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Abstract We study the semileptonic and nonleptonic de-
cays of B. meson to D-wave charmonia, namely, 7¢2(1'D5),
¥ (1°D5), and ¥3(13D3). In our calculations, the instan-
taneous Bethe—Salpeter method is applied to obtain the
hadronic matrix elements. This method includes relativis-
tic corrections which are important especially for the higher
orbital excited states. For the semileptonic decay channels
with electron as the final lepton, we get the branching ratios
B[B: — neebe] = 59775 x 1074, B[B, — ei,] =
1.5,03 x 1074, and B[B, — Y3ei,] = 3.5,05 x 107
The transition form factors, forward—backward asymmetries,
and lepton spectra in these processes are also presented. For
the nonleptonic decay channels, those with p as the lighter
meson have the largest branching ratios, B[B. — ncp0] =
81710 x 1074, B[B. — ynp] = 9.6, x 107>, and
B[Be— Yr3p] = 4.1.07 x 1074,

1 Introduction

In 2013, the Belle Collaboration reported the evidence of a
new resonance X (3823) in the B decay channel B*¥ - X (—
Xc1V)K + with a statistical significance of 3.80 [1]. And very
recently, the BESIII Collaboration verified its existence with
a statistical significance of 6.20 [2]. Both groups got a similar
mass and ratio of the partial decay widths for this particle.
On one hand, this state has a mass of 3821.7 £ 1.3(stat) +
0.7(syst) MeV /c?, which is very near the mass value of the
13D, charmonium predicted by potential models [3,4]; on
the other hand, the electromagnetic decay channels x.;y and
Xc2y are observed while the later one is suppressed, which
means the 1D, and 13D3 charmonia cases are excluded.
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To confirm the above experimental results and compare
with other theoretical predictions, studying the properties of
D-wave charmonia in a different approach is relevant. In this
work we study the 1//2(13D2) and its two partners 72 (1 1p,)
and Y3 ( 1°D3) in the weak decays of the B, meson which
has attracted lots of attention since its discovery by the CDF
Collaboration at Fermilab [5]. Unlike the charmonia and bot-
tomonia, which are hidden-flavor bound states, the B, meson,
which consists of a bottom quark and a charm quark, is open-
flavor. Besides that, it is the ground state, which means it
cannot decay through strong or electromagnetic interaction.
So the B, meson provides an ideal platform to study the weak
interaction.

The semileptonic and nonleptonic transitions of the B,
meson into charmonium states are important processes.
Experimentally, only those with J /v or ¥(2S5) as the final
charmonium have been detected [6]. As the LHC accumu-
lates more and more data, the weak decay processes of the B,
meson to charmonia with other quantum numbers will have
more possibilities to be detected. That s to say, this is an alter-
native way to study the charmonia, especially those have not
yet been discovered, such as 7.2 (1'D,) and 3 (13D3). Theo-
retically, the semileptonic and nonleptonic transitions of the
B, meson into S-wave charmonium states are studied widely
by several phenomenological models, such as the relativis-
tic constituent quark model [7-12], the non-relativistic con-
stituent quark model [13], the technique of hard and soft
factorization [14] and QCD factorization [15], QCD sum
rules [16], Light-cone sum rules [17], the perturbative QCD
approach [18-21], and NRQCD [22,23]. There are also some
theoretical models to study the processes of B, decay toa P-
wave charmonium [8,24-28], while we lack the information
of B, decay to a D-wave charmonium.

Here we will use the Bethe—Salpeter (BS) method to inves-
tigate the exclusive semileptonic and nonleptonic decays of
the B. meson to the D-wave charmonium. This method
has been used to study processes with P-wave charmo-
nium [24,28]. As is well known, the BS equation [29] is
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a relativistic two-body bound state equation. To solve BS
equation of D-wave mesons and get the corresponding wave
function and mass spectra, we use the instantaneous approx-
imation, that is, we solve the Salpeter equations [30] which
has been widely used for bound states decay problems [31—
34].

This paper is organized as follows. In Sect. 2 we present
the general formalism for semileptonic and nonleptonic
decay widths of B, into D-wave charmonia. In Sect. 3 we
give the analytic expressions of the corresponding form fac-
tors given by the BS method. In Sect. 4, the numerical results
are obtained and we compare our results with others’, also the
theoretical uncertainties and lepton spectra are presented in
this section. Section 5 is a short summary of this work. Some
bulky analytical expressions are presented in the appendix.

2 Formalisms of semileptonic and nonleptonic decays

In this section we will derive the general formalism for
the calculations of both semileptonic and nonleptonic decay
widths of B, meson.

2.1 The semileptonic decay

The semileptonic decays of the B, meson into D-wave char-
monia are three-body decay processes. We consider the neu-
trinos as massless fermions. The differential form of the
three-body decay width can be written as

11
Fr=——
2m)3 32M3

|M|2dm?,dm3;, (1)

where M is the mass of B.; m2 is the invariant mass of final
cc meson and neutrino which is defined as m%z = (Pp+py)%;
mo3 is the invariant mass of final neutrino and charged lepton,
which is defined as m%3 = (py + p/g)z. Here we have used
Pr, py, and py to denote the 4-momentum of final c¢ meson,
neutrino, and charged lepton, respectively. M is the invariant
amplitude of this process. In the above equation we have
summed over the polarizations of final states.

2.1.1 Form factors

The Feynman diagram involved in the semileptonic decays
of B. meson in the tree level is showed in Fig. 1. The invariant
amplitude M can be written directly as

Gr _ _
M = E‘Qb(cdhﬂ|Bc>uﬁ(pﬁ)ruvv(pv)s (2)
where Gr is the Fermi constant; V., is the CKM matrix
element for the b — ¢ transition; (cc|h*|B.) is the hadronic
matrix element; h* = ¢I'*b is the weak charged current and
I'* = y#(1 — y?). The general form of the hadronic matrix
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Fig. 1 Feynman diagram of the semileptonic decay of B, into D-wave
charmonia. P and Pp are the momenta of initial and final mesons,
respectively. S, D, and J are quantum numbers of spin, orbital angu-
lar momentum and total angular momentum for the final cc¢ system,
respectively

element (cc|h*|B.) depends on the total angular momentum
J of the final meson. For 1.2, J = 2, the transition matrix
can be written as

(cClh™|B.) = eqpP(s1 PP P + 5o PP PE 4 53671
+isget PP, 3)

where g#* is the Minkowski metric tensor. We have used the
definition €,,pp; = €uvep P“P’g; €,ap 1s the totally anti-
symmetric tensor; eqg is the polarization tensor of the char-
monium with J = 2; 51, 52, 53, and s4 are the form factors for
the 'D; state; for >D; state the relation between (cé|h*|B.)
and form factors ¢; (i = 1, 2, 3, 4) has the same form with 1D2
just s; replaced with #;. For the J = 3 meson, the hadronic
matrix element can be described by the form factors 4;:

(cClh™|B.) = eqpy P*PP(h PY P* + hy PY PR + h3g"*

+ihgeV PPFY, 4)
where eyg, is the polarization tensor for the meson with
J = 3. The expressions of these form factors are given in the
next section.

The squared transition matrix element with the summed
polarizations of final states (see Eq. (1)) has the form

G2
IM?2 = 7F|vcb|2L““HW. Q)

In the above equation L*" is the leptonic tensor

L =Y [iag(pe) T vy (p)]liie ()T vy (pu)]

S¢58v

= 8(py py + Pipy — pe-pugh” — i, (6)
and H,,, is the hadronic tensor, which can be written as

Hy, = N1P, P, + No(P,Pp, + P,Pr,) + NyPpy Py
—i—ng;w + iN6€/wPPF7 @)
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where N; (i =1,2,4,5,6) is described by form factors s,
tjorh; (j=1,2,3,4) (see Appendix A). By using Egs. (6)
and (7), we can write L*" H,,, as follows:
L" Hyy = 8N1(2P-peP-py — M py-pe)
+16N2(P-pe Pr-py
+ Pr-peP-py — pv-peP-Pr)
+8N4QPF-pePr-py — M3 py-pe)
— 16Ns5p,-pe + 16Ng(Pp-peP-py
—P-pePr-py), ®

where M stands for the mass of final charmonium meson.
2.1.2 Angular distribution and lepton spectra

The angular distribution of semileptonic decays of B, to D-
wave charmonia can be described as

dr 1 PPl —=, »
_ M2dm3s, 9
dcosf / a3 16as MITdms ©)

where pj and p7 are respectively the 3-momenta of the
charged lepton and the final charmonium in the rest frame
of lepton—neutrino system, which have the form |pj| =
22(m3y, M2, M2)/(2my3) and |pi| = A2 (m3, M2, M2)/
(2my3). Here we used the Killen function A(a,b,c) =
(@® + b* 4+ ¢? — 2ab — 2bc — 2ac). My and M, are the
masses of the charged lepton and neutrino, respectively. 0 is
angle between I’Z and p’;. The forward-backward asymme-
try Ap is another quantity we are interested in; it is defined
as

Ceos0>0 — Ceosa<0
Ceos0>0 + Teoso<0

Arp = (10)
One can check that A rp has the same value for the decays
of Bl and B_ mesons. Its numerical results are given in
Sect. 4. The momentum spectrum of the charged lepton in
the semileptonic decays is also an important quantity both
experimentally and theoretically. It has the form

dr 1 Ipl
dip, ~ ] @m? 16M2E,

where E; is the energy of the charged lepton in the B, rest
frame.

| M[2dm3,, (11)

2.2 Nonleptonic decay formalism

In this section, we will deal with the nonleptonic decays in
the framework of the factorization approximation [35,36].
The Feynman diagram of the nonleptonic decay of the B,
meson is showed in Fig. 2. In this work we only calculate the
processes when X is 7, p, K, or K*.

X
b p1 D) c
my mj
BE,P 25+1D].,PF
P2 Ph
¢ ma mh &

Fig. 2 The Feynman diagram of the nonleptonic decay of B, meson
to D-wave charmonia. X denotes a light meson

The effective Hamiltonian for this process is [37]

GFr
Hetr = —=Veple1 () O1 + c2(n) O2] + hec., (12)
V2
where c1 () and ¢ () are the scale-dependent Wilson coef-
ficients. O;s are the relevant four-quark local operators,
which have the following forms:

0, = [Vud(d_aua)va + Vus(iaua)\/fA](EﬁbB)Van (13)
02 = [Vua(daug)y—a + VusSaupg)v—al(cgbe)v—a, (14)

where we have used the symbol (g1g2)v—a = q1y*(1 —
¥>)q2; here « and B denote the color indices.

As a primary study, in this work the nonleptonic B,
decays are calculated with the factorization approximation,
which has been widely used in heavy mesons’ weak decays
[7,9,13,38]. In this approximation, the decay amplitude is
factorized as the product of two parts, namely, the hadronic
transition matrix element and an annihilation matrix element.
The factorization assumption is expected to hold for pro-
cesses that involve a heavy meson and a light meson, pro-
vided the light meson is energetic [39]. Then we can write
the nonleptonic decay amplitude as

M([B; — (cO)X]

~ ﬂVchqlqzal(M)(CE|hZC|BC><X|Ju|O>~ (15)
V2
In the above equation we have used the definitions J, =
(Q192)v—n;a1 =c1+ Niccz, where N, = 3 is the number of
colors. We take u = my, forthe b decaysanda; = 1.14,a, =
—0.2 [9] are used in this work. To estimate the systematic
uncertainties from non-factorizable contributions, we treat
the N, as an adjustable parameter varying from 2 to oo [40],
and then we calculate the deviation to the central values. We
stress that the factorization method used here is just taken as
a preliminary study for the nonleptonic decays.
The annihilation matrix element can be expressed by the
decay constant and the momentum ( Py ) or the polarization
vector (e*) of X meson

@ Springer



454 Page 4 of 13

Eur. Phys. J. C (2016) 76:454

ifp P)’; X is a pseudoscalar meson,
(X|J#10) = (16a)
fvMxe"  Xis a vector meson. (16b)

M is the mass of the X meson, fp and fy are the corre-
sponding decay constants.

Finally, we get the nonleptonic decay width of the B,
meson

Pl ——
= ——-|M|?, 17
87tM| | (17

where p represents the 3-momentum of either of the two final
mesons in the B, rest frame, which is expressed as |p| =

22 (M2, M2, M2)/2M).

3 Hadronic matrix element

In this section we will calculate the hadronic matrix ele-
ment using the BS method. First we briefly review the
instantaneous Bethe—Salpeter methods. Then we calculate
the hadronic matrix transition element with the correspond-
ing BS wave function. Finally the form factors are given
graphically.

3.1 Introduction to BS methods

It is well known that the BS equation in momentum space
reads [29]

d*k
7T)4V(qz — k)W (k),

(m—mnwwmﬁmmz{/a

(18)

where W (gq) stands for the BS wave function; V(g — k) is
the BS interaction kernel; p; and p, are the momenta of
constituent quark and anti-quark in the meson; m| and m, are
the corresponding masses of constituent quark and anti-quark
respectively (see Fig. 1). p1 and p; can be described with the
meson total momentum P and inner relative momentum g as

!pl =P e e = (19)
pp=wP—q, a=_ "

In the instantaneous approximation [30], V(¢ — k) ~
V(|q —k|) does not depend on the time component of (g —k).
By using the same method in Ref. [30], we introduce the 3-
dimensional Salpeter wave function ¢(g,) and integration
n(gL) as

d.
0(qL) =i / %\v(q), (20)
7T
&3k
n(gL) =/ﬁvuqumcp(m, @)

@ Springer

where gp = % and g, = g — %qP, in rest frame of
initial meson they correspond to the ¢° and ¢ respectively;
the integration 1(q ) can be understood as the BS vertex for
bound state. Now the BS equation (18) can be written as

V(g) = S(p1)n(gL)S(=p2). (22)

S(p1) and S(— p») are the propagators for the quark and anti-
quark, respectively, and can be decomposed as

SCHp1) A7 n Ay
p1 _qp+a1M—a)1—|—ie qp—i-alM—}—wl—ie’

inS iAS

S(—p2) = 5 :

+ . b
gp +aoM — w + 1€
(23)

where w; = 1/mi2 - qi (i = 1,2) and projection operators

Aii(q 1) (i = 1 for quark and 2 for anti-quark) are defined
as

gp — oaM + wy — i€

AF = % [%w + (= 1) m; + qL)] : 24)

Since the BS kernel is instantaneous, we can perform con-

tour integration over gp on both sides of Eq. (22) and then
we obtain the coupled Salpeter equations [30]

(M — 01 — )™ = +AT(q)n(q AT (qu),

(25a)
M+ o1 +w)e” " =—=A[ (quIn(q) A, (g1),
(25b)
et =¢ T =0, (25¢)
where T+ are related to ¢ by
++ + P e
=A — —A 2
@ 1(qL) 5 e(qr) 1 Ay (gL, (26)
p=0" T+ +oTT +o. 27)

The normalization condition for BS equation now reads

Phy [_ P P P __ P
_(271)3[ AR M}_ZM. (28)

3.2 Numerical results of Salpeter equations

To solve the Salpeter equations numerically, first we choose
the Cornell potential as the interaction kernel, which has the
following forms [41]:
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Vig) = 2m3Vi(g) + v° ® n(2m3V,(g),
__(* 3 _r
Vs(q) = (O[ + VO) $ (q) + 712(q2 + Ol2)2 >
_ 2a5(q) (29)
127t
O (¢I) =

2inGa + 545

In the above equations the symbol ® denotes that the BS
wave functions are sandwiched between the two y matrix.
The model parameters we used are the same as before [42],
reading

a=e=2.7183, «=0.06GeV, A=0.21GeV,
me =1.62GeV, m, =4.96GeV, Agcp = 0.27 GeV.

Now we just take the 0~ (1Sp) state as an example to show
how to solve the full coupled Salpeter equations to obtain the
numerical results. The Salpeter wave function for the 0~ (1S)
state has the following general form [41]:

o(1Sy) = [kl r +ky + kqu ka %]y? (30)

By utilizing the Salpeter equation (25¢), we can obtain the
following two constraint conditions:

M _
ks = (w1 — w2) k
miwy + mowi
M
ky = — M (31)

miwz + moawi

Now in the above 1S state Salpeter wave function, there are
only two undetermined wave functions k; and k, which are
just the functions of qJZ_.

By using the definition Eq. (26), the positive wave function
for the 'Sy state can be written as

ot sy = [m + A2£ + Aff; + m%}ys. (32)

A; (i =1, 2,3,4) have the following forms:

M[w1+w2
Al= —| ——
2 | my+mm

A—Mk+
2=k

k1 +k2},

mi + my :|
—k2 b
M(wy — w?)
Ay = ————"Ay,
mlwz + mowi

M@ +m2)
mlwz +m2a)1

Similarly, the ¢~ (1Sp) is expressed as

ey P n N
% (So)—[zl+ZzM+ZM+Z4 i|)/~ (34)

Zi (i =1,2,3,4) has the following forms:

M
a:_%_ﬂiﬂq,

2 my + myp
M
b:_h_miﬁq,
2 w1 +wy
(35)
M (w1 — w2)
Iy =———"—"—"""174,
mla)z —+ mowq
Mm, +m
7y = 4y Mmi +m2)
miwy + mowi
And now the normalization condition reads
dq 8M kik
113 W1W2K1K2 —1 (36)
(2m)° (mwy + mawy)
Inserting the expressions of ¢t (1S5) and ¢~ (1Sp) into

Egs. (25a) and (25b), respectively, we can obtain the two
coupled eigen equations on kj and kp [41] as

(M — ) — ) [cki(q) + ka(q) ]
[ &k [Hiki (k) + Hakz ()],

= 2w w) (37)
(M + w1 + @) [ka(q) — cki(q)]
= 5oy J Pk [Hiki (k) — Haka (k)]

where we have used definition ¢ = zl iﬁz and the shorthand

(vi + ) (w1 + w2)
mivy + mavg
— (Vs = V) (miwz + mawy),
(vi —v2)(m) —my)
mivy + mav]
— (Vs = Vo) (mimy + w10 + q7). (38)

Hy=k-q(Vs + V)

Hy =k -q(Vs + Vo)

In the above equations we have defined v; = , /ml.2 + k(=
1, 2). Then by solving the two coupled eigen equations, we
obtain the mass spectrum and corresponding wave functions
k1 and k». Repeating the similar procedures we can obtain
the numerical wave functions for 2=t (1D,), 2==(3D,), and
3=~ (®D3). The interested reader can find more details of solv-
ing the full Salpeter equations in Refs. [34,41,42].

3.3 Form factors for hadronic transition

Now we will calculate the form factors with BS methods.
According to Mandelstam formalism [43], the hadronic tran-

@ Springer
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sition matrix element (cc|h*|B;) can be directly written
as

~ ) d4qd4q/
w _
(cc|h™|B;) —1/ 2
x (=p2)8@ (p2 — py)1

_i/d“_qTr[qj( NTHW(g)S~! (= po)l. (39)
~H e T TR R

Tr[¥ (¢ )TH W (q)S ™!

In the above expression, W (g") stands for the BS wave func-
tion of final c¢ systems and W = %Wy 0; 4’ is the inner rela-
tive momentum of the c¢ system, which is related to the quark
(anti-quark) momentum p| (p5) by p| = o/ Pr + (=)' Tlg’

m. .
———X—+ (i = 1,2), where m; are masses of the

m'+m
constituent qllJarkzs in the final bound states (see Fig. 1); here
we have m| = myp, my = m)) = m| = me; SN =py) =
(— p, —my) is the inverse of propagator for anti-quark. Since
the propagator S, is used by both initial and final mesons,
here we add an S—1(— p2) factor. As there is a delta function
in the first line of the above equation, the relative momenta
g and ¢’ are related by ¢’ = g — (o P — o, Pp).

By inserting Eqs. (22) and (23) into Eq. (39), then per-
forming the counter integral over gp, we get

and o =

c d3 L P ) ~/ —
(cc|h*|B.) = #Tr{ﬁ(gﬂﬂ'ﬂkrﬂ(p*ﬂ_ +§0++F’L1ﬂ T
— I}/—+Fu(p—— + ¢/+_F”¢++ (40)
A A ¢/“F“<ﬂ“)}, (1)

where we have used the following definitions:

1/f7+ — Al_nA;_
(@] + o)+ (M —E')’
PRV Y
(0] + 1)+ (M —E')’ "
AFrA- (42)
Yt = 118
(0} + 1) — (M - E')
+_ —
b = A/z ”/A/l

(@]t o) - (M—E)’

@1 is the Salpeter positive wave function, which is much
larger than ¥ ~T, %7~ and ¢~ in the case of weak bind-
ing [7,44]. In the following calculations we will only consider
the dominant [¢' T+ T#¢ ™) part, while other contributions
are ignored. The reliability of this approximation can be seen
in Ref. [28]. Finally we obtain the form factors described with
the 3-dimensional Salpeter positive wave function

@ Springer

(cclhy|Be) =

d? P — /
(2;];3 Tr[—w i (ql)l““<p++(q¢)}-

M
(43)

In our calculation, the final charmonium states are
ID,(271), 3D,(277), or 3D3(37 7). Their BS wave func-
tions are constructed by considering the spin and parity of
the corresponding mesons [45]. We will take the p, 2=
state as an example to show how to do the calculation to
obtain the form factors. The results of other mesons will be
given directly.

The Salpeter wave function of the 1D, states with equal
mass can be written as [42]

Pr Pml]_ 44)

N A
P+ =e¢€ Clﬂlqvl[fl‘Fsz—F‘f‘ﬂ M2

And Salpeter equation (25c) gives the constraint condition
fa = —%—f f>, where m, is the ¢ quark constituent mass;
e" is the symmetric polarization tensor for J = 2, which
satisfies the following relations [46]:

e’“’PFM = O, e’”gw =0. (45)

And the completeness relation for the polarization tensor is

2

1 1
> e m) = S (g7l + g5l — §giﬂ g’

m=—2

(46)

papl
P
From the definition, we get the Salpeter positive wave
function for 1D2(2’+) charmonium [42] as

where we have defined giﬂ =—g% +

Pr Prq’
++ /1 N AV / 1 5.
D)) = B By— + By——— ;
T (Dy) =e qﬂﬂlu[ 1+ zMF+ 4 I }7/
47)
1 We
By = —[fl + —fz],
2 me
1 me
B=o[p+2h], (48)
2 We
M
By=——LB,
We

where w, = , /mg — q/f; f1 and f, are functions of qi.

Having theses wave functions, we can deal with the form
factors in the hadronic matrix element. For the transition
B, — nc», inserting Eqs. (32) and (47) into Eq. (43) and
finishing the trace, we obtain the form factors s1, 57, 53, and
s4 in Eq. (3)
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d3q [ Cl1EF(x3 + x4)
s1 = 11—

(2m)3 Mpr
N (x6 + x7)(C21 E% — Caop%)
sz%
N Erpx9(3C3p% — C31E% }
M3p% ’
dq C1(Mx3 — Epxs)
$2 = ok [xz + Mpr
Co1EF(Epxg — Mxg)  Croxg
sz%- M?2
n x9(C31 E% — C32P12c)}

3
M2p3.
S3 :/

2C3 EFpxg
<C22x6 - ]
sS4 =

(49)

d3q

(2m)3
g
(2m)3

Mpp
2C32EFX11>

(szxlo T
F

In the above expressions, pr denotes the absolute value of
P, which is the 3-momentum of the final charmonium,
Ep = /M7 + p%. The specific expressions of x; (i =
1,2,...,11) can be found in Appendix B. C; are expressed
as

4 Decay width and discussions

For the 1/;2(13D2) meson, which has been found experimen-
tally to be X (3823) [1]. For 1.2 (1'D;) and ¥3(1°D3), we use
the predictions of Ref. [49]. The meson masses we used in
this work are

Mp, = 6.276 GeV, M, , =3.837 GeV,
My, = 3.823 GeV, My, = 3.849 GeV.

The lifetime for the B, meson is 7, = 0.452 x 1072 5 [6].
The values of CKM matrix elements we use in this work are

Veb =0.041, V,q =0.974, V,; =0.225.

Among the three D-wave charmonia we calculated here,
1//2(13D2) and ncz(llDz) are expected to be quite narrow
since there are no open charm decay modes. Both of them
are just above the threshold of D D while below D D*. How-
ever, the conservation of parity forbids the DD channel. So
the dominant decay modes are expected to be electromag-
netic ones. For 1//2(13D2), the total width are estimated to
be ~0.4 MeV [47]. The predominant EM decay channel of
this particle is ne2(1'Dy) — he(1P)y and the correspond-
ing decay width is about 0.3 MeV [4,48]. For v3(1°D3),
although its mass is above the D D threshold, the decay width
is estimated to be less than 1 MeV [49,50]. The reasons are

C1 = |q|cosn, Ca1 = 3lq* (3 cos? n — 1),

Cy = 1gq|*(cos® n — 1), Cs1 = 51g*(5cos® n — 3cos ),

C3 = 1113 (cos® n — cosn),

(50)

Cy = %|q|4(35 cos*n — 30cos? n + 3),

Cip = %|q|4(5 cos*n —6cos’n+1), Cy3= é|q|4(COS477 —2cos”n+ 1),

where 7 is the angle between ¢ and P F.

Replacing the wave function ¢ (1D,) by ¢+ (°Dy) or
¢+t (®D3), and repeating the procedures above, we can get
the form factors for the transition of B, to w2(13D2) or
¥3(13D3) charmonium. The Salpeter positive wave func-
tion for 2=~ (’D») and 37~ (°D3) [34] can be found in
Appendix C. We will not give the bulky analytical expres-
sions but only present the form factors for the decays to 3Dy
and 3D3 charmonia graphically (see Fig. 3).

Finally we can obtain the numerical results of form fac-
tors. In Fig. 3a—c, we show the form factors s;, ¢, and h;
(i = 1,2,3,4), which change with momentum transfer 12,
where 12 = (P — Pr)?2. To make the form factors have the
same dimension, we have divided s3, 13, and 73 by M %;C. One
can notice that the form factors we got are quite smooth in
all the concerned range of 2. This is important for the calcu-
lation of nonleptonic decays, which depends sensitively on
one specific point of the form factors.

that the phase space is small and there is a F-wave centrifu-
gal barrier. The radiative width for the main EM transition
Y3(1°D3) = y e is ~0.3 MeV.

4.1 Branching ratios and lepton spectra for B, semileptonic
decays

From the results of form factors, we can get the branch-
ing ratios of B, exclusive decays. The semileptonic decay
widths of B, to D-wave charmonia are listed in Table 1.
For the theoretical uncertainties, here we will just discuss
the dependence of the final results on our model parameters
A, Aqcp, mp, and m. in the Cornell potential. The theoreti-
cal errors, induced by these four parameters, are determined
by varying every parameter by 5 %, and then scanning the
four-parameter space to find the maximum deviation. Gen-
erally, this theoretical uncertainties can amount to 10—20 %
for the B, semileptonic decays.

@ Springer
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Fig. 3 Form factors for B, — 12, ¥ and 3. t2 = (P — Pr)? and 1 denotes the transferred momentum. We have divided s3, 3, and k3 by M 2to
keep their dimensions consistent with others’

Table 1 Branching ratios of B,

semileptonic decays. The Channels Ours Ref. [8] Ref. [9] Ref. [13]
uncertainties here are B _ 08 4
determined by varying the Bo > neaev 5.9, x 10 - - -
rﬁodefi p(;l'ramt;,lters by' +5 % and B — neapd 5.8;?:3 x 1074 _ _ _
then finding the maximum _ _ ~0.38 6
deviation B = neTv 49770 x 10 - - -
BS —>ynev 1.5703 x 107 8.9x 1073 6.6 x 1073 43705 %1073
BT —> Yo 15,03 x 107 - - -
B —ynti 23,04 % 107° 2.1x107° 9.9 x 1077 83710 x 1077
B — Y3eb 35,08 x 107 - - -
BT — Y3 ub 3405 > 107 - - -
BI — 3T 23,02 x 107° - - -

Our result for the branching ratio of the channel B, —
Yrev, is 1.5 x 10—, which is larger than those of Refs. [8,9]
and Ref. [13]. For the channel with t as the final lepton,

@ Springer

our result is very close to that in Ref. [8], but more than
two times larger than those of Refs. [9,13]. The method
used in Ref. [13] is non-relativistic constituent quark model.
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Both Ref. [8] and Ref. [9] used the same relativistic con-
stituent quark model whose framework is relativistic covari-
ant while the wave functions of mesons are assumed to be
the Gaussian type. As to our method, although the instanta-
neous approximation causes the lost of relativistic covari-
ant, the wave functions are more reasonable. For the 7.
and 3 cases, we get B(B. — nceve) = 5.9 x 10~
and B(B; — Y3ev,) = 3.5 x 10~*, which are larger than
that of the ¥, case. From this point, the former two chan-
nels have more possibilities to be detected in the future
experiments.

As an experimentally interested quantity, the numerical
results for the forward—-backward asymmetry A rp are listed
in Table 2. For the B, — > £v channel, our results are consis-
tent with those in Ref. [13] but larger than those in Ref. [8].
We notice that for all the cases when £ = e, u, and 7,
AFrp(¥rn) is negative. For the B, — n¢v channel, when
{ = e, App(ne) is negative, while for the B, — y3£v
channel, when ¢ = e and u, App(¥3) is negative. For

Table 2 App of B, semileptonic decays

Channels Ours Ref. [8] Ref. [13]
B — neev —0.020 - -
B — neouv 0.011 - -
B, — netv 0.35 - -
B. — ynev —0.56 —0.21 —0.59
B. — yrouv —0.56 - —0.59
B. — yntv —-0.37 —0.21 —-0.42
B. — Y3ev —0.11 - -
B. — Y3uv —0.090 - -
B — Y3tV 0.10 - -
D12
g0
E L
= 1=
= r
S L
0.8~ Yo N,
06 g
04l
02
O 1 1 1 l 1 1 l 1 1 1 1 1
-1 -0.5 0 1

(a) Angular spectrum for decay to ¢ mode.

the absolute value of this quantity, when £ = e, we have
Arp(ne2) < Arp(¥3) < App(¥2).

For the sake of completeness, we also plot Figs. 4 and 5
to show the spectra of decay widths varying along cos 6 and
3-momentum |p,| of the charged lepton, respectively. Here
we do not give the result of 1 mode which is almost the same
as that of £ = e. For the angular distribution in Fig. 4, we can
see when £ = e, dI"/(I"d cos 0) decreases monotonously for
Yrp when cos 0 varies from —1 to 1, but reaches the maximum
value for 1, and ¥3 in the vicinity of 0. When £ = 7, all the
three distributions are monotonic functions (for 7., and 3,
the angular spectra are increasing functions, while for ¥, it
is a decreasing function). As to the momentum distribution
(see Fig. 5), one can see the results of 7., and 3 are more
symmetrical than that of vr, especially for £ = e. These
results will be useful to the future experiments.

4.2 Results of nonleptonic decays and uncertainties
estimation

The nonleptonic decay widths of B, to D-wave charmonia
are listed in Table 3. In the calculation, the decay constants
of the charged mesons are [6,9]

fr =1304MeV, fx =1562MeV, f, =210MeV,
fx+ =217 MeV.

The factorization method is used and the decay widths are
expressed with general Wilson coefficient a;. In this paper,
to calculate the branching ratios of nonleptonic decays we
choose a; = 1.14 [9].

The branching ratios of the nonleptonic decays are listed
in Tables 4 and 5. For the channels with 1, as the final char-
monium, when the light meson is pseudoscalar, the branch-

~ 1
D L
[72]
o L
S .
o L
£ oo~ .V, .,
<X ~ C.
[ -
5 C .
06—
- v,
04—
02—
0 L 1 1 1 1 l 1 1 1 1 l 1 1 1 1 l 1 1 1 1
-1 ~05 0 05 1

(b) Angular spectrum for decay to 7 mode.

Fig. 4 The spectra of relative width vs. cos 6 in B, semileptonic decays into D-wave charmonia. 6 is the angle between charged lepton ¢ and final

cc system in the rest frame of £v

@ Springer
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(b) Momentum spectrum for decay to 7 mode.

Fig. 5 The spectra of relative width vs. charged leptons 3-momentum in B, semileptonic decays into D wave charmonia. |p,| and |p,| are the

3-momentum amplitudes of e and 7, respectively

Table 3 Nonleptonic decays width for B to nc2, %2 and 3 with general Wilson coefficient a;

xa} (GeV)
Channels Width Channels Width Channels Width
B — Yo 12701 x 10717 BT — neam ™ 4409 x 10716 B — Y3 1.9,03 x 1071
B —>ynK~ 8307 x 1071 B oK™ 3203 x 10717 B =YK~ 1.3,03 x 10717
B —ynp~ 11305 x 10710 B = nep” 9.17,0 x 10716 B —y3p~ 4.6,04 x 10710
B —ynK*~ 7.1573 x 10718 B = nak* 48704 x 10717 B — Y3 K*~ 25,04 x 10717

Table 4 Branching ratios of nonleptonic decays for B to 2. a; =
1.14 and tp, = 0.452x 10~ '? 5. The first uncertainties are from varying
the model parameters by +5 % then finding the maximum deviation.

The second uncertainties are from the calculations of the Wilson coef-
ficienta; = ¢y + ﬁcz, where we change N, from 2 to +00 to estimate
the non-factorizable contributions

Channels BR Ref. [9] Ref. [13]

B — Yo 1001707 x 107 1.7 x 1073 417005 x 1077
BI —>ynK~ 740001 x 1077 1.2 x107° 31505 x 1078
B —ynp~ 9.6, 10740 x 1073 55%x107° 20703 x 1073
B — Yo K*~ 6470555 x 107° 32x 1070 14702 5 107°

ing ratio is smaller than that of Ref. [9] but about 20 times
larger than that of Ref. [13], while for the channels with vec-
tor charged mesons, the branching ratios are about 2 times
and 5 times larger than those of Refs. [9,13], respectively.
Within all nonleptonic channels, those with p as the charged
meson have the largest branching ratios, which have more
possibilities to be discovered by the future experiments.

In order to estimate the systematic theoretical uncertain-
ties for nonleptonic decays, we vary the parameters of Cornell
potential model by £5 % and then scanning the parameter
space to find the maximum deviation. From our results (see
Table 3), the deviations of nonleptonic B, decays amount to
5—-20 %.

@ Springer

In the method of the factorization approximation, the num-
ber of colors N,, which appeared in the calculation of the
Wilson coefficient a; = ¢ + Niccz, is a parameter to be
determined by experimental data. To estimate the system-
atic uncertainties from the non-factorizable contributions, we
change the value of N, within the range [2, +00], and then
we calculate the maximum deviation to the central values
where N. = 3 and a; = 1.14 are used. In our calculations,
these uncertainties can amount to about 15% ~ 40% in the
nonleptonic decays of B, to D-wave charmonia, which are
listed as the second uncertainties in the results of the branch-
ing ratios in Tables 4 and 5.
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Table 5 Branching ratios of

. _ Channels BR Channels BR
nonleptonic decays for B. to
ne2 and ¥3. a; = 1.14 and - - ~0.5-0.7 —4 - - ~0.3-0.3 4
7, = 0.452 x 1072 5. See the B = neam 3'9*'0'6“'2 x 10 Be = Ysm 17403407 X 10
caption of Table 4 for further B =oK™ 28,0493 x 1073 B — YK~ 12703702 x 1073
explanations BS —1c2p” 81710743 x 107 BI —y3p~ 4170797 x 1074
B —neoK* 4305508 x 107 By —ysK*~ 23705505 X 1077
2.2

5 Summar M 5354

y Ne = _ T PES3s (A.5)

In this work we calculated semileptonic and nonleptonic
decays of B, into the D-wave charmonia, namely, 1.2 (1 1Dy,
Y2 (1°D»), and y3(1°D3), whose decay widths are expected
to be narrow. The results show that for the semileptonic chan-
nels with the charged lepton to be e or w, the branching ratios
are of the order of 10~*. For the nonleptonic decay channels,
the largest branching ratio is also of the order of 10~*. These
results can be useful for future experiments to study the D-
wave charmonia.
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Appendix A: Expressions for the N; in the hadronic
tensor Hy,

The hadronic tensors N; for the B, to 'Dj ¢¢ states are

2M4p4 52 4M2p2 sys3 1 52
Ny = il E2 M phsi + 2, (A
T 32 pMpEsit g (A
Ny — 2EFM°pgsis3 | EFM’pgpsi  EpMs3
? 3m? 2M2 6M2
2M4p‘},slsz B ZMZP%-SQS:; (A2)
4 2 ’ :
3m 3M2
= 4EFM3P%;S2S3 2M4p?,s% B M4p2Fs4%
3M7} 3M7} 2M2
M?s3(M} + 4pF)
- : (A.3)
6M3
. _M4p‘;s£ B sz%-s% Ad
N5 - ’ ( . )
2M3% 2M%

2
MF

For the B, to 3D, state the relations between N; (i =
1,2,4,5,6) and form factors t; (j = 1, 2, 3, 4) are the same
as the D5 state, just s; are replaced with ¢;.

The hadronic tensor N; (i = 1,2,4,5,6) for B, to D3
charmonium are expressed with corresponding form factors
hj (j=1,2,3,4)as

N = 2MOpGhi  AM*phhihy  AMplhg
= 6 4 2
5M¢ SMy 15M%
2M?pihy
%, (A.6)
15M%
Ny = 2EPMOpbnhs | AERMEpLIG  2Er MO}
5MS 15M} 15M3
2MOpGhihy  2M*pihahs (A7)
6 4 '
5MS SM},
- AEPM°piphohy  2MPpGhy  AMOpihj
= 6 6 4
5MY. SMy, 15M7%
2M4p2h2(M2 +3p2)
! , (A.8)
15M6,
AMOpYhi  AM*pph3
Ns = — - ) (A.9)
15M% 15M%
8M*pthsh
Ne = —o PF 43 4 (A.10)
15M;}

Appendix B: Expressions for x; in form factors s;

The expressions forthe x; (i = 1,2, ..., 11)in Eq. (49) are

22
x| = —%(a’AI&EzM + A BIMM?
M4M12;~ 2 F F
+ A3BoMpPp-q + d5A4sBsEF PR -q). (B.1)
40[/22E12; / 2
Xy = +ﬁ(a2AlB4EFM — A2ByMMFp — AsBaq”).
M3M>
(B.2)
4a§2E%
X3 = (A1B4EFM — A3BoEpMp

M3M3
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+ A4BIM} + AsByPr-q). (B.3)
80(2EF
X4 = +M3 2 (a2A1B4EFM +AIBIMMF
+A3BZMFPp-q + yA4ByEFPE-q). (B.4)
_3aE S0 (@b AL ByERM — AsByM My — A4Bag?).
X5 = (04 —_
5 M2M 2A1B4EFR 2B F 4Baq
(B.5)
8062EF
X6 = — (A1B4EFM A3ByEpMp
+A4BlMF + A4B4sPF-q). (B.6)
4 / 2 2
X7 = —m(a2A134EFM +AIBIMMF
+ A3BoMpPr-q + a5 A4B4EFPF-q). (B.7)
4
X =+—> JYe (yA1BsEFM — AyBoMMp — AgBag?).

F
(B.8)

4
Xo =+ (A1 B4EFM — A3ByEF M + A4Bi Mj;
MM?

+ A4B4Pr-q). (B.9)
SOléEF /
X10 = _M3—A4%,(_A1B4M + A3ByMFp + ay A4 B4EF).
(B.10)
4
X1 =4+—— 5 (—A1B4M + A3BoMp +a2A4B4EF)

M2M2
(B.11)

r 1
where @) = 5.

Appendix C: BS positive wave function for the 3D, and
3Dj5 states

The wave function for 3D, (277) cc can be written as [34]

v

. P}
‘P++(3D2) = 16/1,1101/3M QTeﬂSQiéy
P PFqJ_
— . C.1
|:11+12MF+1 M2 (C.1)
i1, ip and i4 are defined as
1
i1 = —[11 - &12},
2 me
. 1 me
ib=-|hL—-——1]|, (C2)
2 We
) My
i = — i.
wWe

1

—

and I, are functions of q’f
The positive part of the wave function of the 3D3(377)
state has the form [34]

@ Springer

(/)++(3D3) = euvaq/fq/a
L qJ_ PFqJ_ n
= M
X |:QJ_ <u1 +M3MF + uq I ) + vy (usMr + ug Pr)
(y"Prq’ + P
+ug Y*Prq’, FCIJ_):|’ €3)
Mp
where u; (i =1, 3,4,5, 6, 8) are expressed as
wc(q7 Us + M7Us) + mc(q7 Uy — M7 Us)
- 2Mmea)L
1T M2
U3z = — U3+&U4— u U6:|7
20 we MW
i . 2
ug = - |Us+ —U;z — Us |,
2L c Mee (C.4)
1 _U we U
us = - - — )
575 I 5 ) 6
17 me
ue = =|Us — —VUs |,
21 ¢
Mp
ug = — us.
We

In the above expressions U3z , U4, Us, and Ug are functions of
q/f, which could be determined numerically by solving the full
Salpeter equation.
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