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Abstract It is believed that large-N thermal QCD lab-
oratories like strongly coupled QGP (sQGP) require not
only a large ‘t Hooft coupling but also a finite gauge cou-
pling (Natsuume, String theory and quark—gluon plasma.
arXiv:hep-ph/0701201, 2007). Unlike almost all top—down
holographic models in the literature, holographic large-N
thermal QCD models, based on this assumption, therefore
necessarily require addressing this limit from M-theory. This
was initiated in Dhuria and Misra (JHEP 1311:001, 2013)
which presented a local M-theory uplift of the string the-
oretic dual of large-N thermal QCD-like theories at finite
gauge/string coupling of Mia et al. (Nucl. Phys. B 839:187,

arXiv:0902.1540 [hep-th], 2010) (g < 1 as part of the
‘MQGP’ limit of Dhuria and Misra in JHEP 1311:001,
arXiv:1306.4339 [hep-th], 2013). Understanding and classi-
fying the properties of systems like SQGP from a top—down
holographic model, assuming a finite gauge coupling, have
been entirely missing in the literature. In this paper we largely
address the following two non-trivial issues pertaining to the
same. First, up to LO in N (the number of D3-branes), by
calculating the temperature dependence of the thermal (and
electrical) conductivity and the consequent deviation from
the Wiedemann—Franz law, upon comparison with Garg et al.
(Phys. Rev. Lett. 103:096402, 2009), we show that, remark-
ably, the results qualitatively mimic a 1+1-dimensional Lut-
tinger liquid with impurities. Second, by looking at, respec-
tively, the scalar, vector, and tensor modes of metric pertur-
bations and using the prescription of Kovtun and Starinets
(Phys. Rev. D 72:086009, arXiv:hep-th/0506184, 2005) for
constructing appropriate gauge-invariant perturbations, we
obtain the non-conformal corrections to the conformal results
(butatfinite gy ), respectively, for the speed of sound, the shear
mode diffusion constant, and the shear viscosity n (and g).

#e-mail: krusldph @iitr.ac.in

b e-mail: aalokfph@iitr.ac.in

The new insight gained is that it turns out that these correc-
tions show a partial universality in the sense that at NLO

in N the same are given by the product of (5,75_11\11/12) « 1 and
gsNy ~ O(1), N being the number of flavor D7-branes and
M the number of fractional D3-branes =the number of colors
=3 in the IR after the end of a Seiberg-duality cascade. On
the mathematics side, using the results of Ionel and Min-OO
(1IL. J. Math. 52, 2008), at LO in N we finish our argument
of Dhuria and Misra (Eur. Phys. J. C 75:16, 2015) and show
that for a predominantly resolved (resolution > deforma-
tion — this paper) or deformed (deformation > resolution —
Dhuria and Misra in Eur Phys J C 75(1):16, arXiv:1406.6076
[hep-th], 2015) resolved warped deformed conifold, the local
T3 of Dhuria and Misra (JHEP 1311:001, arXiv:1306.4339
[hep-th], 2013) in the MQGP limit is the T2-invariant spe-
cial Lagrangian three-cycle of Ionel and Min-OO (Il ] Math
52(3), 2008) justifying the construction in Dhuria and Misra
(JHEP 1311:001, arXiv:1306.4339 [hep-th], 2013) of the
delocalized Strominger—Yau—Zaslow Type IIA mirror of the
Type IIB background of Mia et al. (Nucl Phys B 839:187,
arXiv:0902.1540 [hep-th], 2010).

1 Introduction

The AdS/CFT correspondence or in general the gauge/gravity
duality has proved to be a very useful tool in understand-
ing the properties of super Yang-Mills theory at large 't
Hooft coupling. According to the correspondence, physics
of = 4 SU(N) SYM theory in the large N limit can be
obtained from Type IIB superstring theory on AdSs x §°
geometry, where AdSs is the five-dimensional anti-de Sitter
space and S° is the five sphere. The N' = 4 SU(N) SYM
theory is a conformal field theory which means its gauge cou-
pling does not run with the energy scale. On the other hand
QCD is non-conformal. QCD with SU(N,) gauge group,
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where N, is the number of quark colors, is an asymptoti-
cally free theory so that the gauge coupling is scale depen-
dent and vanishes logarithmically with large characteristic
momentum or with short distance. So to deal with QCD-like
theories using gauge/gravity duality we need to generalize
the AdS/CFT correspondence and incorporate a running cou-
pling in the theory. Building up on the Klebanov—Witten [8],
Klebanov—Nekrasov [9] and Klebanov—Tseytlin [10] mod-
els, a logarithmic RG flow just like QCD was obtained in
the non-conformal Klebanov—Strassler model [11] by con-
sidering M fractional D3 branes along with N D3 branes in
a conifold geometry wherein the IR geometry was modified
resulting in a deformed conifold.

So far we have not talked about the temperature at all.
In fact the AdS/CFT correspondence mentioned above is
valid at zero temperature. At finite temperature the situa-
tion is different on the gravity side of the correspondence.
On the other hand the field theory in question i.e. thermal
QCD, is an IR-confining theory at T = 0 and becomes non-
confining at 7 > Aqcp, where Aqcp is the only scale that
we have here. It possesses a phase transition from confin-
ing phase to a non-confining phase at T = T. ~ CAqcp.
where C = O(1). At sufficiently high temperature i.e. at
T > Aqcp, theinteraction strength A(T') < 1 and hence the
theory is weakly coupled. However, the thermal gauge theory
we want to understand is not in the weak coupling regime.
In particular, to explore the physics of QCD at T ~ T., we
have to take a look at the strongly coupled regime where
A =~ 1. So we cannot apply perturbative methods any more.
In lattice gauge theory using numerical simulations the equi-
librium properties of the strongly coupled hot QCD can be
explored. But interesting non-equilibrium properties such as
the hydrodynamic behavior or the real time dynamics cannot
be seen from the equilibrium correlation functions. So the
lack of non-perturbative methods to study hot QCD forces
us to look for either a different theory/model or a different
limit of a known theory/model.

At finite temperature the equilibrium or non-equilibrium
properties of the Euclidean theory are studied requiring time
tohave periodicity 8 ~ % Thus, at non-zero temperature, the
Euclidean space-time looks like a cylinder with the topology
R3 x S!. The AdS/CFT correspondence tells us that at 7 = 0
the 4d SYM theory defined on R* is dual to string theory on
5d AdS space with R* as the boundary of the same. So at
zero temperature we can think of the field theory as living
on the boundary of AdS space. However, the prime interest
is to investigate the finite temperature aspects of the dual
field theory from the physics of supergravity. Hence at finite
temperature, the space-time of the gravitational description
somehow has to be changed such that one gets a geometry of
the boundary which is equivalent to R3 x S' and not R*. In
other words one needs to find some bulk geometry which has
a boundary with the topology R3 x S!. One possible answer
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is the AdS—BH space-time with the metric, sometimes called
black-brane metric, given as ds” = a(r)(—g(r)dt> +dx>) +
b(r)dr? with Minkowskian signature. Here r is the radial
coordinate and g(r), dependent on the horizon radius ry, is a
‘black-hole function’. By construction, the time coordinate
is defined to be periodic with period 8, which is the inverse
temperature and is related to the horizon radius ry,.

Now, let us go back to the Klebanov—Strasslar model
where the temperature is turned on in the field theory side
effected by introducing a black hole in the dual geometry.
Interestingly the KS background with a black hole has the
geometry equivalent to the AdS—-BH space-time in the large
r limit. Moreover, the embedding of D7-branes in KS model
via the holomorphic Ouyang embedding [12] and finally the
M-theory uplift of the whole set up keeps the background
geometry as required, provided we consider some limiting
values of the parameters in the theory. The details, based on
[2] and [12], will be reviewed in Sect. 2.

This paper, apart from providing important evidence val-
idating the construction in [3] of a delocalized Strominger—
Yau—Zaslow (SYZ) mirror of the Type IIB holographic dual
of large N thermal QCD of [2], we believe, fills in a pair
of important gaps in the literature pertaining to a top—down
holographic study of large-N thermal QCD.

e First, all such large-N holographic models cater to the
large ’t Hooft-coupling limit while keeping the gauge
coupling vanishingly small. However, in systems such as
sQGP, it is believed that not only should the 't Hooft cou-
pling be large, but even the gauge/string coupling should
also be finite [1]. A finite gauge coupling would imply a
finite string coupling which necessitates addressing the
limit from an M-theory point of view. Also, for a realistic
thermal QCD computation, the number of colors should
be set to three. This can be realized in the IR after the end
of a Seiberg-duality cascade and in the MQGP limit of
(11). This study was initiated in [3,7] wherein a large-N
limit, referred to as the ‘MQGP limit’ (11), was defined in
which the gauge coupling was kept slightly less than unity
and hence finite. By studying some transport coefficients
in this paper, we obtain, even at the leading order in N, the
remarkable result that holographic large- N thermal QCD
at finite gauge coupling for (ouyang = (Ouyang embed-
ding parameter) ~ r;’, o <0 mimics qualitatively a D =
141 Luttinger liquid with impurities close to ¢ %-doping’ ;
for a = % one is able to reproduce the expected linear
large-T variation of DC electrical conductivity character-
istic of most strongly coupled gauge theories with five-
dimensional gravity duals with a black hole [13].

e Second, in the context of top—down holographic mod-
els of large-N thermal QCD at finite gauge coupling,
there are no previous results that we are aware of per-
taining to evaluation of the non-conformal corrections to
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hydrodynamical quantities such as the shear viscosity n
(as well as the shear-viscosity—entropy-density ratio g),
shear mode diffusion constant D and the speed of sound
vs. These non-conformal corrections at finite gauge cou-
pling, determined for the first time in this paper in the
given context, are particularly relevant in the IR and in
fact also encode the scale-dependence of aforementioned
physical quantities, and hence are extremely important to
be determined for making direct contact with SQGP. The
main non-trivial insight gained via such computations is
the realization that at NLO in N there is a partial univer-
sality in these corrections determined by Ny and M apart
from N.

The following is a section-wise description of the sets of
issues addressed and the new insights obtained in this paper.

e Section 3: Identification of sLag in a (predominantly)
resolved conifold up to LO in N Up to leading order
in N and in the UV-IR interpolating region/UV, using
the results of [6], we show that the local T2 of [3] is a
T2-invariant special Lagrangian three-cycle in a resolved
conifold. This, together with the results of [7], shows
that for a (predominantly resolved or deformed) resolved
warped deformed conifold, the local T3 of [3] in the
MQGP limit of [3], is the 7%-invariant special Lagrangian
three-cycle of [6], justifying the construction in [3] of the
delocalized SYZ Type IIA mirror of the Type IIB back-
ground of [2]. This was a crucial step missing in [3,7] in
construction of the delocalized SYZ mirror of the top—
down Type IIB holographic dual of large- N thermal QCD
of [2], at finite gauge coupling.

e Transport coefficients up to (N)LO in N We study
some transport coefficients of large- N thermal QCD lead-
ing to evaluation of various transport coefficients up to
(next-to) leading order in N. This boils down to eval-
uating various retarded Green functions, but computed
from the gravity dual as prescribed in [14]. In order to
study the transport phenomenon from the gravity picture,
we need to consider a perturbation of the given modified
OKS-BH metric — the Type IIB string dual of large-N
thermal QCD as given in [2]. In response to this pertur-
bation the BH will emit gravitational waves with a long
period of damping oscillation. The modes associated with
this kind of gravitational radiation are called quasinormal
modes. Quasinormal modes are the solutions to the lin-
earized EOMs that one gets by considering fluctuations
of gravitational background satisfying specific bound-
ary conditions both at the black-hole horizon and at the
boundary. At the horizon, the quasinormal modes satisfy
a pure incoming-wave boundary condition and at the spa-
tial infinity the perturbative field or some gauge-invariant
combinations of the fields vanishes, and that means it fol-

lows the Dirichlet boundary condition at infinity. It was
shown in [15] that the quasinormal frequency associated
with the quasinormal modes defined above in an asymp-
totically AdS space-time exactly matches with the pole
of the two-point correlation function involving operators
in the field theory dual to different metric perturbations.
Hence evaluating the quasinormal frequency w as a func-
tion of the special momentum ¢ gives the thermodynamic
and hydrodynamic behavior of the plasma.

Analogous to [11], the non-conformality in [2] is intro-
duced via M number of fractional D3-branes, the latter
appearing explicitly in B,, H3 and after construction of a
delocalized SYZ Type IIA mirror (resulting in mixing of B>
with the metric components after taking a triple T-dual of
[2]) as well as its local M-theory uplift, also in the metric.
In the context of a (local) M-theory uplift of a top—down
holographic thermal QCD dual such as that of [2] at finite
gauge coupling, to the best of our knowledge, we estimate
for the first time, the non-conformal corrections appearing at
the NLO in N to the speed of sound vy, shear mode diffusion
constant D, the shear viscosity 1 and the shear-viscosity—
entropy-density ratio g The main new insight gained by this
set of results is that the non-conformal corrections in all the
aforementioned quantities are found to display a partial uni-

versality in the sense that at the NLO in N the same are

2
always determined by (W)

, N s being the number
of flavor D7-branes. Thus, we see that the same are deter-
mined by the product of the very small ngl\bfl ’ < 1 —part of
the MQGP limit (11) — and the finite gs Ny ~ O(1) (also
part of (11)). Of course, the leading order conformal con-
tributions though at vanishing string coupling and large ’t
Hooft coupling were (in)directly known in the literature. It is
interesting to see the conformal limit of our results at finite
gs obtained by turning off of M — which encodes the non-
conformal contributions — reduced to the known conformal

results for vanishing g;.

— Section 4: (Thermal and electrical) conductivity,
Wiedemann—Franz law and D = 1 + 1 Luttinger lig-
uid at LO in N As a thermal gradient corresponding
to a gauge field fluctuation also turns on vector modes
of metric fluctuations, we consider turning on simulta-
neously gauge and vector modes of metric fluctuations,
and evaluate the thermal (x7) and electrical (o) conduc-
tivities, and the Wiedemann—Franz law (%). The new
insight gained is that, for pouyang = (Ouyang embed-
ding parameter) ~ r}, a < 0, the temperature depen-
dence of k7,0 and the consequent deviation from the
Wiedemann—Franz law all point to the remarkable simi-
larity with a D = 1 4 1 Luttinger liquid with impurities

at ‘%—doping’; for « = % one is able to reproduce the

@ Springer



618 Page 4 of 51

Eur. Phys. J. C (2016) 76:618

expected linear large-T variation of DC electrical con-
ductivity for most strongly coupled gauge theories with
five-dimensional gravity duals with a black hole [13].

— Section 5: Speed of sound For the metric fluctuations
in the sound channel the corresponding quasinormal fre-
quency is given by w = Fvgq — il"sq2 with v, defined
as the speed of sound and Iy as the damping constant of
the sound mode. Again for the sound channel the pole of
the correlations of longitudinal momentum density gives
the same dispersion relation in the conformal limit. From
the knowledge of quasinormal modes associated with the
scalar modes of metric perturbations, we have computed
the next-to-leading order correction to the speed of sound
(vy) at finite gauge coupling (part of the MQGP limit).
Up to LO in N, we calculate v using four routes:

(1) (Sect.5.1.1) the poles appearing in the common denom-
inator of the solutions to the individual scalar modes of
metric perturbations (the pure gauge solutions and the
incoming-wave solutions),

(ii) (Sect. 5.1.2) the poles appearing in the coefficient of
the asymptotic value of the time-time component of the
scalar metric perturbation in the on-shell surface action,

(iii) (Sect. 5.2.1) the dispersion relation obtained via a
Dirichlet boundary condition imposed on an appropriate
gauge-invariant combination of perturbations — using
the prescription of [5] — at the asymptotic boundary, and

(iv) (Sect. 5.2.2) the pole structure of the retarded Green
function calculated from the on-shell surface action
written out in terms of the same single gauge-invariant
function. The third approach (of solving a single second-
order differential equation for a single gauge-invariant
perturbation using the prescription of [5]) is then
extended to include the non-conformal corrections to
the metric and obtain for the first time in the context of
a top—down large- N holographic thermal QCD at finite
gauge coupling uplifted to M theory, an estimate of the
non-conformal corrections to vy up to NLO in N.

Section 6: Shear mode diffusion constant The quasi-
normal frequency for the vector modes of black-brane
metric fluctuation reads w = —iqu, where D is the
shear mode diffusion constant. This dispersion relation
also follows from the pole structure of the correlations
of transverse momentum density. From the knowledge
of quasinormal modes associated with the vector modes
of metric perturbations obtained by imposing Dirich-
let boundary condition at the asymptotic boundary, on
an appropriate gauge-invariant perturbation constructed
using the prescription of [5], we have computed for the
first time, in the context of the same top—down large-
N holographic thermal QCD at finite gauge coupling
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uplifted to M-theory, the non-conformal corrections to
the shear mode diffusion constant up to NLO in N.

— Section 7: Shear viscosity (-to-entropy density ratio)
We have also evaluated for the first time in the context
of the aforementioned M-theory uplift corresponding to
finite g, the non-conformal temperature-dependent cor-
rection at the NLO in N, to the shear viscosity 1 and
shear-viscosity—entropy-density ratio g from the two-
point energy-momentum tensor correlation function cor-
responding to the tensor mode of the metric perturbation.

The results for the NLO (in N) corrections are particularly
important as they suggest a scale dependance to the above
mentioned quantities and hence leads to a non-conformal
nature of the field theory in the IR. We have commented on
this issue also in Sect. 8.

The paper is organized as follows. First, we briefly review
the supergravity dual background of large N strongly coupled
QCD like theories. The whole discussion, for the sake of clear
understanding of the reader, is presented stepwise through
first three sections in Sect. 2. In Sect. 2.1, the Type 1 I B super-
gravity background of [2], dual to large-N thermal gauge
theory which is UV complete and closely resembles thermal
QCD, is briefly reviewed. In Sect. 2.2, the '"MQGP Limit’
of [3] and its motivation, in particular to address the proper-
ties of strongly coupled QGP medium, is briefly reviewed. In
Sect. 2.3, using the ' MQGP Limit’ we review briefly the delo-
calized SYZ Type I A mirror via three T-dualities along a
T2-invariant special lagrangian 73 fibered over a large base
in a predominantly warped resolved conifold — this serves
as a precursor to the material of Sect. 3. In the same sub-
section, we discuss its local uplift to M-theory, where in
the large » limit the space-time is given by AdSs x Mg. In
Sect. 2.4, following [14] we review the recipe to calculate
two-point correlation function with Minkowskian signature.
In Sect. 2.5, following [5] the gauge-invariant variables for
vector, scalar and tensor modes of background metric per-
turbations are discussed — this will be useful to obtain the
results of Sects. 5.3, 6, and 7. In Sect. 3, we show that in the
MQGP limit of [3], the local T3 of [3] is the T2-invariant spe-
cial Lagrangian three-cycle of a resolved conifold as given
in [6]. This, together with the result reviewed in Sect. 2.3,
shows that in the MQGP limit, the local T3 of [3] is the
T2-invariant sLag of [6] for a predominantly resolved (res-
olution > deformation) or predominantly deformed (defor-
mation > resolution), resolved warped deformed conifold.
This is important for the SYZ-mirror construction to work. In
Sect. 4, we compute the temperature dependance of thermal
(electrical) conductivity via Kubo formula at finite tempera-
ture and finite baryon density up to LO in N. The same and
deviations from the Wiedemann—Franz formula, upon com-
parison with [4], mimic remarkably a D = 1 + 1 Luttinger
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liquid with impurities. In Sect. 5, through four subsections
we present the calculation of speed of sound both at leading
order (and NLO) in N in the ‘MQGP Limit’ in four different
ways. We then show that the leading order result as obtained
from the quasinormal modes of scalar metric perturbation
is consistent with that obtained from the two-point correla-
tion function. In Sect. 6, we evaluate the NLO correction to
the shear mode diffusion constant again from the quasinor-
mal modes of the vector metric perturbations. Section 7 is
devoted to the NLO correction to the shear viscosity 1 and
shear-viscosity—entropy-density ratio ? Section 8 has a sum-
mary of the main results of the paper. The technical details
of Sects. 3—7 are relegated to eight appendices.

2 The background

In this section, via five subsections we will:

e provide a short review of the Type IIB background of [2]
which is supposed to provide a UV complete holographic
dual of large-N thermal QCD, as well as their precursors
in Sect. 2.1,

e discuss the ‘MQGP’ limit of [3] and the motivation for
considering the same in Sect. 2.2,

e briefly review issues pertaining to construction of delo-
calized S(trominger) Y (au) Z(aslow) mirror and approx-
imate supersymmetry in Sect. 2.3,

e review the recipe of [14] to evaluate Minkowskian-
signature space correlators in Sect. 2.4,

e briefly discuss the vector, tensor, and scalar modes of
metric perturbations and construction of gauge-invariant
variables in Sect. 2.5.

2.1 Type IIB dual of large-N thermal QCD

In this section, we will discuss a UV complete holographic
dual of large-N thermal QCD as given in Dasgupta—Mia et
al. [2]. As partly mentioned in Sect. 1, this was inspired
by the zero-temperature Klebanov—Witten model [8], the
non-conformal Klebanov—Tseytlin model [10], its IR com-
pletion as given in the Klebanov—Strassler model [11] and
Ouyang’s inclusion [12] of flavor in the same,! as well as the
non-zero temperature/non-extremal version of [16] (the solu-
tion, however, was not regular as the non-extremality/black-
hole function and the ten-dimensional warp factor vanished
simultaneously at the horizon radius), [17,18] (valid only at
large temperatures) of the Klebanov—Tseytlin model and [19]
(addressing the IR), in the absence of flavors.

1 See [20] for earlier attempts at studying back-reacted D3/D7 geom-
etry at zero temperature; we thank L. Zayas for bringing [19,20] to our
attention.

(a) Brane construction

In order to include fundamental quarks at non-zero tem-
perature in the context of Type IIB string theory, to the best
of our knowledge, the following model proposed in [2] is
the closest to a UV complete holographic dual of large-
N thermal QCD. The KS model (after a duality cascade)
and QCD have similar IR behavior: SU(M) gauge group
and IR confinement. However, they differ drastically in the
UV as the former yields a logarithmically divergent gauge
coupling (in the UV) — Landau pole. This necessitates a
modification of the UV sector of the KS model apart from
inclusion of non-extremality factors. With this in mind and
building up on all of the above, the Type IIB holographic
dual of [2] was constructed. The setup of [2] is summarized
below.

e From a gauge-theory perspective, the authors of [2] con-
sidered N black D3-branes placed at the tip of six-
dimensional conifold, M D5-branes wrapping the van-
ishing two-cycle and M D5-branes distributed along the
resolved two-cycle and placed at the outer boundary of
the IR-UV interpolating region/inner boundary of the UV
region.

e More specifically, the M D5 are distributed around the
antipodal point relative to the location of M D35 branes
on the blown-up S2. If the D5/D5 separation is given
by Rps /D5 then this provides the boundary common
to the outer UV-IR interpolating region and the inner
UV region. The region r > R 5 /D5 is the UV. In other
words, the radial space in [2] is divided into the IR, the
IR-UV interpolating region, and the UV. To summarize
the above:

e 1o (finite temperature), rj (finite temperature) < r <
Rps /D5" the IR/IR-UV interpolating regions with
r ~ A: deep IR where the SU(M) gauge theory con-
fines.

o> RDs/E: the UV region.

e Ny D7-branes, via Ouyang embedding, are holomorphi-
cally embedded in the UV (asymptotically AdSs x T'1-1),
the IR-UV interpolating region and dipping into the (con-
fining) IR (up to a certain minimum value of r corre-
sponding to the lightest quark) and N ¢ ‘D7-branes present
in the UV and the UV-IR interpolating (not the confin-
ing IR). This is to ensure turning off of three-form fluxes,
constancy of the axion—dilaton modulus and hence con-
formality and absence of Landau poles in the UV.

e The resultant ten-dimensional geometry hence involves
a resolved warped deformed conifold. Back-reactions
are included, e.g., in the ten-dimensional warp fac-
tor. Of course, the gravity dual, as in the Klebanov—
Strassler construct, at the end of the Seiberg-duality
cascade will have no D3-branes and the DS5-branes

@ Springer
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are smeared/dissolved over the blown-up $° and thus
replaced by fluxes in the IR.

The delocalized Strominger—Yau—Zaslow (SYZ) Type IIA
mirror of the aforementioned Type IIB background of [2] and
its M-theory uplift had been obtained in [3,7], and newer
aspects of the same will be looked into in this paper.

(b) Seiberg duality cascade, IRconfining SUM) gauge
theory at finite temperature and N, = Negr (r) + Megr (1)

1. IR confinement after a Seiberg-duality cascade Foot-
note numbered 3 shows that one effectively adds on to
the number of D3-branes in the UV and hence, one has
SU(N + M) x SU(N + M) color gauge group (implying
an asymptotic AdSs)and SU(N y) x SU(N 7) flavor gauge
group, in the UV: r > R 55 /D5 It is expected that there
will be a partial Higgsing of SU(N + M) x SU(N + M)
to SUWN + M) x SU(N) atr = RDS/B [21]. The two
gauge couplings, gsu(v+m) and gsu(y) flow logarithmi-
cally and oppositely in the IR:

1 1
4r? ( 3 + ) e ~ m;
8suw+m)  8suw)

) 1 s 1
4 3 5 e? ~ o B,. (1)
Ssuw+m)  8suw) T Js

Had it not been for f 52 Ba, in the UV, one could have set
ggU(M+N) = g%U(N) = g%, ~ & = constant (implying
conformality) which is the reason for the inclusion of M
‘D5-branes at the common boundary of the UV-IR inter-
polating and the UV regions, to annul this contribution. In
fact, the running also receives a contribution from the N ¢
flavor D7-branes which needs to be annulled via N ¢ D7-
branes. The gauge coupling gsuw+um) flows toward
strong coupling and the SU(N) gauge coupling flows

toward weak coupling. Upon application of Seiberg dual-

. Seiberg dual
1ty, SU(N + M)stmng — SU(N - (M - Nf))weak

in the IR; assuming after repeated Seiberg dualities or
a duality cascade, N decreases to 0 and there is a finite
M, one will be left with SU(M) gauge theory with N
flavors that confines in the IR — the finite temperature
version of the same is what was looked at by [2].

2. Obtaining N. = 3, and color-flavor enhancement of
length scale in the IR So, in the IR, at the end of
the duality cascade, what gets identified with the num-
ber of colors N, is M, which in the ‘MQGP limit’ to
be discussed below, can be tuned to equal 3. One can
identify N, with Neg(r) + Megr(r), where Nege(r) =

f Base of Resolved Warped Deformed Conifold Fs and Mefr =
[g3 F3 (the S° being dual to ey A (sin6d6; A dgy — By

@ Springer

sin 0 A d¢»), wherein B is an asymmetry factor defined
in [2], and ey = dy + cos 01 d¢y + cos 0, d¢,) where

@ =R ps/D3)

Fa(= Fr — =1—-¢ 7
R=ERh-tH) acMr)=1 L T R 57 a>1

[22]. The effective number Neg of D3-branes varies
between N > 1 in the UV and O in the deep IR, and
the effective number Mg of D5-branes varies between
0 in the UV and M in the deep IR (i.e., at the end of the
duality cacade in the IR). Hence, the number of colors
N, varies between M in the deep IR and a large value
[even in the MQGP limit of (11) (for a large value of
N)] in the UV. Hence, at very low energies, the number
of colors N, can be approximated by M, which in the
MQGP limit is taken to be finite and can hence be taken
to be equal to three. However, in this discussion, the low
energy or the IR is relative to the string scale. But these
energies which are much less than the string scale, can
still be much larger than 7,. Therefore, for all practical
purposes, as regards the energy scales relevant to QCD,
the number of colors can be tuned to three.

In the IR in the MQGP limit, with the inclusion of terms
higher order in g¢N 7 in the RR and NS-NS three-form
fluxes and the NLO terms in the angular part of the metric,
there occurs an IR color-flavor enhancement of the length
scale as compared to a Planckian length scale in KS for
O(1) M, thereby showing that quantum corrections will
be suppressed. Using [2]:

30, M2 3g,NT
Ner(r) = N | 14 2552t (10014 220 (108102 ) |,
27 N 27

3gsNyM

Meir(r) = M+ == logr+ 3 3 N M" fun(r),
T m>1n>1
NS G) =N+ Y Y NIM"gua(r). )
m>1n>0

it was argued in [23] that the length scale of the OKS-BH
metric in the IR will be given by

3
Loks-sn ~ VMN} (Z ZN}'-’M”fmn(A))

m>0n>0

x (ZZN}M"gzp<A>) N

>0 p>0

N} (Z > N;?M”fmnm))

m>0n>0

x (ZZN?M”WA)) Lxs E)

>0 p=>0
A:log A<

2
3gsN f
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which implies that in the IR, relative to KS, there is a
color-flavor enhancement of the length scale in the OKS-
BH metric. Hence, in the IR, even for NgR =M =3
and Ny = 6 upon inclusion of n,m > 1 terms in Mg
and N}ff in (2), Loks-BH > Lks(™ Lplnck) in the

MQGTP limit involving g < 1, implying that the stringy
corrections are suppressed and one can trust supergrav-
ity calculations. As a reminder one will generate higher
powers of M and N in the double summation in Meft
in (2), e.g., from the terms higher order in g; Ny in the
RR and NS-NS three-form fluxes that become relevant
for the aforementioned values of gg, Ny.

3. Further, the global flavor group in the UV-IR interpo-
lating and UV regions, due to presence of Ny D7 and
Ny ‘D7-branes, is SU(Ny) x SU(Ny), which is broken
in the IR to SU(Ny) as the IR has only Ny D7-branes.

Hence, the following features of the Type IIB model of
[2] make it an ideal holographic dual of thermal QCD:

e The theory, having quarks transforming in the funda-
mental representation, is UV conformal and IR confining
with the required chiral symmetry breaking in the IR and
restoration at high temperatures.

e The theory is UV complete with the gauge coupling
remaining finite in the UV (absence of Landau poles).

e The theory is not just defined for large temperatures but
for low and high temperatures.

e With the inclusion of a finite baryon chemical potential,
the theory (as will become evident in Sect. 3) provides
a lattice-compatible QCD confinement—deconfinement
temperature 7, for the right number of light quark fla-
vors and masses, and it is also thermodynamically sta-
ble; given the IR proximity of the value of the lattice-
compatible 7, after the end of the Seiberg-duality cas-
cade, the number of quark flavors approximately equals
M, which in the ‘MQGP’ limit of (11) can be tuned to
equal 3.

e In the MQGP limit (11) which requires considering a
finite gauge coupling and hence string coupling, the the-
ory was shown in [3] to be holographically renormal-
izable from an M-theory perspective with the M-theory
uplift also being thermodynamically stable.

(d) Supergravity solution onresolved warped deformed coni-
fold
The working metric is given by

1
ds? = — (—gldt2 + dxf +dxF + dx%)

7k
Vi |:g2_1dr2 T erMg]. )

gi’s are black-hole functions in modified OKS (Ouyang—
Klebanov—Strassler)-BH (Black Hole) background and are
assumed to be g1 2(r, 01,0;) = 1 — :—’2 + O g‘N—M2> where
ry, is the horizon, and the (0, 6>) dependence come from
the O (%) corrections. The h;’s are expected to receive
gsM?

corrections of (9( [21]. We assume the same to be

true of the ‘black-hole functions’ gj 2. The compact five-
dimensional metric in (4), is given as
dMZ = hy(dy 4 cos 6; dgy + cos 62 de)?

+hy(d6? + sin6; d¢?)

+hg(h3d63 + sin’6y dp3) + hs cos ¥ (d6;d6,

—sin #1sin 6,d¢1deg»)

~+hs sin ¥ (sin 61 d6d¢p; + sin 62 dO1d¢o) , 5)

(deformation parameter)2
3

r > a,hs ~ < 1 for r >

(deformation parameter) 3 , 1.e. in the UV/IR-UV interpolat-
ing region. The h;’s appearing in internal metric as well as
M, Ny are not constant and up to linear order depend on
8s, M, Ny are given as below:

1 gst 1 gst
hh=-4+0(=—/—), hh=-+0=—),
=3 + < N ) 2= 5 + < N

2
a
r

2
hy =1 +0<g“']1:1 ) hs #0, L= (4mg,N)i. (6)
One sees from (5) and (6) that one has a non-extremal
resolved warped deformed conifold involving an S%-blowup
(ashg—hy = ‘r’—j), an §° -blowup (as 5 # 0) and squashing of
an S? (as h3 is not strictly unity). The horizon (being at a finite
r = ry) is warped squashed S x $°. In the deep IR, in prin-
ciple one ends up with a warped squashed $2(a) x S3(¢), €
being the deformation parameter. Assuming €3 > a and

given thata = O (£ ) rj [21],in the IR and in the MQGP

limit, Negr(r € IR) = [L e squashed 52(@)x53e) P53 €
IR) K M = fsg(e) F3(r € IR); we have a confining SU(M)
gauge theory in the IR.

The warp factor that includes the back-reaction in the IR
is given by

L4 3¢, M2, 3g; N5 1
h = r—4|:1+—1\; logr {1+ oy <logr+§>

2

LN (sin%sin® ™
(0] SIn—Sin— N
e G R

where, in principle, Mcfr/ N;ff are not necessarily the same

2
as M/Ny; we, however, will assume that up to O (%),
they are. Proper UV behavior requires [21]
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L* Hi ,01.2, 2.2 The ‘MQGP Limit’
h=—|:1+Z—l (¢1’2. L2 1//):|, large r; Q

4 rt

i=l In [3], we had considered the following two limits:

L hij (¢1,2.01.2. %) log' r
h=— |1+ Z - ( ,y ) ) (i) weak (gs) coupling-large ’t Hooft coupling limit:

i.J: (0, J)#(0,0) g M?2
s
small r. (8) 8 K1, gNp <1,

< 1, gsM > 1,

gsN > 1 effected by : g ~ e, M~ (0(1)6)_% ,

In the IR, up to O(gsN¢) and setting h5 = 0, the three- _
n the up to O(gsNy) and setting hs e three N ~ (O(1)e) 19d7 e l.d>0 (10)

forms are as given in [2]:

30 N (the limit in the first line though not its realization in the
(a) F3 =2MA, <1 + 82s f log r) ey second line, considgred in [2]);
b4

M
(i) MQGP limit: £

1 < 1,gsN > 1, finite gy, M
A E (sin 01 dO; A d¢y — By sin 6 dOy A d¢)

effected by: g, ~ e, M~ (O(e) ¥,

3gsMNy  dr 0y .
—TAz T/\ewA cotzsm 6> dgn N ~ (O(l)e)_39d, e<l1,d>0. (11)
o .
— B cot b sin 0 dey Let us enumerate the motivation for considering the
MQGP limit which was discussed in detail in [23]. There
3gsMN f 6 ..
8—A3 sin 0 sin 6; | cot 0} do; are principally two.
b4
+ B3 cot 9_1 d92) Adpy A dg, 1. Unlike the AdS/CFT limit wherein gypy — 0, N — oo
2 such that g%MN is large, for strongly coupled thermal
B gsNy systems like sQGP, what is relevant is gy ~ O(1)
(b) H; = 6ng4M< log r and N, = 3. From the discussion in the previous para-
g Ny 0, 65\ dr graphs specially the one in point (c) of Sect. 2.1, one sees
+ . log Sln; Sln7> - that in the IR after the Seiberg-duality cascade, effec-
tively N. = M, which in the MQGP limit of (11) can be
A l<sin 0, df A dp; — By sin 6, dor A d¢2> tuned to 3. Further, in the same limit, the string coupling
2 8s < 1. The finiteness of the string coupling necessitates
3g MNy A dr d addressing the same from an M-theory perspective. This
87 s\ Nev T dey is the reason for coining the name: ‘MQGP limit’. In fact

0, 0, this is the reason why one is required to first construct a
A | cot = d6r — Bs cot — db |. 9) Type IIA mirror, which was done in [3] a la delocalized
2 2 . .
Strominger—Yau—Zaslow mirror symmetry, and then take
its M-theory uplift.

The asymmetry factors in (9) are given by 4; = 140 2. From the perspective of calculational simplification in

2 a’logr a’logr deformation parameter? . R
(f—z or Tg or g ) +0 ( ,3p ) ,Bi = supergravity, the following are examples of the same and
5 ) ) 5 constitute therefore the second set of reasons for looking
+0O (a logr or a 1(2>gr or a lggr)_i_o ((dcformatlon}pdrameter) ) at the MQGP limit of (1 1):
r re r-
As in the UV, (defomatm:}parameter) < (resomnonrgarameter) , e In the UV-IR interpolating region and the UV,
we will assume the same three-form fluxes for MQGP
hs £ 0 (Megt, Netr, NST) "~ (M, N, Ny)
5 .

L e Asymmetry Factors A;, B; (in three-form fluxes)
Further, to ensure UV conformality, it is important MQGP

to ensure that the axion—dilaton modulus approaches a
constant implying a vanishing beta function in the UV.
This was discussed in detail in Appendix B of [23],
wherein in particular, assuming an F-theory uplift involv-
ing, locally, an elliptically fibered K3, it was shown that
UV conformality and the Ouyang embedding are mutually With R s /D5 denoting the boundary common to the UV—-
consistent. IR interpolating region and the UV region, I:"lm,,, Hypw =0

1 in the UV-IR interpolating region and the
Uv.
e Simplification of ten-dimensional warp factor and
non-extremality function in MQGP limit.

@ Springer
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for r > Rpys /D5 is required to ensure conformality in the
UV. Near the 6; = 6, = 0-branch, assuming 6; 2 = 0 as
>0 and r - Ryy — 00 as € <0 lim,_, o0 Fjun = 0
and lim; _, oo Hjmy = 0 for all components except Hg,g,¢, ,5

in the MQGP limit and near the 6;» = m/0-branch,
3g2ZMN
Hy,p,9,, = 0/ gL ; < 1. So,

Nf=2,gs=0.6,M=(O(1)g;)77 .
the UV nature too is captured near the 6; » = 0-branch in

the MQGP limit. This mimics addition of D5-branes in [2]
to ensure cancellation of F3.

2.3 Approximate supersymmetry, construction of the
delocalized SYZ IIA mirror and its M-theory uplift in
the MQGP limit

A central issue to [3,7] has been the implementation of delo-
calized mirror symmetry via the Strominger—Yau—Zaslow
prescription according to which the mirror of a Calabi—
Yau can be constructed via three T-dualities along a special
Lagrangian T fibered over a large base in the Calabi—Yau.
This section is a quick review of precisely this.

To implement the quantum mirror symmetry ala S(tromin-
ger) Y(au) Z(aslow) [24], one needs a special Lagrangian
(sLag) T3 fibered over a large base (to nullify contribu-
tions from open-string disc instantons with boundaries as
non-contractible one-cycles in the sLag). Defining delocal-
ized T-duality coordinates, (¢1, ¢2, ¥) — (x,y, z) valued
in T3(x, y, z) [3]:

x = rh4szn 01)(
2= VI (r)hivy,

using the results of [6] it was shown in [7] that the following
conditions are satisfied:

i*J &0,

Sm (i *Q) ~ 0,

ré1, y=+h h4Slﬂ92 (r)g2,

12)

NRe (l*Q) ~ volume form <T3(x, v, Z)) , (13)

for the TZ-invariant sLag of [6] for a deformed coni-
fold. It will be shown in Sect. 3 that (13) is also satis-
fied for the TZ2-invariant sLag of [6] for a resolved coni-
fold, implying thus: i*‘”RC/DC ~ 0,3m (i*Q)lRC/DC ~
0, %e (i*Q)|grc/pc ~ volume form (T3 (x, y, z)). Hence,
if the resolved warped deformed conifold is predominantly
either resolved or deformed, the local T3 of (12) is the
required sLag to effect the SYZ mirror construction.

Interestingly, in the ‘delocalized limit’ [25] ¢ =
under the coordinate transformation:

sin6yd¢, cos(yr) sin(yr) sinfydg,
(d92 ) - (—smw) cos<¢>) (d@z ) (14

andy — V¥ —cos(0a)r+cos(62)pr—tan(yr)in sin H», the hs
term becomes hs [d01d6, — sinb1sinf,dd1der], ey — ey,

(V).

i.e., one introduces an isometry along v in addition to the
isometries along ¢ . This clearly is not valid globally — the
deformed conifold does not possess a third global isometry.

To enable use of SYZ-mirror duality via three T-dualities,
one also needs to ensure a large base (implying large com-
plex structures of the aforementioned two two-tori) of the
T3(x, v, z) fibration. This is effected via [26]:

dyr — dyr + f1(01) cos61d0; + f2(62) cos B,dbs,
do12 — do12 — f1,2(01,2)d61 2,

for appropriately chosen large values of f] 2(6;2). The three-
form fluxes remain invariant. The fact that one can choose
such large values of f}2(012), was justified in [3]. The
guiding principle is that one requires the metric obtained
after SYZ-mirror transformation applied to the non-Kéhler
resolved warped deformed conifold is like a non-Kihler
warped resolved conifold at least locally. Then GI ! A needs
to vanish [3]. This is shown to be true anywhere i 1n the uv
in Appendix C.

The mirror Type IIA metric after performing three T-
dualities, first along x, then along y and finally along z, uti-
lizing the results of [25] was worked out in [3]. We can get
a one-form Type IIA potential from the triple T-dual (along
x,y,z) of the Type IIB Fj 35 in [3] and using which the
following D = 11 metric was obtained in [3] (1 = FT" :

15)

2l 1A

2014
ds121 =e 3 [g”dt + gr3 (dx +dy +dz>

+ guudu2 + dS%IA(Ql,Z, 1,2, w)]

41 1A 2
+ef(dxu + AP 4 AP 4 AF5> = Black M3
M?log N
— Brane + O <|:ui| (gsM) Nf> ,
where:
3B mgN) - 3g2M> Ny log(N) log ()
Bue = 30 %) 3272N

3Bt - Dy

81t = u2(2/7gsN)
3232 3g; M Ny log(N) log (%) 41

8 20T N) 32N |

3g2M?Nylog(N) log ()
+1
322N

(16)

Further, in the UV
2/3,2
GM _GM_GM 3/rh
2z = 2/3 )
8s U (zvﬂgsN)
3g2M*Nylog(N) log (2
X(g 7 log(N) g(“)+1)

322N
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162N

202N, .
2,43 N ?sin? ¢ 2 sin (%) sin?(01) (9sin?(61) + 6 cos*(0)) + 4 cos(6)) C/gsN (1 _ 38" MN; log(W) log( )>

M
G¢1r ~

35/677/4(cos(26;) — 5)2

X <9h5 sin(0;) + 4 cos? (01) csc(Br) — 2cos(fy) cot(6r) + 6 sin? 1) csc(62)>

M ~
Gllr

4
337 Ny sin by (—8.cos 8y + 3(—5 + cos(201))) sin 0y

7 (—5 4+ cos(26y)) .

a7)

In [23], we showed explicitly the existence of a local Type
IIA SU(3) structure and a local G, structure of the M-theory
uplift around 6; ~ —+ 6, ~ —L—. Near this coordinate

N5 N 10
patch, one sees that

19
2

10g.” sin2 ¢, sin (%) N

Goir ~

5 7
2364
1 1
+0|— ) K1 fory ~ =
N3 ND(>>%
1
Giir~0 (—1) (18)
N5
Thus, in the MQGP limit, around 6; ~ —r,6, ~
N3

, the five-dimensional Ms5(t, x12,3, u) decouples from

o“"| -

T
1}‘\,46(91,% ®1,2, ¥, X10)-

As in Klebanov—Strassler construction, a single T-duality
along a direction orthogonal to the D3-brane world volume,
e.g., z of (12), yields D4 branes straddling a pair of N S5-
branes consisting of world-volume coordinates (61, x) and
(62, y). Further, T-dualizing along x and then y would yield a
Taub-NUT space from each of the two N S5-branes [27]. The
D7-branes yield D6-branes which get uplifted to Kaluza—
Klein monopoles in M-theory [28] which too involve Taub-
NUT spaces. Globally, probably the eleven-dimensional
uplift would involve a seven-fold of G»-structure, analogous
to the uplift of D5-branes wrapping a two-cycle in aresolved
warped conifold [29].

Now, in the delocalized limit of [25], in [7], e.g.,

Gy was estimated to be
Jesn om0 $21=(¢2/1) =(¥).(r)

very large. There is a two-fold reason for this. First, using
the local 73-coordinates of (12), this large flux is esti-
mated in the MQGP limit to be (gSN)% (as, using (12),
G¢1 or ¢y or Yeee (gsN)% Gy or y Or zeee where the bul-
lets denote directions other than ¢1, ¢, ¥). This in the
MQGP limit is large. The second is the following. Now,
Gy = H A (ATHFF=3HES — dxy0) [3] where ATITI+ES g
the Type ITA one-form gauge field obtained after SYZ-mirror
construction via triple T-dualities on the Type IIB F] 3 5. As

@ Springer

the S2(0;, ¢1) is a vanishing two-sphere, to obtain a finite
st ©1.61) B, —itappears in the RG equation (1) —one requires
a large By (from [2] one sees that such a large contribution
to Bj is obtained near the 8; = 6, = 0 branch). Therefore,
this too contributes to a large G4 via a large H.

Locally, the uplift (16) can hence be thought of as a
black M3-brane metric, which in the UV, can be thought
of as black M5-branes wrapping a two-cycle homolo-
gous to 115201, x10) +n25%(0a, ¢1/2) +m1S*(601, ¢12) +
m252(02,x10) for some large njo,mi2 € Z [7]. In the
large-r limit, the D = 11 space-time is a warped product
of AdSs(R!? x R-¢) and Mg (612, ¢1.2, ¥, X10),

Mg (01,2, b1,2,%, 310) «—— S (210)
!
— Ms5(01,2, 91,2, %)
! . (19)
Ba(01,62) «— [0, 1]g,
!
[07 1]92

M3(¢l~, ¢27 1/})

The D = 11 SUGRA EOMs/Bianchi identity [30] were
shown in [7] to be satisfied near the 61, = 0, w-branches
in the MQGP limit.

2.4 Recipe to find Minkowski correlators

Following [14] we briefly review the prescription to find the
thermal correlator in Minkowski signature. According to the
AdS/CFT correspondence, there exists an operator O in the
field theory side dual to a field ¢ defined in the bulk of AdS
geometry such that on the boundary of the anti-de Sitter space
¢ tends to a value ¢g which acts as a source for the operator O.
we are interested in calculating the retarded Green function
G® of the operator © in Minkowski space.

Our working background (Type IIB or its M-theory
uplift) can be expressed as the following 5d metric:

ds? = =gy (u)dt? + gux () (dx2 +dy* + dzz)

+ guu (u)du?. (20)

Here u is the radial coordinate defined as u = rj,/r so that
u = 0 is the boundary and u# = 1 is the horizon of the AdS
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space. A solution of the linearized field equation for any field
¢ (u, x) choosing g = (w, ¢, 0, 0) is given as

d4q ] )
Pl = / ey 0ola) @)

where f, (u) is normalized to 1 at the boundary and satisfies
the incoming-wave boundary condition at ¥ = 1, and ¢o(q)
is determined by

d4q . .
¢p(u=0,x)= / (2n)4e*twt+qu¢0(q)‘ (22)

If the kinetic term for ¢ (u, x) is given by %fd“xduA(u)
(349 (x, u))?, then using the equation of motion for ¢ it is
possible to reduce an on-shell action to the surface terms as

S = / %¢o(—q)f<q, 0)po(e)1 = (23)
where the function

Flg,u) = AQu) frq )0y fxq ). (24)
Finally, the retarded Green function is given by the formula
G (q) = —2F(q. )lu=0. (25)

The different retarded Green functions are defined as

GRT (q)=—i / @ xe () ([T (x), Tpo (O]},

(26)

. 2
with ([T, Tpol) ~ ﬁ and

Gp (@) =—i / d*xe TG )([1,(x), J(0)]) (27

with ([J,,(x), J,(0)]) ~ % as the energy-momentum
tensor 7}, (x) and the current J, (x) couple, respectively, to
the metric and gauge field.

2.5 Perturbations of the background and the
gauge-invariant combinations

In the background of Sect. 2 (Type I1B and its M-theory
uplift), we consider a small linear fluctuation of the black-
brane metric of (20) as

Suv = 8oy + huv. (28)

where ggv denotes the background metric. The inverse metric
is defined as (up to second order in perturbation)

ghv = g Oy _ v il v, (29)

For the evaluation of the temperature dependance of ther-
mal conductivity in Sect. 6 we consider the fluctuation gauge
field A;, also along with the metric perturbation given as

Ay =AY+ Ay, (30)

where in this case we consider the coupling of gauge field
fluctuation .4, with the background metric perturbation.

Assuming the momenta to be along the x-direction, the
metric and the gauge field fluctuations can be written as the
following Fourier decomposed form:

d4q . .
By (x, 2, u) = We_’“’“”‘”hw(q, w, u)
d4q ) ,
Ay (x, t,u) = We—’w”"”flu(q, w, u). 31)

We will work in the gauges where £,,,, and A, are both zero
for all u including u.

Based on the spin of different metric perturbations under
an SO (2) rotation in (y, z) plane, the same can be classified
into three Types as follows:

(i) Vector modes hyy, hyy # 0 or hyz, hy; # 0, with all
other /1, = 0.
(ii) Scalar modes hyy = hyy = hy; = hy # 0, hyy # 0,
with all other A, = 0.
(iii) Tensor modes hy, # 0, with all other A, = 0.

The most important step to calculate the two-point correla-
tion function as discussed in Sect. 2 is to solve the linearized
equation of motion for the field in question. In this paper the
EOMs for the scalar and vector Type metric perturbations
are all coupled to each other and hence they are not easy
to solve. However, following [5] one can construct a partic-
ular combination of different perturbations which is gauge
invariant and all the coupled EOMs can be replaced by a
single equation involving the gauge-invariant variable. This
combination, which is invariant under the diffeomorphisms
hyuv = huy — V&), is given as [5]:

Vector Type: Zy, = g Hyy + wHyy, (32)

Scalar Type: Z; = —q2(1 — u4)H,, + 2wq Hys + wszx

3 2
2 4 &xx (—4u”) w
1-— 1 — H,y,,
rard )< T ga—uh)
(33)
Tensor Type: Z; = Hy,, 34)
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where H;; = —g"hy, Hix = g%hyy, H yy = g* hyw
Hy = g* hy, Hyy = g**hyy. The two second-order differ-
ential equations corresponding to the EOMs of Z,,, Z; and Z;
are solved and the required quasinormal modes are obtained
by imposing Dirichlet boundary conditions at # = 0 [5].

3 The local T3 is a T%-invariant sLag

In [7], we had shown that the local T3 of [3] used for con-
structing a delocalized SYZ Type IIA mirror of the Type IIB
string theory construct of [2] dual to large- N thermal QCD, in
the MQGP limit of [3], is the T >-invariant special Lagrangian
(sLag) three-cycle of [6] of a deformed conifold. In this sec-
tion, we show that the same 73 is also a 7%-invariant sLag of
[6] of a resolved conifold. The two results together, hence,
show the existence of a sLag in the MQGP limit in a pre-
dominantly resolved (resolution > deformation) or deformed
(deformation > resolution) resolved warped deformed coni-
fold of [2].

From [6] we note that the following is a T >-invariant spe-
cial Lagrangian three-cycle in a resolved conifold:

K' [ 2) s Dl

— X" = +4a"—5——F— =cy,

5 (1 =1 pal+ P

K/ 2 2) 2 |)"2|2

—(v|" = |u|”) +4a" —5——— =2,

5 (1oF =1 a2+ a2

Sm (xy) = c3, (35)

wherein one uses the following complex structure for a
resolved conifold [31]:

1/4 . 0 0
= (9a r'+r ) el 2W—¢1—¢2) sin% sinE2

(9a r*4r >1/4 ePWFI1+62) (g il cos 02

2 2
- (91121’4 + r6>1/4 12 H91=02) cos b s1n9—2
2 2

1/4 . 0 0
v = (9azr4 + r6> ¢ PU=01+92) i El cos EZ (36)

[A1 : X2] being the homogeneous coordinates of the blown-

up CP! = §2%; if =X =5= —ih tan . In (35),
y? = rPK'(r?) = 24> + 4a4N_§(r2) + N3(rY),

where N(r?) = § (r4 —16a® + /8 = 3245~ 4) Deﬁning

o= \/gf, upon inversion yields r =~ ( )% (3a +p )

(3a2+p 2)
solved in Appendix A to yield (A1)-(A3), which provides
an embedding ,o = p(lp) and hence 612 = 612(Y¥). As

01,0, — 0 as 1 , — (an explicit local SU(3)-structure
N3 N 10
of the Type IIA mirror and an explicit local G,-structure of

the M-theory uplift was obtained in [23]) and in the UV-IR

and K'(r?) = . The system of equations (35) is
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interpolating region/UV: r — Ry > ry, therefore in this
domain of (1, 62, r) choose cy 7 as given in (A4). The large-
N [as given in (A5)] small-y [as given in (A6) case for an
appropriate ¥ = () determined by (A7), which is solved
to yield the expansion (A10)], is discussed in Appendix A.
Hence, using (AS) of Appendix A, the embedding of 6,
near (61 ~ —, 02 ~ —) and in the UV-IR interpolating

region/UV: r =TRo >> a, rh) is given as

b ~ 0.324pg2sin y%/3
27 c32/3 c3

0.09609°sin 1>

—— +05

a? (0.193¢3%3 py*sin Y*/3 + 0.096 pgsin /%)

26in w23
C38/3\/0'324p0 sin _

3273

0.096;2225in Y2 +05
+0(a). (37)
Similarly, using (A11) of Appendix A, yields

a? (—2.89¢3%/3 py?sin Y43 —8.25¢3%3sin 2/ +2.31 pp*sin ¥/?)

0 ~

52.49p02sin Y23 14.6969 poOsin 2
cst [ REBTV _ uSOmny’ gy
0.32p02sin 3 0.091p05sin y2
+\/ = 2/%1// - ~ v +05+0 ().  (38)
c34/? c3

As is evident from Eqgs. (AS) and (A11) of Appendix A, the
numerical factors are rather cumbersome to be retained as
such if one is interested in eventually numerically verifying
that (35) indeed satisfies (13). This is the reason why the
exact numerical factors in (A5) and (A11) of Appendix A
have been replaced by corresponding decimals to arrive at
(37) and (38). It is for the same reason that decimals also
appear in (41)—(46).
The fundamental two-form is found to be [31]

J= —g dp A (dy + cos 6 Aoy + cos 2 depn)

p* . 0% + 64>

—z sin 01 d¢1 Ado; — sin 6, d¢2 A d6;

(39)

and is closed, and the holomorphic three-form is [31]

_ p(p* +6a%)
6y p% + 9a2

— sin6p dO1 A dgp+i(dO; A dbr —sin by sinby dgy A dgbz)]

(cos v — i siny)dp A [sin 61 d0; A dehy

18 02 + 942 (cos Y — i sin 1//)[d91 AdOy A (dy
+ cos 61 dep; + cos 6 dgpr) — sin Oy sin b dp; A dgpo A dyr
—i(sin@y dOr A dgpy —sinbp dOy A depp) A dyr
—i(sin 01 cos B dp + cos 61 sinbp dOy) A depp A d¢2].
(40)
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So, writing ¢; = «a ,og, and to LO in N, d¢; =
d dy
ﬂ¢1lx_l , dop = —%ﬂ)l , dy = ﬂ‘[’di [3], one
(gsN)* —1 (gsN)4 —5- (gsN)4

N5 N 10
obtains (A13) of Appendix A. This implies

it A 0.070(31 pgﬁlﬁﬂ(bl _ 0.007p3/3¢,3¢] B 0.848y By, ) e
VESnYNT siny END N sind o
. (o.om?. P3BuBe  0.0303ByBs  0.84By B, )dz .
JgTsin:pN% sin /g5 N%\/Esin'gl// . A d)
(41)
Choosing sin? (W) = % and
0
0070‘31 0.84
Oy 3 0.03 — = 0, (42)
ie.,

/ 0.84
Oy = 6.54,/0.03 + T, (43)

one obtains

i ~ 0022754 42 p dx ~ 0, (44)
N 10

Further, the three-forms relevant to evaluation of i *2 — using
(40) — are collected in (A15). Using (43), choose for «

122 25\ 1 ( . 26
: =3 ) tag |VP02+ S ) <1, (45)

6 33 3a 3%]\] 10
i.e.,
0.304 0.006
0.016 + —— +0.006 VN + —- = < 1. (46)
o YN

Now, (46) will be satisfied by any « > 1 for a reasonably
large N but less than 1019, Hence,

i*J &~ 0;
Im(i*Q) = 0,
Re(i*Q) ~ vol (T3) , (47)

implying thus i*J|grc/pc =~ 0,3m (*Q)Igc/pc =~ 0,
NRe (i*Q)|grc/pc ~ volume form (T3(x, v, z)). Hence, if
the resolved warped deformed conifold is predominantly
either resolved (resolution > deformation) or deformed
(deformation > resolution), the local 73 of (12) is the
required sLag to effect the delocalized SYZ mirror of the
Type IIB background of [2], carried out in [7].

4 Thermal (electrical) conductivity, deviation from the
Wiedemann-Franz law and D = 1 4 1 Luttinger
liquids up to LO in N

In this section we compute the temperature dependance of
thermal (x7) and electrical (o) conductivities for a gauge
theory at finite temperature and density, and hence explore
deviation from the Wiedemann—Franz law. Remarkably, we
find that the results qualitatively mimic those ofa D = 1 4 1
Luttinger liquid with impurities.

A finite temperature in the gauge theory is effected by plac-
ing a black hole in the dual bulk gravitational background.
To get the finite density in the boundary we consider the the-
ory at non-zero chemical potential. The embedding of Ny
D7 branes in the background geometry introduces N s no of
flavor fields, all in fundamental representation of the gauge
group U(Ny). The U (1) subgroup of U(Ny) is identified
as the baryon number. Hence the D7 brane puts the bound-
ary field theory at finite baryon density or equivalently at
finite chemical potential uc. In the supergravity description
one have a U(1) gauge field A, in the world-volume of the
D7 brane, dual to the current operator j, in the boundary.
The non-zero time component A; of the gauge field has to
be turned on to get a finite baryon density < j; > in the
field theory. Here we will consider the 5d Einstein—Hilbert
action and the D7 brane DBI action together, of course after
integrating over the three angular directions of the later.

The D7 brane DBI action in the presence of a U (1) gauge
field is given as

Sp7 = Tpy [ dgge*‘l’\/— det(g + B + F) (48)

where g is the induced metric on D7 brane and F is the
gauge field strength with the only non-zero component given
by F, = \/%‘:ﬂm [23], where ® is the dilaton and c is a
constant.

Now the finite chemical potential or equivalently the finite
charge density will mix the heat (energy) current and the elec-
tric current together. According to the AdS/CFT correspon-
dence for every operator in the boundary field theory, there
is a bulk field in the dual gravity theory. The heat current is
sourced by the energy-momentum tensor 7}, in the boundary
and the corresponding field in the gravitational description is
the bulk metric g,,,. Similarly, as already mentioned, the elec-
tric current sourced by the current operator j, corresponds
to the U (1) bulk gauge field A,,. Hence for the computation
of the thermal conductivity we consider the following linear
fluctuations of both the background metric g,(LOv) and the gauge
field A

@ Springer
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where 1, and A, represents the metric and the gauge field
fluctuations, respectively. Considering the y-component of
the gauge field as the only perturbation, it can be shown
that only the (#y) and the (xy) component of the metric gets
perturbed. Assuming that the above perturbations depends
only on the radial coordinate u, time ¢, and spatial coordinate
x, they can be decomposed as the following way:

ey = g)(c(,)c)H,),(u)e_iw’Jriq", By = g)(c(,)c)ny(u)e_iw’H’”,

Ay = puye"H, (50)

Now including the above fluctuations in the DBI action, we
perform the three angular integrations on ¢1, ¢» and 6. The
integration over two of the three angular variables, namely ¢
and ¢,, gives constant factors. To perform the 6, integration,
we first expand the DBI action in (48) (taking into account
the fluctuations) up to quadratic order in fluctuating fields to
get

\/—det(g+h+B+I:‘+F)

ayH2 (u)+a3 H,y<u>¢’<u>+a4H§y<u>+as¢2<u>+a6¢’(u)2>
2a1 ’

= Va <1+
(5D

where i and F represents the fluctuations of the two fields.
The coefficients ay, az, as, a4, as, ag are given as

cot? & csc? &
a) = — (2) (2) 7‘9/2 V3+2(5,bb(2)u .
1296 (c2e2® + r9/2) yang
—2r¥) cos 6y + 14p2 +3r3 cos 20
2 HOuyang 2
X {(SM%Uyang - 4r3) cos 6 + r>(cos 26, + 3)},
122 9/2
ar — re (C ¢ +r / ) 2i(gx—tw)
2 =a 7 7 e )
(r - rh)
@ 2,20 9/2
ce cees® +r
a3 = 2a; ( 5 )ezi(q’“tw),
r2
as = ale2i(qx7tw),
N
as = 4a (8 N) {inCzeZq)

A=)
+Jr (iq2 (r;: _ r4) + iw2r4) } e2i(qx—tw),

220 9/2 4
cee® +r r .
ag = a1¥ (1 _ r_ﬁ) eZl(qX*fw)’ (52)

9

r2

where the coordinate r is related to u as u = rri Upon chang-

ing the variable from r to u to the above mentioned variables

one see that the coefficients aa, a3, as, as, ag each after the

division by a; are independent of 6, and only depends on u.

The integration of ,/aj over 6 gives some function of u, say
M(u), given by

@ Springer

rn\%/2 | 1
M(u) = A/ MOuyang (;) m. (53)

In this way reducing the dimension from eight to five the DBI
action takes the following form:

Sp7 = (L)TTL” ) / du d*x M(u)

s

5 (1 . ayH2 (u) + a3 Hyy )¢ (u) + as H2, (u) + asp? () + app' (u)? )
2a

(54)

where appj includes all the constant terms resulting after the
angular integrations; Tp7 is the tension on the D7 brane. We
will henceforth be working in a hydrodynamical approxima-
tion wherein we will approximate the plane-wave exponen-
tials by unity.

Finally taking into account the Einstein—Hilbert action
given as

SEn = aEH/dud4x\/ -85 (R —221),

where gs) is the determinant of the 5d metric, the total action
is given by Siot = Sgg + Sp7-

The Type IIB metric satisfying the above action Sy has
the form

(55)

ds® = grd” + gux(dx® + dy? +d2%) + guudu®,  (56)
where the different background metric components, in the
UV (as the gauge fluctuation will be solved for, near the UV
u = 0)and to LO in N, are given as

(— 1)
81t = 202 JTgsN’
;
8xx = 8yy = 8zz = W
N
2u’/mgs N

8uu = (l _ u4) r}% . (57)

Now from the total action defined above, we can write down
the EOMs in the hydrodynamical limit for H;,, Hyy and ¢
and they are given as follows.

H;y(u) EOM:

2 a T
1 DBI LD
acHy/—8) (Riy) - gxgxthy(w) + (—7)

s

a(u) az(u) Y
x M(u) (r(u)th(u) + 241 (0) (M)) =0; (58)
Hyy(u) EOM:
2 T
AEH+/ —&(5) (R)(Cly) - g)hgxxny(u)) + (CW;#)
as s
x M(u) (r(u)ny(u)) =0 (59)
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¢ (1) EOM:
d [ az(u) d 6(u) /
Qu <2a1< )M(”)H’y(”)> ( L0) >¢ w0
+ <a6(”)M(u)) " (u) — (“S(M)Muo) $(u) =0,
a(u) ay(u)

(60)

where Rf}g is the linear ordered perturbation of the Ricci
tensor. Now substituting the exact form of M (1) as well as all
of the six coefficients ay(u), ax(u), az(u), aq, as(u), ag(u),
the above three equations regarding H;y, Hyy and ¢ can be
rewritten as (B1)-(B4) in Appendix B, which also contains
their solutions.

As the pre-factor mu1t1ply1ng (”) from (54), the A(u)
in (24) — the coefficient of the kmetlc term of ¢ (u) _1§hat

will appear in the current—current correlator is .,
T2u &

to obtain a finite {limu_m % ¢/(u)) }, one needs ¢ (u) ~
T

21

econstant u 4 Expanding (B12) about u = 0:

(igsNm)"/® 7/4c¢u241

¢~ 0.9 =0)=

S o

333r

4cgyct r<24)ﬂ3 4cgyc! r( Ly

63rh INED)

+C1 + —20(u6). (61)
i

63rh r)

Now, in terms of a dimensionless ratio: ¥ = -5 and choosing
I
"
C to be m, and ry in units of GeV implying « < 1 [23].
Therefore,

. 7 71 ¢ 2
(0.08+0.39 i) (gsN)S wicyu? @

¢u~0;9=0) = 7 e
2
T
77 7 2
(0.0840.39 i)g8 N8 wicg)uT
7
c 2
+ —9(9(u6) ~ c‘lbe I . (62)
7
T

Analogous to Sect. 3, in (62), we use decimals. At this
point we are required to calculate some of the thermody-
namic parameters like pressure, energy density, entropy den-
sity etc. In particular, the pressure and energy density follow
from the thermodynamic relations as given by s = aT P and
€ = —P +Ts+ ucngy, where s is called the entropy density
and is given as

s = O()ri = O()n? (drgyN)¥? T3, (63)

Now the density of the Gibbs potential 2, which is equal
to the pressure with a minus sign, can be used to find the

02

Bice where .,

charge density n, using the relation n, =
the chemical potential, is given by

4
eg)s ml ()T (4)
%(277 — gsNylog |ﬂ0uyang|)4/9

Ke =

11 (27[ — 8Ny log |/Jv0uyang|)2
—m2h 2, 2.2
9 dic-gs
11
_ i 36mkgsrnl (5) -‘rO(K%),
r (5) (27 — gs Ny log | 1ouyang|)
(64)
from which we get
8\ e W
-0 (ot .
> (27t —gsNylog |/¢L0uyang|)4/5 2 10 VN
(65)

Substituting the above result for 7" in the expression for Gibbs
potential and differentiating w.r.t. ;uc we get for the charge
density

z 6 -2
6 )
g =13 3 655 |
5 5 \/ﬁ(zn_gstlog|MOuyang|) /

>

(66)
Hence,
13
. (e + P)2(T _ <€ + P>2 vV |H0uyang|r !
ngT ng 2Tu'?
S DN (1)
X lim —3Jm
w—0 w d)(u) u=0
;
9 gl C?

7V |M0uyang|
200[ N47T4 (271 - gng log |M0uydng|) T2

TI8 NT/8,3/4 ¢ <I>
13/4 0.39 N
X (Trr\/47rgsN> limo( D85
w—>

67
(Tr/Amg,N)'" (D

which for cg’ ~ i3 implies
N 4
— (0.39) 2V, |M0uydng (gsN)
24 T4n8
3
9 x 0.39 [1Ouyang |85 C*
200 x 23/4 \/ﬁﬂ% T% (27[ —gsNy log |,bLOuyan,g|)2 ’

. KT
Wiedemann-Franz law: por

KT =

3
_ 9 g5 c?
200\/5 N%T[% (27T — gsNylog |/L0uyang|)2 T2

(63)

o
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(a) Assuming the Ouyang embedding parameter to depend
on the temperature via the horizon radius as |4ouyang| ~
rf;, o < 0. Then the temperature dependence of o, k7
and the temperature dependences of the Wiedemann—
Franz law in (68), upon comparison with Table 2 of [4],
qualitatively mimic a D = 1 + 1 Luttinger liquid with
impurities/doping (close to ‘3-filling’) in the following
sense.

With

e v;,K;,i = c(harge), s(pin) being the parame-
ters appearing in the Luttinger liquid Hamiltonian
as ) i_. Vi [Ki (0:6)% + KL, (3x¢i)2] wherein the
spin (s) and charge (c¢) densities are ¢ . and their
canonically conjugate fields are 9,6;,

e ng; = 0, 1 for even and odd n., respectively, where
ncs along with g, a appear in the Umklapp scattering

Hamiltonian(hgwf (el‘\/i(ﬂc(bc'ﬂhfpx)—iAkx+h.C.>’

e D as a parameter appearing in the two-point cor-
relation function of the impurity field n(x) via
(n(x)n(x")y = D&(x — x') with n(x) appearing
in the back-scattering Hamiltonian due to disorder

L [dxn(x) [eiﬁd’f cos («/5@) + h.C.],

the authors of [4] define the following dimensionless
_ Impurity scattering rate __ Da*'¢3 % _
— Umklapp scattering rate gz(ﬂ)y [

ve

parameters: D

2 where § = %25y = (02— DK+ (n2 — DK, — 1

DY

and the dimensionless temperature: 7 = T—j; where
1

2n¢e—3 ~
Tp = % (La . One then notes that, for § =
a gz

do dir 4(75) .
10,20 and for T > Tp, ar ar —ar- < 0, which

is also reflected in (68). In o’ = 1-units [T] = [C%],

where [...] denotes that canonical dimension. To ensure

a constant finite value of 7L for small temperatures

as per [4], we assume, in the MQGP limit, for 7 that

% < 1,1e, T ~ C%e“T>O,O < € < 1, and
9

C
N ~ Bnye %, so that if 0 < Q‘YTT_WTN < 1

3
gdc? ~
39 >
N3T2(2m—gsNylog )

- #0.

then lim7_¢ <;—(TT ~

[

8

_San | Yar

Yoy SN
e~ 4 T2 <2nfng,-{aTN+ar}loge+gg4f

log(Byss))

(b) For « (figuring in |f4ouyang| ~ 1 )> 0, interestingly for
the specific choice of @ = % one reproduces the large-T
@sT > C5 =m,=T60MeV ([23]) > T, = 175 MeV,
is considered large) linear behavior of DC electrical con-
ductivity o ~ T characteristic of most strongly coupled
gauge theories with a five-dimensional gravity dualwith
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a black hole [13]. As C—z is dimensionless, this yields
T2

. . 5
dimensionally k7 ~ (temperature)?, though k7 ~ T2
in the aforementioned large-7 limit.

5 Scalar metric perturbation modes and speed of sound
in MQGP limit

In this section, by considering scalar modes of metric pertur-
bations, we will evaluate the speed of sound, first up to lead-
ing order in N four ways: (i) (Sect. 5.1.1) the poles appearing
in the common denominator of the solutions to the individual
scalar modes of metric perturbations (the pure gauge solu-
tions and the incoming-wave solutions); (ii) (Sect. 5.1.2) the
poles appearing in the coefficient of the asymptotic value of
the square of the time-time component of the scalar metric
perturbation in the on-shell surface action; (iii) (Sect. 5.2.1)
the dispersion relation obtained via a Dirichlet boundary con-
dition imposed on an appropriate single gauge-invariant met-
ric perturbation — using the prescription of [5] — at the asymp-
totic boundary; (iv) (Sect. 5.2.2) the poles appearing in the
coefficient of the asymptotic value of the square of the time-
time component of the scalar metric perturbation in the on-
shell surface action written out in terms of the same single
gauge-invariant metric perturbation.

The third approach is then extended to include the non-
conformal corrections to the metric and obtain an estimate
of the corrections to v up to NLO in N.

Having reduced the D = 11 metric as given in (16) to
Ms(R"3, 1), up to leading order in N and considering the
non-zero scalar modes of metric perturbations defined in
Sect. 2.4, we get a set of seven differential equations from
the Einstein equation. Defining the dimensionless energy and
momentum,

w

q
) 9
T q3 (69)

w3 = )
nT

the set of seven equations are given as
" 1 6 / " 1 2 /
Hi+-(-=+5|H,+H +-(-=+41)H =0,
u 8 u 8

" 2 3 / 1 2 /
Hiy+—(-——+1)H;+ -\ ——+1]H
u 8 u 8

43

2
w w
~ B+ B 4282
g g

?th = Ov
3 2 2 93

w32 (1 + _> w-%y,
u u g g

2

w 4q2 2w3q3
+ g_;HS - ?3Hyy + ?sz =0,
H/ H! 1 4
H/,/ _ 2 N + _ _ +1 H/
y u u u g yy
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1
+ 23 (03— ead) 1, =0
3 2
H// . —H 4 q3w3 Hyy -0,
8

( gH/, +2u Hn) —2g3gHy, + w3Hy, =0,

w3 (gH; 4 2u3Hs> 1 g3 (gH;t + 4u3HX,) —0,  (70)

&P u &PulL?
where we define H;;, = | & = hyt, Hex = “r—z
h

h

g2/3u2L2
hyx, Hyy = Hyz = [ 22 pp hyy,and Hy = Hyy +2Hyy.

The above system of equations can be reduced to the follow-
ing linearly independent set of four equations:

_ 3a)§ - 2q32u4
)
2u (qgt (1 — u4)2 — a)% (—2u6 + 6u® + a)%))

a3 (u* =3) (1 =)’
I BT
g5 (1 —u*)” (ut = 3)
N 2uw3 (q32 (u4 — 1) + 2ub — 6u® — w32)
g3 (1 —u?)” (ut = 3)
u (q32 (u4 — 1) +2u® — 6u® — w%) H
(u* =3) (u* - 1) "
q3* (u* - 3) + 303
235 (=3 "
ua)% (q32 (u4 - 1) —2u® + 6u” + a)%)
a3 (1 = ut)” (ut = 3)

2ub 4 6u? + w
o
uws3 (—2u6 + 6u? + w%)

q3 (1 — u4)2 (u* —3)

(
u (q32 (u4 - 1) + 2u® — 6u? —w%

H Jé H, t/t

+ Hyy

Xt

_|_

/ —_
H)’)‘ -

yy

2
ua)3

2q32

+

Xt

+ )Htta

3 (u4 — 1) w3
g3 (u* - 3)
2uws (q32 (u4 — 1) —2ub + 6u? + a)%) "
g3 (u* = 3) (u* — 1) Y
uws (—2u6 + 6u? + a)%)
g3 (u* = 3) (u* — 1) o
2u (Zu6 — 6u? — w%) ;
Hy — —/—
(u* =3) (u* —1) u* -3

r_ /
th - Htt

o — ud +2u*+9 ,_2(q32(u4+1)+2w§) -
Ty (u* =3) (u* —1) " (u* =3) (w* - 1) Y
20)% 4q3w3
— H., — H
(u* =3) (u* - 1) o (u* =3) (u* —1) Xt
2q2
—u4_33Hn. (71)

To solve the system of equations (71) we look for the behavior
of the solution near # = 1. Hence for the time being we
reconsider Eq. (70) and write them as the following system
of six first-order differential equations:

H/ ! P
= — Iyt
1t g
W= g g p
yy — 2g 1t g 1t 2q3g xt

2u’ 4
Hs/ = _LHS - 37 th 13 th

8 w3g 3
H)Lt - th

3 2q3w3
Py = =Py — Hy,y
8

2u* - 2) gt +1)

P;tz_ _Ptt+q Hy ———— Py
uw3
2u? + 2u® + w? 2
i e | (HS + ﬂm,) . (72)
8 w3

In matrix form the above equation can be written as
X' =AwX (73)

where A is a 6 x 6 matrix singular for all values of u.
Equation (73) can be solved by substituting the ansatz X =
(1—u)" F () into the same, where the exponent r can be eval-
uated from the eigenvalues of the matrix (1 — u)A(u) near
u = 1. They are given by r; = rp = 0,r3 = —1/2,r4 =
iw3/4,rs = —iwz/4 and r¢ = 1/2. Two of the eigenvalues,
namely r = Fiw3/4, represent the incoming/outgoing wave.

5.1 The longer route up to leading order in N: via solutions
of EOMs

In this section, we describe the evaluation of vy, first from
the solutions to the EOMs for the scalar metric perturba-
tion modes and then putting the same result on a firmer
footing, from a two-point correlation function of the energy-
momentum tensor: {TpoTpo). We limit ourselves, in this sec-
tion, to the leading order in N.

5.1.1 From the pole structure of solutions to Hgp(u)
Based on [32], we give below a discussion of three gauge

transformations that preserve h,, = 0, for the black M3-
brane metric (16) having integrated out the M¢ in the (asymp-
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totic) AdSs x Mg in the MQGP limit of [3]. This is then
utilized to obtain solutions to the scalar metric perturbation
modes’ equations of motion (70) near # = 0 and thereafter
the speed of sound. We verify the result for the speed of
sound by also calculating the same from a two-point energy-
momentum correlation function.

Demanding that the infinitesimal diffeomorphism x* —
xHEX, gy = g — V(&) preserves the gauge condition
hyy = 0 implies imposing [32]

0ubuy — ZFﬁuép =0, (74)

wherein T}, is calculated w.r.t. g, = g,(LOV) + hy. There are

three residual gauge transformations under which the sys-
tem of differential equations (70) remains invariant. They
are given in (E2), (E4), and (E5). Choosing Cy, Cx

2

s 3
(Cu, Ciﬁ“) ‘%2 = 1, the non-zero pure gauge solutions gauge
equivalent to H,p, = 0 (Hyp = 0,&, = 0), near u = 0, are
given by

HD(0) = —2¢5, HID(0) = 2;
HY"(0) = 203;
HY0) = w3, HI(0) = gs. (75)

Writing H ;‘;}C (u) as the incoming solution to the differ-
ential equations, the general solution can be written in the
following form:

Hap()=aH'} @) +bHS" ) +cHS'" () +d H (u).
(76)

To determine H ;,;C (1), we Solve (70) near the horizon u = 1
(this enables solving the fourth, fifth and sixth equations of
(70) independent of the first, second, third and seventh equa-
tions), where we have already shown that the same is aregular
singular point with exponent of the indicial equation corre-
sponding to the incoming solution given by — i%, implying
that H™(u) = (1 — 1)~ ¥ Hap(u). Making double per-
turbative ansatze: Hap(u) = Y oo o Y0 0 H™ (u) gt ol
one obtains near u = 0 the solutions given in (E12).

Upon using H;;(0) = H,(O), H.0) = H;?), H;(0) =
HS(O) and solving for a, b, c, and d, the following is the com-
mon denominator:

2,0
Q3. 3) = 0G0 + a3 + €202 + a0

j 2
+ (—l— + cihb —C(l’l)e3) q3w3

w3

4 2yy 9 lyy

0,2 02 | I <1
+ (nyy) +C9Y + Zz;y;) w3, (7

(m,n) (m,n) .
where oy, Cayy ,a,b = 1,2, are constants appearing

in the solutions to Hé’;”") (1) in (E12). Now, (77) can be
solved for w3 and the solution is given in (E7) in Appendix
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(0,0)

. 0,1) .5 (0,1) .
E. Assuming ayy " < 1,3, yy| > 1(%, vy € R) :
aﬁpy’o)E;O;y) < 1; afvi.’o) = —|afvi,’0)|,consistent with the con-

straints such as (E13) and (E7) of Appendix E, implies the
roots (E8) and (E10) as given in Appendix E. In the same
Appendix, it is shown that

(00) 5~(0.1)
LYY 2 yy

w3 X gz | 1+ 5
2 (1,0)
()
a0 (52(0'”>

) V) 2
One can show that one can consistently choose ) 'Vév
Z(a”’ )

= +u,q3. (78)

-1 _ i - L

=5 1 to yield vy = 7

5.1.2 Via two-point correlation function (TooToo) using
on-shell reduction of action and LO EOM’s solutions

To put the results of Sect. 5.1.1 on a sound footing, we will
now looking at the evaluation of the two-point correlation
function (Tpo7pp) from the on-shell action having dimen-
sionally reduced M theory on M5 x Mg in the MQGP limit
to Ms, which asymptotically is AdSs.

On-shellness dictates that R© = 1—30A under the met-
ric perturbation given in (28). The pure gravitational part of
the 5d action along with the Gibbons—Hawking York sur-
face term [33] and a counter term (required to regularize the
action) is given by

1
/ du/d4xa/—g(R—2A)+/d4xq/—g3 2K+ afd“x«/—gg

0
(79)

where A is a cosmological constant term, ggu is the pull-back
metric on the boundary of AdS space and K is the extrinsic
curvature. For the given metric in this paper the cosmological

2/3
constant is A = — 6522 , also we choose a = —6% to make

the action in Eq. (79) finite. On-shell, the bilinear part of the
above action, in the limit g3 — 0, w3 — 0, reduces to the
following surface term:

1
/ d*x [Z (H}, +8HZ +2H, Hy + 4HyyHy

+4H, Hyy — szx>

l /
~5a <H3, +H\ + Hyy Hyp+ Hyy Hy + 2 Hy Hyy) }

(80)
The equations of motion imply that H,, (u = 0) = H](u =

0) = H,(u=0) = H)/,y(u = 0) = 0, and we will further
assume that

(It =0) (T o) (=0 ) e
Hg(u = 0) —Bst —Bsx Hi(u=0))"
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So, the relevant two-point correlation function involving Tog

2
will require finding out the coefficient of (H,(O)> upon sub-

stitution of (E2)—(E6) and (E12) along with the values of
a, b, ¢, d with the common denominator 2 (w3, g3) of (77).
As the generic form of this two-point function in the hydro-

dynamical limit [34]: w3 — 0,93 — O : %3 = o = constant

2
is expected to be of the form —2—, we isolate these terms

w3~ UJ2 93
and work up to leading order in Eé(;’yl). We find from (80) the

following coefficients of (HZ(O) )? coming from the H2-like
terms and H H'-like terms:

5.2 The shorter route: use of a gauge-invariant variable

In this section, we carry on the same calculation as we did
in the last section for the speed of sound up to leading order
in N via a different approach. This time following [5], we
first obtain the EOM for appropriate gauge-invariant variable
corresponding to the non-zero scalar modes of metric pertur-
bations as defined in (33) and then compute the quasinormal
modes, hence the speed of sound v; by solving that EOM in
the hydrodynamic approximation. We have also calculated
the two-point correlation function of energy-momentum ten-

)

H? terms:
iz9), (a“ (B2 + B2 = 88y) + 1283, — 1) = & (B3 + B (56By0 +2) + 1283, — 1) = 3280 (wByr — 2))
- 16 (a2 — 1)
0
(HH/)O(M )
X 3
u
u=€
i 23] By <a2<<8 + 7B = 2((r — 6By + 1) + (16 + 1) By — 128y + 72 By + 147y — 21 — 22)
- 16 (a2 — 1) ;
(HH/)O(M) 1 . 2501 2
X — | = @1 ia” Ty ( @By (16 + 1) By — (1 — 20) By + 2) — 20(2Bs1 + By — 2)
u=e€

+hu <(” — 2Dy + <—20 — 37+ nz) By — 2 + 6)) };

(HH’)O(MZ)
X J—
u3 32 (a2 — 1)

u=e

{iazz%yﬁy, (2a2<<n — 24)By + 10By,) — (r — 36)a 2By + TPy — 2)

) ((71 24y + (—10 — 247 + n2> By — 21 + 48))};

(HH/)O(M3)

X
u3

u=e

1
= ———— 1%, <5a"’ (2482 + Bu(8 = 267 = 2)By0) + By (2 — Thy0) ) — 400 By (2Bt + By — 2)

160 (a2 — 1)°

+2a* (608 + B (6157 — 8By —200) — 5 ((r — 1T + (22 = 47y +4) ) +400° By 2Bs + 7ys —2)

+a? (2/3”((38 +357) By — 60) + 7 (707 — 233) B2, + (466 — 2807) By, + 280) + 1288, (B — 2)) } (82)

From (82), we see that, for 8y, = 0, B;; = 1, the first line

2
2501 93
———- and from th
2y =070 and from the
second line in (80), there is no required contribution from
0,1,2 3
HE)CD HH)C™) S
( )u3 and ( u)g terms yield i«

in (80) yields a contribution: i«

2301 a3
25 (@3-viq3)”

sor using the above solution for the gauge-invariant variable.
Later following the same approach we compute the next-
to-leading order correction to speed of sound by using the
metric components as given in (16) corrected up to NLO
in N.
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5.2.1 From the solution of gauge-invariant variable up to
leading order in N

Going back to (71) we see that the four linearly independent
equations, using the gauge-invariant combination of pertur-
bations

Z;(u) = 2q303 Hys + 3 Hyx
+ Hy, I:‘I32 (”4 + 1) - w%] - CI32 (1 - u4) Hy, (83)
can be written as a single second-order differential equation
involving Z (u):
q32 (7ud — 8u* +9) — 3 (u* +3) w%
u(ut = 1) (¢ (u* = 3) + 303)
qg (u8 —4u +3) —|—2q§ (8u 10 —8u6—|—2u4a)§ —3w§) +3w§

(1—u*)? (g3 (u*=3)+303)
X Zs (u) =0. (84)

ZY () — Zi(u)

The above equation can be solved by considering an ansatz
Zs(u) = (1—u)" F (1) where F (u) is regular near the horizon
u = 1. We have already obtained the value of exponent r at
the end of Sect. 5 and it is given by £ ’% We choose the neg-
ative sign here as it represents an incoming wave. The eval-
uation of the function F («) can be done perturbatively using
a hydrodynamic approximation, given as w3 < 1, g3 < 1.
For an analytic solution the momentum has to be light-like,
which means w3 and g3 would be of the same order. Hence we
canrescale w3 and g3 by the same parameter A as w3 — Aw3,
g3 — rg3 and expand Eq. (84) to first order in A, where the
limit A < 1 ensure that we are working in the hydrodynamic
regime. We choose the following series expansion of F'(u)
for small frequency and momentum:

Fu) = Fo(u) + 3 F1 (1) + O3, 43, 03q3). (85)

Plugging in Eq. (85) into Eq. (84) one can get an equation
involving Fy(u) only:

u <u4 — l) <q§ <u4 — 3) +3a)§) Fy+ (q§ (—7u8 +8u* —9)
+3 (u4 + 3) wg) F{+ 16q%u" Fy = 0. (86)
A solution to the above equation is given by

cq (q32 (u4 + l) — 3w%)

17g3 — 303

2, 2
2(,4 a2\ (__ 245803 1 ( 4_ )
2 (43 (u +1) 3(;)3) < q%(u4+l)—3w§ 4 log (u !

17(]32 — 3w§

Fo(u) =

+

(87

For the regularity of Fj(«) near the horizon u = 1, we choose
the constant c3 to be equal to zero. Using this solution for
Fo(u), another equation for Fj(u) can be found from (84),

@ Springer

u <u4— 1) Hl7q§t (u4 — 3) —3q303 (u4 — 20) —9w§] F/
+ {—17q§ (7148 — 8u* + 9)+3q32a)§ <7u8 +9u* + 60)
— 9w} (u4 + 3)} F| +16u’q3 (17(132 — 3a)§) F
+16iu7 g2 <2q32 - 3w_2~,) 1 =0. (88)

A general solution is given by

cyi <2q32 - 3w§) c <q32 <u4 + 1) - 3w32)
+

Fi) = - 2 2 2 2
17g3 — 3w3 1793 — 303
242
2( 4 1\ _3,2\(__ 23395 1 (4_ )
. c3 (q3 (u +1) 3a)3) ( 2132l log (u™—1
17q32—3w% '

(89)

Again demanding the regularity of the above solution near
the horizon, we put c¢3 to zero. Also imposing a boundary
condition Fi(u = 1) = 0, we determine the constant ¢ to
be equal to icy. With this the final expression of Z;(u) is
given as

Zs(u) = i (1 —uh~t

y q32 (u4 + l) — 3w§
17g3 — 3w3

B iq32a)3 (l - u4) (90)
2 2 |-
17g35 — 3w;3

Imposing the Dirichlet boundary condition Z(z = 0) = 0
we get the quasinormal frequency,

)
q3 1q3
w3 =x———=+0. 91)
36
Using (69), we get the following dispersion relation:
)
q 1q
=+—— . 92
YEEA onr ©2)

Comparing this with the dispersion relation corresponding
to the sound wave mode,

w = +qus —ilsq° (93)

where vy is the speed of sound and Ty is the attenuation
constant, we get their exact values.

5.2.2 Via the two-point correlation function (TooToo): using
the solution of EOM involving a gauge-invariant
variable

The relevant part of the bilinear surface term of the full action
(79) as given in (80) can be rewritten in terms of the gauge-
invariant variable Z;(u) as:

. dwd
SP = l1m/ qu(wg,Q3,u)Z§,(u,q)Zs(u,—q). (94)
u—0 2
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Using the equations of motion (71) along with (80), we find
the function A(ws, g3, u) as

3
u3 (q32 (u4 -3)+ 3w%)2'

Aw3, g3, u) = 95)

For the computation of two-point function we need the solu-
tion of Eq. (84) as given in Eq. (90), where the constant ¢y is
determined by the boundary condition

Zs(u=0)= —ng% + 2H)9,q3a)3
0 2 0 2 2
+HO w3 + HY, (q3 — a)3> , (96)

where we define H,,(u = 0) = HSb' Now putting the above
expression of A(ws, g3, u) and the solution Z(u) back in
Eq. (94) one gets the two-point correlator G 4,

5252
sHY (0)sH (—k)
8 6
- q . 97)
3(q* = 3w?) (¢* —w?)

G =

Hence the pole structure of the Green function gives the cor-
rect value of the speed of sound wave, vy = % propagating
through hot plasma. The above value of the speed of sound
also matches exactly with the value that we have already got
from the solution of the hydrodynamic equations, thus pro-
viding a quantitative check of the validity of gauge/gravity
duality.

5.3 From the solution of gauge-invariant variable: going up
to NLO in N in the MQGP limit

Considering the next-to-leading order corrections in N of
the metric components as given in (16), and using the gauge-
invariant combination given in (32), (33) and (34), the Ein-
stein equation can be expressed in terms of a single equa-
tion of the form Z!'(u) = m;(u)Z](u) + I; (u) Z; (u), where
i = s(calar), v(ector), f(ensor).

In Sect. 5.3.1, we first evaluate v including the non-
conformal contribution to the M-theory metric evaluated at

a finite r and large N, i.e., log (\/407) < log N, thereby

dropping logrlog N as compared to (log N)?. Then, in
Sect. 5.3.2, we attempt a full-blown non-conformal estimate

of vy up to NLO in N by working at an r : log (\/L(?) ~
log N. It turns out, unlike the former, the horizon becomes
an irregular singular point for the latter. We set o’ to unity
throughout. Given that in both Sects. 5.3.1 and 5.3.2 we are
interested in numerics, exact numerical factors in all expres-

sions will be replaced by their decimal equivalents.

5.3.1 Dropping logrlog N as compared to (log N)?

Including the NLO terms, the EOM for the gauge-invariant
variable Z(u) — given by (33) — can be rewritten as

(u—l)zzg(u)—l-(u—l)P(u—l)Z;(u)—i—Q(u—I)ZS(u) =0,
(98)

in which P(u — 1) = Y 02 g palu — )" and Q(u — 1) =
> o qn(u — 1)" wherein, up to O (&), pn, qn are worked
out in (C2). The horizon u = 1 being a regular singular
point of (98), the Frobenius method then dictates that the
incoming-wave solution is given by

2
3g52 M2 N f log(V) (893 %032 log(V)+ (@32 +4) (1093%~27032)) ey
204872 NgZ w3 (—1)3/2 4

Zsu) = (1 —u)

x (1 + D anl— 1)'") , 99)
m=1

where aj » are given in (C4). Following [5], imposing the

Dirichlet boundary condition Z;(# = 0) = 0 and going up

to second order in powers of (# — 1) in (C3) and considering

in the hydrodynamical limit w3¢3' : m +n = 2, one obtains

243 9igs®

N

which yields a result for the speed of sound similar to, though
not identical to, (105) forn =0, 1.

To get the LO or conformal result for the speed of sound
vy = %, let us go to the fourth order in (C3). For this

purpose, up to O (%), Dn qn are worked out in (C6).

We will not quote the expressions for a3z and a4 because
they are too cumbersome. Substituting the expressions for
ai 23,4 into Zs(u) and implementing the Dirichlet boundary
condition: Z;(u = 0) = 0, in the hydrodynamical limit,
going up to (’)(a)g‘) one sees that one can write the Dirichlet
boundary condition as a quartic: aa)g1 + bwg + cw% + fwz +
g = 0 where a, b, c, d, f, g are given in (C7). One of the
four roots yields

w3 ~ 0.46¢3 — 0.31ig3, (101)
with no O (%)—corrections! The coefficient of g3 is not too
different from the conformal value of % ~ 0.58. We expect
the leading order term in the coefficient of g3 to converge
to \% Also, the coefficient of q2 term turns out to be 0%,
which is not terribly far from the conformal result of O;Ti . We
are certain that the inclusion of higher order terms in (C3)
will ensure that we get a perfect match with the conformal
result. The reason we do obtain the NLO non-conformal con-
tribution to vy is that at the very outset, we have neglected the
non-conformal log r-contributions by working at a large but
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finite r, but such that @ < 1. We will see how to obtain the
non-conformal contribution with the inclusion of the same
in Sect. 5.3.2 below.

5.3.2 Retaining logrlog N and (log N)? terms

Constructing a Z;(u) given by (33) and retaining the non-
conformal log r log N-contribution as well as (log N)? terms,
one sees one obtains (D1) as the equation of motion for Z; ().
The horizon u = 1 due to inclusion of the non-conformal
corrections to the metric, becomes an irregular singular point.
One then tries the ansatz: Z;(u) = ¢5® near u = 1 [35].
Assuming that (S’)2 > S§”(u) near u = 1 the differential
equation (D1), which could written as Z] (u) = m(u)Z; +
I(u)Zs(u), can be approximated by
(S/)2 —m@u)S (u) —1(u) ~ 0. (102)
A solution to (102) is given in (D3) in Appendix D. Taking
first the MQGP limit, integrating with respect to u, the solu-
tion (D3) will reflect the singular nature of Z(«)’s equation
of motion (D3) via

1y 15g52M2wa3210g(%)

Zow) ~ (1 —uy = PNt (), (103)
where F'(u) is regular in u and its equation of motion, around
u = 0, is given by (D5) whose solution is given in (D6). One
notes from (D6) that F(u ~ 0) = c;. This needs to be
improved upon by including the sub-leading terms in u in
F’(u) which is discussed in detail in Appendix D.

For Z;(u = 0) = 0 to obtain ® = w(q) to determine the
speed of sound, one requires F (u = 0) = 0. From (D8), this
can be effected by requiring

225g,*N 2w3? log? (N)M*+4800g,>N N yr? (43> —S5w3?) log(N)M?+139264N %1 (2¢3% —3ws3?)

Given that (D3) is an approximate solution to (102), one
expects to obtain an expression for vy from an M3-brane
uplift,? to be of the form vy &~ % + 0O (%), and (105)
is exactly of this form forn = 0, 1.

6 Vector mode perturbations and shear mode diffusion
constant up to NLO in &V in the MQGP limit

The equations of motion for the vector perturbation modes
up next-to-leading order in N, can be reduced to the follow-
ing single equation of motion in terms of a gauge-invariant
variable Z, (1) (given by (32)):

Zy () — my () Zy, (u) — Ly(u) Zy(u) =0, (107)
where my (u), [, (u) are given in (F2). The horizonu = lis a
regular singular point of (107) and the root of the index equa-
tion corresponding to the incoming-wave solution is given by

vy 3ig*M*Nyw3log?(N)
4 25672 N '

(108)

(a) Using the Frobenius method, taking the solution about
u=1tobe

_ivy | 3P MEN 3 log ()
Zy(u)y=(1—-u) * 2567 2N

x (1 + Y an(u - 1)”), (109)

n=1

128N72 (152 Ny (8432 — 11w3?) log(N)M?+896 N2 (293> —3w3?))

——neZ (104

or
J14n+17 52n+5)g>M?*N¢log N
w= f
“ 2intd 12872t 1784 102N

(105)

implying the following estimate of the speed of sound:

V14n +17 52n +5)gs>M?*N s log N
e A n /
s .
/ 51 12872y /14n + 174/84n + 102N

(106)
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by truncating the infinite series in (109) to O((u — 1)?)
one obtains in (F5) of Appendix F, values for ay, as.
The Dirichlet boundary condition Z(z = 0) = 0 in the
hydrodynamical limit retaining therefore terms only up
to O(w5'q3) : m+n = 4,reduces to aa)§ —i—bw% —}—cw% +
fw3 + g = 0 where a, b, c,d, f, g are given in (F7).
Analogous to Sect. 5.3, once again as we are interested
in numerics, exact numerical factors in all expressions
will be replaced by their decimal equivalents for most
part of this section.

2 Fora p-brane solution, to LO in N, one expects vy = ﬁ [36].
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One of the four roots of Z,(u = 0) = 0 is

0.14ig?M>*N 7 (log N)?

= —8.18i
w3 1+ N
0.002i g2 M2 N ¢ (log N)?2
+ <—0.005i - igs M Ny(log N) >q32
N
+0(g3). (110)

(b) Using the Frobenius method and going up to O((u—1)3)
in (109), one obtains in (F9) values of a3.
The Dirichlet condition Z, (# = 0) = Oreduces to awé +
ba)g +ca)§+fw3 +g = Owherea, b, c,d, f, gare given
in (F10). One of the four roots of the quartic in w3 is

0.003ig2M>Ns(log N)?\ ,
N q3

w3 = <—0.73i +

+0(g3). (111)
The leading order coefficient of q32 is not terribly far off
the correct value —ﬁ already at the third order in the
infinite series (109).

Let us look at (109) up to the fourth order. One finds in
(F12) the value of a4. In the hydrodynamical limit the
Dirichlet boundary condition Z,(# = 0) = 0 reduces to
aa)gt +bwg +ca)§ + fw3+g =0wherea, b, c,d, f, g
are given in (F13). Incredibly, one of the roots of the
quartic equation in w3 is

(c

~

4 512n2N
+O <q33> .

Hence, the leading order (in N) yields a diffusion constant
of the shear mode D = 47+T, exactly the conformal result!
Including the non-conformal corrections which appear at

NLO in N, one obtains
n ut +3
u (u4 — 1)

i 3ig?M%*N;logN (5+2log N
ws:(__Jr 8; slog N ( g ))q;

(112)

15g,>M>N s log (%)
6472 Nu

Z](u) + Z;(u) (

+Zi(u)

32
g2 (1 —1)ay? 3 (@20t —a5>+0s?) (82M2 Ny log? (1) ~28 M2Ny log (%) log (—/2T))

Fig. 1 DT, vs. % forT > T,

We conjecture that all terms in (109) at fifth order and
higher, do not contribute to the Dirichlet boundary condition
up to the required order in the hydrodynamical limit.

The variation of the shear mode diffusion constant with
temperature is showninFig. 1 for Ny =3, M = 3,g, = 0.9,
N = 100. As the lowest order conformal result we obtain
exactly ﬁ as obtained in [37], for the black-brane metric
of the form (20).

7 NLO corrections in N to  and g

Using the non-conformal Ms(R!-3, u) metric components of
(16), we now evaluate the non-conformal %-corrections
to the shear viscosity 1 by considering the EOM for the ten-
sor mode of metric fluctuations up to NLO in N, and also
estimate the same for the shear-viscosity—entropy-density
ratio 2.

The EOM for the tensor mode of metric fluctuation, using
(34), is given by

=0.

(ut = 1)?

322N (ut—1)°
(114)

1 /1 3¢ M?NslogN (54 2log N
D_ 1 3¢ rlogN (5 +2logN)y (113)
4 51272N

Realizing the horizon is a regular singular point, one makes
the following double perturbative ansatz in w3 and g3:z
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—iw3< ;_%) where fi(61) = <% f(6,) = —ay cot 6, [23]. The exact
Ziw) =1 —u) result for the temperature, assuming the resolution to be
X (Z()() (u) + w3zo1 (u) + g3z10(0) + (’)(qg" a)gl)ernZz) . larger than the deformation in the resolved warped deformed
(115) conifold in the Type IIB background of [2]* in the MQGP
limit, and utilizing the IR-valued warp factor A (r, 01, 62), is
given by
M
T 9r Gy
4| Gl GM
| 353 M2N ; log(ry) (— log N + 1210g(r) + {57 + 6 - 1og(16))
2032 /g N 641 7/2N3/2
. 3 9,32 M2N ; log(ry) ( 5 —log(N) + 12log(r) + 6 — 210g(4))
+ — - 119
“ N\ a2 gy, 128772N3/27, (119)

Using Egs. (G1)-(G6) in Appendix G,

i (1 3g52M2Nf log(N)logrh)
T3\ I T T 52N
(1 _ I/i) 1287<N

l
ZiW) = =30 2N

X <—3g52M2Nfu log N (4cz (2u2 + 3u + 6) w3
x log (2n3/2¢§r) F 15iesqsud(1 — 4log(u)))
- 6C2g52M2Nfu (2u2 + 3u + 6) w3 (log N)2

+ 128n2N[6i (C5q3u4 + 4c3g3 + 4C4a)3>

+c (2u3a)3 + 3u’ w3 + 6uws + 24i)i|>. (116)

Setting g3 = 0 one obtains (G7) wherein the O3 ws) term,
without worrying about overall numerical multiplicative con-
stants, is given by

i 3ig*M?Nylog(N)logry

- 117

4 12872N (17

Using arguments of [7], setting K]ZI = 1, the coefficient of
Yo

the kinetic term of Z;(u) near © = 0 and near 0 = —}

N3
(whereat an explicit local SU(3)-structure of the Type IIA
mirror and an explicit local Gy-structure of the M-theory
uplift was obtained in [23]) is

ry ; ap
2 3 /d@] cot” 01 sin 0 f1(61)6 <91 — —1)
8su N3
rd N,%
e (118)
85U aNO{QI
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Now, we will assume a non-zero ‘bare’ resolution param-

eter ~ « in the resolution parameter a(r;) and substitute
2 2

a = (a 4y el gl logrh) rp [21] into (119). One

can hence calculate the shear viscosity n:

2 4
n= T tim (—% tim r—h%m(zf(”))
g?aNagl 03—>0 \ 3T u—0| u3 Z:(u) ’

(120)

where Y is an overall multiplicative constant.

For the purpose of comparison of g with lattice/RHIC data
for QGP and consequently be able to express rj, in terms of
f= Tlc — 1, let us revisit our calculation of 7 as given in [23]
with the difference that unlike [23] wherein we had assumed
a constant dilaton profile, this time around we will take

—o_ 1 Ny

e = — - — log(r6 +a’rh
gs 81
Ny .01 . O
_ Zlog (sm? sin ?) , r< RDS/FS
o1
e = g, r > RDS/K' (121)

Hence, setting the Newtonian constant to unity, performing a
large-N expansion and then a large r 5 -expansion, one obtains
for the thermal background (r;, = 0) for which r € [rg, ra]
where rg and r, are, respectively, the IR and UV cut-offs:

Vi=—=

A
2/ dx/—ge *® (R —2A)

=r

— v—he_zq)K

r=ra

3 Refer to Appendix H for details pertaining to this assumption.
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. 3}"[\4 1
ANS/AY2m5l4g 1314 35 (ﬁn9/4gsls/4)

L (4 2log” N 4
AR og’ DS/DS —To

—gslogN |: ( R;s/Ds) (—12g; Ny log(R s 53)

+gsNy(3 + 167 log(4)) + 167)

RDrso/DSﬂ
)

- 12g5Nfro4 log (

4
— 167 (RDS/DS

1
of—).
wo(5e)

Similarly, for the black-hole background, for which r €
[7h, ra], one obtains

(122)

1 [
Vy = —-/ dx/=ge 2P (R —2A)
2 r=rj

— V—he*®K

r=ra

St o ()

2V2m5/4g 314 T 42 5/4g 13/4
1
+32ﬁn9/4 1%/4732
D5/D5

1 2, 21 4
{N5/4 [6”“ 85~ log (ﬁ) ( RDS/DS)
—3a%g, log N (6gs N (1t =R s ) 102(R s 5s)
2 2
+ (R 55 = )I:gst< 2 (87 log(@) — 9)
+ 7y (87 log(4) —3))

+ 87 (R%S/Ds—i—rhz)})—i—Sn( (R‘;S/DS

)

1
2
—4R2 e )]} +0 (m) (123)
Now, in the rA — oo-limit, realizing
4
\/ — jy Thermal — A
r=rp 4JTgSN ’
4 2.2
-3
JopBH| = A —ETA (124)
r=rp 8\/§7T3/4gs3/4N3/4

one sees that the counter term required to be added to V, — V;
(required later) is

/ B \/%(\F@fJ J; Thermal _ 2[\/ hBH)

\/Egss/zx/ﬁ
(125)
Therefore,
(V2 _ VI)UV—ﬁnite
1 1 202 log (N
32\/_7'[9/4 13/4’R2 NS5/4 785" log”(N)

4 452
x [—3(1 (Rns/ns — ) — 20" R2 e
+ 2RD5/D56:| — 8 log(N) |:_6gst log(RDs/ﬁs)

4 4 4152 6
x <3a (RDS/DS — )+2r0 R2, 55 — 2R s 3 )

—27a® gYNfRDS/DS + 24na2gSNfRD5/D—5 log(4)
+ 1842 gANfRDS/DSrh + 9a? gstrh
—24ma?® gSNfrh log(4) + 2471a27€4DS/D5 — 247m2rh4
+3g;Nfro RDS/DS
_ 12g;Nfro RDS/DS log (R ro)
D5/D5
+16m g Npro Ry 5slog(4) = 38N R ps 5°
— 16785 N (R s p5° log(4) + 16w R, 7=
—16nRD5/D56i|
87 (30 (Rby s =) = 2R ) ||

+0 <L2) . (126)
A

Now assuming R ;)5 /D5 = V/3a (to be justified via a finite

temperature 0™ glueball mass calculation via the WKB

quantization method in [40]), and setting Ny = 3, M =

3,85 = 0.9, N = 100 one sees that (Vo — V)UV—finite —

for the IR cut-off ro given by

4
NCrE|
ro = (%) . o~ 0.3. (127)

Given that one is working up to LO in N in Vo, — Vj in
(126), we will keep the LO terms in N in Eq. (H4) for the

temperature for a resolved conifold. Defining 7 = % —1,we
thus obtain '
I ( v4 9ot +1 )
2 7
=N V2 ) (128)

12

@ Springer



618 Page 26 of 51

Eur. Phys. J. C (2016) 76:618

L = (4ngsN )%. Now, as we will show in [40], the lightest
0" scalar glueball mass is given by

4ro

Mglueball ~ — -

72 (129)

Now, lattice calculations for 07+ scalar glueball masses at
zero temperature (zero temperature being relevant as the IR
cut-off is required at zero temperature whereas r;, provides
the same for the black-hole background) [41], allow after
inclusion of errors the lightest mass to be around 1, 600MeV.
From (129), replacmg 2 by mg]“e‘“" we obtain

Mglueball (1 + 3« )
4
 (57)

As the expressions in the following will become very cum-
bersome to deal with and to Type, specially for the purpose
of comparison with RHIC QGP data, we will henceforth
deal only with numerical expressions setting g = 0.9, N =
100,M =3, Ny =2, =0.32.

We now discuss the %-corrections to the entropy density s
by estimating the same from the D = 11 supergravity action
result of [3], and hence we work out the % corrections to
g. The UV-finite part of the D = 11 supergravity action,
given by the Gibbons—Hawking—York (GHY) surface action
Sghy from [3] (without worrying about overall multiplicative
constants) is [3]:

T, = — 189 MeV. (130)

K~h

/r:RU\/:UV cut—off 61.2~0

cot? 01 f2(65) ( 1 )
)

— - (131)
g N1 (sin2 ) + sin? 6,

1 _ 5784
S

n
S
0.104f
0.103
0.102f
0.101}
0.100f
T-Tc
n 1 n n n 1 n n n 1 n n n 1 n n n 1 n n n 1
0.2 0.4 0.6 0.8 1.0 12 T

=0.1

. N oo I'—T. > . : n
Fig. 2 I vs. 7 for T > T; assuming < |T:T(-

o UV —finite
d SGHY

and the entropy density: s = —T — Sg;{/? finite This

: aT
yields
1_ou
S
7= — 0.00051 log(rp)
X
by 1 rn
1-0.064y +0.004y2 +Z,l 1 @ (B, y)log" rﬁ%
(132)

where a,, by, ¢, are known functions of 8 and y, and there
is freedom to choose the (1) constant. We will impose
two conditions, as per RHIC QGP data, on 8 and y and the

O(1) constant: %|T=T = 0.1, and ( ) )
cally, one sees that setting (8, y) = (4 4) and consequently
rp = ePLO20174G+1) \where PL is the “ProductLog” func-
tion, and the O(1) constant equal to 5.784 fits the bill.

Hence,

> 0. Numeri-

9.18 x 1078 10g>(rp,) — 1.6 x 1073 log?(ry,) + 2.7 x 10~*log(ry) + 1.7 x 1073

—2.5x 1077 1og®(r,) + 91°igoérh)

‘°g140€['1) +3.1x10~*1og3 (r,) + 0.002 log2(r,) + 3.6 x 103 log(ry) + 0.047

(133)

(K being the extrinsic curvature and % being the determinant
of the pull-back of the D = 11 metric on to r = Ryv).
Further, assume that what appears in (131) is f1(61). Now,
unlike the scaling given in (11) used in [3], we will be using:
612 — Oasf; = "‘— 0 = 22 (N 10%) —asused in [23]

(todiscuss alocal SU(3) stmcture of the Type IIA delocalized
SYZ mirror and a local G structure of its M-theory uplift),

as well as this paper. This can be used to evaluate ng;ﬁnhe

@ Springer

The graphical variation of ? (Nf =3, M=3,g =0.9,
N =100) vs. f = TiT” is shown in the following graph
in Fig. 2, and the RHIC data plot from [42],4 is shown in
Fig. 3.

We draw a third graph in which the plots of Figs. 2 and 3
are drawn on the same graph.

4 One of us (KS) thanks R. Lacey to permit us to reproduce the graph
in Fig. 3 from Ref. [42].
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4
—@— He
—— N2
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@ RrHIC
3 | =& acp _
—V— Meson gas
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n2r
~
=
1 L
0
-1.0 -0.5 0.0 0.5 1.0
(T-T )T,
Fig. 3 Aﬂ VS. % reproduced from [42]
n
)
1.0
08|
06}
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S
?
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0.2 0.0 0.2 0.4 0.6 0.8 1.0 12 1

Fig. 4 Combined plots of Figs. 2 and 3: the graph in red is from Fig. 2
(our calculations) and the set of three points with error bars are from
Fig. 3 (RHIC QGP data from [42])

The combined plots in Fig. 4 make the comparison of
our results with those of RHIC data in [42], very clear. We
conclude the following:

T =T, = 0.1, and # > 0 — this is clear
: T
from Fig. 2.
e The numerical values, unlike [42], remain close to the
value at T = T,. In other words, unlike Fig. 3 quoted

from [42], in Fig. 4, % is found to be a much more slowly

c

- 2(1
varying function of t = T%CT‘ Also, ddgg) < 0inFig. 2

6
dr?
as shown more clearly in Fig. 4, for % € [0, 1.1] —the
range covered in [42] — permit our deviations from [42]

at least for T;T‘ € [0, 0.6].

c

and > 0inFig. 3. The error bars appearing in Fig. 3

8 Summary and new insights into (transport) properties
of large N thermal QCD at finite gauge coupling

A realistic computation pertaining to thermal QCD systems
such as sQGP, require a finite gauge coupling and not just a
large 't Hooft coupling [1], and the number of colors N, equal
to three. Such computations, missing in the literature, were
initiated in [3,7]. Further, computations quantifying the IR
non-conformality in physical quantities pertaining to large-N
thermal QCD at finite gauge coupling that appear at the NLO
in N in the corresponding holographic description in string
[2]/M-theory [3], have been missing thus far in the literature.
In this paper, at finite gauge coupling with No. = M,¢r = 3
as part of the MQGP limit (11), we have addressed a math
issue and obtained new insights into some transport proper-
ties at LO in N, and non-conformal corrections appearing
at the NLO in N in a variety of hydrodynamical quantities
crucial to characterizing thermal QCD - like systems at finite
gauge coupling such as sQGP.

In this paper we have discussed identification of the local
T3 of [3] (used for construction of the delocalized SYZ Type
IIA mirror in [3] of [2]’s Type IIB holographic dual of large-
N thermal QCD) with a special Lagrangian three-cycle, as
well as a number of different issues relevant to the trans-
port properties of large-N thermal QCD at finite gauge cou-
pling often inclusive of the non-conformal % temperature-
dependent corrections, in the context of gauge/gravity dual-
ity. For the latter set of issues, the calculations from the
gravitational description involves scalar, vector and ten-
sor modes of the asymptotically AdSs metric perturba-
tions. In particular, solving the Einstein equation involv-
ing gauge-invariant combination of different perturbations
we obtain the quasinormal frequencies. The speed of sound
follows from the quasinormal frequency corresponding to
scalar modes of metric perturbations while the diffusion
constant of the shear mode is obtained from the quasinor-
mal frequency corresponding to the vector modes of metric
perturbation.

Before summarizing our main results, we would first sum-
marize the assumptions made to arrive at the results.

1. The three-form fluxes of (9) obtained in [2] for a resolved
warped conifold, is also valid in the UV-IR interpolating
region and the UV for a resolved warped deformed coni-
fold which is predominantly (warped and) resolved. The
reason, as stated below (9), has to do with the fact that
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the corrections due to the resolution parameter a appear
as whereas those due to the deformation parameter €

appear as . In the UV-IR interpolating region, assum-

ing a, 62 < rj, and in the UV, the latter is sub-dominant
as compared to the former.

2. (a) To ensure UV conformality for r > R /D5» A8
explained in the last paragraph of Sect. 2.2, one
requires a vanishing D5-brane and D7-brane charges
in the UV. This requires that F3 and B3 vanish in the
UV which, as explained in Sect. 2, is effected by
including M ‘D5-branes which like M D5-branes,
wrap the vanishing $2, but are distributed at the
antipodal points of the resolved S relative to the
D5-branes at r = RDS/ﬁ-

This is implemented in our calculations by assuming
that r — ra(UV cut-off)— o0 as €7 near the
coordinate patch 61, = 0 effected by 0; 2 — €2
for € < 1. In the MQGP limit of (11), one can then
show that lim, _, o (F3, H3) = 0.

One can do a better job, as suggested in [22], by
working with the following ansatze for Fs:

~ 3 2M(r)cy
F3 = (aa - znrngf> 20[: r€@

3. The functions h; of (6) appearing in the resolved warped

deformed conifold metric (5) along with (4) are assumed

to receive corrections of O (%

. The D = 10 warp factor h(r, 61 2, ¢1.2), as stated in (7)

and (8), is assumed to be

L4 39, M2 3g, NI |
ho= = |14 288 effy 1 . 1 _
4 [ T T T G

gSNJefff ) .
+ log smgsmi , in the IR;

4

4 . 0
h= f_4 [1 + Z—H’ (d)l’zr’i L2 w)} . inthe UV,

i=1
(135)

where, in principle, Mcfr/ Ny °ff are not necessarily the
2
same as M /N r; we, however, assume that up to O(%),

they are. We also assume that H; (¢12,61,2,¥) =
o)
7 )-

The following provides a summary of the new results

P obtained in this paper as well as the new insights into the
X (Sin 01 doy A depy — Z ew sin 6 d6> A d¢2) physics of strongly coupled thermal QCD laboratories like
“ sQGP gained therefrom.

3gsM(r)N¢d
A %_de’”\&#/\

4rré@
e Legitimacy of the local T3 of [3] for effecting delocal-

8a
r€@

(% (%
X (cot ?2 sin 6, d¢, — cot ?1 sin 6; d¢1>
Z 3gsM(r)Nf€a

sin 60 sin 6
8mré@ ! 2

02 hg 01
x (cot ~ dor + Xa: oy COL d92> Adgy A dgn
(134)

ea(r_RDS/ﬁ)

where M(r) = 1 — T s @ > 1, and

a, =1+ % and (cy, €4, hy) are constants. Further
investigation using (134), however, will be deferred
to later work.

(b) Further, given that the number Ny of flavor D7-
branes appears in the expression of the dilaton in
(121), to ensure a constant axion—dilaton modulus in
the UV required for UV conformality, as explained
in Sect. 2, one adds an equal number of D7-branes
in the UV and the UV-IR interpolating region and
not the IR.

This is implemented in our calculations by assuming
that % = yp ensuring that
lim, 00 e ®(@12 — 0) = -

@ Springer

ized SYZ-mirror transformation In the MQGP limit,
in the UV (as well as the UV-IR interpolating) region(s):
r > rp, we have shown that the local T 3 defined in
[3] is the same as the T-invariant special Lagrangian
(sLag) three-cycle of [6] in a resolved conifold. Earlier
in [7] it was already shown that in the MQGP limit the
aforementioned T3 is also the 7'2-invariant sLag of [6]
in a deformed conifold. Together, the new insight gained
is that the local T3 defined in [3] used for constructing
the Type IIA delocalized Strominger—Yau—Zaslow (SYZ)
mirror of [2]’s Type IIB holographic dual of large- N ther-
mal QCD, in the MQGP limit, is shown to be a bona fide
special Lagrangian three-cycle necessary to construct the
required Type IIA SYZ mirror. This is valid for both,
a predominantly resolved (resolution > deformation —
this paper) or a predominantly deformed (deformation
> resolution — [7]) resolved warped deformed conifold.
Though we limited ourselves to the LO in N for this pur-
pose, but the same can also be shown to be true at the
NLO in N - the computations will become extremely
cumbersome though. This was crucial in justifying the
construction of the SYZ Type IIA mirror in [3] of the [2]’s
Type IIB holographic dual of large-N thermal QCD.
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Table 1 Summary of local

i (8sM?)(gsNy)
Expression up to O (ﬁ)

2 . .
non-nonformal O (%) S. no. Quantity
corrections to vy, D, 2

1 Vg
2 D
3 n

[dnt17 5(2n+5)gs*M* N log N

+
12872/ 14n+17 84n+l()2N’rZ €Z7U0

vy X
NI

l n=0,1

om s>
o)
1 1 SgJZMsz log N(54+2log N)

7T <Z - 51272N )

See (132) and (133)

o «7,0, Wiedemann-Franz law at LOin N and D =

1 4 1 Luttinger liquid with impurities As gauge fluc-
tuations are tied to vector modes of metric fluctuations,
by solving the coupled set of equations for both, we
obtained the temperature dependence of the thermal and
electrical conductivities as well as looked at whether
the Wiedemann—Franz law was satisfied. This revealed
a remarkable insight into the properties of large-N ther-
mal QCD at finite gauge coupling namely that the Type
IIB holographic dual of large-N thermal QCD with a
temperature-dependent Ouyang embedding parameter:
[ouyang| ~ r;’ffo, effectively qualitatively mimicked a
D = 1+ 1 Luttinger liquid with impurities/doping. It
will be extremely interesting to explore this unexpected
duality further. For « = %, one is able to reproduce the
usual linear large-temperature dependence of DC electri-
cal conductivity for most strongly coupled systems with
five-dimensional gravity duals with a black hole [13].

The non-conformal/NLO-in-N corrections to trans-
port coefficients For ease of readability and con-
venience of the reader, the main results pertaining
to obtaining the non-conformal temperature-dependent

2 .
O ( W) corrections to vy (the speed of sound),

D (shear mode diffusion constant ), n (shear viscosity)
and g (shear-viscosity—entropy-density ratio) are sum-
marized in Table 1 below.

We showed that in the spirit of gauge/gravity duality,
the leading order result of speed of sound from the
quasinormal modes can be reproduced from (a) the pole
of the common denominator that appears in the solu-
tions to the scalar modes of metric perturbations, (b)
the pole of the retarded Green function corresponding to
the energy-momentum tensor two-point correlation func-
tion (TooToo) using the on-shell surface action written
in terms of the metric perturbation modes, (c) imposing
the Dirichlet boundary condition on the solution to the
EOM of an appropriate single gauge-invariant perturba-
tion, and (d) (Topo 7o) -computation using the on-shell sur-
face action written in terms of this gauge-invariant pertur-
bation. The leading order result for the diffusion constant
of the shear mode as well as the ratio of shear-viscosity-
to-entropy-density ratio were already discussed in [7].

The non-trivial insight thus gained at LO in N into the
transport properties of holographic large- N thermal QCD
at finite gauge coupling is that the LO-in-N conformal
result for finite g; as obtained in this paper, matches
the LO-in-N conformal result for vanishing g; as is
expected/known in the literature for a p-brane for p = 3.
The non-conformal corrections in all the aforementioned
quantities, start appearing at O W\,M) N s being
the number of flavor D7-branes. Thus, at NLO in N,
the new insight gained is that there is a partial univer-
sality in the non-conformal corrections to the transport
coefficients in the sense that the same are determined by
the product of the very small % &« 1 — part of the
MQGP limit (11) — and the finite g; Ny ~ O(1) (also
part of (11)). The NLO-corrected results in this paper
reflect the non-conformality of the field theory in the IR.
As discussed in Sect. 2 that in the Klebanov—Strassler
backgroud [11] the number of D3 branes N decreases
with decreasing (the non-compact radial coordinate) r,
which according to AdS/CFT dictionary, behaves as an
energy scale. This decrease in N is due to a series of
repeated Seiberg dualities, where in the extreme IR, at
the end of this duality cascade the number of fractional
D3 branes M which is taken to be finite in the "MQGP
Limit’ gets identified with the number of colors in the the-
ory. In other words, the number of D3 branes N exhibits
a scale dependance due to the duality cascade. Hence
from the NLO-corrected expressions of the shear mode
diffusion constant and the viscosity, we conclude that
these quantities also exhibit a scale dependance through
N ; the appearance of M in the NLO-in-N corrections to

the transport coefficients appearing as (&Mz)# sig-
nals the non-conformality of the field theory in the IR.
This is because of the following reason. In the KS picture
the presence of finite number M of fractional D3 branes
makes the field theory non-conformal in the IR while in
the UV the presence of DS branes cancels the effects of
the D5-branes and restore the conformality in the UV.
Now at large r the effective number Negr of (2) is so large
that the NLO term can be neglected and we will be left
with the leading order conformal results. But in the IR
region the NLO terms have to be considered due to small
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value of Negr — this is rather nicely captured, e.g., by the
non-conformal/NLO corrections to n (see e.g. Table 1).

We compared our results for % with the QGP-related RHIC
data for T > T, in Sect. 7. Let us also make some remarks
as regard comparison of some of our results with some well-
cited bottom—up holographic QCD models like [43] (as well
as references therein) and the more recent [44] based on the
Veneziano QCD model. As regard the speed of sound, like
[43],for T > T, (which is the temperature range in which we
calculated the speed of sound in Sect. 5) the speed of sound
approaches a constant value; the difference, however, is that
the NLO non-conformal corrections in our results pushes the
value to slightly above \/Lg —our LO result and the saturation
value in [43]. Upon comparison with some of the results of
[45] which works with the finite temperature version of [44],
one sees that the authors of the same work in the limit: Ny —

00, N, —> o0 : % = fixed and g%MNC = fixed, which is

very different from the MQGP limit of (11). A similarity,
however, pertaining to the QCD phase diagram in the same
and our results of [23]is that uc (T = T¢.) (for Ny = 2) ~ 0.
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Appendix A: details of local 73 being a T2-invariant sLag
in a resolved conifold in the MQGP limit

The system of equations (35) are solved to yield (Al).

Substituting (A1) into the third equation of (35), one obtains
Loy, s 2
5 (a sin (—4 (16\/6 — 27) a“(c1 + ¢2)

+ (8\/6 — 27) 012 + 16«/5c162

+ (8[6 - 27) cf) - 9C32)

sin 1//2 (32\/6a2(c1 —cz)z(cl +c2) —4./6 (c12 _C22)2)
- 962

9
+ Ea2p4sin wz

1
— gpzsin 1//2 (8a4 — 4a2(01 + ) + c12 + 022)

64 2 2 4sin2
oosiny” o falasny ) (A2)
16 o4
This obtains
2 324 4 2%/35in y2/3 (012 + c22) 22¢32/3
r= 9¢32/3 sin y2/3
2 2 . é
a“cy sin3
Lo Lty (A3)

As 01,0, — 0 as -, - (whereat an explicit local
N5 NTO
SU(3)-structure of the Type IIA mirror and an explicit local

G-structure of the M-theory uplift was obtained in [23]) and
in the UV-IR interpolating region/UV: r — Ry, therefore in
this domain of (01, 6>, r) choose:

2

2 0
c1~ Ry 2~ —.

N5

(A4)

L6, A4a?V3a+p? (=3c1-3c2+8p%)+p (—4c1\/3a2+p2—4c2\/3a2+,02+\/6\/9a2p4+p6) +96a*\/3a2+p?

2 32a2p2\/3a%+ p2 +2v6p2\/9a2 p* + p6+96a*\/3a% + p2 ’

o, P (—461\/3(12+p2+4cz\/3a2+,02+\/6\/9a2p4+p6)—12a2\/3a2+,02(c1 —c2)
2 2v/602y/9a2 p* + p® .

(AD)
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Hence, making a large-N expansion:

cos? (73

2,2 4 22/3 pg*sin y2/3
4( 3a=+ 9c32/3 sinl/fz/3

23/2¢52/3 ) \/ 196836 c32sin 2454 22/3¢34/3 pysin Y83 (16 py*—81a*)—243 3/2¢38/3sin Y43 (81a4—16pg* JH5832¢34+128 pp 1 2sin v

c32siny?

1
X {9\/§<W [2 (—27&2632/38in w2/3 + 18\3/5()34/3 =+ 4 22/3p04Sil’1 w4/3>
32/3

c32sin 2

[I\/l%sm c32sin Y2 454 22/3¢34/3 pyAsin 873 (16po* —81a*) —2435/2¢38/3sin yr*/3 (81a* — 16p9*) +5832¢3* + 128 pg ' 2sin y*

23 2p04sin P23 9¢32/3 23 2pp*sin 23 9¢32/3 1
1@92/3, 2 : 40232, 2 =
18 2°/° py \/ TR +sin1[f2/3 42°7%a” py” x pTE +sin1/12/3) +O<N%). (AS)
Making subsequently a small-ir expansion: Similarly,
5 0.003sin ¥2 (320 — 405a*py?)
cos“ br = 5
c3 .
3\/6_ 16 2 4/3 4 2,2
0.386a2po2sin 43 0.324po2sin 2/ o0y = L 4 ( ) a*sin " (4a” - ')
— — 2 12 22/3¢34/3
e 323 3
X sin ¢%/3 (4a2 - poz)
2 6 . 9
a sin3 5/6 2/3
L0540 LRty (A6) 2/633es
el sin 2 (4a®—po?) (3 (576—391%) a4+32%p04)
864c32
For (A6) to be a valid embedding near 6; = 1 ,0 = . 130 +O (siny 7). (A11)

(whereat an explicit local SU(3)-structure of the Type IIA
mirror and an explicit local Ga-structure of the M-theory
uplift was obtained in [23]) in the UV, ¢ is near () deter-
mined by

a*(—0.386 — 0.82a* + 0.216p7)&>

0.5—-0.32% + I
Po
1.148q*
+ 1 0.091 — 7] =1 (A7)
€30
where § = m . This is solved to yield
3
a3

£ =2.416 — 0.993(apo)> + 0.304(apo)* — 0.034(ap)®

+0 ((ap0)*). (A8)
One sees that (A8) can be satisfied by requiring
£~19; a’p5~0.8, (A9)
implying:
sin(y) ~ = 9263, a~2? (A10)
Po 0

From (A3), (A6), and (A11):

4 5
23 23 2+ 2
pdp~ | ————+ “ zcz) sint | dys;
3sin3 ¢ 33¢;
— sin 261d6;

2 2

—25in6dg; ~ —5%

264/3sin3 yre3

4a2(16 - 3«/’);00 sin3 ¥
362363

1
2% 2
= o2 aw:
32 sinyr sin Y0

642 % 1
—— 3¢y sin3 Y
oo

2

dyr

2
[
)

— sin26,d6r, ~ —2sin 6,d6, ~

1
1.56p] sin3 yra®
- |

3c;
a2

0.64
-2 @
(3 sin v +

(A12)
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. . o2 — _Podx — _Pndy 3 . . .
So, writing ¢| = ac, py, dp) = (gSN)i %d¢2 = (gsN)% %’ —%(cos Y —isiny)sin0;dg; A sin6ydgsy A dyr
Byd NS N 10
dyy = 255 3 cos
v (&N ~ 20 wﬂwfmﬂ@ dx Ady Adz;
(gsN)#
P
—dp A cos6;dg 3
3 —i T—S(cos Y — i sin ) (sin 01 cos 6,d6>
(0072205 0.84 N g, g, SN, ,
~ " . ’ v By Ja +sin 6, cos 61dO;) A dgpy A dg;
P 8 6
5dp A cos fadiy ~ i L0V PuboPor (o4 2
L 36(g,N)i ol 3INT
[ 0-07ag, py 0.84 By p dz Ady dr Ady Ad (A1)
~ - - 5 x dz Adx Ady.
sin w sin% 1// W b2 \/g_s y
2 0.007p2 dz Ad
P Gin0rdgy A doy ~ — 2 00TPaPuPe 4z A dx, . .
6 sin Y & Appendix B: EOMs for (vector mode) metric and gauge
2 2 2 fluctuations, and their solutions near u = 0
6 0.64
(p” + 6a )sin92d¢2Ad¢2~—%°3 40 Ay ’
sin
A) EOM for H,
_0.0303By By dz Ady Al3) ) Y
sin N/TE
2i(gx—tw) 2,20 4 (92,2 2,20 4 (92 _ @ 4 @ g4
e M/ ce +(u) ri | Hiy(u)y/c=e +(u) ce“u ¢ (u) +ce* ¢’ (u)
o\ 1/2
36, [c2e2®ut + (f) rp (u —1)
pilgx—tw) [ 10 g1 (u)r? (3H/ (u) —uH/ (u)) + L*q?uH,,(u) + L*quwH,, (1)
Lou10g,"7 h ty ry ty Xy
_ =0. B

2L%

(B) EOM for Hy,

This implies

ei(qx—th)

4 3 iqx ’l’
36L4u4g1(u) L ny(u) \//Irh g1(ue \/ p

iy (00792 03By By 000703y By, 0.84By B,
JESnyNT  sing /g NTO NT /grsing ¢

x dz Adx ; 8
: r
N 0.07a7, piBy By 0.0303By By, 0.84By By, X i 7t 18utw?e!™ ﬁ
VEsing NG SNBSS N /gsind 20204 4 (7) V Loulog
x dz A dy. (A14) -
. r .
+ 18L4qu4wH,y(u)e”w W + 18u3g1(u)rﬁe”w
Further, LouVgg
2 X (Mgl(u)ny”(M) +(g1(w) —4) ny’(”))

— i%dp(cos W — i sin ) A sin6,dé) A sin 62ddn

6 <2a‘2" - ﬁ) | i (B2)
cos 33 3a X —_— .
ey By B, By, dz A dx A dy; Loul0g"

18(gN)i a2
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(C) Fory=uandv =y

. 8
iel(qx_tw)\/ ﬁhgm“ (qgl(”)HX,y(”) + WHt/y(”))

o 2610 =0
(B3)
(D) EOM for ¢:
Cﬁri (%)11/4 c262<1>_|_(r7h)9/2 (C6e6<1>u13+3c4e4d>: 9 n 432625, 44 4 5,13 [ >e<1>+2iqx—2itw
5 5 372 Hoy
2,20, 4 4 [ S
18(c e“Put +rp \/7) <c2e2¢u5ﬁ+rh5>
NS (%)7/4 czez¢+(%)9/2 (c6e6<1>u13+3c4 40y 40 [10 4 362020,9 +rh13\/—) B2igx—2itw /
- s 3/2 th
36( 2,204 4 4 |10 )
h e 2@,45\/»4”
ﬁrh6 (u4 —1) (%)7/4 <C666<I>u13 4 3c¢*e4® 40 . 3¢262%, 94 4 13 /%1> o2i(qx—tw) )
+ . 32 ¢
2,205 4y )
36 (c e*Pud +ry M\/:) <c2e2¢u5ﬁ+rh5)
\/I_Lrh6 (%,)7/4 eZi(qx—tw)
a . 3/2
5 (2,204 4 fm o m®
_144u (c e*Put +ry \/;> <c2e2¢u5ﬁ+r,,5>
9 27 /
x 4 —8c%e0Py3 (u4 + 1) —3c*e*®y? (5144 + 11) — 6c¢%*®r%ut <u4 + 7) + (u - 17) — ¢
u u
3/4 > 2i(gx— ; 2,204 224 ( 4
mgs/mNu () me i(gx—tw) (zw ( ut +rp? /%’)—l—zq rt (ut — 1)1/%'>
+ - ¢=0
9r),® (u4 — 1)
(B4)
The H;y(u) EOM, setting g = 0 and near u = 0 is
1 rn® (uH,y" (u) — 3Hy (u
—Jﬁrhl3/4u7/4H,y(u)— h ( 1y (W) iy ( )) -0, (B5)

36 2655L7
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whose solution is given by

5/677/2 45~,11/8
422/ ¢, g 40/33 1 56/11,4/11,2 5 (_%> 17}7? (4ﬁg: L2 Y )

33rh11/8
Hiy@) = 33335/117,.2
4/2g,5/6 1712 4777y 11/8
64(—1)3/1122/11 ¢, g 40/33 1 56/11,4/11 20 (%) IL? ( 8 s u )
B 363335/117,,2

=K1+IC2M%+)/K21/£4+“- ) (B6)

where
o B 64x/§71’7/461gs41/12\/ﬁ1\77/4. 320(— 1)5/11921/2235/44 o o 205/132,5/22 \y35/44 (1_6)

K| =C1, Ky =— N . (B7)

495r,11/4 1213310/11¢y 7, S/4T (2)

The H,y, EOM near u = 0 is

8
r
187‘]3 (uny//(u) — 3ny/(u)) m + L4\/_rh13/4 7/4H (u) _ 0 (BS)
V Logs

whose solution is given by

6422/1162L56/11M4/1]rh26/]1u21—~ (%_?) g?0/33J16

I

42172 Yary 13/8u11/8&§/6
33}

H =
o 363335/11#9/11

422/10 ¢ 1,56/11 ,4/11,, 26/11,, 21 (_%> g?0/33j ;

11

4fL7/2frhl3/8 11/8 5/6
33rh

N (B9)
33335/11,9/11
Substituting (B6), the ¢ (1) EOM near u = 0 can be approximated by
) 1 rh25/4¢/(u) 4rh25/4¢/l(u)
—degern*uHyy (u)+8cgsrn® Hry (u)+167 g5i N1y u' /4 (Clz—w2> bt — g 55 =0 (B10)
or
rp /4 (cgsu9/4 (—8yk2u4 + 8k — 3k2u“/4) — 42t ug” (u) + l7rh9/4¢’(u)) + 167w gsi Nu’ (q2 — w2) o) 0. BID

ud/4

whose solution is given by
1

- 7/8
302479/167),9/4 (—w?2) /16 (#) rGrErEr(s)

) =—

X{ 7/16 13/4( 14{ 19/8 (%) 1923783 0,9/ 161y &/ 41 3/8 (_w2)23/16
n

o1 2mud\/—gsiNw? 1 15 r 53
3 32 3 24 8 24
11 4 i N 4 23/16
<1 F ( gsz mub ) {wzl“ (_) (64\8/§cgs25/16ik1Nn (_wz)
4 u 7gyzNw2 3

383
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1 (2ﬁu3\/—gxin2) - (1) - (13) - <53) " (13 37 15 gsiNnuﬁwz) /8

3,2 8) \24) \u WU ot
37 53 1 7/16 2 3 /—giNw? 1
oo () [onor (2) (L] (ur)" 1y (R a1 (]
24 24 ) \u3 § 3,2 8

8 3,2

i 3./ —2 : 3. /.2
X [21%6&9/16/(21427/8 — 24cgs9/16k2 %d\/g_m/zx/ﬁzu i 1 <2¢Eﬁﬁﬁu d )
I'n

rh2

9/8
3/ _ o3 2
T (g) u27/8 _ 112%1'7/16]\/7/167[@ (_w2>7/16 (@) Cl]rh3/2

5
rhz 8 3rh2 8

3 ; 2 3 : 2
+8\3/Ex8/3_718 u3/—gsgiNw / (Zﬁu V—gsiNw )F (E)

3/8

« <]4i9/16N9/16(_ﬂ)7/8 (_gSinz) cow? + 33/4Cgs7/16k2rh3/2u3/8 (_w2)7/16

> 8§/\'8 ond

8 u3\/—gSin21_‘ <1) ( 9 gSiNnu6w2>)>

23/16 2 3. /o iNw?
— 643y 8,25/ 161 ky NruS1/8 (_wz) 1-;( Jru/—gsiNw )

3r,2

1 29 29 15 53  ggiNmubw?
Do) T (5 ) 1P\ 50 o~ ad—
8 24 24’ 8 24 94
23/16 2 3/ —gsiNw? 1 4
—19237/8cgs9/‘6k1£/7?(—w2) 1 (Y ZgsiNwE ) LY L4
8 3rh2
37 15 53 11
x(=)r(=|r(=).~n(-=-,
24 8 24 3°8

2 giNmubw?
37 ot S B

Appendix C: Frobenius solution of EOM of gauge-invariant Z («) for scalar modes of metric fluctuations for (e’ = 1)
r:logr <log N

The Z;(u) EOM can be rewritten as

—1*Z/w) + (u— DPu— DZ,u) + Qu — ) Z(u) =0, (CDh
in which P(u — 1) = Y0 pp(u — D™ and Q(u — 1) = 300 gu(u — 1)" wherein, up to O (4):
po=1,

_ 3g:M*Ny1og(N) (2843* + 36¢3°w3* — 81ws*) 10432 + 93>
6472N (2432 — 3w32)’ 4q3? — 6as?

P1

38 M?Nylog(N) (712¢3° —94843% w3 —162¢3%w3* +40503°) N 364q3* — 420¢3% w3 + 99w3*

p ;
’ 6472N (2q32—3a)32)3 4(2q3% - 3a)32)2
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_ 3g2M*Nylog(N) ((w3%+4) (273> —10g3%) —8g3°w3* log(N)) | ws?

q0

4096772 N g32 16
1 2
g1 = . {3g3M2Nf 10g(N)<—810g(N) <4q32 - 3a)32) (2q33 - 3q3w32>
409672N g32 (26]32 — 36032)
— 96438 + 8¢5° (510)32 - 52) — 36g5%w? <9w32 + 52) — 54g3%wst <9a)32 — 28)
8g3* — 2¢3% (9w3? + 32) + Yw3*
813 (7 2 20) ,
+381ws w3~ + + 32457 — 48052
—96¢3°+52¢3* (Tw3? — 64) +¢3> (3456032 —444w3*) +171w3® 3g,>M> N log(N)
q2= 2 B . 3
64 (26]32 —3(,032) 1638472 Ng32 (26]32 — 3w32)

3
x [—8%2 log(N) <24q32 - 19a)32) <2q32 - 3a)32> + 19204310 — 16458 (1576032 — 6268)
— 96¢3%ws? (351a)32 + 1444) +216g3* w3t (559a)32 + 76) — 864¢32w3° (173w32 + 53)

1243038 (2650)32 n 308)].

The Frobenius method then dictates that the solution is given by

3¢5 2 M2N rq33% 1og(N) (8q3% w32 log(N)+ (w32 +4) (10432 —27032) ) ioy
2 2,.2)3/2 s
ZS(M) — (1 _ I/t) 20487 N(—q3 w3 ) X (

1+Zam(u—1)m>,

m=1

where

 8ig3* +2g3% (—9iw3” + 10w3 — 32i) + 92 + iw3) w3 1
8(ws + 2i) (3w3® — 2¢3?) 409672 N g32w3 (@3 + 2i)? (2932 — 3w32)”

a

x {3ig32M2Nf log(N)<(w3 n 2i)<—32q38(a)3 4 10i) — 8¢5° (27w33 — 146iw3 + 36403 — 520i)
4, 2 3 AReia2 _ AN 2 4 3 13002 200
+12g3% w3 (141a)3 486i w32 + 35603 13361) 549323 (59a)3 130i w32 + 443 2001)
4 8130 (230)33 — 18iw3® + w3 + 72i)) — 84323 1og(N)[16q36(w3+4i)—4q34w3 (15w32 + 6Oiw3—52)

1 24g5%w3° (3w32+ 12iw3— 10) —27w5’ (a)32 + din +4)D }

1
128(w3 + 2i) (w3 + 4i) (3ws? — 2¢3?)

ay= X 323% — 32g5* w3 (3ws + 8i) + 2¢3° (45w34 + 98iw3® + 624w32

1

(€2

(C3)

+32i03+3072)~303” (9w3* + 2iwy +4803 4321 ) - .
3276872 Ng32w3 (w3 + 2i)%(w3 + 4i)? (2g32 — 3w3?)

x {3gs2M2Nf log(N) [(—w3—2i) (128q310 (w32+19iw3 - 30)+256q38 <3w34— 18iws® + 33w32—76iw3+160)

—8g3° (927a)36 — 104iw3’ + 17784w3* + 11808iw3>  +70256w3% + 42368i w3 + 93440)

1 12g3% w32 (1485w36 1 128iw3° +31912w3* 4 14176iw3> + 9665632 — 68992iw3 + 262912)

— 18¢3°w3* (9450)36 — 1388iw3’ 4+ 279203 + 13664iw3°> + 5473603° — 80768iws + 171776)

1 8lws® (69w36 — 416iw3° + 3960w3* + 4128iw33 4 5520w32 + 4736i w3 + 768)> — 8¢3%w3 log(N)
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x <64q38 <a)32 4 9iws — 16) — 32¢5%w3 (9a)33 + 89iws? — 240w — 1921’) + 4g3tan <117a)35 + 1198iws?
— 3612033 — 1624iw3% — 8064ws — 9344i> — 12¢3%w3 (w3 + 4i)> (27a)33 +52iws? + 116w3 + 2961‘)

49035 (w3 + 20)? (9w33 + 46iw3 + 64w + 32i))]} . (C4)

As stated in Sect. 5.3.1, imposing Dirichlet boundary condition Z;(u = 0) = 0 and going up to second order in powers of
(u — 1) in (C3) and considering in the hydrodynamical limit w3g3' : m + n = 2 one obtains

2q3  9igs*
w3 = -2 2B (C5)
V3 32
which yields a result for the speed of sound similar to (105) forn =0, 1.
To get the LO or conformal result for the speed of sound vy = %, let us go to the fourth order in (C3). For this purpose,

up to O (%), we will need:

38,2 M? N log(N) (625638 — 9600g3°w3* — 4104g3*w3* + 12960g3% w3 — 5589ws®)
647N (243> — 332)"*

p3

N 3880q3° — 4788¢3% w32 + 270¢32w3* + 729w3°
8 (2432 — 3032)’

3g,2M?%N ;log(N
py= 88 s log(N) - (5353603'0 — 110256g3° w3 — 273643°w3" + 16826443 w3® — 15600643 w3® + 4738503 '°)
642N (2q32 — 3(1)32)

. 3 (1736043 — 32992¢3°w3% + 1932093 % w3* — 5112¢3%w3° + 1485w3")
16 (2432 — 332" ’

3g32M2Nf log(N)
q3 =
40962 N g32 (2(]32 — 3a)32)

- [—40q32 log(N) (2¢3* — 3w32)4 (437 — w3?) — 3552¢3'% + 416430 (31w3” — 648)

+96g38 w37 (466w3% + 5695) — 288g3°ws* (1107ws” + 818) + 54g3*w3® (12319w3? + 840) — 162g3°ws® (3779ws? + 1632)

40g3% — 4¢3% (5503° + 1488) + 6¢3*w3? (75w32 + 1696) — 9g3%ws* (45w3? + 464) + 135038
16 (2q32 — 3(4)32)3

s

+729w3'% (29332 + 250)] +

—640¢3'%+48g3% (9903 — 12352) —28843°w3? (49w3? — 4400) +216¢3%w3* (97w3> —3680) — 172873 w3% (w3 —70) +4617w3'0
q4=
256 (2q32 —3w32)"

1
655362 Ng32 (2q32 — 3(032)

- {3gA-2M2Nf 1og(N)(3[1 12128¢3'* — 64¢3'% (61333 — 190428)

—192¢3'%3% (15391w3% + 151076) + 720g3°w3* (30785w3? + 17332) — 28800¢3°w3° (2079w3* — 443)

+324g3% w3® (2526773 + 420) — 972¢3% w30 (58571w3% + 17828) + 72903 "% (2202703 + 12156)]

—8437 log(N) (40g32 — 57w3%) (243> — 3w32)5) } (C6)

We will not quote the expressions for a3 and a4 because they are too cumbersome. Substituting the expressions for a2 3 4
into Z(u) and implementing the Dirichlet boundary condition: Z;(u = 0) = 0, in the hydrodynamical limit, going up to
(’)(a)g‘) one sees that one can write the Dirichlet boundary condition as a quartic: aa)§ + bwg + cw% + fw3 + g = 0 where
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(17978967982080-+432082299912192i)g,>M> N y log(N)

N
b= 16384052 <55717134336n2 (8065585152 — 2189804544i)g,>M>N ¢ log(N)>
N 9
_ (6351753314304 + 163465918414848i)g,>M> N rq3% log(N)
N b
25958400 — 36690432i)g,2M2N ; log(N

£ =196608¢5* (981467136712 ¢ = D8s 1 log( )> ,
o (842551787520 + 22613002813440i)g,> M*N rq3* log(N) €D

= N .

Appendix D: Frobenius solution of EOM of gauge-invariant Z(u) for scalar modes of metric fluctuations for (¢’ =
1) r:logr ~log N

Constructing a Z; (1) which is invariant under diffeomorphisms: h;, — h;, — V(,&,), one sees one obtain the following
equation of motion for Z(u):

Z ) = [‘132 (7u® = 8u* 4+ 9) =3 (u* +3) 3 !
s w( = 1) (a3 (i =3) +303)  4n2Nu (ub — du* +3) (g3 (u* — 3) + 302)’

x {—3gS2M2Nf 1ogN(q§‘ (5u'6 - 98u' + 372u% — 414u* + 135) + 293 (32u'2 — 183u® + 3064* — 135) }

1
+3 (ud — 66u* + 45 w4> ”z’(u) +
( ) ’ ’ 12872Ng3 (u* — 3) (u* — 1)3 (43 (u*—3) + 3w§)2

x {—3g52M2Nf 10gN(30q36u22 — 542¢5u'® — 7¢5u'%w? + 2540¢5u' +46¢Su" w3 — 4764¢5u'0 — 84¢Subw3

+4086¢5u® + 18¢5u*w? — 1350¢5u® 4 27¢5w3 + 318¢5u'3w3 —2464¢5u"*w} — 49q3u12 4+ 6972¢5u w3
+189¢5ubw} — 8496¢5uw? — 99¢5uw} + 3510¢5u* w3 — 81giws + 114g3u" wi — 2262¢3u'w} — 105¢3u oS

+5598¢3ulw} + 144g3u’w§ — 2970¢3u’wf + 81¢305 —8 (u8 —du* + 3) (q32 (u4 - l) + a)%)

x (a3 (u*-3) +3q3wg) log (=) + 1840 — 1188u°w§ - 63u’wf + 8104%f - 27w3>}

4,8 4 10 4.2 2 4
g% (u®—4u*+3)+242 (8u 8ub+2utw? — 3wl)+3w

(wt=1)" (43 (u*=3) +303)

The horizon u = 1, due to inclusion of the non-conformal corrections to the metric, ceases to be an irregular singular point.

One then tries the ansatz: Z; (u) = ¢5® near u = 1. Assuming that (S’)2 > S”(u) near u = 1 the differential equation (D1),
which could written as Z! (u) = m(u)Z; + [(u) Zs(u) can be approximated by

(') = m@)S' () — () ~ 0. (D2)

A solution to (D2) is

Sw) = (m(u) 2 (u) +4lw)
E\v/gszﬁ,lzl\,fw}z(61)32_,_4)10g(1{/> ngSZMszaleOg(%)
2

Ng3? 2567‘[2N(2q3273w32)
64 (i — 1)32 u—1

1
2
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N 3¢ M>Nylog (7) (11293* + 214g3% w32 — 369w3*) + 12872 N (—20g3* + 12¢3°w3* + 27w3*)
51272N (2932 — 3w32)”
1

1024+/3073 N2g32 /i — 1 (2g32 — 3a)32)2\/

+

gszMszw32(w32+4) 10g(%>
Ng3?

1 1
x {—225gS4M4Nf2q32a)34 log? (N) + 1272g,>M>N N log (ﬁ) (2(]32 - 3w32)
x (—80q34 (w32 . 4) + 252052 (57w32 - 412) + 64 (2q34w32 - 3q32a)34) log(rp) + 93 (a)32 + 164))
2
409674 N 232 (a)32 - 4) (2q32 - 3a)32) } o («/u - 1) : (D3)

Taking first the MQGP limit, the first term in the RHS of (D3) can be dropped. After integrating with respect to u, the solution
(D3) to equation (D2) will reflect the singular nature of Z(u)’s equation of motion (D3) via

1
1 15g52M2me3210g(ﬁ)

Z_g(lzl) ~ (1 _ u)7§+ 256n2N(2q3273w32) F(M), (D4)

where F (u) is regular in u and its equation of motion, around u = 0, is given by

60g,2M2N / log( +
F'(u) (gnz—fvog(N) _ 768)
256F" (u) +

u

3F(u) (647N — 5g,>M*N s log (&) (158> M?N yw3* log(N) + 1287%N (2¢3° — 3w3?))

=0. (D5)
6474 N2u (293% — 3w3?)
The solution to (D5) is given by
3 105g;2M2Nf log(N)_28 ISgSZMsz log(N) I ISgSZMZNf log(N) 4 ISgSZMsz log(N) s
F(u) =2 6412 N 3 12872 N N 6412 N T 3272N
, ligszsz log(N) 15gy2M2Nf log(N) 42 B 15g52M2Nf log(V)
X (SgszMsz log(N) + 647'[2N) 12872 N u 12872N (2q32 — 3a)32) 12872N
ISgXZMZNf log(N)
x (15g>M? N rw3* 1og(N) + 1287%N (2¢3% — 3w3?)) 872N

15852 M2V log() 15¢,2N s log(N)M?
x | c1 (5g>M*Nylog(N) + 64w>N)~ on F<_ = 6£Ng§ : _3)
b

1552 M2 N ¢ log(N)

x (15> M*Nw3?1og(N) + 1287%N (2g3% — 3w3?))~ oN

V3 /(552N ¢ log(N)YM? 4+ 64N72) (15,2 M2N ; log(N)w3s? + 128N 72 (2¢3% — 3w3?
f f

x I 15652 N ¢ log(N) M2 .
T ena? 6472, /N2 (2432 — 3w3?)

15gS2M2Nf(2log(N)+m) 150.2N; log(N) M2 15g52M2Nf log(N)
A (B sMM” s 2g3% — 3w3?) T ey
64N 2

x (58 M* Ny log(N) + 647> N) (158> M*N yo3” log(N) + 12877 N (2457 —3ws?))) ™~ 7'
_ 152 My log)
x (N2 (2q5" =303%) SN Lo one

64N72 +4

ﬁﬁ\/(Sgssz log(N)M? + 64N72) (1582 M?N s log(N)w3? + 128N72 (2g32 — 3w3?))
X : y . (D6)

6472, /N2 (2432 — 3w3?)
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One notes from (D6) that F(u ~ 0) = c;. This needs to be improved upon by including the sub-leading terms in u in
F’(u) in (D5), implying that we should look at

256 F" (u)
—60g;,>M*N s log N
- 1208 M> N log N (243 — 303°) + 308, M2 N ;03 log(N) + 17927 N (245 — 3?) | e — 768
u
72N (2q32 — 30)32) u
3F (u) (6472 N + 58> M* Ny log N) (15g,>M?N w3 log(N) + 12872 N (23 — 3w3?)) 0 (D7)
6474 N2u (2932 — 3w32) o
The solution to (D7) near u = 0, is given by
15g52M2N/u(11w32*8q32) C]F (_ ngSsz 10g(N)M2 _ 4)
N 12872V (2032 3032) ut 64N?
r  3(5gs2 Ny log(N)M24+64N72) (15g5% N (16932 —23w32) log(N) M2 +1664N 12 (232 —3w32))
128N72(15¢,2N 7 (8¢3%—11w32) log(N) M2 896N 72 (2432 —3w3?))
ngSZMzAzlf log(N) 14
+ L 22;6?522 2 2,22 2_50pa2 N2 (2022 3e2) (O
_ 225g5 MAN p 2032 log? (N)+48007 2 g5 2 M2 NN ¢ log(N) (4932 —5032 ) +13926474 N2 (2932 —3w32)
12872 N (15852 M2 N ¢ log(N) (8932~ 11032 ) +8967 2 N (2932 —3w32))
+ 1
r 225gS4Nf2a)32 logz(N)M4+4800g52NNf712(4q32—5a)32) log(N)M?+139264N27% (2432 —3w3?)
128N 72 (1582 N 7 (8¢32— 1132) log(N) M2 896 N2 (2432 —3w32))
IOSgSZMsz log(N) 58 ISgszMszlog(N) 8 15gs2M2Nf log(N) 15g 2N 10g(N)M2
X 112 642N + T 272N + Xu 642N r ( il 6£N 5 +4>
T
3 ISgSZMZNf log(N) !
15g,°M?N s log(N) (8¢3% — 11w3?) + 89672 N (293% — 3w3?) 647N
X (D8)
N (2q32 - 36032)

Appendix E: Gauge transformations preserving h,, , = 0, pole structure of (w3, g3) and solutions to M, ()
E.1 Gauge transformations preserving h,, , = 0

There are three gauge transformations that preserve h,,,, = 0, for the black M 3-brane metric having integrated out the Mg in
the (asymptotic) AdSs x Mg in the MQGP limit. They are given below:

Set I Gauge transformations are generated by

§x = &zx) + &M, 1,x)
u
g =£"w,1t,x) (E1)

The Gauge Solutions for the above kind of transformations are given as:
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2
yGauge () _ g | 2wsu? ~(1)
=i

2w36’x
_‘]3C Hy — ——Hy
81 81

2
3
5O = 35 (g€ Hu = 25070 — 2956 ]
%
HgaUge O _ [a)3C +u w3$(1) u2q3§,(1) — w3C~’xHxx]
%
HE= 0 = B [—3Coua) (E2)
A= S EO) g
where Hayq = Hyy + Hz;, Cx = F, = 2

Set IT The Gauge transformations are generated by
Ce(t, x

&= 80D D

SX = S}El)(u’ t? X)

The Gauge Solutions for the above kind of transformations
are given as:

(E3)

2
3 2w3u? =
H[Ct}auge am _ lgi |: 2w3ct + — 3 (]) — a)3C,Hn:|
3
G 11 8s
Hxxauge( ) _ = [ 2q3u ;’_-(1) + 2q3C,Htx + 3G, xx]
2
G I 8s 1 C
Htxauge( ) ,]: [%glct —u q3$( ) 4w a)3g(1) +q381C;Hn]
2
10) g ~
Hag;uge( _ l? [w3Cz Haa] (E4)

() _ g
where Hyq = Hyy + Hyp, 6y = 25

=0 Cu(t, )Y (),

= —0,C,(t, x)x(u), and demandlng the solutions to be
Well behaved at u = 0 one obtains

Set III Writing &, = Cul0) ) &0 =

(0)

s(()) N Cu(t»x)'
u - ’

u/g
1wt
O - _ (5 — ?> V& Cu(t, x);
F(sin~'ull)
50 = —axcua,x)T
= —3,Cy(t, x) ( + E + O(u8)> (ES)
This yields the following:
fyCauge (11D ng W w3Cult, x) (_ _ ﬁ)
" L2V1 —u? 2 3
2
08 o0+
L2J1 — ut
2
+ w3q3gs H;C,F (sm ull)u
L_ut
.2 %H i
w38 it m
2
g Cu (uH/, — 2Hzx),
2L2«/1 —ut
Hgauge am _ w3‘]3gs \/; Cu _ E
2 30
4
py Gauge () _ ‘135’3 4585 o u
10
«/_gA Co(1+ u):
2
T —ut
G I l—u
e A _ T (—Hyx +uH.,). (E6)

E.2 Pole Structure of Q (w3, g3)

Equation (77) can be solved for w3 and the solution is given
by

lyy 2yy

2
2 (ol 4 -

a00@c%? yacl? 4ix

0,1)
2yy ))

w3 = —
0,2) 0,2) | .5(0,1)
4C1yy + 4C2yy +iX, Ty
oy (12007 +8e 472 36k, + 18 21 +91)
y yy 3 ~(1,1) (1,1
e L0200 0.2 0.1 +8e Cl” 36C2 +9i
\/O[;')'. ) ( )(4C;)y)+4cg)2)+ Eé VV)) 2
+ + O(g3);
0,2) (0, 2) (O 1) 3
18(4C1yy + 4C2yy %, vy )
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(1,0) (1,0)2 (0 0) (0,2) 0,2) .« (0,1)
2 <Olyy — \/ozyy (4C1yy —i—4C2yy + lZZ)y ))

4c? 4 acy? iz

lyy 2yy 2yy
(1,0) (79 ~(0.2) ¢ 3 (L 1) 02) an ©.1
o oy (72cm‘ +8e3Ciy )V +72087 ~36C D +18i 5 H+9z) 80D _ 360D o
102_ 0.0 402 4 402 50D Lyy 2yy
oyy oy (4C T+ 2“‘“ 2 yy)
+ + O0(g3) (E7)
1840 +4c0? 420D !
lyy 2yy 2yy

(0,0) 0,1
Assuming ayy L 1,15, vy

(E13), (E7) 1mp1ies the following.

[ > 13 Eéoyly) R) : (0 0 Eéoyly) 1; ag 0 |a§,ly’0)|, consistent with the constraints

Root 1:
2
2 (el + (10)) 0.0 [ (10240 02) D
( oyy (= 4C1yy _4C2yy B EZy ) (0,0)
P T4 40D 50D T <10> 0.2) 02) 4 ;5O +0(«V> )
lyy T4Coy" Fi2gy, (4C1vy +4C2yy 2\’y)
(1,0)2 (LD (D (1,0) 0.2) 0.2) Ly ©.1) (LD 3, o
.Y Va0 (83t = 36Ck +01) + oy (726107 + 7257 = 36¢8)) +18i =0, + 8¢} Ve +97)
3
(1 0) 0,2) 0,2) .« (0,1)
18 @c? +4cy? +izihl)
3 ~(1,1) (1, 1) . (0,2) 0,2) (0 1)
N | (8 el —36cs) + )(—4c1yy —4c? —isPh)
0,2) O, 2) (0 1) 1,0
18(4C )Y +4cyY +ix ) 20,0
2
<\/a;‘y’0) (3e3chy,” = 36C8) +9i) +afy” (72€1%Y + 7287 — 368y +18i 28 + 8 3+9l)>
- 1,02 / (1,02
2atyy Ayy
0,2) 0,2) (0,1)y (0,0 0,0)2 2
x (—4Cyy," — 4G, 7 — i) o §y )+ 0 (a;y ) ) + 0 (q3) - (ER)
The expansion (E8) implies
©0,0)
o = ayy
3T TL00
yy
[ 72ayy " {07 + 83V LY + 720550 €Y — 36ayy V5 + 181GV B0 + 90y + 360y 02 ]
+g3
36040
§ 00501
b
}y 2
~—qs |1 = (E9)

+l—
(1,0)
2 (o)

@ Springer



Eur. Phys. J. C (2016) 76:618 Page 43 of 51 618

Root 2:
1,0 1,0
(Ve —e”) o
w3 + 0 < 0,0 )
©.2) 02 . w00 1.0)2 %yy
4C1yy —|—4C2yy +122yy Ol;y
(1,02 D a1 (1,0 0.2) 0.2) a1 ©.1) a3, a
g VO (se3ch = 36cl +01) — o} (12007 + 720807 - 3¢l + 1815 + 8¢} Ve +9i)
3
1.0 0.2 02) | (0,1
18)/alb 7@ ®? +4c? 4iz D)
(\/ oy (12002 + 72600 — 36 + 1850 +8C (Ve + 9i>> a$
_ : (0,0) )) 2
36 1,003 +0( Ayy +0(‘13)‘
Ayy
(E10)
The expansion (E10) implies
0,2) (L1 0,2) (1,1) .« (0,1) .
Jator (. i A . (36C(7 +8e i) +36C87 — 365" +9i =P + 01)
w3 =y Ayy 2 02) . w0 93 0.2 0.2 0.
Ol)(;; 0)2 4CI(OV) + 4C§vy) + ! Eéyyl) 9(4C1()) ) + 4C§)y) + ! Eé\y]))
o0 (12013 + 8y + 7200 — 36CL),) + 181 +9i) 250D
+ a 0) %q3 1 —|—17] . (Ell)
360!} 2 (a§y°>)
E.3 Solutions to H,p (1)
(10)( ) = (10)+ﬂ(10) 4
Making the double perturbative ansatze: Hyp (1) = Y oo
£ P m=0 0.1 0.1 0.0
>, H(m ) (u)q§' @Y, one obtains near u = 0 the solutions HODw) = Céx, ) 2 )(C; u,
to the scalar modes’ EOMs (70): 1
L 1 11 11
H ) = o4 + o [121 (@l + 5847 u
0,0,y _ (0 0 | g0.0),4
HOO W) = a00 4 gG0u?, +6 (3iay " +day, +5ipl " - 4p,, ) ]
HO ) = aﬁly’o) + ﬂ(l’o)u“, H2O () = @0 4 gEO4
0.y — 2O o©0.0),2 HO O 1 4 02, ~02
Hyy (u) = 2:2yy + = 16 Ayy (u )_ 2xt M+Zu Clxt +C2xt ’
| HOOwy = (2500 _;c00
where B()) = & (<1951 = 607 — 350 (13i + 47) ®) = 3ﬂ>’y "Cu
0.0 [ 00) 4 300 s
+8C§())13’1)> ’ ( '8( )/3_ Ecltt )” - §C1tt u-,
i 2 1.1 11 0.1 0.1 . (0,0
H;ly’l) = —Z—§e3C§yy)+C§yy)+lZ H( )(u) —a( )—i- <6a(00)+4ﬂ(00) 31C§” )>u
. 0,00\ 2
2,0 _ (2.0 2.0), 4 +—(3a+4 —3iC )u ,
Hgy () = Ciyy +Coyyus 24 ¢ "
0,1 (1 0) (1,0) _ - ~(1,0)
X (u) = (—ﬁm iC )
(0,2) 2yy 0,2) (0,2) ., yy 1tt
Hyy ™ () =i—=— 7 + Cl + CZy 422 vy U
(1,00 _ (1,0)
HOO () = a1 (0, 0), ( 2By — /D)€ > ,
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1,1 1,1 .
HiPwy = iy + 17121 (=6 + 6al)”
+4p = 3iC10 00 )
+1/24i (6030 +4pL0 — 3iC(” ),

i
D ) = <55 (120 + 120 O

+6ia " + 4ip (" x +3C7,”

1

—247 5 —192¢(7)

i
8
—122(0’”) "

0,1 1,0 1,1 1,1
<2at(t )+2“;(ct )_“;(ct )_Sﬂj(ct )

2y
i
o (1262 1260”610

96
+4ip0 + 3¢ — 245V u,

m(u) =

For consistency checks, we have ensured that (E12) obtained
from the fourth, fifth and the sixth equations of (70), also
solve the first, second, third and seventh equations near u = 0
and up to O(¢g3'w3) : m +n = 2 by imposing suitable
additional constraints on the constants appearing in (E12).

Appendix F: Frobenius solution to EOM of gauge-
invariant Z,(u) for vector modes of metric fluctuations

The equations of motion for the vector perturbation modes
up next-to-leading order in NV, can be reduced to the follow-
ing single equation of motion in terms of a gauge-invariant
variable Z,(u):

Zy () —m(u)Z, (u) — L(u) Zy (u) = 0, (F1)

where

1562 M2N 7 (u* = 1) log(N) (32 (u* = 1) + @3?) + 647N (3g5% (u* = 1)” = (u* +3) 3?)

l(u) = —

6472 Nu (u* — 1) (g3% (u* — 1) + w3?)
(¢3% (u* — 1) + @32) (3272N — 3g2M*N s log?(N))

’

322N (ut — 1)

. (F2)

4
2,0 2,0 . ~(2,0
Ht(t )(M) = <§C£yy) - lC%tt )>

4
+ (——C(“’) - 1/2iC(2’0)> u;

3 2yy 1tt
ci” 0.0
HOD ) = = —u® + 5
Lo
H O ) = = —u’ + 5

242V

HEVw) = —————,
T

2,0 i 5 e

HH ) = — =t + G

02
HODw) = £0Pu + ——u? + C5)7. (E12)
such that
171i +2ia®0 4+ 319ig0:0 4 24¢*9 = o
yy yy lyy ’
3000 +4p00 —3ic00 — 3¢ =0 (E13)
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The horizon u = 1 is a regular singular point of (F1) and
the root of the index equation corresponding to the incoming-
wave solution is given by

iwy  3ig>M?N rw3log?(N
_los | Sigs f23 gV (F3)
4 25672N

(a) Using the Frobenius method, taking the solution about
u = 1tobe:

iy | g5 MEN o o2 (V)
Zyw)y=1—-u) * 2567 2N

1+Zan(u—1>">,

n=1

(F4)

by truncating the infinite series in (F4) to O((u — 1)) one
obtains

1
T 51272 Naws(ws + 2i)2

x (202 — iw3)ws® — log(N) (3ws? (w3% + diws + 4)
437 (03 + by — s)))}

4g32(4 — iw3) + 32 + iw3)w3?
+ :
w3 (w3 + 2i)

a {3ig52M2Nf log(N)
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a = —%{4(405;'&81\481\7#6035 log’(N)
+8640i72g,SMON N w32 log’ (N) (16q32(a)3 +2i)
(=133 + 4i)a)32)
+368640m* g * M*N2N 23 log> (N) (4q32
X (—31'0)32 + 12w3 + 161')

+ w3 (90)32 + Siws + 16))
+78643207%g,> M> N N 3 10g(N)
x (4iq32 (a)32 ¥ 6iws — 16)

+ w3? (—3iw32 +dawy — 16i))
—491527* g M> N2 N y w3 log?(N)

x (75gs2M2Nf(w3 +4i) x w3® + 872N
x [324]34((1)3 + 6i) — 483> <w33 + 12w3 + 16i)

+ w32 (18a)33 — 11 liws* + 20003 + l6i)D
+108g,°MON w3 10g® (N) (—75g52M2wa33
272N (128iq34 — 243232 (w3 + 4i)

Fo3* (1903 + 22i)))

+23047% g * M*NN 2 log(N)

x (150gS2M2Nf(w3 +2D)ws + 72N (256q34
x (a)32 + 3iws + 4) — 24g3%w3>

x (15w32 — Siws + 96)

o (125w32 — 636iw3 + 208)))
4419430478 N4y (16q34(w3 1 8i) — 243>

x (a)33 1 2405 + 64i>

w3l (9w33 — Tdiws? + 20003 + 321’)))}

1
+O<m>7

where

(F5)

Y= a)32|:—81g58M8Nf4a)34 log® (V)

+41472in? g MO N N £3 w3 1og® (V)
+2949127% g * M* N? N 1% (26 — 3iws)ws? log*(N)

—2013265927%g,> M? N> N w3 (w3 + 3i) log*(N)
4214748364878 N'* (w32 +6iws — 8)] (F6)

The Dirichlet boundary condition Z,(#z = 0) = 0 in the
hydrodynamical limit retaining therefore terms only up to

O(@3'q3) : m+n = 4, reduces to aa)g1 + ba)g’ + cw% +
fw3 + g =0 where

13¢2M?2N (log N)2
a:3<96n2+ L ]\{(Og ) )

log N)2
b=2i (1664712 + 39gs2M2Nf%) ’

(log N)?
N

c = 12877 (=70 + 3¢3) + 78gIM* Ny (-2 + 43)

’

log N)?
f=8i (647r2(—16 +7q%) — 682 M>N; %q%) :

¢ = 1643 (64:12(—4 g3+ 32N (4~ 3gH Y )2) .
(F7)
One of the four roots of Z(u = 0) = 01is
oy = 8181 1 2148 Milvvf(log ML (— 0.005i
0.002ig>M*N¢(log N)*\ , 3
- N ) 95 + 0(g3). (F8)

(b) Using the Frobenius method and going up to O((u —
1)3) in (F4), one obtains

1
T 6553672 N w32 (w3 + 20)2 (w3 + 4i)2 (w3 + 6i)2

as
x {igS2M2Nf log(N) (20iw3
x <w33 F 12iwy? — 44wy — 481’)
x (48q34 (a)32 T 12wy — 48) —8¢52 <9a)34 + 48iws’
+60w3% + 14721 w3 — 3840) + w3 (27a)34 — Diwy’
+ 128832 + 2464iw3 — 2048))

~ log(N) |:64q36w3 (3w34 + T2iwsd — 652w3°

— 2400iws + 2880)
—48¢5* (9w37 + 156i03° — 66813 + 3072iws*

— 3702433 — 124416i 3> + 16076803 + 49152i)
+4g3%ws (81w38 4 85237 + 432403 + 85824iw3°

— 444320w3* — 1143552i w3 + 1270784032
— 454656iw3 + 1769472)
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— w3 (81(038 +288iw3” + 13136w3° + 1032961 w3
— 1834403 + 289152i w3> — 9256963
—436224i w3 + 221184)])}

1
+
3072ws2 (w33 + 12iws? — 44ws — 48i)

X {64iq36w3(w3 + 12i)

+48g3* (—3iw34 T 6w33 — 208iw3% + 960w3 + 5121')

+4q3% w3 (27ia)35 + 222w3* + 2272iw3° — 7200w3>
+4736iw3 — 36864)

+ w3 (—27ia)35 — 504w3* — 932iws3 — 542432
1
— 4544iwn + 4608)} +0 (ﬁ) . (F9)

The Dirichlet condition Z,(# = 0) = 0 reduces to aa)g1 +
ba)g? + cw% + fws + g = 0 where

1

as

~ 98304m3* (w3* + 20iw3’ — 14032 — 400ie; + 384)

957g,>M>N ¢ log?(N)
N

27> M?N ¢ log?(N

b:—48i< = og" ()

a =

— 63264772,

+ 2240712) ,

g (15gs2M2qu32 log?(N)
C =

N +327% (12743 + 288))

3g,2M%Nylog(N
f = 576ig3> (64;#— 8s Af;og( ).

3gs2M*N s log?(N
¢ = 384q;* (32712— 8 1\; o (V) ) (F10)
One of the four roots of the quartic in w3 is
. 0.003igZM*Ny(log N)?\ , 3
w3 = [ —0.73i + - N g5 + O0(q3).
(F11)

The leading order coefficient of q32 is not terribly far off the
correct value —7 already at the third order in the infinite
series (F4).

(c) Letuslook at (F4) up to the fourth order. One finds:

{256q38w33(w3 +16i) — 76843 (w36 + diws®

+ 136w3* 4 832iw3° + 256w3% + 7168iws — 12288) + 32g3%w3? (27a)36 —222iw3’ + 4880ws* + 18176iws°

+ 110464w3° + 652288i w3 — 675840) — 16¢3%w3> (27w3” — 558iw3° + 3320w3° — 9232iw3*

+198656w3° + 888320i w32 — 7741445 + 5898241')

+108800w3> + 147200i w3 — 48742403 — 344064 } -

+ 3w3’ (270)37 —900iw3® — 1316w3° — 53104iw3*

1
5242882 Ny (32 + 6iw3 — 8)° (32 + 14icw3 — 48)°

x {—g52M2Nf log N (— log N|:256q38a)33 (a)35 +37iw3* — 53003 — 3500iw3% + 1036803 + 10752i)

— 768q36<w310 + 28iw3” — 222038 + 848iw3” — 24192w3% — 153184iw3” + 399360w3*

+133120i 3> + 1531904w3” + 3293184i w3 — 2359296) + 16q34w32(54w31° +1017iw3” + 242038

+195388iws’ — 195484813 — 8216832iw3° + 5373440w3* — 87731200i w3> + 34575155232

+510885888i w3 — 259522560> — 8¢3°w3’ <54w3“ +513iw3'0 + 14300w3° + 252484i w3® — 1373088w3”

—588832i 3% — 30598656m3° — 183382016i ws* + 519692288w3>

+707788800i w3? — 2972712963 + 1132462081’)
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+3w3> (27w311 + 11672w3° + 105584i @33 4+ 196016w3” + 6136320i w3® — 29371904w3° — 60586752i w3*
+67778560w3° + 79093760iw3* — 93585408w3 — 330301441')} + 20i (w3* + 20iw3® — 140w3* — 400i w3 + 384)

x w32[64q36w3 (w3® + 18iw3 — 96) — 16g3* <9a)35 +84iws* + 19203° + 6496iw3* — 232963 — 92161 )
+4g3°w3 (270)36 + 12iw3° + 2756w3* + 22208iw3 —71680w3> + 27136i w3 — 270336)

1
+ w3t (—270)35 + 234iw3* — 3704w3> — 4224iw3> + 14083 + 522241')])} +0 (W) . (F12)

In the hydrodynamical limit the Dirichlet boundary condition Z,(z = 0) = 0 reduces to awg + ba)g + cw% + fozs+g=0
where

a = 9849372385059274752i % + O (qg) ,
b 19237055439568896¢3> (3g,°log N (2log N+5)M*N —1287*N)

~ :
c=0 (fé‘) :
f=0 (6136) :
f=0 <q36> . (F13)

Appendix G: Z;(u) from tensor mode of metric fluctuations

The EOM for the tensor metric perturbation mode Z; (), inclusive of the non-conformal corrections in the metric (16) was
written out in Eq. (114). Realizing that u = 1 is a regular singular point of (114), using the Frobenius method we made a
double perturbative ansatz (115) for the analytic part of the solution. Substituting (115) into (114), setting the coefficient of
w3 to zero one gets

200(10) (—6g52M2Nf log(N) log (2n3/2¢§T) —3g,2M>N s log*(N) + 64712N) (64712N <u2 Fou+ 3)
+15¢,2M2N (:ﬂ U tut 1) log (N)) — 128in2N[2 (z’m () (—ngszMsz <u4 — 1) log (N)
+6472N (u4 + 3)) + 6472 Nu (u4 _ 1) 2 (u)) — iu <u3 i tu+ 1) 200’ () (—6gs2M2Nf log(N)
x log (2n3/2¢g7T) — 3g,2M2N ; log*(N) + 64712N)i|. (G1)
By setting the coefficient of g3 to zero:

210" (1) (—15g52M2Nf (u4 - 1) x log (N) +6472N (u4 n 3)) + 6472 Nu (u4 - 1) 210" () = 0, (G2)

which can be solved to yield

15g52M2N/ log(N)

1
{16712c1Nu]+ 642N

642N + 15g,2M?N s log (N)) (12872N + 15¢,>M* N log (N))
15g,M* Ny log (N) 15g>M*N s log (N) 2)
128N72 128872 "

zio(u) = c2 — (

x (214 (647r2N +15g,2M*N s log (N)) % 2 F| (1, 1+
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15g,>M?> N log (N) 15g,>M?N ¢ log (N)
12872N + 15g,2M>N 11 N) A1 : 2 : : L
+< TN s rlog(N)) > 2k * 64N 2 * 64Nn? !

15g,2M?*N ¢ log (N 15¢,2M?*N ¢ log (N
—(15g52M2Nf10g(N)—128712N) SF (1, 14+ 8 rlog V), , 158 s log )u>>}

64N 12 ’ 64N7? ’
1552 M2 7 log() 64Nm2ciut 64N 2cqud
= 642N
" (256Nﬂ2 158, 2M2N, log (N) | 512N72 1 15g,2M?N, log (N)

+ GaN e’ + 0( 13) + (G3)
768N72 + 1582 M2N ; log (N) " =

Setting ¢; = 0 for convenience, one obtains

Oicag,"MENy (3u” + 4u” + 6u + 12) log(N) log (2 /&, T)

W) = et 3 72N

N 3icagy® M Ny (3u® + 4u® 4 6u + 12) log*(N)

72N
I5g;2M2Nf log(N)
486‘3u 6472 N . 3 2
+ 64 " 155 202N TogW) —ic (3u + 4u” 4 6u + 12)
642N

_ <C5u4 +c3) 15 (csgs>M> N su*log (N) (4log(u) — 1)) Lo (1\}2>

4 102472N

_ <ic2gS2M2Nf log (N) (log (N) + 2log (23/% /g;T)) 2)

25672N 12

L BicagsM> Ny log (N) (log (N) +2log (272 /gsT)) ica
51272N 8

3icygs>M?* Ny log (N) (log (N) + 2log (273/% /g5 T j 4]
o [ic28"MEN log (V) (log (N) +210g Q°PPy&sT)) _ica) ) w1 G4)
256m2N 4 N’ N2
Similarly,
15¢58,>M*N pu* log (N) (4log(u) — 1)
zio(u) = g
102472 N
C5u4
+ to (G5)
The constant (in w3, ¢g3) yields
"(u) (—15g>M>*N ¢ (u* — 1) log (N) + 647> N (u* + 3
200 (M)( 8s f(“ ) g (“ ))-}-Zoo”(u):O, (Go)
6472 Nu (u* — 1)

which is identical in form to the EOM of z1o(«). Setting g3 = 0 in (116), one obtains

Z/u) icsws? 3icagy* M?Npw3? log (N) (log (N) + 2log (2732 /g T)) Lo
Ziw)  \4(cs3 + c2) 25672N (caw3 + ¢2) N2

N w3? (3 + dicser + diwscy) B 3igy > M> N yws* (—ic3 + 2c4¢2 + 2w3cj) log (N) (log (N) + 2log (2./g57%/*T))
16 (cr 4+ w3cy)? 51272 (cp + w3cy) 2N
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1 5 | 3% (w3 + 6)c3 +2(3ws + 8i)eacs + 32iwscier + 16iws’c])
+0(—=))+u
2 64 (c3 + wscy) 3

3igs>M> N pw3? (3(ws — 4i)c3 + 4(4 — 3iws)eacl + 32w3cier + 16ws’c}) log (N) (log (N) + 2log (2/257%/*T))
409672 (cy + w3cy) 3N

1 1
o— e [(—3 3 4 24iws” + 88 192i) c3
+ <N2)}+u (768(62+0)3C4)4{w3 @3~ + 24iwz” + 88w +192i) c;
+8w3 (3ia)32 + 223 + 96i) ca3 + 832 (1lws + 1441)c3c2 + T68iws3cer + 1921'@34(:3]}

1
409672 (c3 4+ w3cs) PN

{ing?wag[ <3iw33 + 18w32 — diws + 48) 4 + 203 (9a)32 — Miws + 96) cac3

+4(72 — Niws)ws2AcE + 192w33c3es + 48w34c3] log (N) (log (N) +21log (2 gsn3/2T>)}
! 4
—I—(’)(m))—i-(?(u). G7)

Appendix H: T in the D = 11 uplift involving a deformed/resolved conifold

In this appendix we show that it is only when the resolution is larger than the deformation that the temperature from the
local D = 11 uplift of the Type IIB background of [2] goes like the horizon radius; when the deformation is larger than the
resolution the temperature goes like the reciprocal of the horizon radius.

Using the exact expression for the deformed conifold metric component g, [38] for appropriately redefined radial coordi-
na/t&, and the Type ITA dilaton ¢!, one obtains in the MQGP limit the following expression for the D = 11 metric component
G

rr

oplA

Gi\r/l =e Tgrr\/;l

2/3
3r871 — 9%4 (—3Nf log (9a?r* +r6) + 2T + 6N log(N))

= 2/3
425/677/6 (r* — ry#) <£4 (sinh (2 cosh™! (;—i)) —2cosh™! (;—Z)))

g (18gs2M2Nf log?(r) + 3gs M2 log(r) (gst log (ﬁﬁ) +3¢;Nys + 471) + 8712N> -
4 ,

X

r

where ¢ is the deformation parameter (h5 = f—i in (5)). Using (H1) one obtains the following expression for the temperature:

3G

47, /Gy GM

T =

22/3\3/84 (sinh (2 cosh™! (@)) —2cosh™! (%))
& &

\/37rrh\/gs (18g32M2Nf log?(rp,) + 3gs M2 log(ry) <gst log (ﬁ) +3gsNy + 471) + 8712N)
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3g4 (sinh (2 cosh™! % —2cosh™! @ V3. /gsM*log(ry) Je* (sinh (2 cosh™! # —2cosh™! @
_ & & B & &

25/6/373/2 fgsv/Nry, 32N3/2 (25/677/2ry)

1 1\5/2
X (gst log (N) + 12gsNylog(rp) + 6gs Ny —2g:Nylog(4) + 871) + 0O ((N) )

1

4
= m \6/5\/3\3/—54 (sinh (;}16 +4log(d) — 2log (2rh3)) —4log(d) +2log (2rh3))
T 8s T'h

3/3e43g, M2 log(ry) J £ — 2sinh (2% + 4log(d) — 2log (2r,3)) + 8log(d) — 4 log (2r33
g P 276

329272N

x (—gsNylog(N) + 12g;Ny log(ry) + 6gs Ny —2g;N s log(4) + 8) . (H2)

When the resolution is larger than the deformation, using the exact expression for the g, component of the resolved
conifold [39] with appropriate redefinition of the radial coordinate, the D = 11 component G{\r’l is given as under:

2/3
r4 (6a2 + r2) N 9%64 (—3Nf log (9a2r4 + r6) + 2(_3_.;” + 6Ny log(N)) /
4/277/6 (9a2 + r2) (r* — rp*)

M
G =

85 (1882 M2N 10g () + 3g, M2 log(r) (8, Ny log (1) + 3¢, Ny +47) + 872N )

) A : (H3)

Using (H3), one obtains the following expression for the temperature:

_ 3Gyt
4m /GG M
| 352 M2N ; log(ry) (— log N + 121og(rn) + 3%~ +6 - 1og(16))
2032 /g N 647 1/2N3/2
. 3 9g, Y2 M2 N s log(rp) (gg—;(, ~log(N) + 121og(rp) + 6 — 21og(4)) \
_ k . H
4732 g/ Nry 128772N 32y, (H4)
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