) atb,/Nr = O(1). We consider below
this dual theory at © < A o only, where it claims to be equiv-
alent to the direct ®-theory. As was explained in [3], one has
to take 4 ~ Ag atby/Nr = 3N, — Nr)/Np = O(1) in
(2.6) to match the gluino condensates in the direct and dual

theories. Therefore, 1o ~ 1 ~ A in this case also. But to
match the gluino condensates in the direct and dual theories at
the left end of the conformal window, i.e. at0 < by/Nr < 1,
one has to take (u2/i1)? ~ f2 = O(bo/Nr) < 1 and
m ~ Zghg < Ao, Zy ~ exp{—N¢/Tbo} < 1 (with
the exponential accuracy, i.e. powers of the small parameter
0 < bo/NF < 1 are not traced here and only the powers
of Z, are traced, this is sufficient for our purposes, so that
atb,/Nr = O(1) one has to put Z, — 1; see [3] for more
details). )

In fact, all N7 fields ®/ remain always too heavy and
dynamically irrelevant in this d ®-theory, so that they can
be integrated out once and forever and, finally, we write the
Lagrangian of the dual theory at © = Ao in the form

s _ MM
K=Trg'qg+(q—>q)+Tr——.

Z2Mo
We 2 5wy W,
a(u = Agp)
Wy =moTr M — L |:Tr (M?) — i(Tr M)Q} ,
2 N
W, = — zqi\Q Tr(g M q). (2.8)

The Konishi anomalies for the ith flavor look here like
(i=1...Np)

(M;){Ni) = Z4A(S),

(Ni) 1 1 tot
=mg — — ((M; — —TrM) ) = (m'S,),
ZqAQ Mo N, ’

(2.9)

(N;) = (c_]iqi(u =Ag)) = (F]iqi), no summation over i.

In vacua with the broken flavor symmetry these can be
rewritten as

1
My +M,— —TrM) =mgouo,
N, br

c

1
(SYor = — (M1 )or (M2)pr,
s

(M1)br # (M2)br,

(Noor _ (Shor _
ZgAo  (Mi)or 1o

1 1 tot
_M_® (MI_FCTTM%r = (mQ’l)brv

_ (M2)er

(2.10)

(N2)br _ (S)or _ (M1)br
Zghg  (M2)or J7rs

L (<M2 - LTr M> ) = (mY' Dor
Ho N, br el

(N = @'qi(u=A0) = (@'q1), (N2) = (@)

:mQ
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3 Vacua, condensates, and mass spectra at
0 <Np <N,

Clearly, there is no dual theory for this range of Nr values.
Moreover (see below in this section), in vacua of the direct
theory with the unbroken flavor symmetry all quarks are hig-
gsed in the weak (logarithmically small) coupling regime
with the large masses of higgsed gluons, (g > A p.Invacua
with the broken flavor symmetry all quarks: (a) are either
also higgsed in the weak (logarithmically small) coupling
regime with pe ; > Ag, i =1,2,at Ap < po < flo,
fo ~ Ao(Ag/mg) Lo/ 5 A y: (b) or, in brl-vacua
with 1 < ny < [Np/2], the quarks Q;, Q' with flavors
n are higgsed in the weak (logarithmically small) coupling
regime, while the quarks Q,, Q2 with flavors ny = Ny —n;
are in the HQ phase at g > [ig, they are weakly confined
(i.e. the tension of confining string originating from unbro-
ken SU (N, — ny) color group is much smaller than quark
masses, /o K meO’I;Crmrb) and also perturbatively logarith-
mically weakly coupled and non-relativistic inside hadrons
(inbr2-vacuan| < n»). Therefore, finally, in all vacua and at
all values Ap < ue, the quarks are parametrically weakly
coupled and their dynamics is simple and qualitatively evi-
dent.

For this reason, we do not need any additional assumptions
at all as regards the quark dynamics to calculate the mass
spectra at 0 < N < N,. In other words, because the HQ-
and Higgs-phases of the quarks are at logarithmically weak
couplings, there is no need to mention about any assumed
dynamical scenario at all (it is really needed to calculate the
mass spectra in the strong coupling region only).

The calculations methods used below in this section have
much in common with those in the standard SQCD with
mg/Apg < land 0 < Nr < N, in section 2 of [9]. It is
implied that the reader is familiar with Ref. [9], so that some
technical ins and outs are omitted below (see section 2 in
[9] for many more details). But really, as mentioned above,
because all quarks are parametrically weakly coupled, all
calculations in Sect. 3 are highly standard and, we hope,
self-evident.

3.1 Unbroken flavor symmetry

There is Nunbrok = (2N, — NF) such vacua and all quarks are
higgsed in all of them, but the hierarchies in the mass spec-
trum are parametrically different depending on the value of

1o (see below). In any case, all N 12; fions are very heavy and

dynamically irrelevant in these vacua at scales ;. < ,uﬁ)()]e(d))

(see Appendix A) and can be integrated out from the begin-
ning.
All quarks are higgsed at the high scale u = g, Agp K
1
[g K ph7 (@),
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g = Neg (= pg)zo(Ag, tg)(I),
() = (0,0 (n = Ap)) = (00),
2 (W) = dma(w), (3.1)

where (in the approximation of leading logs, Cr = (ch -
1)/2Nc >~ N/2)

2

=Dy In s
a(jigl) Ao
2CF /by Ne/bo
a(Ag) Mgl
zp(A ,M1)~< ) ~<ln— > 1,
oMo e a(jigl) Ag
b, = 3N, — Np. (3.2)

Hence, after integrating out all heavy higgsed gluons and
their superpartners at 4 < jig one remains with the SU (N, —
NF) pure Yang—Mills theory with the scale factor Ay, of its
gauge coupling. Finally, after integrating out the remaining
gluons at i < Ay via the Veneziano—Yankielowicz (VY)
procedure [7,8] (see section 2 in [9] for more details), one
obtains the Lagrangian of N% pions

K =z9(AMAg, ueg)2Tr v 1711,
W= —NCS + W,

1
A oPo \ Ne=Np

s=(=2 :
det IT

1 1
Wn =moTrIl — —|:Tr(l'12) — —(Tr n)z},
¢ 2.“@ Nc

(3.3)

(M) = 8% (M) = 85 (010" (u = Ag)), i,j=1...Nr.

It follows from (3.3) that depending on the value of
Hao/Ag > 1 there are two different regimes.

1) AtApg < o K Uo,o = A_Q(AQ/mQ)(ZN[:—NF)/Nc’
Hao,0 > Ag, the term m pTr(Q Q) in the superpotential
(3.3) gives only a small correction and one obtains

Ne—Np

o \ W
(IM)o ~ AQ2 (A—) > AQ2.
0

(3.4
There are (2N, — NF) such vacua, this agrees with [10] 2
The masses of heavy gluons and their superpartners are
given in (3.1), while from (3.3) the pion masses are

wo(IT) ~ L
? 20(Ag, M) Lo

2 To see that there are just 2N, — N vacua e}nd not less, one has to
separate slightly all quark masses, mg — m’Q i=1...Nr, 0 <
(Smg)if = (miQ — m'é) < mg. All quark mass terms give only small
power corrections to (3.4), but just these corrections show the Zon,—n
multiplicity of the vacua.
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Ne

A A 2N¢—NFp

~__ 2 <—Q) >mg. (3.5
zo(Ag, ug) \ o

Besides, the scale of the gluino condensate of unbroken
SU(N. — Np) is

AQbu WfNF)
det<n>o)

Ng
A 32Nc—Np)
Ho

Ho(I) K Aym K Ag K g,

Ayy = (S)!3 ~ (

(3.6)

and there are a large number of gluonia with the mass
scale ~ Ay (except for the case Np = N — 1 when the
whole gauge group is higgsed, there is no gluonia with
masses ~Ayy and the non-perturbative superpotential
in (3.3) originates not from the unbroken SU (N, — NF)
but directly from the instanton contribution [11]).

(i) 2N, — NpF) vacua split into two groups of vacua
with parametrically different mass spectra at u¢e >
Hao,o. There are N. SQCD vacua with (IT)sqcp ~
AQ2(AQ/m Q)(NC_NF)/NC differing by Zy, phases (in
these, the last term ~TI1% /1o in the superpotential (3.3)
can be neglected), and (N, — NF) of nearly degener-
ate classical vacua with parametrically larger conden-
sates (IT)c1 ~ m oo (in these, the first non-perturbative
quantum term ~S in the superpotential (3.3) gives only
small corrections with Zy._y, phases, but the mul-
tiplicity of the vacua originates just from these small
corrections). The properties of SQCD vacua have been
described in detail in chapter 2 of [9], the pion masses
are psqep () ~ mo/20(Ag. g ) < my therein,

where zg (A, MZ]Q CD) >> 1 is the logarithmically large

perturbative renormalization factor. In (N, — NF) clas-

sical vacua the gluon and pion masses are given in (3.1)

and (3.5) but now

__ "o
zg9(Ag, Mgl)’
3.7

(e ~ mope > Ag?,  pa(Il) ~

and in all vacua (except for the case N = N, — 1) there
are a large number of gluonia with the mass scale

SQCD 173 A" SWNe=Np)
~Ayy =) e
det(IT)sqcp
m NF/3NL'
~ AQ<A—Q> in N.SQCD vacua, (3.8)
0

1
class AQbo SNe=Np)
det(IT)

AQ2 3(Ne—Np)
~Ap < > in (N. — Np) classical vacua.
molo
(3.9
Finally, the change of regimes i <> ii occurs at
Ne—Np
INe—N
(M(b,o) Fo le/LgJ,o > 1
Ag Ag
2Ne—Np
Ao\ N
- Qoo ~ Ao | — > Ag. (3.10)
mg

3.2 Spontaneously broken flavor symmetry:
U(NF) = U(ny) x U(na)

The quark condensates (Q j Q) ~ 85. C; split into two groups
in these vacua with the spontaneously broken flavor sym-
metry: there are 1 < n; < [Nf/2] equal values (I1]) =
(010") = ((QQ)1) and ny = (Np — n1) = ny equal val-
ues (TIy) = (0, 0%) = ((0Q)2) # ((QQ)1) (unless stated
explicitly, here and everywhere below in the text it is implied
that 1 — (n1/N.), 1 — (n2/N¢) and 2N, — Nf)/N, are all
O (1)). There will be two different phases, depending on the
value of uo /A > 1 (see below).

321 At Ap <€ e <K o, all qualitative properties
are similar to those for an unbroken symmetry. All quarks
are higgsed at high scales jg1,1 ~ g2 > A and the low
energy Lagrangian has the form (3.3). The term m QTr(EQ)
in the superpotential in (3.3) gives only small corrections,
while (2.5) can be rewritten here in the form

1
(ITy + 2)or = FTr (I br

c

1
+moue = F(ml—h + n2Io)pr

c

=25 e~ — (1= 22\
- ( _V)( l)br—_< _E)< 2)brs

Ao  \NTVE (I be(M2)e
(S)or = <%) — o DbrdTRlbr gy
<H1>br<H2>br Ho
2 2 2,
Megr1 ~ Mgro ~ 8 (= mg)zo(Ag, me)(TT12)br,
Ne—Np
o \ 2Ne—NE
(T1)br ~ (M2)br ~ Ag? (—) . (3.12)
Ao

The pion masses in this regime look as follows, see (3.3):
(a) due to the spontaneous breaking of the flavor symme-
try, U(Np) — U(n1) x U(ny), there always will be 2n1n;
exactly massless Nambu—Goldstone particles and in this case

@ Springer
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these are the hybrids ITy, and I11; (b) other n% —i—n% ‘normal’
pions have masses as in (3.5).

There are
n1=[Nr/2]
Ng=">_  Nowok(n1)
ni=l1
n1=[Nr/2]
—n NF!
=Y v wnth. oy =
= Iny!

(3.13)

such vacua (the factor 2N. — N originates from Zoy,—np
(see the footnote 1), for even N the last term with n; =
Nr /2 enters (3.13) with the additional factor 1/2, i.e. C,'\l,lF
differ from the standard C 1(,"F in (3.13) only by 611\1]1F=:k2k =

C 13; =:k2k /2), so that the total number of vacua’ is

Ntot = (Nunbrok = 2Nc - NF) + Ntt,(r)(t)ka (3-14)

this agrees with [10].

3.2.2 The change of the regime in these vacua with the
broken symmetry occurs at Uae,o K Ua K fo; see (3.10)
and (3.20), when all quarks are still higgsed but there appears
a large hierarchy between the values of quark condensates at
Lo > Uaoo; see (2.5). Instead of (IT11) ~ (Il2), they look
now like

(a) brl (brl = breaking — 1)-vacua

(Mier1 = | o1 = Ne > Ag?
Dbrl = pl_Nc—m OM® 0,
A xc_nz A an
c—ny c—ny
(M2)br1 =~ AQ2< g ) (—Q)
mopi1 Mo

<L (1)t (3.15)
Unlike the mainly quantum (IT), or mainly classical
(IT)¢1 vacua with unbroken symmetry, these vacua are
pseudo-classical: the largest value of the condensate
(IT1)br1 ~ mgue is classical while the smaller value
of (IT2)pr1 ~ (S)br1/m g is of quantum origin; see (2.5).
There are Ny (n1) = (No—n 1)6:,; such vacua at given
values of n| and n,.

(b) br2-vacua. These are obtained from (3.15) by n; < nj
and there are Nyppo(n1) = (N, — nz)f;\l,lp such vacua.
Of course, the total number of the vacua, Npox(n1) =
Nor1(n1) + Nppp(n1) = 2N, — NF)E;:,IF remains the
same at Lo S Uao,o-

3 By convention, we ignore the continuous multiplicity of the vacua
due to the spontaneous flavor symmetry breaking. Another way, one
can separate slightly all quark masses (see the footnote 2), so that all
Nambu-Goldstone bosons will acquire small masses O (6mg) <K mg.

@ Springer

We consider brl vacua (all results in br2 vacua can be
obtained by nj <> n7). In the range g o K o <K flo (see
below) where all quarks are higgsed finally, the masses of
higgsed gluons look now like

gy ~ &2 = g )20 g, g 1)) > gy 5. (3.16)

The superpotential in the low energy Lagrangian of pions
looks like in (3.3), but the Kéhler term of pions is different.

We write it in the form K ~ zg(Ag, g, 1)Try/ HZHZ. The
Nr x N matrix IT, of pions looks as follows. Its ny x
ny part consists of fields z’Q(,ugl,l, gl 2) 122, where Z/Q <
1 is the perturbative logarithmic renormalization factor of
Q,, @° quarks with unhiggsed colors which appears due to
their additional RG evolution in the range of scales g2 <
W < Hgl1, while at u = g 2 they are also higgsed. All
other pion fields Iy, 115 and IT,; are normal. As a result,
the pion masses look as follows. 2nn; hybrid pions I1;, and
IT,; are massless, while the masses of n% ITy; and n% sy

are
m
u(Iyy) ~ L
20(Ag, gl 1)
mo

u(Ilp) ~
20(Ag, g 1)7p (el 1+ Mgl,2)

> u(Iyy).

(3.17)

Finally, the mass scale of gluonia from the unhiggsed
SU(N, — NF) group is ~ Ag,b/rv}), where

(TT1)br1 (T12) br1
(AP = (S)pr1 = — 220
o
o ny=nj.
AQ Ne—ny mQ Ne—nj
~ mo(Ma)brn ~ A 3(—) (—) :
o r 0 Lo Ay
(3.18)
323 At scales Ag € u < pa1 ~ (M2 ~
(mouae)'/? (ignoring logarithmic factors) the light degrees

of freedom include the SU (N, —n1) gluons and active quarks
62, Q? with unhiggsed colors and ny < (N.—nq) flavors, n%
pions IT;; and 2nn, hybrid pions IT;> and I1,; (in essence,
these are the quarks Q,, Q2 with higgsed colors in this case).
The scale factor A of the gauge coupling in this lower energy
theory is

b/
A~ AQb"/detH“,

b, =3(N. —n) —ny, b, =3N, — Np. (3.19)

The scale of the perturbative pole mass of Q,, Q? quarks is
mgﬂe ~ m g, while the scale of g 2 1S ftg,2 ~ (6202)1/2 =
(I») /2, with (ITy) < (IT;) given in (3.15). Hence, the hier-
archy at e, € e <K jie looks like mp <« A} <
Mgl2 ™~ (1'[2)1/ 2 and active 62, Q? quarks are also hig-
gsed, while at ue >> fie the hierarchy looks like (ITp)!/? =
(0O « A <« mg and the active quarks Q, @
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become too heavy, they are not higgsed but are in the HQ»
(heavy quark) phase. The phase changes at

b
(A1) ~ AP

bo—nj
5 AQ ny
— o ~ Ag m—Q > U0

Hence, we consider now this Higgs; — HQ, phase real-
ized at wp > [Le. For this it is convenient to retain all
fields @ although, in essence, they are too heavy and dynam-
ically irrelevant. After integrating out all heavy higgsed glu-
ons and Q;, Q! quarks, we write the Lagrangian at u?> =
gy ~ Neg?( = ng)zo(Ag, pg, (M) in the form
(see Appendix A)

<n2>1/2 ~mg ~

(3.20)

1
K = [FTr(cpch) +20(Ag. (K + Kq,) ]

(3.21)

Q = Tr(@Q)Q% + (@° — Qu)),

K
K = 2Try/ HLHU + Khybr,

Khybr = Tr [Ty + Iy

s
le—T
I I,

|: 27
W=|-
a(ftgl1)

—l—Tr(azmtOt Q%) + Wr,

lﬂlnn

S} T I%D[Tr (@) — NL(Tr @)2]

c

1
Wh = Tr(mQHu + mt& H21H—UH12)

=Tr(® 1111 + @120 + O 1112),
th(J); (mg — ®2).

In(3.21): 62, Q? and V are the active @2, Q2 guarks and glu-
ons with unhiggsed colors (S is their field strength squared),
Iy, I1p; are the hybrid pions (in essence, these are the
05, 02 quarks with higgsed colors), zp(Ag, ,uél,l) > 1
is the corresponding perturbative logarithmic renormaliza-
tion factor of massless quarks; see (3.2). Evolving now down
in the scale and integrating Q,, @° quarks as heavy ones at
n < mQ ¢ and then unhiggsed gluons at ;1 < A(b;,}) one
obtains the Lagrangian of pions and fions, see (3.21),

1
K= [Fn(qﬂ@) +20(Ag, ,uélyl)Kni|, (3.22)

1
= (N, —n1)5+7|:T (®%) — — = (Trd>)2}+Wn,

c

A Qb" det th(); Ncl—nl
S=| ————= ,
[ det Iy ]

We start with determining the masses of hybrids 12, 15
and &1y, ;. They are mixed and their kinetic and mass
terms look like

Khybr = Tr[¢fz¢12 + ¢>§1¢21 + ﬂfzmz + 772T17T21], (3.23)
Whybr = Tr(mgPr2¢21

+my 12721 — Mg (P12721 + P217712)),

mg — (P2)
m¢ = leu’fbvmj'[ = Q—
20
(Iy1)  mo
= ——~—Kmy, 79 =20(Ag, Ug,1),
LoZo 20 ¢ 0 o\ 0, Kg
1/2
fA(m)
Mn = < L Mgy =mgmy. (3.24)
0]
Hence, the scalar potential looks like
Vs = [m* - (Wi 1P+ 0 (WP + (12 - 21),
Im| = (Img| + |mx|), (3.25)
(=) _
Vi, = (coin —sm),
‘P(H (c 7712 + 5 $12),

1/2
()" ()
Im| Im|
Therefore, the fields \l’fz_ ) and \Ilél_) are heavy, with the
masses |m| 2 |mg| > A, while the fields \DS) and \IléT)
are massless. But the mixing is really parametrically small, so
that the heavy fields are mainly ¢12, ¢2; while the massless

ones are mainly 17, 721 A
And finally from (3.22), the pole mass of pions I1j; is

(Iy) N mg

u(yy) ~ .
oMo, pg, e 2N, tgl1)

(3.26)

On the whole for this Higgs;—H Q» phase the mass
spectrum looks as follows at e > f[i¢. (a) The heavi-
est are n1 (2N, — n1) massive gluons and the same num-
ber of their scalar superpartners with the masses g 1,
see (3.16), these masses originate from the higgsing of
the 61, 0! quarks. (b) There are a large number of 22-
flavored hadrons made of weakly interacting and weakly
confined non-relativistic Q,, Q? quarks with unhiggsed col-
ors (the tension of the confining string originating from the

unbroken SU (N, — nj) color group is /o ~ A ;,}) <

mgOIZC, see (3.18)), the scale of their masses is sz

mQ/[ZQ(AQaMgl,l)ZQ(Mgl,l»mQ’z)], where zp > 1 and
Z’Q & 1 are the corresponding massless perturbative loga-

rithmic renormalization factors. (c) There are n% pions ITj;
with the masses (3.26), w(I1;) <K mpOle (d) There are a

4 Everywhere below in the text we neglect mixing when it is small.

@ Springer
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large number of gluonia made of gluons with unhiggsed col-
ors, the scale of their masses is ~ A%,}), see (3.18). (e) The
hybrids I1;2, [T are massless.

All N % fions ®;; remain too heavy and dynamically irrel-

evant (see the footnote 3), their pole masses are /ﬂf()le(cb) ~
FPue > Rt

4 Quark and gluino condensates and multiplicities
of the vacua at N, < Ny < 2N,

To obtain the numerical values of the quark condensates
(0,0 = 5;<(§Q)>,~ at N. < Np < 2N, (but only for
this purpose), the simplest way is to use the known exact
form of the non-perturbative contribution to the superpo-
tential in the standard SQCD with the quark superpotential
mQTr(EQ) and without the fions ®. It seems clear that at
sufficiently large values of (¢ among the vacua of the -
theory there should be N, vacua of SQCD in which, defi-
nitely, all fions @ are too heavy and dynamically irrelevant.
Therefore, they all can be integrated out and the effective
superpotential accounting for all anomalies and depending
only on quark bilinears 1'[; = (Q;Q") can be written as
(mQ = WLQ(M = AQ), no = uo(u = AQ), see Sect. 2
above and sections 3 and 7 in [9])

_ /det00\ Ve .

wwau=—N4:i§?) +mgTe Y (@0
1 — i =
—ZE{H%N%QXQQU

2
1 . .
—ﬁ(ﬂgyggﬂ},uszan @.1)
C .
1
Indeed, among other vacua, at sufficiently large ¢, there
are N. SQCD vacua in (4.1) with the unbroken SU (NF)

flavor symmetry. In these, the last term in (4.1) gives a small
correction only and can be neglected and one obtains

5 o ;1 sQep
(Q;0")sqcp 25}@(1\;18 )3

o1
sl bo NF l/NL‘
_Sj—mQ(AQ g, ) .

4.2)

Now, using the holomorphic dependence of the exact
superpotential on the chiral superfields (Q ; Q°) and the chiral
parameters m g and /Lo, the exact form (4.1) can be used to
find the values of the quark condensates (Q B 0% in all other
vacua of the ®-theory and at all other values of e > Ag.
It is worth recalling only that, in general, as in the standard
SQCD [3,9,12]: (4.1) is not the superpotential of the gen-
uine low energy Lagrangian describing lightest particles, this
effective superpotential determines only the values of vacuum
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condensates (Q j Q). (The genuine low energy Lagrangians
in different vacua will be obtained below in Sects. 6, 7, 8, 9,
10, 11, both in the direct and dual theories).

4.1 Vacua with the unbroken flavor symmetry

One obtains from (4.1) that at Ag < pe <K Ho,o there are
two groups of such vacua with parametrically different val-

ues of condensates, <§j 0 = 8; (0Q) and (Ej 0l)s =
3':(QQ)s.

(a) There are (2N, — NF) L-vacua (L = large; see also foot-
note 1) with

(00)L =(00(n=Ap)L

Ne
A INe—Np
~ AQz(—Q) < Ao

JTE

4.3)

In these quantum L-vacua the second term in the super-
potential (4.1) gives numerically only a small correction.
(b) There are (N — N.) classical S-vacua (S = small) with

_ _ N,
(00)s =(00(n=Ap))s = . moua.

c

4.4)

In these S-vacua, the first non-perturbative term in the
superpotential (4.1) gives only small corrections with
ZNr—nN, Phases, but just these corrections determine the
multiplicity of these (Nr — N.) nearly degenerate vacua.
On the whole, there are

Nunbrok = (2NC_NF)+(NF — N¢) =N, (4-5)

vacua with the unbroken flavor symmetry at N. < Np <
2N,.

One finds from (4.1) that at o > e o the above 2N, —
Npr) L-vacua and (Nr — N.) S-vacua degenerate into N,
SQCD vacua (4.2).

The value of jto,, is determined from the matching

. A IN N .
<Q@L~AJ( Q) "~ Q0)s ~ mons.o]

Md,0
Ne

~ | (Q0)sqcp ~ AQ2<’Z\2> C
0

WNe=Np
Ag\ ™
— Koo ™~ AQ(@ > Ag. (4.6)
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4.2 Vacua with the spontaneously broken flavor symmetry
U(NF) = U(n1) x U(nz), ni <[Np/2]

In these, there are n; equal condensates (Q;Q'(n =

Ag)) = ((Q0)1) and ny > n equal condensates

(020% (1 = Ap)) = ((QQ)2) # ((QQ)1). The simplest

way to find the values of quark condensates in these vacua is

to use (2.5). We rewrite it here for convenience

<(QQ)1 +(00) - NiTr QQ> =moo.
c

br

(det@Q)br = <@Q>1>L‘;<@Q)z>g§>” Ne

(Shor = Ag™
_ <(§Q)l>br<(§Q)2>br (47)
Mo

Besides, the multiplicity of the vacua will be shown below
at given values of n; and ny > nj.
4.2.1 The region A g <K o K Ud,o-

(a) Atny S N, includingn; = np = Np/2foreven N but
excluding ny = N, there are 2N, — N p)a'\l,lF Lt-vacua
(Lt=L-type) with the parametric behavior of condensates
(see footnote 1)

1- Yo ~_(1-2
( _VC> ((QQ)l)Lt——< _VC>

Ne

_ A 2Nc—Np
< (OO ~ Ag? (—Q>2N "

Ho

4.8)

i.e. as in the L-vacua above but ((Q Q) 1)1t # ((Q0)2)1x
here.

(b) At no, > N, there are (n» — NC)CX,'F br2 - vacua
(br2=breaking-2) with, see (4.7),

((Q0)2)br2 ~ molie,

Ne—n

ny 1

Lo ny—N¢ mQ ny—N¢

~ A 22 -2 ,
((QD)1)br2 0 (AQ) (AQ>

. _Ne
(@) 1) _ ( Ho ) S o)

((QD)2)br2 123

(c) Atn; = N,, np = N, there are 2N, — Nf) - CX,'F:N‘
‘special’ vacua with, see (4.7),

_ N,
((Q)1)spec = m(lehb),
_ A\ 2Ne-Nfp
(D0))spec ~ AQZ(M—qQ)) " (4.10)

Ne

((@Q)l)spec - < “o )ZNcNF <1
((@Qh)spec Hd,0 '

On the whole, there are (6(z) is the step function)

Norok (n1) = [(2Nc — Np) +60(n2 — Ne)(np — Nc)]fz'\zz;

:[(NC—NC>+9<NC—m><NC—n1>]fx;, @.11)

( 6;; differ from the standard C ]'f,; only by flr\l,i;kzk =
C ;\1,;::1(21( /2, see (3.13)) vacua with the broken flavor sym-
metry U(Nfp) — U(ny) x U(ny), this agrees with [10]
(see also the related paper [16], but the superpotential in
[16] is somewhat different and this difference is crucial
for the special vacua; see Appendix B).

4.2.2 The region (g > Uao.o

(a) Atall values of ny < N, including ny = np = Np/2 at
even N and the ‘special’ vacua withn| = N., np = N,,
there are (N, — nl)f;\l,lp brl-vacua (brl = breaking — 1)
with, see (4.7),

QD) 1)br1 ~ mope, ((Q0)2)bri

n Nc—nz

M DeThp
Ao\ (Ag\ Mo
- AQ2< Q) ( Q) ’
122} mg

((gQ)Z)brl N <M¢’0>Nf"1 -1
((QO)1)br1 Ho

(4.12)

(b) Atny < N, including n; = ny = Np/2, there are also
(N, — m)flr\l,zp = (N, — nz)sz,'F br2-vacua with, see
4.7),

((QD)2)br2 ~ mona, ((QQ)1)br

Ne—n

2 Nezny
- Agz(ﬂ) (&)
22 mo

N,

((gQ)l)er N <M¢,0)Nv'lz <1
((QO)2)br2 JIE

(4.13)

On the whole, there are

Norok (1) = [(Ne — 1) + 0(Ne — n2)(Ne — n2)|C
=[(Ne=N)+0(Ne—n)(Ne—np)|Cy (4.14)

vacua. As it should, the number of vacua at (e < oo
is the same.
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As one can see from the above, all quark condensates
become parametrically the same at e ~ pe,o. Clearly,
this region e ~ W, is very special and most of the
quark condensates change their parametric behavior and hier-
archies at e S Wo,o. For example, the br2-vacua with
ny < Ne, ((QQ)2) ~ mopa > (QO)1) at o > Hao
evolve into the L-type vacua with ((QQ)2) ~ ((QQ)1) ~
Ao (Mg /me)Ne/PNe=NF) at ©g < pe.o, while the br2-
vacua with no > N, ((QQ)2) ~ mope > (@Q)]) at
Hne <K [e,o evolve into the brl-vacua with ((QQ)1) ~
mopue > ((00),) at Had > oo, etc. The exception
is the special vacua with n; = N, np = N.. In these,
the parametric behavior ((QQ);) ~ moiae, ((00Q),) ~
AQ2(AQ/M¢)N<'/(2NC_NF) remains the same but the hier-
archy is reversed at no S Koo : (QQ)1)/((QQ)) ~

(o / e o) N/ BNemNE),
The total number of all vacua at N, < Ngp < 2N, is
[NF/2]
Niot = (Nunbrok = Ne) + [ N =Y Norok (1)
ni=1

Ne¢
=Y (Ne —k)Cy. (4.15)
k=0

this agrees with [10].5

Comparing this with the number of vacua (3.13) and (3.14)
at Np < N, it is seen that, for both Nupprok and N
separately, the multiplicities of the vacua at Nr < N, and
Nr > N, are not analytic continuations of each other.

The analog of (4.1) in the dual theory with [A4] = Ap,
see (2.7), is obtained by the replacement @Q(u =Ag) —
M(u = Ag), sothat (M(u = Ag)) = (0Q(i = Ag)) in
all vacua and multiplicities of the vacua are the same.

5 Fions @ in the direct theory: one or three generations

At N. < Nr < 2N, and in the interval of scales ug <
n < Ag (g is the largest physical mass in the quark—
gluon sector), the quark and gluon fields are effectively mass-
less. Because the quark renormalization factor zg(A g, u <
Ag) = (/A Q)VQ>O <« 1 decreases in this case in a power
fashion with lowering energy due to the perturbative RG evo-
lution, it is seen from (2.3) that the role of the four-quark term
(0 0)?/1e increases with lowering energy. Hence, while it
is irrelevant at the scale © ~ A because e > Ag, the

5 But we disagree with their ‘derivation’ in section 4.3 of [12]. There
is no their N3 vacua with (Mf)(éiq;)/)\ =(S)=0,i=1,...Nr (no
summation over i) in the dual SU (N,) theory at mgp # 0. In all Ny
vacua in both direct and dual SU(N,) theories: (det M/Abo)1/Ne —
(det QQ /ALy l/Ne = (S) £ 0atmg # O (see Sects. 6,7, 8,9, 10, and
11 below and the Appendix B). Really, the superpotential (4.48) in [12]
contains all Ny = N7 + N, vacua.

@ Springer

question is whether it becomes dynamically relevant in the
range of energies uy < <K Ag. For this, we estimate the
scale i, where it becomes relevant in the massless theory (see
section 7 in [9] for the perturbative strong coupling regime
witha(u ~ Ag) ~ 1, ali < Ag) ~ (Ag/w" 0 > lat
N. < Nr <3N./2)

2
po L &(ﬂ) S
122 ZZQ(AQa o) M \ Mo

1
Mo (&)%”,
Ag Ko
N

F
f -
yconf _ b, M(C)OH N AQ HENe=Np)
e Np Ag Lo

G.D

strong __ 2N, — Np N Mzmmg N (ﬂ)(SNCI\—]%NF)
Yo Nc AQ Ho .

Hence, if ug < o, then at scales u < , the four-
quark terms in the superpotential (2.3) cannot be neglected
any more and we have to account for them. For this, we have
to reinstate the fion fields ® and to use the Lagrangian (2.1),
in which the Kihler term at py < << A looks like

K — I:ZQ(/;(ZQ,M)

xTr(Q*Q +(0 — @)}

Tr (®T®) + zo(Ag, 1)

n\7°
z29(Ag, ) = (—) < 1. 5.2)
Ao

We recall that even at those scales p that the running per-
turbative mass of the fions ue(u) = /,Lq>/f2Z¢(AQ, w) >
w1 and so they are too heavy and dynamically irrelevant; the
quarks and gluons remain effectively massless and active.
Therefore, due to the Yukawa interactions of fions with
quarks, the loops of still active light quarks (and gluons inter-
acting with quarks) still induce the running renormalization
factor zo (A g, ) of the fions at all those scales until quarks
are effectively massless, u > wpy. But, in contrast with a
very slow logarithmic RG evolution at Nr < N, in Sect.
3, the perturbative running mass of fions decreases now at
N. < Nr < 2N¢ and © < A monotonically and very
quickly with diminishing scale (see below), o (4 K Ag) =
to/f?ze(Ag, 1) ~ po(/Ae)">! <« pe. Neverthe-
less, until pwe () > w, the fields & remain heavy and do
not influence the RG evolution. But, when upy < w, and
Ho(uw) ~ ne/ze(Ag, 1) is the main contribution to the
fion mass,® the quickly decreasing mass (i) becomes

pole pole pole

(@) = po( = uB(®)) and po(u < 1™ (@) <

6 The cases when the additional contributions to the masses of the fions
from other perturbative or non-perturbative terms in the superpotential
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W, so that: (1) there is a pole in the fion propagator at
p = Mg()le(d)) (ignoring here and below a possible nonzero
fion width, in any case the nonzero width can have only
massive particle), this is a second generation of fions (the
first one is at uP”°(®) > Ao — see Appendix A); (2)
the fields @ become effectively massless at 1 < /Lg()le(d))
and begin to influence the perturbative RG evolution. In
other words, the seemingly ‘heavy’ fields ® rurn back, they
become effectively massless and dynamically relevant. Here
and below the terms ‘relevant’ and ‘irrelevant’ (at a given
scale ) will be used in the sense of whether the running
mass ~ e /2o (Ag, <K Ag) of the fions at a given scale
1 is < w, so that they are effectively massless and participate
actively in interactions at this scale, or they remain too heavy
with the running mass > p whose interactions at this scale
give only small corrections.

It seems clear that the physical reason why the four-quark
terms in the superpotential (2.3) become relevant at scales
W < Mo is that the fion field ® which was too heavy and
so dynamically irrelevant at i > [y, (U > o) > U,
becomes effectively massless at 1 < [y, (U < o) < U,
and begins to participate actively in the RG evolution, i.e. it
becomes relevant. In other words, the four-quark termin (2.3)
‘remembers’ about fions and signals about the scale below
which the fions become effectively massless, @, = Mg(ﬂe (D).
This allows us to find the value of z¢ (A g, (o),

fPue
z2o(Ag, o)

:1+f2|:<i)yq)<0_lj|
Ag

2y0>0
~ p2(Le > 1 = 2yp <0 53

= o, Z<I>(AQa Ho < U K AQ)

The perturbative running mass ue(n) ~ pnae/2e(Ag,
1 K Ag) < uo of fions continues to decrease strongly
with diminishing p at all scales uy < pu < Ag until
quarks remain effectively massless, and becomes frozen only
at scales below the quark physical mass, when the heavy
quarks decouple.

Hence, if wg > 1o, there is no pole in the fion propagator
at momenta p < A because the running fion mass is too
large in this range of the scales, ueo(p > (o) > p. The fions
remain dynamically irrelevant in this case at all momenta
p < Ag.

But when uy < o, there will be not only the sec-
ond generation of fions at p = ,ugOle(CD) = o but also
a third generation at p < 1, . Indeed, after the heavy quarks

Footnote 6 continued
are not small in comparison with ~ 1 /2o (A, 1) have to be consid-
ered separately.

decouple at momenta p < uy <K W, and the renormal-
ization factor z¢ (A g, u) of the fions becomes frozen in the
region of scales where the fions already became relevant,
z2o(Ag, 0 < uy) ~ zo(Ag, 0 ~ [Lg), the frozen value
e (u < ppg) of the running perturbative fion mass is now
we(n ~ np) < pg = ng. Hence, there is one more pole
in the fion propagator at p = ug(ﬂe((b) ~pue(pn ~pp) K
HH-

On the whole, a few words for the direct theory (see foot-
note 5 for reservations):

(a) The fions remain dynamically irrelevant and there are
no poles in the fion propagator at momenta p < Ag if
WH > Wo-

(b) If ug < 1o K Ag, there are two poles in the fion

propagator at momenta p < Ag: ,ug()]e(cb) ~ Lo and

1 1
15 (@) ~ po/ze(Ag. ur) K pb (P) (here and

everywhere below in similar cases —up to corrections due
to possible nonzero decay widths of the fions). In other
words, the fions appear in three generations in this case
(we recall that there is always the largest pole mass of
the fions /ﬂf(’le(d)) > Ag; see Appendix A). Hence, the
fions are effectively massless and dynamically relevant

in the range of scales ,ug(ﬂe(@) <u< /Lg(ﬂe((b).

Moreover, once the fions become effectively massless
and dynamically relevant with respect to internal interac-
tions, they begin to contribute simultaneously to the external
anomalies ( the ’t Hooft triangles in the external background
fields).

The case g ~ [, requires additional information. The
reason is that at scales u < upy, in addition to the canoni-
cal kinetic term CI>§e p2<I> R (R = renormalized) of the fions,
there are also terms ~ Cb; P2 (p?/ u%, )k ® & with higher pow-
ers of momenta induced by loops of heavy quarks (and glu-
ons). If ug < Wy, then the pole in the fion propagator
at p = Mg()le(d)) = [, is definitely there and, because
no(w = nwy) < uny,these additional terms are irrelevant in
the region p ~ e (n = ng) < pg and the pole in the fion

propagator at p = u5"(®) = e (k= ) < pup is also
guaranteed. But uo (it ~ wg) ~ wg if ug ~ Ko, and these
additional terms become relevant. Hence, whether there is a
pole in the fion propagator in this case or not depends on all
these terms.

Now, if upy < w, so that the fions become relevant at
L < o, the question is: what are the values of the quark
and fion anomalous dimensions, Yo and ye, in the massless
perturbative regime at uyg < @ < Wo?

To answer this question, we use the approach used in [9]
(see Sect. 7). For this, we introduce first the corresponding
massless Seiberg dual theory [2]. Our direct theory includes

atpug < pu < ,ug‘)“f not only the original effectively massless
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case in this range of scales of the quark and gluon fields,
but also the active N% fion fields QD{ as they became now
also effectively massless, so that the effective superpotential
becomes nonzero and includes the Yukawa term Tr (Q® Q).
Then the massless dual theory with the same ’t Hooft triangles
includes only the massless qual quarks g, ¢ with N flavors
and the dual SU(N. = Ng — N.) gluons. Furthermore,
one equates two NSVZ B\ext -functions of the external baryon
and SU(NF)r, g-flavor vector fields in the direct and dual
theories,
d 2m _~

= Pext

dlnp (xext
= Otz Bext = Z T 1+ Vl

ext

5.4

where the sum runs over all fields which are effectively mass-
less at scales uy < u < Wo, the unity in the brackets is due
to one-loop contributions while the anomalous dimensions
y; of fields represent all higher-loop effects, T; are the coeffi-
cients. Itis worth noting that these general NSVZ forms (5.4)
of the external ‘flavored’ B\-functions are independent of the
kind of massless perturbative regime of the internal gauge
theory, i.e. whether it is conformal, or the strong coupling or
the IR-free one.

The effectively massless particles in the direct theory here
are the original quarks Q, 0 and gluons and, in addition, the
fions <I>{ , while in the dual theory these are the dual quarks
¢, q and dual gluons only.

It is clear that, in comparison with the standard SQCD
without the fion fields (see section 7 in [9]), the addition
of the fion fields with zero baryon charge does not influence
,B;xt for the baryon charge, so that in the whole interval ug <
1 < A it remains the same as in [9]

NpN: (Bo = D)* (1 +y0)

_ N2
= NpN. quﬁ_ (1+Vq)-

c

(5.5)

The form of (5.4) for the SU (NFr), flavor charge at scales
Uy < U < W, where the fion fields became effectively
massless and relevant differs from those in [9], now it looks
like

Nc (I +yy).

In (5.5) and (5.6) the left-hand sides are from the direct theory
while the right-hand sides are from the dual one, yp and yo
are the anomalous dimensions of the quark Q and fion @,
while y, is the anomalous dimension of the dual quark q.
The massless dual theory is in the conformal regime at
3N./2 < Np < 2N, so that yf*" = b,/Np = GN, —
Nr)/Np. Therefore, one finds from (5.5) and (5.6) that
yéonf _ bo/NF = (3N, — NF)/NF and yconf zyconf
i.e. while only the quark—gluon sector of the direct theory

Ne(1+y0)+Nr(1+ye) = (5.6)

@ Springer

behaves conformally at scales p,“’“f < u < Ag where

the fion fields @ remain heavy and irrelevant, the whole
theory including the fields ® becomes conformal at scales
U < 1 < Mc‘mf where fions become effectively massless
and relevant.’

In the region N, < Nr < 3N./2 the situation with (5.5)
and (5.6) is somewhat different. The massless direct theory
is now in the strong gauge coupling regime starting from
< Ag, alp K Ag) ~ (AQ/pL)v>0 > 1, see section
7 in [9], while the massless dual theory is in the IR-free
logarithmic regime. Therefore, y, is logarithmically small at
n <K Ag, y; — 0, and one obtains in this case from (5.5)
for the baryon charge the same value of ysmng (g < 1L
Ap) asin [9]

ON.— N
ygrong(MH L& AQ) — C?F’
N
alpg <K pn <K Ag)~ (Ag/m)’ > 1, (5.7
N 3N, — 2N
R () (5.8)
Ne N.

In other words, the value of the quark anomalous dimension
Vgrong(MH <K K Ag) in the ®-theory is the same as in
the standard SQCD, independently of whether the field ® is
relevant or not.

The value of yp at ug K u <K Uo obtained from
(5.6) will be yg "¢ = —(1 4 y5,"") = —N./N.. But we
know from the standard SQCD that the corresponding analog
of (5.6) for the flavor charge is not fulfilled in the region
N, < Nr < 3N./2, see section 7 in [9]). Therefore, we
will not use (5.6) in this region of Nr/N. in the ®-theory
also. Instead, we will present now other arguments about
the value of ymong in the ®-theory at N, < Nr < 3N./2
and py < < Mstrong
effectively massless.

First, we point out that the gauge coupling a(u) entered
already into a strong coupling regime in the range of scales
o™ < o< Ag, po™" ~ Ag(Ag/pe)Ne/ONe=3ND)

& Ag,sothata(u ~ Ag) ~ 1 while a(uy™™"%) ~ (Ag/
Mstrong)u>0
o

strong

when the field ® already became

> 1. At the same time the Yukawa coupling

(Ag/w)*etre of
trong)

ap(w) ~ f*/ze(Mo, WzoMo, 1) ~
the field @ stays intact, ag(u ~ Ag) ~ ar(u ~ o
l beCauSe J/S[ Oﬂg 2ystr0ng tMstrong < I,L < AQ
Consider now the Feynman diagrams contributing to the
renormalization factors ze () and zp(u) at up K p K
,uf,trong. Order by order in the perturbation theory the extra
loop with the exchange of the field ® is ay(u)/a(n) ~

7 This does not mean that nothing changes at all after the fion field
@ begins to participate actively in the perturbative RG evolution at
ng < pn < po,"“f‘ In particular, the frozen fixed point values of the
gauge and Yukawa couplings a¢* and a;» will change.
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(n/Ag)">° <« 1 times smaller than the extra loop but with
the exchange of gluon and can be neglected. In effect, the
field ® in such a situation plays a role of the “external” back-
ground field which is “weakly coupled” in comparison with
the “internal” very strong quark—gluon interactions. There-
fore, the fact that the field ® became effectively massless and
formally relevantat © < o " is really of no importance for

the RG evolution, so that both ysmmg nd ysmmg = —2y8r0ng

remain the same at u 2= /Lsmmg (i.e. the Yukawa coupling
ap(p)still staysatap(u) ~ latpuy < p < ,usmmg) As for

ygmng this agrees with the fact that (5.5) remains the same

strong strong

at [, <p<Agandatpuyg < pu < p,
On the whole, according to the above considerations, the
values of yé 18 (1) and ymong(u) in the ®-theory are

o) = —ZN“N_ e
c
= =2y (W), wm <p < Ag (59)

in the strong gauge couplingregime a(u) > latN, < Ny <
3N,/2 and in the whole range of scales uy < u < Ag if
nyg < ,uf,mmg If the largest mass pp in the quark—gluon
sector is such that ugmmg <y < Ag, then the form of
the RG evolution is those in (5.9) at uy < p < Ag and
changes at u < upy.

In the rest of this paper the mass spectra of the direct
and dual theories will be considered within the conformal

window 3N,./2 < N < 2N, only.

Mass spectra at 3N, /2 < Ny < 2N,

Let us recall that, within the dynamical scenario used in this
paper for the strong coupling regimes with the gauge cou-
pling a ~ 1, the quarks can be either in the HQ (heavy
quark) phase where they are confined, or they are higgsed
at the appropriate conditions. Besides, it is implied that no
‘unexpected’ parametrically lighter particles (e.g. magnetic
monopoles or dyons) are formed in A/ = 1 theories without
colored adjoint superfields considered below in Sects. 6, 7,
8,9,10, 11.

6 Direct theory: Unbroken flavor symmetry

6.1 L-vacua

The theory enters the conformal regime as the scale is
decreased below A . In these (2N, — N) vacua with the
unbroken flavor symmetry U (NF) the current quark mass at
Ag K o K oo looks like, see (4.3) and (6.2),

(mg)r = (mg (= =~A0))r

N (00)L
Ne o

=mg—(P)p =mg + — , 6.1)

Ne
_ 2 Ao 2Ne=Np
(00)L ~ Ag M_cb > mo,

Ne
AQ 2NC—NF
(myhr ~ A (—) ,
Q e Ko

(mt0t> %
pole . 0 L ~A (&) c—Nfp
zo(Ag, m pole ) e "o

I‘L bo/NF
~ AV ZQ(AQ,M<<AQ>~<A—Q> <1

We compare mpOIeL with the gluon mass due to possible hig-

gsing of quarks. The latter feature looks like

~ (as ~ Dzo(Ag, iel, L){Q0)1L

1 L 1/3
— Mgl L ’“mg)i A(YAZI = (S>L/ :

Vél, L
(6.2)

Hence, qualitatively, the situation is the same as in the stan-
dard SQCD [3]. One can use here the same reasonings; see
the footnote 3 in [3]. In the case considered, there are only
(2N, — NF) these isolated L-vacua with unbroken flavor
symmetry. If quarks were higgsed in these L-vacua, then
the flavor symmetry will be necessary broken spontaneously
due to the rank restriction because Nr > N, and there
will appear the genuine exactly massless Nambu—Goldstone
fields IT (pions), so that there will be a continuous family
of non-isolated vacua. This is “the standard point of ten-
sion” in the dynamical scenario #2; see [3]. Therefore, as
in [3], assuming here and everywhere below in similar sit-
uations that this scenario #2 is self-consistent, we conclude
that pg = meo,leL /(several), so that quarks are not higgsed
but are in the HQ (heavy quark) phase and are confined.
Therefore (see sections 3, 4 in [ ]) after integrating out
all quarks as heavy ones at u < mQ eL and then all SU (N,)

gluons at u < A;LAEI = mzﬂz /(several) via the Veneziano—

Yankielowicz (VY) procedure [7], we obtain the Lagrangian
of the fions,

K = zo(Ag, my )T (@T0), z0(Ag.my'S)
2b,/N
T2 - pole <1;0Q]e> F>>1, (6.3)
ZQ(AQ,m ) mQ,L

U 2_—
W= NS+2|:T(<I>) N(Tr@)]

c

= (Ag" detmgh' /N, m{' = (mg — @),

and one has to choose the L-vacua in (6.3).

There are two contributions to the mass of the fions in
(6.3), the perturbative one from the term ~pg @2 and the
non-perturbative one from ~S, and both are parametrically
the same, ~ A;LA),I > m . Therefore,
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Ho pol (L)

w(®) ~ pole mQ’ ~ Ay (6.4)
z2o(Ag,my 1)
Besides, see (5.1), because
Nf

A 3(2NC—NF) \ I
gt ~ AQ<MQ>) ~my e ~ Ay, (6.5)
and fions are dynamically irrelevant at uS°" < < A and
can become relevant only at the scale u < uc"“f it remains

unclear in these L-vacua whether there is a pole in the fion

conf . This may or may not be

propagators at p ~ [
so; see Sect. 5.

On the whole for the mass spectrum in these L-vacua.
The quarks Q, Q are confined and strongly coupled here,
the coupling being a, ~ 1. Parametrically, there is only one
scale ~ Ag,LA} in the mass spectrum at A g < o <K Uo,o-

There is no parametrical guarantee that there is the second
(L)
Ay

NmQ

generation of fions with the pole masses /,Lp le(d>) ~

The condensate (QQ) 1 and the quark pole mass mlg),kz

become frozen at their SQCD values a]t no > 'lqu)(’;O’ (0
Ne/Ne D

O)sacp ~ Ao (mo/AQ)Ve/Ne, miper, ~ AP ~

Ao(mo/A)NF/3Ne [3], while g increases and u& «

] . .
rg gQCD decreases; see (5.1). Hence, the perturbative contri-

bution ~ e /za(Ag, meO}eL) > mZﬂgQCD to the fion mass

becomes dominant at te > Lo o and the fion fields will be
dynamically irrelevant at u < Ag.

Finally, it is worth emphasizing for all the following that,
unlike the dual theory, in all vacua of the direct theory the
mass spectra remain parametrically the same at by/Np =
O(1) or bo/Nfp < 1.

6.2 S-vacua

In these Nc vacua the quark mass at Ag K po <K Uo,o
looks like, see (4.4),

(mg'(w=Ao)s — (S)s
Ag Ao(Q0)s

— N¢/Ne N¢/Ne
N<(QQ>S> / N(QO) /
AQ2 AQ2 ’

Nrp/3N¢
pole ~ A (le'L@)
0
A

) 1/3
my s Q2 ~Ayy =S

Ao € o K Uao- (6.6)

This has to be compared with the gluon mass due to possible
higgsing of the quarks,

N«él,s ~ zo(A g, el )(0Q0)s

 ,pole ,(S)
= Mgl s My g Ay
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bo

Ml s\ VF
20N, pgl, s) ~ ( £ )
Ag

6.7)

For the same reasons as in previous section, it is clear
that quarks will not be higgsed in these vacua at Np > N,
(as otherwise the flavor symmetry will be broken sponta-
neously). Hence, as in [3], we assume here also that the

pole mass of the quarks is the largest physical mass, i.e.

pole
HH =mg g = (several) g, s-

But, in contrast with the L-vacua, the fion fields become
dynamically relevant in these S-vacua at scales © < uw“t,

see 5.1), if
Ny
A 32N.—Np)
f Y pole
Mgon NAQ(/,“D) >>mQS

—ie at Ag K o K Uo,o- (6.8)

Therefore, there is a second generation of N % fions with
the pole masses

pole f pole (S)
(@) ~ g™ > mp g~ Ay (6.9)

Nevertheless, see Sect. 5, the theory remains in the con-
formal regime and the quark and fion anomalous dimensions

remain the same in the whole range of me()lz <pu < Agof

scales, but fions become effectively massless at . < p.co“f

and begin to contribute to the 't Hooft triangles.

The RG evolution of the quark and fion fields becomes
frozen at scales u < mrg’li because the heavy quarks decou-
ple. Proceeding as before, i.e. integrating out first all quarks
as heavy ones at u < mel g = (several)A(S) and then all

SU(N¢) gluons at pu < A;Slf,l, one obtains the Lagrangian of
pole
0.0) ™~

) (and the S-vacua have to be chosen thereln)

Because ﬁons became relevant at mgz L n K uff’"‘c,

one could expect that their running mass will be much
poe . This is right, but only for Mpet

no/z0(Ag, m® S) < mpole But there is also additional
non-perturbanve contrlbunon to the fion mass originating
from the region of scales p ~ mel 5 and it is dominant in

these S-vacua,

the fions as in (6.3), with a replacement zg (A g, m

pole

zo(Ag, me

~

smaller than mg

1 (S)s pole
w(®) ~ pole wonz  Mo.s
zo(Ag, mQ 5) m (m >S
1 A 2b,/NF
zo(Ag, mby') ~ ( pﬁe) . (6.10)
mo. s

Therefore, despite the fact that the ﬁons are definitely dynam-
ically relevant in the range of scales m" Q s L p K /Lff’“f <
AgatAg < e K [ho,o, Wwhether there is the third genera-
tion of fions, i.e. whether there is a pole in the fion propagator

atp = ug‘)le(@) po}e ~ A( ) remains unclear.
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On the whole for the mass spectra in these S-vacua,
the largest are the masses of the second generation fions,
pOle(CID) ~ Ag(Ag/ug)NF3EN=NF) mpole The scale
of all other masses is ~ mrgle A;S,f,,, see (6 6). There is
no parametrical guarantee that there is the third generation
of fions with the pole masses up le(CID) ~ A;S]f,l. This may or
may not be so.
The vacuum condensates (QQ)s and m” S evolve into
their independent of ;g SQCD values at Lo >> U0

Ne/N,
(Q0)sqcp ~ Agz(m—Q> ,

NF/3NL'
PO ~ A mo
Q SQCD o AQ ’

. o 1
and the perturbative contribution ~ e /2 (A, mE; ;QCD)
to the fion mass becomes dominant. Hence, because mZﬂgQCD

6.11)

> s the fions fields become dynamically irrelevant at
all scales u < Ag when o > o o.

7 Dual theory: Unbroken flavor symmetry
7.1 L-vacua,by/Nr < 1

Letusrecall, see (2.7) and section 4 in [3], that the Lagrangian
of the dual theory at u = Ap and 0 < bo/Nr < 1, by =
3N. — N, looks like
K =Trig'q+q — 7+ T M
=Tr(g'q+(q—> ¢ T
ZIA
2

W=
a(u=Ag)

S+ Wu

N,
Wy, Z4 Nexp{——} <1,
7b

(8]

1 1
Wy =moTr M — —|:Tr (M?) — —(TrM)z},
¢ 2ue N¢

qu_

Tr(g M q). (7.1)

Zqho

Because A g?/jte <K A g, the mions are effectively mass-
less and dynamically relevant at i ~ A (and so in some
range of scales below Ag). By definition, © ~ Ag is
such a scale that the dual theory already entered sufficiently
deep the conformal regime, i.e. the dual gauge coupling
a(p = Ag) = NC&(,u = Ag)/2m is sufficiently close
to its small frozen value, 8 = [a, — a(u ~ Ag)l/a. < 1,
and § is neglected everywhere below in comparison with 1
for simplicity (and the same for the Yukawa coupling a s =
N.a /2m), see [3] and the appendix therein). The fixed point
value of the dual gauge coupling is @y ~ 7b,/3N. < 1
[13,14].

We recall also that the mion condensates are matched to the
condensates of direct quarks in all vacua, (M ; (w=~Ap)) =

(0 ; Q'(; = Ag)). Hence, in these L-vacua

A INe—N
(M), ~ AQZ(—Q) "N = Ga(u = Ag))

7
Z,ANo(S A ZNL N
— M ~ ZqAQZ(—Q> F’ (7.2)
(M), Mo
Z { ! } { Ne } <1
~ X —— ¢ ™~ X el s
¢ P T3z, "1™ 75,

and here and everywhere below, as in [3], a parametric depen-
dence on the small parameter bo /N < 1 is traced with
an exponential accuracy only (i.e. powers of b,/Nf are not
traced, only powers of Z,).

The current mass (g1 = pg,. (1 = Ag) of dual quarks
g, q and their pole mass in these (2N, — Nr) L - vacua are,

see (7.1),
Ne
KoL (M)L 1 (AQ>2N‘ NE
Ag N ZqAQ2 Zy \ Lo ’
pole Mq,L
g = 5"
1 z4(Ag, ,U«p()le)

pole bo/NF
L )

My
A pole
Zq( 0> M ) AQ
NF/3NC
pole Mq,L
'uq L~ AQ( )

Ag
Np
A A 32Nc—Np) 1
~ _Q<_Q> ~—AB s AR
Zy \ o Zy

Ao K o K oo, (7.3)

Ne
Hgr 1 (mg\T
Ao Zy\Ag

Np

pole _ Ao (mQ)wf 1 (sQcp) (SQCD)
Ko ™ —— —Ayy > Ay
q Z, \Ag Z,

Ho > U, o,

while the gluon mass due to possible higgsing of dual quarks
looks like A g < o K pe,o as

12
Mgl L ™~ |: «(N)Lzq(Ao, Mgl)]

AQ NF/3(2Nc—NF)
NZ A
Mno

3 /2 pole pole

2w <l (7.4)
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Therefore, the dual quarks are definitely in the HQ phase in
these L-vacua at by /N, < 1.

With decreasing scale the perturbative running mass
1 () of the mions,

2p 2 2p 2 250/ N
Ziho* _ Z3hg (L) /NF
mozm (1) re  \Ag ’

decreases but more slowly than the scale u itself because
ym = —(2bo/Np). lym| < 1at3/2 < Np/Ne < 2, and
iy () becomes frozen at u < Mg‘j}‘e, um(p < ;LZ?ILS) =

pole
v (= juy ).

After 1ntegrat1ng out all dual quarks as heavy ones at
no< i, Le and then all SU(N.) gluons at u < A(L)
via the Vene21ano—Yank1elow1cz (VY) procedure [7], the
Lagrangian of the mions looks like

1
2hy (Mg, 1))

K = —T MTM),
ZgAQ

s (i) ~ (7.5)

! AQ 26o/NF

(L) poe

(AQ7 ’ )N (W) ’
M

W=—N.S+moTr M

1 2 1 2
—— | Tr(M*) — —(Tr M)~ |. (7.6)
2“ P N¢
There are two contributions to the mass of the mions in
(7.6), the perturbative one from the term ~M? /1 and non-
perturbative one from ~S. Both are parametrically the same
and the total contribution looks like

2 2
Z2Ag

Mpole (M) ~ o
(Do, iy e

~ 2NV < Ay < by, (7.7)

and this parametrical hierarchy guarantees that the mass
uP° (M) in (7.7) is indeed the pole mass of the mions.

On the whole, the mass spectrum in these dual L-vacua
looks like follows at Ap <K e <K [eo. (a) There
are a large number of heaviest flavored hadrons made of
weakly interacting and weakly confined (the tension of the
confining string originating from the unbroken SU(N.)
SYM is /o ~ A;LA),I < upo ) non-relativistic quarks
g, q with the pole masses upOIe /A;LA),I ~ exp(N./Tby) >

1. The mass spectrum of low lying flavored mesons is
Coulomb-like with parametrically small mass differences

Apg/un = O®a/N2) < 1. (b) A large number of
gluonia made of SU(N.) gluons with the mass scale ~
A;LA),I ~ Ao(Ag/pe)NF/3CN=NF) ) NZ lightest mions

@ Springer

with parametrlcally smaller masses uP°(M)/ A(L)
exp(— 2N, /7b0) < 1.

At tgp > 1 o these L-vacua evolve into the vacua of the
dual SQCD theory (dSQCD); see section 4 in [3].

7.2 S-vacua, by/Nr < 1

The current mass g s = pg,s(u = Ag) of dual quarks
g, q at the scale u = A in these (Nr — N,) dual S-vacua
is, see (4.4),

(M)s = (Q0)s

o s = _Mmolo
o3 ZghAo ZyAo'
N
Zy~ exp{— — } < 1. (7.8)
b,

In comparison with the L-vacua in Sect. 7.1, a qualita-
tively new element here is that ;P°'° (M) is the largest mass,
Mpole ( M) > MPOle
Z,; 3/2 Koo (see (7.15) below). In this region: (a) the mions
are effectively massless and dynamically relevant at scales
uPl (M) « <« A, (b) there is a pole in the mion prop-
agator at the momentum p = uP'(M),

, in the wide region Ap K o <

24 2
ZqAQ
(Ao, Pl (M) o’

Pl (M) =
Ag 2bo/NF
pole ~
(Ao, u"(M)) <—/LPOIS(M)> .
Np
An )\ 3CN—Np)
MPOIG(M) ~ Z;AQ(—Q> ,
Ho

2N,
— 1t < 1.
7b

(7.9)

(V]

ZL? ~ exp {—
The mions then become too heavy and dynamically irrel-
evant at ;& < uP°°(M). Due to this, they decouple from the
RG evolution of dual quarks and gluons and from the "t Hooft
triangles, and (at ;e not too close to ie, to have enough
“time” to evolve; see (7.14)) the remaining dual theory of Nr
quarks 7, ¢ and SU (N ) gluons evolves into a new conformal
regime with anew smaller value of the frozen gauge coupling,
! ~by/3N. = a./7 < 1. It is worth noting that, in spite
of that mions are dynamically irrelevant at u < uP°€(M),
their renormahzatlon factor zps (. < uP°€(M)) still runs in
the range of scales Iy Se < i < P (M) being induced by
loops of still effectlvely massless dual quarks and gluons.
The next physical scale is the perturbative pole mass of
dual quarks

pole (M)s 1
S
q 7 AQ Zq(AQ Mpole)
pole bo/Nr
1 H _
whonD=(35) o
0
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bo
pole 1 (s D)
Hgs ™ 7_AYM > Ay
q

m Q/JLCD NF/3NC

(8

Ay, =A . 7.10

YM Q( AQ2 ) ( )
This has to be compared with the gluon mass due to pos-

sible higgsing of g, g

Tas ~ 2g(Ag. Tg5)(qq)s

/2, (5)

N :u'gl g~ Z A S pole

< Apy K up's- (7.11)

The parametric hierarchy in (7.11) guarantees that the dual
quarks are in the HQ phase in these S-vacua.
Hence, after integrating out all quarks at u < Mp o and,

finally, SU(N.) gluons at j1 < AY e the Lagrangian looks

like in (7.6) but with a replacement z, )(A ,MPOIC) —
)(A 0, Mpole)
I af(u=A~Ag) 1
)(A 0> ’upo C) = L Q 2 pole
ar(p = qu)z (Ao, 117 s)
2 2b,/N
1 Zq Ag /NF
T e i 72\ : (7.12)
G\Ao, 1 g Mg s

The contribution of the term ~ M? /g in the superpotential
(7.6) to the frozen low energy value w(M) of the running
mion mass is dominant at e /e,o < 1 and is

ZzAo?
w(M) = -
22 (Ao, upoe)u«o
le
Z A2
~qM—Q<ZS> & P (M), (7.13)
® 0

The requirement of self-consistency in this case looks like

N¢/N
M) —
wM) Z;(Mcp,o) 1

1
“Z(,)se Ko
N
- e« Z, 32 exp{ } < 7", (7.14)
Hd,0 o

the meaning of (7.14) is that only under this condition the
range of scales between uP°'(M) in (7.9) and /LPO? <

wP° (M) in (7.10) is sufficiently large that theory has enough
“time” to evolve from @y = 7by/3N. to a, = bo/3N..
There is no pole in the mion propagator at the momentum

p=nM) > pls.

pole

The opposite case with Kgs > uPO (M) is realized if the

ratio fLa /oo is still < 1 but is much larger than Z;/z >
z,"”
A o remains in the conformal regime witha,, = 7bo/3N . and

; see (7.15) below. In this case the theory at ugf’? <u<

the largest mass is /,Lp Olse. One has in this case instead of (7.9),
(7.10), and (7.14)

ol Pl L a®

Ps 4.8~z Mrm
Ne Nz:
wM) s (mo) /
pole ’
K s Mo
pole M
“—O(le) <1 - z)*« < 1. (7.15)
;,LS < K0

On the whole, the mass spectrum in these N, dual S-

vacua looks as follows at Ap K ue < Zfﬂqu,o. (a)
The heaviest are N% mions with the pole masses (7.9).
(b) There are a large number of flavored hadrons made of
weakly interacting and weakly confined (the tension of the
confining string is /o ~ A;SA),I < ,ugo? < P (M)
non-relativistic dual quarks ¢, g with the perturbative pole
masses (7.10). The mass spectrum of low-lying flavored
mesons is Coulomb-like with parametrically small mass dif-
ferences Aupg/unp = O(Bi/ﬁi) <« 1. (b) A large num-
ber of gluonia made of SU (N.) gluons with the mass scale
~ Ay~ Ao(mopa/Ag?) N /Ne.

The mions with the pole masses (7.9) remain the heav-
iest ones, uP(M) > ,up()le

q,8°
7;/2M¢,0 < o K Z;/zuq, o, While the value MZOISC varies

. 1
in arange A(YS,E,[ /24 K ugose < A

vicinity of pe.o, Z,;/ Hoo K o K Ua,o, the perturba-
tive pole mass of the quarks, ,upOIe ~ A(S) wlZq > Ag,SX,[,
becomes the largest one, while the pole masses of the mions
uPle (M) « Mg?};’ become as in (7.15).

At ne > oo these S-vacua evolve into the vacua of
dSQCD; see section 4 in [3].

at values g in the range

(S) (974 Z . Finally, in a close

8 Direct theory: Broken flavor symmetry
The region A g K o K Koo
8.1 L-type vacua

The quark condensates are parametrically the same as in the
L-vacua with unbroken flavor symmetry in Sect. 6.1,
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1- ") o ~—(1=-2)(0
( - Vc) ((QO) Lt = —( - E) ((QO)2) 115

(S) = ((QQ)1)((QQ)2)’ 8.1

Hao

Ne
_ A 2Nc—N
~((Q0)2)1s ~ AQZ(—Q) "
Lo

(m

All quarks are in the HQ phase and are confined and the
Lagrangian of the fions looks like in (6.3), but one has to
choose the L-type vacua with the broken flavor symmetry
in (6.3). Due to this, see (2.5), the masses of hybrid fions
@15, &y are qualitatively different, they are the Nambu—
Goldstone particles here and are massless. The “masses” of
@11 and ®y; are parametrically as in (6.4),

o

ZcI>(AQ mpole)

~ A8

w(@r1) ~ u(Py) ~

pole pole
"o

Np
A 3(2NC—NF)
Mo

8.2)

and hence there is no guarantee that these are the pole masses
of fions; see Sect. 5. This may or may not be so.

On the whole, there are only two characteristic scales in
the mass spectra in these L-type vacua. The hybrid fions

@, Dy are massless while all other masses are ~ A;LA),I.

8.2 br2 vacua

The condensates of the quarks look like

n, — N¢
= " \m ,
N ol

Ne—n

np 1
e np—Nc¢ np—Ne
(QO)1)br2 ~ AQZ(Z—Z) (f—i)

((QQ)2)br2 = <,02 =-

(8.3)

Ne

%) np—N¢
(@O ( po ) <
((QO)2)br2 I

in these vacua with np, > N., 1 < n; < Nc. Hence, the

largest among the masses smaller than A g are the masses of
the N % second generation fions, see (5.1),

N

F
| . A 3@Nc—Np)
Mgoe(q),l():uf)oanAQ( Q) ,
no

(8.4)
while some other possible characteristic masses look here
like

< tot ((EQ)Z)er

mo, b2 = M—cb ~mg,
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pole mo Nr/3Ne ~ pole
moq ~ AQ(A—Q) >m magos (8.5)
Mél,Z ~z0(Ag, 11g1,2)((Q0)2)br2,
AQ v

Np
zo(Ag, Hgl2) ~ <—> <1,
Mel,2

(8.6)

pole 0

where m 0.1 and mp ; are the pole masses of the quarks

61, Ql and Q2, Q and Mgl 1, Mgl2 are the gluon masses
due to possible higgsing of these quarks. Hence, the largest
mass is mQ 1 * and the overall phase is H Q1 HQ>.

The lower energy theory at 1 < m" Q,l " has N, colors and

Ny = ny > N, flavors of the quarks 05, 0%. In the range

ol
of scales me ; <u< mb 0. f, it will remain in the conformal

regime at ny < b, = (2N — 3N,)/2, while it will be in
the strong coupling regime at n; > b,/2, with the gauge
coupling a(n < mpo}e) >> 1. We do not consider the strong
coupling regime in th1s paper and for this reason we take
bo/N. = O(1) in this subsection and consider n; < b/2
only.

After the heaviest quarks O, Q! decouple at & < mPote

S 0.1
the pole mass of the quarks 0, Q2 in the lower energy theory

looks like

pole 1 <(§Q>l)br2 pole (br2)
Mo = pole pole 72) Mo ~Ayys
Z/Q(mlev ) <(QQ)2>br2
mpole 3N(2112
2 n
2 (mbyy miy5) ~ ( = <1 8.7)
mQ’l

Hence, after integrating out quarks Q;, Q' at u < mPQOI]e

and then quarks 0,5, 0% and SU(N,) gluons at u < Ag,bﬁ),
the Lagrangian of the fions looks like

1
K =zo(Ag.my) Tr [ of @y + &1, d 1, + @) 0y

+2 by}, m pme)cbzzcbzz] (8.8)
2(3Ne—Np)
I A NF
zo(Ag. miyh) ~ < —= > 1,
Mo
pOlC 2(3N027n2)
1 1 0.1 "
Z</I>(me0"1:a mb C) ( pole > 1,
Mmoo
W=NS+Ws, m§ =@mg—®), (8.9)
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1/N.,
S = (AQb" detm“’t) ,

_ Mo 2 _i 2
We = > (Tr(CD) ﬁc(Trcb) )

From (8.8) and (8.9), the main contribution to the mass of
the third generation fions @1 gives the term ~ u¢ CDfl,

pole ~ “o “o pole
(®11) pole < ) mag 1
zo(Ag,my ) Ha.0

while the third generatlon hybrid fions @15, $»; are mass-
less, ,ug()le(cblz) = poe(cbzl) = 0. As for the third genera-
tion fions @55, the main contribution to their masses comes
from the non-perturbative term ~ S in the superpotential
(8.9)

(8.10)

(S)
o ~ !
n3(P22) ETRE
1 pole (br2)
X ~m ~ A .
! 1 1 0,2 Y
20 (B g, M)z (S )
8.11)

In such a situation there is no guarantee that there is a pole
in the propagator of ®;, at the momentum p ~ mg)}; . This
may or may not be so; see Sect. 5.

8.3 Special vacua, ny =

In these vacua at Agp K o K oo, see (4.7) and (4.10),

— N,

((QQ)I)spec = ﬂ(mQNCD)
. A 2N( NF
<(QQ)2>spec = AQ2<_Q> ,

Ho

(QQ)1)spec ( Mo )”” <l (8.12)

<(§Q)2>spec Ha,0

The most important possible masses look here like fol-
lows:

((QQ)2)spec A <AQ>2N‘N F
— = ~ Ag|l —
Ko U

N

E
AQ 32Nc—Np) pole

(mg) =

— mQ’ NAQ(

bo
Iz NF
u2o~ (as ~1)<(QQ>2>spec(lle2)
N

F
AQ ) 3(2Nf7NF) o ole

— Hel2 ~ A ( > Ul 1,
g Q0 o my g

where g2 is the gluon mass due to possible higgsing of
‘05, 0% quarks. Therefore, the overall phase is HQ; — Higgs,
and the Whole gauge group is higgsed at yu ~ fig12. Suppos-
ing that mQ 1 = (several)ug) 2 and integrating out first the

quarks Q;, Q' as heavy ones at u < meylf and then all

higgsed gluons and their superpartners at i < ftg 2, the
Lagrangian takes the form

K =Tr I:Zcp(CDT(D)-i-ZQ (2\/ H;2H22+B;B2 + §;§2>:|,
(8.13)
pole

1 POl by/ N
20 =z20(Ag. mYy}) = (L) ,
Ag

pole

2o = 2o (Ag, mQ D= 1/ZQ,
W = Wnon—pert + Wo

1
+Tr sz( — $y— T q)lz)»
Q 1

We = MT(D[Tr (®2) — %C(Tr CD)Z},

tot

le =mqg — CD“, mBEZZmQ—CDzz,

where for the non-perturbative term we use the form proposed
in [1]

det Iy
Wnon—pert =All- 22Ne

Esz
22l
1

(A) = (S), A7 = (Ag™ detm{' )™,

(%) = ((Q Q)

in which A is the auxiliary field.
From (8.13) and (8.14), the hybrids @5, ¥, are massless,

the baryons B,, B, are light

(8.14)

J— mQ
n(B2) = u(By) ~ —
<0

bo
U 32Nc—Np)
~ mQ( ) < Hgl2,

Ao (8.15)

while all other masses are parametrically ~ug 2 ~ meO’l]e

(the pion masses increased due to their mixing with the fions).
Besides, in particular, because <™ ~ 133 lle in these special
vacua, there is no warranty that these nonzero masses of the
fions @11 and ®y; are the pole masses. This may or may not
be so (see Sect. 5).

On the whole, there are three scales in the mass spec-
trum: the hybrid fions ®1,, ®,; are massless, the baryons

have small masses (8.15), while all other masses are g2 ~

Z’f ~ Ag(Ag/pme)NF/3CN=

at Ao < o K 1o

NF) in these special vacua
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9 Dual theory: Broken flavor symmetry

The region A g K Lo <K ia,o

9.1 L-type vacua, by/Nr < 1

The condensates of the mions and dual quarks look here like

1
My + My — —Tr M), =mgue
N¢

(Ml)Lt
— ~ —

(M),

Ne —nj
Nc_nZ’

(M1)Le (@@ 1) e = (M2)Li{(@@)2) e = Zg Ao {(S)Lts
(M1) e (M2) e
(S = ——"7""".
Ko

That is, all condensates are parametrically the same as in
the L-vacua with unbroken flavor symmetry in Sect. 7.1 and
the overall phase is also HQ; — HQ,. The pole masses of
dual quarks are as in (7.3), the Lagrangian of the mions is
as in (7.6) and the pole masses of the mions M| and M»)
are as in (7.7). But the masses of hybrid mions M, and
M>; are qualitatively different here. They are the Nambu—
Goldstone particles now and are exactly massless, u(Miz) =
nw(Mz1) =0.

9.2 br2 vacua, , by/Nr = O(1)

In these vacua with ny > N, 1 < n; < N, the condensates
of mions and dual quarks look like

ny Ne—ny

<M1>br2= <(§Q)1)br2~AQ2<ﬁ_Z>nz_ L‘<,:\1—Z>112_ c’
) — N,
(M2)br2 = ((QQ)2)br2 = — N mots,
<Ml>br2 o 'lszCNc
- L, 9.1
(M2)br2 (/,LQ,O) < 9.1)

(@D 1) = (@ 'q1(1 = Ag))br2
_ Ag(S)or2 _ Ao {M>2)pr
(M1)br2 Ho

~moAg > ((gq)2)br2-

From these, the heaviest are N 12, mions M ; with the pole
masses

Nf
A2 A 32Nc—Np)
y,pOle(M)z Q /I‘L](D ~ A ( Q) ’
Zm (A g, uPoe(M)) Mo
9.2)
2bo
A Np
pole ~ Q
(A g, 1P (M)) (Mpole(M)> > 1,
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bo = 3N, — Np

while some other possible characteristic masses look like

(My)  moue
Hgo=——~ ,
Ag Ag
I moie Ni/3Ne 1
~pole pole
Hg o AQ<—AQ2 ) > gy s 9.3)
_ Nr /3N, Nr/3N,
e ng @D AN (mo\M -
al,1 o AQ2 Ao gl,2>
Ng /3N,
Mgl 1 U0 v/
~pole — > 1,
Mq,z 224

where ug?%e and ﬁgf’;@ are the perturbative pole masses of
the quarks g', ¢, and 52, g2 and i) 1, [Lg o are the gluon
masses due to possible higgsing of these quarks. Hence, the
largest mass is [ty | and the overall phase is Higgsi—H Q.

After integrating out all higgsed gluons and quarks g', ¢,
we write the dual Lagrangian at u = [ty | as

_ MM
K =zu(Ag, g, )Tr el
0

+zq(Ag, g, DTr [2\/ N{ Ni1 + Knybr

+<QEQ2 +(Q — 52)) },

N1z + N

i1 1 t
Khyor = | Ny, Ny )
i il
VNuNy VNN

- B()/NF
_ Mgl 1
2g(AQ. Ty 1) = (g—) :

Ao 94)

(A Ty 1) = 1/20(Ag. Ty 1)

w=|-2s iT(‘M )
NS AN

—Wun + Wy,
1
Wun = —Tr | M11N11 + Mo
Ag

1
Ni2 + Noy Mo + My Noj N_le)’
11

where the nions (dual pions) Ny originate from higgsing of
7', g1 dual quarks while ﬁz, q, are the active quarks 7% ¢
with unhiggsed colors, S is the field strength of unhiggsed
dual gluons and the hybrid nions N1, and N, are, in essence,
the quarks g2, g2 with higgsed colors, Wy is glven in (2.7).
The lower energy theory at u < Tig | has N =N, —n;
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=/ = = .

colorsandny > N, flavors,b, = b,—2n; < b,. We consider
=/ . . .

here only the case b, > 0 when it remains in the conformal

window. In this case the value of the pole mass ,ugoée in this
lower energy theory is

pole ~ <M2> 1 A (br2)
q.2 — — 1 YM >
Ao 24 (Mo, Tog, )2 (Bg, 15 1y n)
pole B(;/nz
—_ 1 Mg .2
2 (g, 15 My p) ™ (J—) < 1. 9.5)
Mgl 1

The fields Nii, Ni2, N21 and My, M5, M3, are frozen
and do not evolve at u < i, 1. After integrating out the

remaining unhiggsed quarks §2, 0, as heavy ones and unhig-

gsed gluons at u < Agﬁ) the Lagrangian of the mions and
nions looks like, see (9.4),

K =zm(Ag, g )Tt Ky

+24(A g, Iy, 1)|:2\/m+ Khybr:|v

_ 2y
;o — pole Mgl 1\ "2
(gl 15 Mg ) ™~ ( pole > 1,
Mg 2

1
Ky = A—QZ(MLMU + M:2M12 + MLMZl

— 1
2y (g, 1 ug?;)MzBMzz) : 9.6)

W =—=N_.S = Wyn + W,

3 /N,

N M c

S = (Ag’ﬁ)) <det u det i) ,
Ny (M2)

1/3
br2
AP ~ (mQ<M1)) :

From (9.6), the “masses” of the mions look like

w(Myp) ~ nw(Miz) ~ (M)

~ AQ2 - <MCD,0
m(AQ, gl 1) o Ho

)ﬁgl,l > g 1, 9.7)

Ag?

w(Ma) ~ — o pole
2 (Mg, Fg, )2y (g, 15 By 2 VAo
3N¢e—n

2
Ko | 2N _
~ <M—¢> Mol 1 2> Mgl 1>

9.8)

while the pole masses of nions Ny are

1o (N1)br2 < Ko )ﬁ
— ~ 1,1
2q(Ag. Tig DAQ>  \ oo/ ®

UPOe (N ) ~ (9.9)

and the hybrid nions Njp, No; are massless, u(Nyp2) =
1 (N21) = 0. The mion “masses” (9.7) and (9.8) are not
the pole masses but simply the low energy values of mass
terms in their propagators, the only pole masses are given in
9.2).

9.3 br2 vacua, BO/NF <1

Instead of (9.2), the pole mass of the mions is parametrically
smaller now, see (7.1),

ZC,ZAQ2/M<1>
(A g, uPol(M))

Nf

A 3EN—Np)

2 0

~ Zq AQ<—> ,
[

P (M) =

pole M
Mpole( ) ~ Zq2 <1
1<%} (D)
(9.10)

while instead of (9.3) we have now
(M)  mgpe
Zgho ’

0
Nr /3N,
~pole Ag (le/v‘iD) v pole

©.11)

9.12)

7 NF/3N(:
g1 Z3/2(M<1>,o> > 1.

~ pole q
g o 22

/

3/2
Ag € o K Zg' jha,o0r

N,
Zy~expy—— ¢ < L. 9.13
q p { oo } ( )
Hence, at the condition (9.13), the largest mass is i |
and the overall phase is also Higgs; — HQ,. But now, at
bo /Nc <« 1, it seems unnatural to require B(: = (bo—2n;) >
0. Therefore, with 1 /N, = O(1), the lower energy theory at
W < Mg 1 has B(; < O andis in the logarithmic IR-free regime
in the range of scales ,ug(;e < It < Hg,1- Then instead of
(9.5) (ignoring all logarithmic renormalization factors),

(br2) pole  (M2)br2 1
A <L u ~ —
YM a2 ZyAg zq(Ag. g, 1)

Ho —_ —
~ 3 P KRl 9.14)
Zq Koo

@ Springer



19 Page 24 of 35

Eur. Phys. J. C (2017) 77:19

The Lagrangian of the mions and nions now has the form
(9.6) with accounting additionally for Z, factors, and with
a replacement Zl/l/l(ﬁg], . /nge) ~ 1, and so w(Ma») ~
uwMy) ~ p(Mi2) ~ p(Mzr) now, see (9.7), (9.8), and
(9.13),

24 2
22
(Mg, g, DKo

32 Mcp,o)_ _
~Z Hgl, 1 > Hgl, 15
q (M@ gl. al,

while, instead of (9.9), the mass of the nions looks now like

w(M) ~

(9.15)

o (N1)br2 12 Ko \_—
POl (Nyp) ~ — 7 ™~ Zq/ — | Hg, 1-
2q(Ag, g, DA @ Koo

(9.16)

On the whole for the mass spectra in this case. (a) The
heaviest are N% mions with the pole masses (9.10) (the
‘masses’ (9.15) are not the pole masses but simply the
low energy values of mass terms in the mion propagators).
(b) The next are the masses (9.12) of n; (2N, — n;) hig-
gsed gluons and their superpartners. (c) There are a large
number of flavored hadrons, mesons, and baryons, made
of non-relativistic and weakly confined (the string tension
is /o ~ Ag’g) < ug?;e) quarks Gz, g, with unhiggsed
colors. The mass spectrum of low-lying flavored mesons is
Coulomb-like with parametrically small mass differences,

Apn/pg = O(BOZ/N%) « 1. d) A large number of gluonia
made of SU(N, — ny) gluons with the mass scale ~ Ag}]ﬁ).
e) n% nions Np; with the masses (9.16). f) The hybrid nions
Ni2, Nap are the Nambu—Goldstone particles here and are
massless.

9.4 Special vacua, n; = N, ny = N,

The most important possible masses look here as follows:

c

M =< ,
( 1>spec 2N. — Ny (moue)
N{‘/(2NC_NF)
2 Ao
<M2>spec = AQ - > <M1>spem 9.17)
“o
(M)
Mg,2 _AQ s
Nfp /3N,
pole A (M>) r
muq’z 0 —AQ2
Ag Np/32Nc—Nr) .
~ Ao == > by,
Q(/Mb) a1

Ng /3N,

— (N1) w pole —

g1 ~ Mol — ~ Mg o > gl
Ag
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where 1ig 1 is the gluon mass due to possible higgsing of the
ﬁl , q1 quarks. Therefore, the overall phase is Higgs|—H Q2%
and the whole dual gauge group will be higgsed.

We proceed now as in Sect. 8.3. That is, after integrating
out first the quarks 52, g2 asheavyonesat u < Mg?;e and then
all higgsed dual gluons and their superpartners at & < g 1,
the lower energy Lagrangian takes the form

MM 3 e
K = TrI:ZMﬁ +Zq<\/N1'1N11 +b1fb1 +b;fb1>:|,
0]

1 MPOée bo/NF

pole q,

Zq:Zq(AQ7ﬂ ’2):<_> s
q AQ

I
e =zm(Ag, i1hy) =1/z,

W = Whon-pert — Wy

1 1
—_Terl(Mll —M12—M21), (9.18)
Ao M>>
W ! [T(MZ) ! (T M)2i|+ Tt M
v = — | Tr — —(Tr moTr M,
2/¢L<I> Nc @
where the non-perturbative term here looks like
— det Ny E]b]
CWnon—pert = A |:1 I + T],
A A
— (My)(M>)
(A)=(8) = ———, 9.19)
“o
1/N,
— T M
pg (AQbo det ﬁ) :
Ao
(M)A

a2 tot
A = N = =
() = i) = g Ag = =

and A is the auxiliary field.
From (9.18) and (9.19) the hybrids M2, M3 are massless,
the baryons by, by are light,

bo
- (M) po \ 3NN
u(br) = u(by) ~ Z0ho ~mg A_Q <L Mgl 1>
(9.20)

while all other masses are ~ 7Ly | ~ ug?ée (the nion masses
increased due to their mixing with the mions). Besides, in
particular, because ,ui"“f ~ ,uzcgc in these special vacua,
there is no warranty that these nonzero masses of the mions
M1 and M», are the pole masses. This may or may not be
so (see Sect. 5).

On the whole, there are three scales in the mass spectrum:

the hybrid mions M1, M»>; are massless, the baryon masses

§ Taking bo/N, <« 1 and using the results from [3] we obtain
le s _
U0 [Tigi,1 ~ exp(3Ne/14bo) 3> 1.
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are (9.20), while all other masses are ~ Tty | ~ ,ugoée ~r~

Ao(Ag/ne)NF/3@Ne=NF) in these special vacua at Ay <

10 Direct theory: Broken flavor symmetry
The region ue,o K po < AQZ/mQ
10.1 brl vacua

The values of quark condensates are here

_ N,
(@D 1)or1 = meMCD,
A nj ny—Ne¢
— Ne—nj Ne—nj
((Q0)2)br1 ~ AQZ(M—qQ)) (K-Z) , (10.1)

((gQ)2>br1 N (/Lq;,o)Ncnl -1
((QO)1)br1 Mo

From these, the values of some potentially relevant masses
look like

/’Lél,l ~ <a* ~ 1>ZQ(AQ7 e, {0 Q) 1)br s

20(Ag, gl1) ~ (—Q

10.2
v (10.2)
(miShy) = ((Qgil)brl ~mo,
~pole <mt§t,2)br1
Moo = A - pole. ’
20(Ag, g 5)
NFp/3Ne
~ pole mo pole
mQ’ZNAQ(A_Q) > mQ)lﬂ
~ pole Np/3N,
m
Q2 (@) < 1. (10.3)
Mel,1 122)

Hence, the largest mass is (tg],1 due to higgsing of the 0,,0!
quarks and the overall phase is Higgs1—H Q».

The lower energy theory at < (g1 has N, =N, —ni
colors and np > Ny /2 flavors. At2n < b, it remains in the
conformal window with b), > 0, while at 2n; > b,, b, <0
it enters the logarithmic IR-free perturbative regime.

We start with b;, > 0. Then the value of the pole mass of
quarks Q,, Q? with unhiggsed colors looks like

pole (thOtQ)brl
Q2 = e
20(Ag, gl N7 (gl 1, mQ5)
pole . v
2 (g1, M) ~ <—m0’2) "
o\Hel b Q2 el 1 ’
ny no—nj
ol AQ(E)“N“"“ (@)W‘”” oAb
Q,2 U AQ YM

(10.4)

Itis technically convenient to retain all fion fields ® although,
in essence, they are too heavy and dynamically irrelevant at
Lo > U o. After integrating out all heavy higgsed gluons
and quarks Q;, Q', we write the Lagrangian at 1 = Mgl,1in
the form

K = [z@p(AQ, [l 1) Tr(® D)

+z0(Ag, Mél,l)(KQz + Kl'[) jI,

zo(Ag. 1) = 1/25(Ag. gl 1),

Kq, = Tr(og(:)2 +(@Q* > 62)>,

K1 = 2Try/ T1}, TT11 + Knyor, s
1

Kiyor = Tr( My e

Y Hllnll

2
W=|- S
|: “(Mgl,l) :|

2
+“7‘D |:Tr (@) — NLC (Tr cp) ]

+Tr <62m8§ Qz> + W,

(10.5)

IT1p 4 Iy

1 +
¥ l_[21 ’
\/Hllnll

1
Wh = Tr(mQHn +th°; 1'[211_[—111'112)

—Tr(q>“ [Ty + P00 + ¢21H12>,

m8t2 = (mg — ®).

In (10.5) Qs, Q? and V are the active 0,5, 0? quarks and glu-
ons with unhiggsed colors (S is their field strength squared),
Iy, ITp; are the hybrid pions (in essence, these are the
quarks Q,, Q% with higgsed colors), z9(Ag, ué’l) is the
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corresponding perturbative renormalization factor of mass-
less quarks, see (10.2), while zo (A, fig1,1) is that of fions.
Evolving now down in the scale and integrating out at
n < Ag,b/r‘,}) quarks Q. Q% as heavy ones and unhiggsed
gluons via the VY-procedure, we obtain the Lagrangian of
pions and fions,

K = [zq:(AQ, Mgl,])Tr<q>}L1cD11 + qﬁz@lz + Q;‘le
I
+2 (gl 1, mpo‘ff)d>§2<1>zz> +z0(Ag, Méu)Kn},

W = (N. —n1)S + Wo + Wp,

bo tot o v——
G [AQ deth"z]Nc—nl

10.6
det Iy ( )

2
We = MTCD[Tr(CDZ) - %(Tr c1>> ]

c

2 /na
/ pole Mgl 1 ?
Z@(Mgl,lva’z) ~ .

pole
M,

We find from (10.6) that all fions are heavy with the “masses”

w(®11) ~ u(®r2) ~ u(d21)

N¢/Ne¢
U 122
~ ~ Mgl 1 > Hgl 1,
zo(Ag, Mgl 1)

M0
(10.7)
Lo
u(®22) ~ - pole
20 (Mg, Mgl 1)Zg (gl 1. Mg 5)
H ) N pole pole
~ mq, > maq,. (10.8)
Mo ’ ’

These are not the pole masses but simply the low energy
values of mass terms in their propagators. All fions are
dynamically irrelevant at all scales 4 < A . The mixing
of ®1p < Ip, o1 <> I1p; and 11 < [1;; are parametri-
cally small and are neglected. We then obtain for the masses
of pions Iy

Ne(bo—2n1)

U, 3N¢(Ne—ny) brl
u(y) ~ ( M;) Ag/ixl)

Ne(bo—2n1)

W0 ) 3NeWen)  po) I
= () g <
“o ’ ’

(10.9)

and, finally, the hybrids I1j5, [T2; are massless, u(IT12) =
wu(Ilap) = 0. |
At 2n; > b, the RG evolution at meog < W < gl 18
only slowly logarithmic (and is neglected). We replace then
1 . 1 .
20 (1l 1, mGy5) ~ 1in (10.4) and 24 (gl 1, mQ5) ~ 1 in
(10.8) and obtain
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(@) ~ u(dyqy) ~ ( s
"

Ne/Ne
) Mgl 1 3> fgl 1, (10.10)

b0

1 m
(M) ~ mg"; ~ A—Q2
z0(Ag. iy )

. (AQ>b,,/3NE<mQ)2bU/3NC
°\ o Ag

o Ne/N.
~ <—0> Hel 1 K Ugl, 1,

(brl) A
A
Ym_ <M<I>,o) <1,
MHo

N¢(2n; —b,)
A= ———— >
3N(Ne —ny)

0. (10.11)

10.2 br2 and special vacua

At np < N, there are also br2-vacua. All their properties
can be obtained by a replacement n; <> nj in formulas of
the preceding Sect. 10.1. The only difference is that, because
ny > Np/2 and so 2ny > b,, there is no analog of the
conformal regime at u < pg,1 with 2ny < b,. That is,
at 1 < fugl2 the lower energy theory will be always in the
perturbative IR-free logarithmic regime and the overall phase
will be Higgs»—H Q1.

As for the special vacua, all their properties can also be
obtained with n = N, no = N, in the formulas of Sect.
10.1.

11 Dual theory: Broken flavor symmetry
The region pe,, K o < AQZ/mQ
11.1 brl vacua, by/Nr < 1

We recall that the condensates of the mions and dual quarks
in these vacua are

¢

M ~ ,
(M1)or1 Nc—nlmQM)
A an 111\]2ch»
Q c—ny mQ c—ny
(Mp)pr1 ~ A 2(—) (—) , (11.1)
' ¢\ ko Ag
Ne
M Ne—ny
(M2)or1 N <H<D,0> <1,
(M1)pr1 Ho

(N2)brl = (@22 = AQ))bri
(M1)or1 Ao

=7
1 12

~ZgmoAg > (Ni)or,
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and some potentially relevant masses look here like

B ; (Mi)or1  mopoe
= =A = ~ ’
(@)1) = (@ q1(n = Ap)) Z,ho  Zghg
T M
((C_Iq)2> _ {(M2)on <1 (11.2)
(@@)1) (Mo
oo
~ ex — ~ X —— 5
¢~ P17 3, P17,
Nrp/3N.
pOIeN AQ (le/«@) F/ N l,LpOle
177 2
q Z, AQ2 e
orl) __mpNe
A 3N¢(Ne—ny)
g(?fft q<M<D'0> 1 << 11 (1].3)
llvq,l @
Nfg /3N, NF /3N,
(N2) 1/2 il
~ Ao =L ~Z) Ao\ —
Mg, 2 Q( o’ Ag
>> ﬁgl, 1
_ Np /3N,
Hgl, 2 3/z(uq>o>
(e < 1. (11.4)
pole q "o

q,1

Hence, the largest mass is qu’}e while the overall phase is
H Q1—H Q>. We consider below only the case n; < b,/2,
so that the lower energy theory with N. colors and N/, = n»
flavors at u < MS)O}C remains in the conformal window.
After integrating out the heaviest quarks g', ¢; at u <
ug?}e and 52, g2 quarks at © < ug(’ge and, finally, all SU (ﬁc)

dual gluons at u < Ag}’;}), the Lagrangian of the mions looks

like
ol
ZM(AQ :u'p e) i +
WTI‘ M M+ MM

1 1
+M21M21 + ZM (Mqole’ Mqoze)M22M22i| (11.5)

W= _NCS+WM7

Wy =moTrM

_L T(MZ)_L
T N,

(TrM)Z],
122 c

1 AQ 2B(J/NF
ZM(AQ MPOC) < pole) > 1.

q.1

From (11.5), the hybrids M, and M»>; are massless,
w(Miz) = n(Mzr) = 0, while the pole mass of My is
(compare with (10.9))

Z2Ap?
PP (M) ~ —
pole
M (Ag, 1y 1 o
PP (M) o e Wetheo)
vaz — < 1. (11.6)
Ayy Ho
The parametric behavior of ,ugf’ée and z 1/\4(112?}67 pOle)

depends on the value pe < fie,1 (see below). We con—
sider first the case we > [ie,1 so that, by definition, the
lower energy theory with N, colors and n, flavors had
enough “time” to evolve and entered already the new con-
formal regime at ,up < u < ugoie, with b, /N, =
(BN, — nz)/NC = O(1) and @/, = O(1). Hence, when
pole _the
coupling @y of the remaining SU (N ) Yang—Mllls theory
isayym ~ a), = O(1) and this means that ,up()le A%/}).
This can be obtalned also in a direct way. The running mass
of quarks g2, ¢» at u = Mg‘j{e is, see (11.1)~(11.3),

the quarks g q q> decouple as heavy ones at u < Mg

pole) (M2)br1 Mgo%e ’
(M1)prt "9
pole)

Mg 2(p = p

pole Hq,2 (h=n

q.2 — ole ole
z ( P P )

q\Hq.1
1/3
brl

~ APy~ <mQ(M2)) : (11.7)

Mpo]e %
1, pole pole _ g2 \"

Zq(,U«q,l ’ ) ( po]e) IO’

Mg 1

We find from (11.5) that the main contribution to the mass
of the mions M>; originates from the non-perturbative term
~ S in the superpotential and, using (11.5) and (11.7),

2 B, ) = fw_ﬂzi)
| ap(u=i,,)
1 2 1 5
x<zé(ﬂg°}e’ugo;e)) - <Zq/(/t$°i°,u§°§e)) , (11.8)
Ziho®
n(Maa) ~ w(ho, MS"F)Z&(MS‘TF’ pole)
x( (§) (M) 1 ) AP ey g
(M2)2 ™~ (M) o ), YM 0.2
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We consider now the region g0 K o K o1, 201 S
b, where, by definition, ugoée is too close to ,ugoie, so that the

1 le .
range of scales ,ugoze <u< ugole is too small and the lower

energy theory at u < Mg?}e has no enough “time” to enter
a new regime (conformal at 2n; < b, or strong coupling
one at 2n; > b,) and remains in the weak coupling loga-
rithmic regime. Then, ignoring logarithmic effects in renor-
o pole  pole pole  pole
malization factors, zq’(uq’1 Mg o )~ z,’\,,(,uq,l Mg o )~ 1,
and keeping as always only the exponential dependence on

N./bo:

pole (M2)br1 Mpole
2 (My)pn
(brl)

;(/,‘146 Ll = poo <K e L flo,1,
q,2
~ (Ne —np) 1
fip ~ expl ————> — oo > Moo (11.10)
2n1 as

The pole mass of the mions M>, looks in this case like

1P (M) (M)

> 1,
Pl (M) (M2)ort
2n1 Ne
pole (A5, WeWenp)
L e A(f)rl) s Zﬁ(:%) < 1. (1.11)
YM 0

On the whole, see (11.10), the mass spectrum at (e, , <K
o K o, and 2n; < b, looks as follows. (a) There are
a large number of heaviest hadrons made of weakly coupled
(and weakly confined, the tension of the confining string is
Jo ~ Ag’;,}) < MS(,)}e) non-relativistic quarks 7', g1, the
scale of their masses is ,ug(je; see (11.3). (b) The next phys-

. . pole . (brl) pole pole
ical mass scale is due to Mgo Ayy K Hgo K Hyq-

Hence, there are also a large number of hadrons made of
weakly coupled and weakly confined non-relativistic quarks
4_12, g2, the scale of their masses is /xsoée, see (11.10), and
a large number of heavy hybrid hadrons with the masses
~ (MZ?}e + ,us(ge). Because all quarks are weakly coupled
and non-relativistic in all three flavor sectors, “117, “22”” and
“12+21”, the mass spectrum of low-lying flavored mesons

is Coulomb-like with parametrically small mass differences
Apg/ng = O(Ei/ﬁz) & 1. (c) A large number of gluo-
nia made of SU (N.) gluons, with the mass scale ~ Ag)/rv}) ~

1/3
(mQ (Mz)) ;see (11.5)and (11.1).d) n% mions My with

the pole masses uP%®(Ma) « Ag,b/r‘,}); see (11.11). e) n%
mions M1; with the pole masses wPOle (M) < P (Ma»);
see (11.6) and (11.11). f) 2nyn, hybrids My,, M>| are mass-
less, w(M12) = u(Mzy) = 0.

The pole mass of the quarks 6_12, q2 is smaller at fip,] K

1
no K AQZ/mQ and 2n1 < b,, and stays at ,uz?; ~ Ag’,{,}),
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while the mass of the mions M», is larger and also stays at
brl
(M) ~ A;;W).

11.2 br2 and special vacua, by/Nr < 1

The condensates of the mions look in these br2-vacua like in
(11.1) with the exchange 1 <> 2. The largest mass is ,uz(’);e,

Np /3N,
pole ﬂ(leLd>) v pole

> U,

2 ,1

q Zq AQZ q
(br2) _mNe

A 3N¢(Ne—np)
Yt qu<”“‘b’°> Y «, (11.12)
22 JIR

and the overall phase is H Q1—H Q5. After decoupling the
heaviest quarks ﬁz, g at p < /,Lg(’);e the lower energy the-
ory remains in the weak coupling logarithmic regime at, see
(11.10),

(br2)
YM
pole
q,1

a2 { (Ne —np) 1

Lo
Ko 2ny  ay

L1 = oo <K e K o2,

(11.13)

Hence, the mass spectra in this range ueo < o <K o2
can be obtained from corresponding formulas in Sect. 11.1
by the replacements n; < n.

But because n, > Np/2, the lower energy theory with
1 < n1/N. < 3/2is in the strong coupling regime at j1¢ >>
A2, with a(u) > 1 at Ag’g) L pn KL Mg?ée. We do not
consider the strong coupling regime in this paper.

As for the special vacua, the overall phase is also H Q11—
H Q- therein. The mass spectra are obtained by substituting

n1 = N into the formulas of Sect. 11.1. At5/3 < Nr /N, <
2 and e > [ie,1 the lower energy theory in these special

vacua enters the strong coupling regime at A?E;c) LKL
pole
Mg -

12 Broken N =2 SQCD

We consider now N/ = 2 SQCD with SU(N,) colors, Ng
flavors of light quarks, the scale factor A, of the gauge
coupling, and with A/ = 2 broken down to A/ = 1 by
the large mass parameter uyx > A, of the adjoint field
X = XATA, Tr (TATB) = 848/2. At very high scales
> px the Lagrangian looks like (the exponents with glu-
ons are implied in the Kihler term K)

Tr(X'X) +Tr(Q'Q+Q — Q), (12.1)

82w, A2)
w 2T S 4 uxTr(X?)
= - T
a(u, Az) Hx

+V2Tr (QXQ) + m Tr (QQ).
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The Konishi anomalies look here like
axA

=v2@Q,;T°Q), Tr <TATB) = %3“,

¢ wx (XAX4Y) + Tr(JAXA) = 2N.(S),

<6, ag) = (XY +m (QQ) = 15),

no summation over i.

From these

(Tr X?%) = l(XAXA)

1 —
=5 [(ZNC — Np)(S) +m(Tr QQ)}
Mx

The running mass of X is px () = g2(u)uy, so that at
scales u < /Lp ole _ =g (,upOIe);LX the field X decouples from
the dynamics and the RG evolution becomes those of N = 1
SQCD. The matching of ' = 2 and N' = 1 couplings at
W= MI;(OIC looks like (A and A are the scale factors of
N =2and N = 1 gauge couplings, A ¢ is held fixed when
ix > Agisvaried, bp = 2N, — Np, b, = 3N, — Nf)

2 2

1 1 ?
alp = pi’c, M) o= 1y, Ao)
wx > Ao > A,

Mpole Mpole
byIn —X— =p, In =X
As Ag
1
—Nrlnzo(Ag, n%°) + Neln o (122)
gu=pny)
by N¢
Ay ole
AQbo — 2 "X F(/’Lp AQ)A2 MXC’
ZZF(A pole)
, Mpole e
20(Ag, = p) ~ (l X ) > 1
Ao

Although the field X becomes too heavy and does not

propagate any more at © < MI;(OIC the loops of light quarks

and gluons are still active at Ap < u < /Lp °1¢ if the next

largest physical mass pg is below Ag, and if uyg > Ag
they induce at ug < p < ,u Pole , hon-trivial logarithmic
pole) <1

Therefore, finally, at scales Ao €« p K ,upOI if ug <

Apandat pg < p < MX if ug > Ao, the Lagrangian
of the broken A/ = 2-theory with 0 < Nr < 2N, can be
written as

renormalization factor z x(,u X , y, < u

pole

K = M"ﬁ X" x)
pole
22 (B
+zg(up°le, WTrQ'Q+Q— Q, (12.3)
We 2 ST ()
T Tauhg MK
+V2Tr (QXQ) + m Tr (QQ),
ole 1 bZ/bo
ax (Ui, )~(%> <1, (12.4)
In (1% /A o)
2o, 1) = 20 (WS, Ag)zo(hg. ), zo(Ag. 1)

Ne/bo
~ <1n L) > 1.
Ag

Inall cases when the field X remains too heavy and dynam-
ically irrelevant, it can be integrated out in (12.3) and one
obtains

K =200 mTrQ'Q+Q— Q. (12.5)
W 54 mTrQQ)
=—-— mTr
°7 Ta(u. Ag)
—— (T @Q)? - - (1:QQ)*
2//LX Nc ’
Now we redefine the normalization of the quarks fields
1 — 1 —
Q= 1/2( pole AQ) Q 1/2( pole AQ)
(12.6)
K =z9(Ag, M)Tr< 0'0+ (0 — §)>,
N siw (12.7)
o, Ag) o '
Wo = Tr(QQ)
ZQ(MPO]e, Ag)
- Tr (00)’ — —(Tr 0Q) )
225 (,ug(Ole, Ao)ix Ne
(12.8)
Comparing this with (2.3) and choosing
o <A
ol = Mo < Ag,
Z0 (Mpole )
pole
SR Agx = po > Ag (12.9)

itis seen that with this matching the ®-theory and the broken
N =2 SQCD will be equivalent.
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Therefore, atlarge wy > A and until both X and @ fields
remain dynamically irrelevant, all results obtained above for
the ®-theory will be applicable to the broken N' = 2 SQCD
as well. Besides, the ® and X fields remain dynamically
irrelevant in the same region of parameters, i.e. at Np < N,
and at Uo > U0 OF LH > Lo At ko < Moo if NF > Ne;
see (5.1).

Moreover, some general properties of both theories such
as the multiplicity of the vacua with unbroken or broken fla-
vor symmetry and the values of vacuum condensates of corre-
sponding chiral superfields (i.e. (Q; Q') and (S); see Sect. 4)
are the same in these two theories, independently of whether
the fields ® and X are irrelevant or relevant.

Nevertheless, once the fields ® and X become relevant
(e.g. at ux < Aj), the phase states, the RG evolution, the
mass spectra etc., become very different in these two theories.
The properties of the ®-theory were described in detail above
in the text. In general, if X is sufficiently light and dynam-
ically relevant, the dynamics of the softly broken N = 2
SQCD becomes complicated and is outside the scope of this
paper.

Finally, we trace a transition to the slightly broken A/ = 2
theory with small ux <« Aj and fixed A,. For this, we
write first the appropriate form of the effective superpotential
obtained from (12.7) and (12.8)

Wgl = —N.S+

1 _ 1 — 1\’
- Tr(QQ)* — —<TrQQ> )
223 (i AQ)MX< Ne

X

— 1/N.

det 00 N 1 by N,

- (A—b> o AQ™ =2y (WY AQ)AY i
0

(12.10)

and restore now the original normalization of the quark fields
Q. Q appropriate for the slightly broken A/ = 2 theory with
varying nx < A and fixed Ay, see (12.6),

Wy = —N.S +mTr(QQ)

1 I AR
i (@@ - (o) )

— 1/N.
S = (M> . (12.11)

One can obtain now from (12.11) the values of the quark
condensates (Q ; Q) at fixed Ay and small uxy < As.
Clearly, in comparison with (Q ; Q") in Sect. 4, the results for
(Q;Q’) are obtained by the replacement: mg — m, e —

wx, A% — Agz ug", while the multiplicities of the vacua
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are the same. From (12.11), the dependence of (Q jQi> and
(S) on py is trivial in all vacua, ~ uy.

With the above replacements, the expressions for (Q i [0}3)
in Sect. 4 in the region Agp K pne <K Mo, correspond
here to the hierarchy m < A, while those in the region
Mo > [Le,o correspond here to m 3> A». In the language of
[15] used in [10] (see Sects. 6, 7, 8, 9 therein), the correspon-
dence between the r-vacua [10,15] of the slightly broken
N =2 theory with 0 < ux/Ay < 1, 0 <m/Ay < 1 and
our vacua in Sect. 4 looks as follows”: (a) r = ny, (b) our
L-vacua with the unbroken or the L-type ones with sponta-
neously broken flavor symmetry correspond, respectively, to
the first group of vacua of the non-baryonic branches with
r=0andr >1,r # N.in[10], ¢) our S-vacua with the
unbroken flavor symmetry and br2-vacua with the sponta-
neously broken flavor symmetry correspond to the first type
from the second group of vacua of the baryonic branches
with, respectively, r = O0and 1 <r < N, in [10], d) our
special vacua with n; = N, ny = N, correspond to the
second type of vacua from this group; see [10].

13 Conclusions

We described above in the text the mass spectraat0 < Ng <
2N, of the ®-theory which is the standard N = 1 SQCD with
SU (N¢) colors and N flavors of light quarks and with added
N % colorless but flavored fields d>l.] , with Yukawa interactions
with quarks.

At 0 < Nr < N, this theory is in the logarithmically
weak coupling regime, so that calculations of its mass spectra
in various vacua in Sect. 3 is straightforward and does not
require any additional assumptions.

The calculations of values of quark and gluino condensates
in multiple vacua of this ®-theory at N, < Nr < 2N¢
and multiplicities of various vacua were presented in Sect. 4.
The values of these condensates constitute a base for further
calculations of mass spectra.

A qualitatively new phenomenon appearing in this -
theory in the conformal window 3N./2 < Nr < 2N, due
to the strong power-like RG evolution of the quark and ®
renormalization factors of their Kéhler terms was described
in Sect. 5. At the appropriate values of the Lagrangian param-
eters e > Ag and mg < A, the seemingly heavy and
dynamically irrelevant fields d>l.] “turn back’ and there appear
two additional generations of light ®-particles.

At present, the calculations of mass spectra of the direct
®-theory (and its Seiberg’s dual variant, the d ®-theory) in
conformal window in the strongly coupled regime cannot be

9 This correspondence is based on comparison of multiplicities of our
vacua at e <K Moo described in Sect. 4 and those of r-vacua at
m < Ap and puy < A» as these last are given in [10].
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performed directly (i.e. without additional assumptions as
regards dynamics of these theories). Therefore, these mass
spectra were calculated in Sects. 6, 7, 8, 9, 10, and 11 within
the dynamical scenario introduced in [3]. We recall that this
scenario assumes that in such A’ = 1 SQCD-like theories
quarks may be in two standard phases only. These are: (a)
the heavy quark (HQ) phase where they are not higgsed but
confined, and (b) the Higgs phase where they are higgsed and
so not confined.

Moreover, this scenario includes the assumption that two
above phases are realized in a ‘standard way’ even in a strong
coupling regime with a = (N.g?/87?) ~ 1. This means
that, unlike e.g. N’ = 2 SQCD with its very special prop-
erties, in these N' = 1 SQCD-like theories without adjoint
colored scalar superfields, the additional non-standard para-
metrically lighter particles (e.g. parametrically lighter mag-
netic monopoles or dyons) do not appear in the spectrum even
in the strong coupling region a ~ 1, in comparison with that
in the weak coupling one.

In comparison with the standard N" = 1 SQCD with the
superpotential W = m QTr(EQ) and the only small parame-
termg/A g < 1, which serves as the infrared regulator, the
®-theory considered in this paper includes two independent
competing small parameters which serve as infrared regula-
tors,mo/Ag < land Ag/pne < 1.Due to this the dynam-
ics of this theory is much richer. Two main qualitatively new
elements in this direct ®-theory are:

(a) the appearance of a large number of vacua with the spon-
taneously broken global flavor symmetry, U(Np) —
U (n1) x U(ny), and as a result, with a number of exactly
massless Nambu—Goldstone particles in the mass spec-
trum;

(b) in a number of cases with Np > N, due to their Yukawa
interactions with the light quarks, the seemingly heavy
and dynamically irrelevant fion fields ® ‘turn back’
and there appear two additional generations of light ®-
particles with P (®) « Ag; see Sect. 5.

It is is not a purpose of the conclusions to repeat in a shorter
form all results obtained above in the main text for the phase
states and mass spectra of the direct and dual theories at dif-
ferent values of e /A > 1. We will try only to formulate
here in a few words the most general qualitative property of
N = 1 SQCD-like theories which emerged from the studies
in [3,9,12] and in this paper. This is the extreme sensitivity
of their dynamical behavior in the IR region of momenta, of
their mass spectra and even the phase states, to the values of
small parameters in the Lagrangian which serve as infrared
regulators.

As was shown above in the main text, similarly to the
standard ' = 1 SQCD with the superpotential W =
mQTr(aQ) [3], the direct ®-theory and its Seiberg’s dual

variant, the d ®-theory, are (within the dynamical scenario
introduced in [3] and used in this paper) also not equivalent
as their mass spectra are parametrically different.'”

At present, unfortunately, it is not known how to obtain
direct solutions (i.e. without any additional assumptions) of
N = 1 SQCD-like theories in the strong coupling region.
Therefore, to calculate the mass spectra in such theories one
has to introduce and use some assumptions as regards the
dynamics of these theories when they are in the strong cou-
pling region. In other words, one has to rely on a definite
dynamical scenario. Therefore, clearly, the results obtained
in [3] and in this paper are not direct proofs (i.e. without
any additional assumptions) that the Seiberg hypothesis [1,2]
about an equivalence of the direct and dual theories is not cor-
rect. Still, strictly speaking, both possibilities remain open: it
may be correct, but maybe not. Finally, the Seiberg hypoth-
esis is based mainly on matching of the 't Hooft triangles in
the direct and dual theories in those ranges of scales where all
particles are effectively massless, and on some suitable corre-
spondences of their behavior in the superconformal regime.
Clearly, these are the necessary conditions. But they may be
insufficient.

The dynamical scenario introduced in [3] and used in this
paper looks self-consistent and not in contradiction with any
proved result. Therefore, it clearly seems possible at present.
Also, in particular, all Seiberg’s checks of duality in the con-
formal window are fulfilled in this scenario. Nevertheless,
as shown in [3] and in this paper, in spite of that, the mass
spectra of the direct and dual theories are parametrically dif-
ferent. This demonstrates clearly that, indeed, those checks
on which the Seiberg hypothesis is based, although neces-
sary, may well be insufficient. This does not mean, of course,
that the scenario introduced in [3] is right. But, nevertheless,
this implies that it well may be right. Therefore, what is still
missing in this story at present is a proof that the dynamical
scenario from [3] is right, or the opposite proof that Seiberg’s
hypothesis about a complete equivalence of the direct and
dual theories is right.

From our standpoint, a new and practically most impor-
tant thing at present is a very ability to calculate the mass
spectra of various N' = 1 SQCD-like theories in the strong
coupling regimes, even within a given dynamical scenario. It
seems clear that further developments of the theory or lattice
calculations will allow one to find a unique right scenario in
each such theory. Time will tell, as always, which hypotheses
are right and which are not.

The ®-theory with e > A considered in this paper
is tightly connected with the X-theory which is the N' = 2

10 But, similarly to the standard A" = 1 SQCD with the superpotential
W = moTr(QQ) [3], to see clearly the parametric differences in mass
spectra of the direct ®- and dual d®-theories, one needs to use the
additional small parameter 0 < by/Nr = (2Nr — 3N,.)/Nr < 1.
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SQCD broken down to A/ = 1 by the large mass param-
eter iy > Aj of the adjoint colored superfields X4. The
multiplicity of the vacua and the values of the quark and
gluino condensates, (Ej Qi) and (S), are the same in both
theories (under the appropriate matching of parameters; see
Sect. 12). Moreover, in all those cases when the fields ® are
dynamically irrelevant in the ®-theory, the fields X are also
dynamically irrelevant in the X -theory and these two theories
are equivalent (up to inessential small power corrections). We
have described in Sect. 12 the connections between the val-
ues of the quark and gluino condensates in different vacua
in the broken N' = 2 SQCD at m = Aj, with those in the
direct ®-theory with large varying e > Ag.

But even in those cases when both fields ® and X4 are
irrelevant, this does not mean that these two theories are sim-
ply equivalent to the standard N’ = 1 SQCD with small
unimportant corrections. First, the whole physics in a large
number of additional vacua with the spontaneously bro-
ken flavor symmetry is completely different. Second, even
in vacua with the unbroken flavor symmetry, these theories
evolve to the standard N = 1 SQCD with small power
corrections not simply at e = (several) Ag, as one can
naively expect, but only at parametrically larger values
Uo = oo = AQ(AQ/mQ)(ZNc_NF)/NC > Ag.

But e.g. when the corresponding mass parameters /¢ and
x are small and both fields ® and X are dynamically rel-
evant, the phase states, the mass spectra, etc. become very
different in these ®- and X-theories.

This work was supported in part by Ministry of Education
and Science of the Russian Federation and RFBR grant 12-
02-00106-a.

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.

Funded by SCOAP?.

Appendix A: The RG flow in the ®-theory at u > A g

A.1 We first consider the ®-theory at N, < N < 2N,
where it is taken as UV-free. We start with the canonically
normalized Kihler term K at the very high scale u© ~ pyy
and the running couplings and mass parameters

K=Tr (®) + (0’0 + D — 0)).
2
W=——7TS+W<1>+WQ,

a(u)
_ Ho(p) [
2

Wo Tr (92) — %(Tr &3)2} ,

c

Wo = —f(0)Tr (0®0) + Tr (Qmo (1) 0). (A1)
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Now, instead of running parameters, we introduce -
independent ones, A, ne andmg (Lo > Ag andmp K
A ¢ in the main text),

1 21 b, w Nr
= =—In—— —Inzp(Ag, 1)
a(u) Nea () Ne  Ag N
+1In +Cq4, b, =3N.— Np, (A.2)
a(p)
ar(p) = chz(ﬂ) _ ar = ch2/27.[
27 zo0(Ag, Wzh (Ao, W)
e mo
Uo(w) = ———, mo(p) = ————,
zo(Ag, 1) ¢ zo(Ag, 1)

where zg(Ag, u > Ag) > 1 and zo(A g, ) are the per-
turbative renormalization factors (logarithmic in this case)
in the theory with all fields massless, ay is taken as ay ~
1/(several) and C, is also O(1) (it will be omitted for sim-
plicity). Therefore, after redefinitions of the quark and ®
fields, the Lagrangian at the very high scale can be rewritten
as

K = Zcb(AQ,,u)%Tr(q)TCD)

+z0(A g, wWTr( Q0+ (0 — ), (A.3)

u 1
We = T(D[Tr(q)z) _ N—C(Tr ®)?],

Wo = —Tr (Q®Q) + Tr (Qm Q).

From (A.2)
day ()
dinp
_dInzg(n)

 dlnp

= Br = —ar(w)(2yo(n) + yo (),

|y = LIn2aG) (A4)

ve dlnp

In the approximation of leading logarithms at large

2CFr N
vo(n) =~ N, a(p) — N, afg(u),
2Cr
yo(u) =~ —ayg(u), N, T M
From (A.4) and (A.5), there is the UV-free solution

=M1
a ~ =
M= b, (/A g)

N2 —1
¢ ~1. (A.5)

2N¢

1 b
le(/,L) ~ar (m) L a(u),

2N,
1 < <

<2, (A.6)

0

m Ne/bo
zo(Ag, ) ~ (111 —) > 1,
Ag

zo(Ag, ) ~ 1. (A7)

Itis seen from (A.6) that the Yukawa coupling a s (i) is para-
metrically small in comparison with the gauge coupling a (i)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Eur. Phys. J. C (2017) 77:19

Page 33 0f 35 19

and, up to small corrections, it has no effect on the RG evo-
lution at large (.
The first physical mass parameter which influences the

RG flow with lowering the scale u is ,ufl’(’le(CD) = uo(n =
W (@) = po/ze(ho, 1 (@) ~ 2o > Ag, 0
that s (12) becomes po (W) ~ 2o > pat i < ubo(®)
and the fields @ become too heavy. They do not propagate any
more and do not influence the RG evolution until ¢ (1) >
. Nevertheless, the anomalous dimension y¢ (i) remains
small but nonzero even at u < u]f()le((b) due to loops of
still active light quarks (and gluons interacting with quarks)
and, instead of (A.5), the anomalous dimensions look at ;© <
12 (@) like

Yo(w) =a(w), yeo(u) = —ar(u), (A.8)

while (A.6) and (A.7) remain the same. Hence, although the

heavy fields ®;; decouple at Ap < pu < pL]f(’le(CD), the RG

flow remains parametrically the same because their role even
pole

atpu > wy  (P) was small.

Therefore, finally, atscales A g < u < ,ullmle(q)) if thereis
no physical masses 1y > Ag and at upy < p < M‘f(’le(@)
if wy > Ag, the Lagrangian of the ®-theory with N, <
NFr < 2N, light flavors can be written as

1 . _
K = FTr((IDTCD) +20(A0, WTr(QT0 + (0 - 0)),

% S Wet W
=" ) ,
a(u, Ag) ¢

m 1
We = 7¢|:Tr(<1>2) - N—C(Tr <1>)2},
Wo =Tr (Om'S0),

tot

mo =mg— @, (A9)

with zg (A, 1) given in (A.7).

A.2 We consider now the case | < Nr < N,. Although
the ®-theory is not UV-free in this case and requires UV
completion at & > pyy, the RG flow at ug < pu < pyv is
very specific (see below; the quarks are really higgsed in this
case at Uy = Mg, Ag K g K Ho K uyy; see Sect.
3). We take from the beginning a y in (A.2) to be sufficiently
small, ay < 1, and calculate the behavior of a (i) and a y (1)
at Ag < p < pyy in the massless theory which follows
from their definitions in (A.2). Then, by definition, in the
theory with A g < ;LII)OIC(CI)) < myyvy, the behavior of a(u)
and ay(u) at ,LLFI’OIe(CD) <« 1 K pyy will be the same while,
in general, it can be different at u < ,ull)()le(cb).

There is the same solution (A.6) also at 1 < Np <
N,, with a difference that 2/3 < 2N./b, < 1 now and
ay < 1. Hence, starting with © > A, ay(u) begins first
to decrease with increasing |, but more slowly now than

a(u) ~ 1/In(u/Ag). Due to this, B¢(1) in (A.4) changes
sign at u ~ 1z,

- - ﬁ 1 Ne—Np
ar(m) ~a(m) — lnA— ~|— > 1,

0 ag
1 Ne=Np
af(m) ~ ———— ~ <a ) Layr L1, (A10)
P m@ag Y /
and then a s (1) begins to grow,
(0> 70) ~ ——
> ~ —’
G Gy fw)
bo
1\ Ne=Ng
ln<“—ﬂv) ~ <—> s (A11)
w ay

with further increasing > . Therefore, zo(Ag, n <
) ~ 1 in the massless theory.
For our purposes in Sect. 3 it will be sufficient to have

g < b (@) ~ ajpue <« I < puy. This leads to a
sufficiently weak logarithmic restriction,

Ne—Npg
1 bo N.— N 1
- <1n “—“’> o< TP 2 (Al
ar Ao bo 3

and then z¢(Ag, n < Mﬁmle(@)) remains ~ 1 also in the
®-theory with massive fields .

14 Appendix B: There are no vacua with (S) = 0 at
mg #0

The purpose of this appendix is to show that the gluino con-
densate (S) # 0 at mg # 0 in all vacua with the broken
flavor symmetry, U(Np) — U(ny) x U(nz), in both the
direct and the dual theories.

1. Direct theory

We assume that thereisat N, < Ng < 2N, alarge number
of additional vacua with either 1 < n; < N.— 1 components
((00)1) =0, 0rny > n components ((00)2) = 0. Even
in this case the relations at u = A,

— _ 1
((QO)1 +(Q0)2) — v r{QQ) =mope,

1 — _
(S) = —((QON(Q0)),
Ko
((QO)1) # ((QQ)2), (B.1)
gy = mo — o) = (L2,
(g} = (mo — @) = LEOL,

following from the Konishi anomalies (2.2) and (2.4) remain
valid. Therefore, one obtains from (B.1) that either
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— _ N,
((Q0)2) =0, ((QON) = N —m mopa,
(§)=0, 1<mn <N,-—1, (B.2)
<mt5t,]> _ ((Qui)Z) _ 07
(mmt ) _ ((aQ)l) . N m
P
or
. —0 _ _ N,
Q1) =0, ((QO)) = N, QK
(8) =0, n2#N,, (B.3)
ity = <(<i§)1> o
<mt0t > o ((aQ)Z) _ NC m
U= e T Ne—m @

in these vacua. We will show below that this assumption is
not self-consistent. That is, we will start with (B.2) or (B.3)
and calculate then explicitly (S) # 0O in these vacua. For
this, using a holomorphic dependence of (S) on e, it will
be sufficient to calculate (S) # 0 in some range of most
convenient values of jt¢. Hence, we take mgoue ~ AQ2.
In vacua (B.2) with ((Q0)2) =0, ((QQ)1) ~ mopue ~
Ag? the quarks Q;, Q) are higgsed with (Q) = (Q') ~
Ag. At n1 < N, — 1 the lower energy theory at u <
Ao contains SU(N. — n1) unbroken gauge symmetry
with the scale factor of the gauge coupling (Ao ~
AQba/detl'In, (A) ~ Ap, n% pions ITj; and Q,, Q2

quarks with zero condensate and the running mass (mgtz) =

{mo — @) = ((QQ)1)/1e ~ mg at u = Ag. For this
reason, the variant with the Higgs, phase of these quarks is
excluded, they will be always in the heavy quark H Q, phase.
Atall ny < N. — 1, proceeding as in [3,9,12], i.e. lowering
the scale dovin top < mg)}; ~mg/zo(Ag, meOE) and inte-
grating out Q,, Q> quarks as heavy particles, there remains
the pure SU (N, —n1) Yang—Mills theory (and n% pions ITyp)
with the scale factor of its gauge coupling

w3 _ (Ao detimg — @) V(e
YM — ’
det I

(B.4)

and, finally, with the Lagrangian of the form (3.22) at u <
(Ayp). From (B.4)

np—n

L nmpny
<S>=<A3YM>~AQ3(%)M (%) U £0.85)

Atn; = N.—1 the gauge group will be broken completely
and (B.4) originates from the instanton contribution.

The vacua (B.3) with ((QQ);) = 0 are considered the
same way and one obtains (B.4) and (B.5) with the replace-
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ment ny < ny. (In vacua (B.3) the cases with np > N, are
excluded from the beginning as the rank of (Q?) is < N, and
the unbroken U (n7) flavor symmetry cannot be maintained;
the case n, = N, is also excluded as (IT{) # 0 in this case;
see (B.1)). Hence, only the cases with np < N, — 1 remain).

On the whole, the assumption as regards the existence
of additional vacua (B.2) or (B.3) with ((QQ);) = 0 or
((00)2) =0at N, < Np < 2N, is not self-consistent.

2. Dual theory

The dual analog of (B.1)—(B.3) looks like, see (2.8),

1
(M1 + M) — FTT (M) =mgue,

c

1
(8) = —(M1){M2),
Mo

By assumption, there are a large number of additional vacua
with either

(M1) # (M3). (B.6)

N,
(Mp) =0, (M))=—"—mouo,
N, —ni ¢
(§) =0, 1<n <N.—1, (B.7)
(M)A g
(N1) = (mP')Ag = ———= =0,
o/ 22
(MI)AQ N,
(N2) = (m'35) A = = moAog,
02/e Ko Ne —ny om0
or
N,
(My) =0, (M) =—"—mouo,
N, —np
(§)=0, ny#Ng, (B.8)
(M)A g
(N2) = (m§)Ag = ——= =0,
02170 Ho
(M)A N
N = (m'S YA = = Ao.
(N1) = (mg 1) Ao P N,y mehe

In this case, it is more convenient for our purposes to choose
the regions A g K o K U0 at 3N./2 < Nr < 2N, and
Apg < o K AQ(AQ/I/MQ)U2 at N. < Nrp <3N./2.

We start from (B.7). It is not difficult to check that in
these ranges of u¢ and at all N, < Nr < 2N, the largest
mass is iy » > Mgﬂe due to higgsing of the 2, g» quarks.
Hence, in these (B.7) vacua, the cases with ny > N, are
excluded from the beginning as the rank of (¢») is < N, and
the unbroken U (n2) flavor symmetry cannot be maintained.
But this excludes all such vacua asn; < N, — 1 and np =
Nr —n1 > NC + 1.

Therefore, there remain only (B.8) vacua. In these, in the
above ranges of g, the largest mass is 714 | >> ug?;e due to

higgsing of the 7', ¢1 quarks. Hence, one obtains from simi-
lar considerations thatn; < N, —1 (the casen; = N, is also
excluded from (B.6) and (B.8)). Similarly, because their con-
densate (g2¢>) = 0, the quarks g2, g» will be always in the
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heavy quark H Q»-phase only. Hence, atalln; < N.—1, pro-
ceeding as in [3,9,12], i.e. integrating out first higgsed glu-
ons and 7', g quarks at ;1 < 1.1, then c_12, g2 quarks with

unhiggsed colors at & < Mg?;e and, finally, unhiggsed gluons
atu < (Aypm), one obtains the low energy Lagrangian of the
form (9.6) with

3
AYM=<

i12 Vl2*l‘l|
(S) = (A ) ~ AQ3<Z_¢) (—Q) £0. (B.9)
0 Ao

AQB“ det (Mzz/AQ) 1/(Ne=n1)
det Ny ’

Atn; = N.— 1 the dual gauge group will be broken com-
pletely and (B.9) originates from the instanton contribution.

On the whole, the assumption as regards the existence of
additional vacua (B.7) or (B.8) with (M) = 0 or (M) =0
at No < Nr < 2N, is also not self-consistent.

The additional Nyag = 1- Cy¢ special GK-vacua with
n = NC, np = N, and (in our notations) ((@Q)l) =
(M1) =0, ((QQ)2) = (M2) =mgpa, (S) = 0have been
found in the SU (N,) theory with Ny quark flavors consid-
ered in [16], were instead of (2.3) the superpotential looks
like
Wk =moTr(QQ) — ZLTI (00)%. (B.10)

Ho
Due to this, the Konishi anomalies for (B.10) in vacua with
the spontaneously broken flavor symmetry look like

((QO)1 + (Q0)2)or = moia,

(Yo = <(QQ)1>br<(QQ)2>br. B.11)
na
At the same time, for the superpotential (2.3)
Wo =mgTr(QQ)
_Z;L_q;(Tr(QQ) —E(Tr QQ) ) (B.12)
in this paper the Konishi anomalies look like
. . 1 —
((QO)1 +(Q0Q)2— ﬁTr QQ)br =mopie,
() = <(QQ)1>br<(QQ)2>br. (B.13)
na

‘We note here only that the difference between (B.11) and
(B.13) is crucial for these special GK-vacua. (B.13) does
not allow for such additional GK-vacua with ny = N, and
((QO)) =(S) =0.

Besides, e.g. at Ag K o <K Uo,o, in (2N — NF) -
Cye vacua with ny = Ne,ny = N and ((QQ)1) #
0, ((QQ)2) # 0, (S) # 0 the parametric behavior of con-
densates following from the superpotential (B.12) used in

this paper is

—_ _ A 2Nf_cN
(QO)) = mope < (QQ)) ~ AQ2<M—§> "

2 Ao T
(S) ~mgAg <—> , (B.14)
Ko
while (B.10) allows only for the L-type behavior
oy
A c=NFp
(M1) = — (M) ~ AQQ(—Q> ,
“o
N
NIRRT
(S) ~Ag (—) . (B.15)
Ho
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