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Abstract In this article we present a theoretical construc-
tion of spacetimes with a thin shell that joins two different
local cosmic string geometries. We study two types of global
manifolds, one representing spacetimes with a thin shell sur-
rounding a cosmic string or an empty region with Minkowski
metric, and the other corresponding to wormholes which are
not symmetric across the throat located at the shell. We ana-
lyze the stability of the static configurations under perturba-
tions preserving the cylindrical symmetry. For both types of
geometries we find that the static configurations can be stable
for suitable values of the parameters.

1 Introduction

Cosmic strings are topological defects which could be the
result of symmetry breaking processes in the early Universe
[1,2]. Their possible important role in the explanation of
structure formation at cosmological scale [3—7] and, besides,
the fact that it would be possible to detect their gravitational
lensing effects [8,9] led to a considerable amount of work
devoted to the study of their associated geometries. From
a different point of view, the recent interest in cylindrically
symmetric spacetimes was also driven by the present day
theoretical framework in which open or closed strings con-
stitute the most serious basis for a unification of the fun-
damental interactions (for instance; see Ref. [10]). Within
cosmic string models, particular attention have deserved the
so-called gauge or local cosmic strings, which are solutions
of the equations of a two-component scalar field coupled to
a gauge field. The spacetime outside the core of these strings
is conical, that is, locally flat but with a deficit angle which is
determined by their mass per unit length [11,12]. The local
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flatness of the metric implies zero force on a static parti-
cle, but relativistic particles would be deflected, and moving
strings would give rise to wakes behind them [3-7]. Thus,
though cosmic strings are not supposed today to be the main
source of the primordial cosmological matter fluctuations,
they can still be of relevance as a secondary source of fluctu-
ations [13-16]. In the context of axisymmetric spacetimes,
the simplicity and the physical interest of the local string met-
ric would make it comparable to the Schwarzschild metric
within spherically symmetric geometries.

Thin matter layers (“thin shells”) [17-20] and their associ-
ated geometries appear in both cosmological and astrophysi-
cal frameworks. At a cosmological scale, the formalism used
to define such layers has been applied in braneworld mod-
els, in which a spacetime is defined as the surface where two
higher dimensional manifolds are joined (see for instance
[21] and references therein). At an astrophysical level, such
matter layers appear, for example, as models for stellar atmo-
spheres, gravastars, etc. [22,23]. While most thin-shell mod-
els studied are associated to spherically symmetric geome-
tries, cylindrical shells have also been considered of interest.
In particular, traversable wormhole geometries [24—29] sup-
ported by cylindrical thin shells have been recently studied
[30-37]. The mechanical stability analysis of thin-shell cylin-
drical wormholes which are symmetric across the throat was
performed in Refs. [38,39]. A well-known feature of worm-
holes in general relativity is the presence of exotic matter
not satisfying the null energy condition at the throat or in
the region close to it [24-29]. Moreover, it has been shown
that the fluid supporting spherically symmetric wormholes is
exotic in any scalar-tensor theory of gravity with non-ghost
massless scalar field and graviton, and also in f(R) gravity
with non-ghost graviton [40,41]. The nature of matter thread-
ing cylindrical wormholes was discussed in Refs. [37,42].
Shells related to wormholes, not supporting them but allow-
ing for flat asymptotics, were considered in [43]. Static cylin-
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drical shells joining inner and outer regions have been associ-
ated to different matter contents and different backgrounds in
Refs. [44—46]. Recently, conical spacetimes joined by static
shells were the object of field theory calculations in curved
space, in the context of a program developed to probe the
global aspects of a geometry by the self-force on a charge
(see Refs. [47,48]).

Most preceding work deals with different geometries
joined by a static shell, or the stability of wormholes which
are symmetric across the throat. In the present article we con-
sider shells joining two different conical geometries, that is,
the geometries associated to two local cosmic strings with
different mass per unit length. We study the properties of
matter on the shells and their mechanical stability under per-
turbations preserving the symmetry. We analyze both the
case of inner solutions joined to outer ones and the case of
traversable thin-shell wormholes which are not symmetric
across the throat, as those constituting the backgrounds in
[47,48]. As usual, we adopt units such thatc = G = 1.

2 Construction and stability

We consider static shells and their perturbative stability anal-
ysis. Thus we assume a static background geometry, which
allows us to define the shells by applying the usual cut and
paste procedure starting from two static metrics with cylin-
drical symmetry representing local cosmic strings. In cylin-
drical coordinates x‘l"2 = (t1,2, 71,2, ¢1,2, 21,2) these metrics
can be written in the form

dsi, = —dif o+ dri, + r{ y07 2def 5 + dz] 5. ey

where 0 < w12 < land 0 < @12 < 27. The geome-
try adopted corresponds to conical spacetimes, which are
associated to the so-called gauge or local cosmic strings.
The parameters w; » give the deficit angle 2w (1 — wy 2) for
the corresponding submanifold.! The deficit angle is propor-
tional to the string mass per unit length, and it cannot be
removed by a mere redefinition of the angular coordinate;
this deficit angle would generate physical effects as double
images resulting from the deflection of light, and matter den-
sity fluctuations in the form of wakes in the plane described
by the string motion [3-9,11,12]. From these geometries, we
take the radii a; » > 0 and we construct a geodesically com-
plete manifold M = M| U M, which can take any of the
following two forms:

Typel: M ={x7/0<r <ai}, Mo={x5y/r > a};
Typell: My ={x{/r1 > a1}, My={x5/r2 > a}.

UIf wy 5 > 1 the geometry has a surplus angle, case which we do not
consider here.

@ Springer

The first case corresponds to joining the interior and the exte-
rior submanifolds while the second case corresponds to join-
ing the two exterior regions.” In both cases, the submanifolds
are joined at the hypersurface ¥ = M| = dM,, which
defines the shell

. {Hl(rl,f) =r—a(r) =0,
| Ha(r2, 7) =12 —ax(r) =0,

where for the study of the stability of the configurations,
we have let a;(t) and az(7) to be functions of the proper
time t on the shell. This proper time can be related to the
corresponding coordinate times by

—dr? = —drl,gz = —dtl,z2 + d%yzdrz, (2

where a dot stands for a derivative with respect to the proper
time; thus

1

de = P
1+a1’2

drf,. (3)

We adopt the coordinate system & = (z, ¢, z) on X, with
¢ = @1 = ¢2 and z = z1 = 22, then the induced metric on
the shell is

ds? = —dt? + af yoi ,de? + dz*. (4)

The whole spacetime should be continuous across the shell,
which is equivalent to requiring the continuity of the first
fundamental form h;]zz = diag(—1, a%’zw%)z, 1) on X, so we
find the following equation:

ajw| = arwy, (5)

which relates the radial coordinate of the shell as seen from
both sides of it.

While the geometry must be continuous across the joining
surface, the derivatives of the metric are not forced to such
restriction. In general, there can be a jump in these derivatives
which is associated with the presence of a thin layer of matter.
The covariant form of this relation between derivatives of the
metric and the matter on the shell are the Lanczos equations
[17-20],

87Si; = [K1hij — [Kij], (6)

where [K;j] = K 121 —K ilj is the discontinuity of the extrinsic
curvature tensor across the shell, [K] = h'/[K ij] s the cor-
responding trace, and S;; is the surface stress-energy tensor.
The extrinsic curvature tensor is given by

3%xV ax%, axP
K.152 — _pl2 ( 1,2_ Y 1,2 1,‘2

tj Y

(N

2 There is a third case corresponding to joining two interior submani-
folds, ie. My = {x{'/0 < r; < ar}, Mz = {x5/0 < r2 < ay}; this
will not be considered in this work.
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where the unit normals to the surface ¥ pointing from M
to My are

—1/2
0H 2 0H oH
n}l/,z =5 g;"f; ; 01/2 ;,2 ;,2’ )
X2 0xy, axy 5
with § given by
+1, Type I geometry,

§=1 —1, for M,
+1, for M; } Type II geometry.

The explicit calculation in our case yields the normal 4-vector

2 = (~ana [Tt 0.0). ©)

In the orthonormal basis on the shell we have h;.]e =
diag(—1, 1, 1) and the non-vanishing components of the
extrinsic curvature tensor are given by

J1+adi,
5—'

i
Kfl%z = —5—1’2 > s K(é;; = , and
. a
J1+ais 1.2
K12 =0, (10)

Finally, for the jump [K ?j'] across the shell we obtain

as ap
_ e ,
Ji+a  J1+a

Ji+&d 1+
(K] = + € , and [Kz]=0, (11)
a ai

[K::] =

where € = —1 corresponds to a Type I geometry and € = 1
to a Type II spacetime. In the orthonormal frame, the surface
stress-energy tensor has the form S;Je = diag(o, py, p;), with
o the surface energy density, and p, and p; the surface pres-
sures. From Eq. (6), we find that the energy density can be
written as

=—\/1+d%—5‘/1+d%-

12
“ 8man 8ma (12)
analogously, the pressures take the form
a a
Py = ———te—= (13)
8w\ /1+al  8m/1+da?
and
1 +d3 +axi 1 +a3 +arid
. 2 202 1 141 (14)

p; = +€ .
8may,/1+ d% 8may,/1+ c'zf

It is important to note that the energy density and the pres-
sures are the result of the sum of two contributions coming
from each side of the shell, with the corresponding radii of
the shell and their time derivatives related by Eq. (5). From
these equations it is useful to compute the static values of

the energy density and pressures which will be used in sub-
sequent calculations. For the static energy density we have

1 1
= — —€ , 15

o0 87[6120 87’[6110 ( )
while for the pressures we obtain

poy =0 (16)
and

1 1
Poz = g——— TE€ ) (17)
87‘[6120 87[6110

where a1 and ay are the static values of the radial coordinate
of the shell corresponding to each side, linked by Eq. (5), i.e.
ajpw) = aws.

In principle, if the equations of state relating the pressures
with the energy density are provided, Egs. (12), (13), and
(14) above can be integrated to obtain the time evolution of
the position of the shell. We can write the energy density and
the pressures (given by Eqgs. (12), (13), and (14)) as functions
only of the radial coordinate a, = a and its time derivatives,
by using Eq. (5), so thata; = aw>/w;. Every expression that
follows is understood to depend on a. By taking the proper
time derivative in Eq. (12) and using Eqgs. (13) and (14), we
obtain the conservation equation in the form

. a a
G+0—+p,—=0. (18)
a a

This conservation equation can be rewritten to give the dif-
ferential equation

ac'+o0 +p, =0, (19)

where the prime represents the derivative with respect to a.
By introducing the equation of state relating the pressure p,
and the energy density, the first order differential equation
(19) can be integrated to obtain o (a) from

v do ¢ da
_ =— —. (20)

oo O 1 Do (o) ay a4
Here we are only interested in the stability of the static con-
figurations and not in the dynamical evolution of the shell. In

the following, we assume linearized equations of state around
the static configurations for both pressures:

Py = g (0 —00) + Pog (2D
and
Pz =Nz (0 —00) + poz, (22)

where 1, and 7, are constants. Then, from Eq. (12) we can
write the equation of motion for the shell in the form

@’ + V) =0, (23)
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with the potential

2
2 2 )
V= ( rauns ) ~ (4mao)?, (24)

16mrawro

written in terms of the energy density o (a). A second order
Taylor expansion of this potential around the static solution
found at ag gives

V(a) = V(ag) + V'(ap)(a — ap) + V" (ap)(a — ap)*
+0(a — ap)’. (25)

From (24) itis easy to check that V (ap) = 0. The first deriva-
tive of the potential, using the conservation equation written
in the form (19), gives V'(ap) = 0. Finally, introducing the
equations of state and using (19) again, the second derivative
of the potential evaluated at the equilibrium position reads

2enywi

2
agw

V" (ag) = — (26)
The static solution is stable under radial perturbations if
V" (ag) > 0. This condition solves the general problem of
the mechanical linearized stability for both Type I and Type
II topologies.

3 Examples

In this section, we apply the formalism introduced above to
examples: we construct a thin shell surrounding a local cos-
mic string and a cylindrical wormhole not symmetric across
the throat corresponding to the shell.

3.1 Thin shells

Firstly, we present an application of the formalism in the case
of a Type I geometry, i.e. we construct a spacetime in which
an interior region is joined by means of a thin shell to an
exterior one which extends to infinity in the radial coordi-
nate. For our construction we adopt two geometries of local
cosmic string form with different angle deficits. When these
two submanifolds are glued, the resulting geometry is that
corresponding to a shell surrounding a local cosmic string.
Using Egs. (15), (16), and (17), the static values of the energy
density and the pressures are, respectively,

1 —
op= — A" 22 27)
87‘[61() w?
Pop =0, (28)
and
1 wy)—wp
Poz = —_— (29)
87ra0 w2

@ Springer

We see that these magnitudes can have negative or positive
values. In particular, Eq. (27) shows that exotic matter (i.e.
not satisfying the weak and null energy conditions) or ordi-
nary matter is needed to construct the shell depending on
the value of the factor w; — wj: if the deficit angle of the
outer region is larger than that of the inner region, the energy
density is positive, while in the reverse situation the energy
density can only be negative, then corresponding to a shell
of exotic matter. We also find that for conical spacetimes the
pressure p, of a static shell vanishes, and the tension along
the axis of symmetry equals the energy density; this could
be expected from the nature of the stress-energy tensor asso-
ciated to the cosmic string static geometries from which the
mathematical construction starts (see [11, 12]). In the particu-
lar case that w; = 1, the inner region has a Minkowski metric,
and the conical singularity at the axis of symmetry does not
exist. Instead, if wy = 1, we have a Minkowski geometry in
the outer region, which then presents no angle deficit. The
shell in this case does a sort of screening of the cosmic string
inside. The potential for the equation of motion of the thin
shell is given by Eq. (24), and its second derivative evalu-
ated at the static position ag is obtained from Eq. (26), with
€ = —1. The sign of V" (ap) is independent of the parameters
w1 and w», because these quantities are always positive, and
also from ag. This means that the stability only depends on
the parameters of the linearized equations of state. That is,
in the case of local cosmic string submanifolds, the stability
result can be straightforwardly read from the expression of
the second derivative of the potential: it reduces to the con-
dition of a positive coefficient 7, in the associated linearized
equation of state.

3.2 Wormholes

As a second application of the formalism, we construct
cylindrical thin-shell wormholes which are not symmetric
across the throat. We then take a Type II geometry, with
the shell that corresponds to the throat if the flare-out con-
dition is satisfied. In the literature there are two definitions
of this condition for cylindrical geometries. In the first one,
called the areal condition, the area functions A; 2(r;2) =

Zn\/g(},gf(rl,z)gzlgz(rl,z) = 2mw; 2r1,2 should increase at
both sides of the throat. The second one [42], known as the
radial condition, only requires that the circular radius func-

tions R1,2(r1,2) = ,/g(},;f(r],z) = w1,2r1,2 have a minimum
at the throat. It is clear that the two possible flare-out con-
ditions, which in our construction only differ by a constant
factor, are satisfied because r; 2 > aj 2. This mathematical
construction creates a complete manifold with two different
regions at the sides of the throat corresponding to the conic
submanifolds M and M, determined by Eq. (2), which are
joined to form a thin-shell wormhole. From Egs. (15), (16),
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and (17), the static values of the energy density and pressures
at the throat are

1
o0 = __M, (30)
8may wy
Pop =0, (3D
and
1w+ w
poz = —_—, (32)
87Ta0 w2

which corresponds to negative energy density and positive
pressure along the symmetry axis for the local cosmic string
wormholes. The matter at the shell is always exotic. As in the
preceding subsection, we obtain that for the joining of two
conical submanifolds the pressure p,, of the static configura-
tion vanishes and the negative tension along the axis equals
the energy density, as we could expect for the same reason
pointed out in the preceding section. In the case that w; = 1
or wy = 1 the corresponding side of the wormhole has a
Minkowski geometry. The potential for the wormholes has
the same form of the previous subsection, i.e. Eq. (24) with
the corresponding energy density o. The second derivative
of the potential evaluated at the static position is given by Eq.
(26), now with € = 1. In the case of wormholes which con-
nect two local cosmic string spacetimes, from the sign of this
second derivative the stability condition 1, < 0 immediately
becomes apparent.

4 Summary

We have presented the matter characterization and the sta-
bility analysis of cylindrical shells joining two local cosmic
string metrics. We have studied two types of global geome-
tries, the first one associated to spacetimes with a thin shell
separating an inner from an outer region, and the second one
describing wormholes with a shell at the throat connecting
two different geometries. In the case of wormholes, the fluid
at the throat is always exotic, i.e. it does not satisfy the null
and weak energy conditions. In the case of shells where an
inner region joins an outer one, the matter can be ordinary or
exotic, depending on the relation between the corresponding
angle deficits. For the stability analysis of static configura-
tions, we have adopted linearized equations of state that relate
the pressures p, and p, with the surface energy density o
at the shell, with coefficients n, and 7., respectively. We
have found that the static configurations are stable if suit-
able values of the parameters are adopted, for both shells and
wormholes. The pressure along the axis turns out to be not
relevant for stability, and only the coefficient associated to the
angular pressure enters the stability condition; this is reason-
able for radial perturbations, i.e. perturbations which involve
a change of the circumference perimeter are expected to be

affected by forces in the angular direction. For wormholes to
be stable the coefficient 7, must always be negative; instead,
in the case of shells separating an interior region from an
exterior one, we find the desirable feature that they can be
stable when 1, > 0.
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