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Abstract The particle creation by the so-called peak elec-
tric field is considered. The latter field is a combination
of two exponential parts, one exponentially increasing and
another exponentially decreasing. We find exact solutions of
the Dirac equation with the field under consideration with
appropriate asymptotic conditions and calculate all the char-
acteristics of particle creation effect, in particular, differen-
tial mean numbers of created particle, total number of cre-
ated particles, and the probability for a vacuum to remain a
vacuum. Characteristic asymptotic regimes are discussed in
detail and a comparison with the pure asymptotically decay-
ing field is considered.

1 Introduction

Particle creation from the vacuum by strong external electro-
magnetic fields was studied already for a long time; see, for
example, Refs. [1-13]. To be observable, the effect needs
very strong electric fields in magnitudes compared with
the Schwinger critical field. Nevertheless, recent progress
in laser physics allows one to hope that an experimental
observation of the effect can be possible in the near future;
see Refs. [14-18] for the review. Electron-hole pair cre-
ation from the vacuum becomes also an observable effect in
graphene and similar nanostructures in laboratory; see, e.g.,
[19,20]. The particle creation from the vacuum by external
electric and gravitational backgrounds plays also an impor-
tant role in cosmology and astrophysics [8—11,21].

It should be noted that the particle creation from the vac-
uum by external fields is a nonperturbative effect and its cal-
culation essentially depends on the structure of the exter-
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nal fields. Sometimes calculations can be done in the frame-
work of the relativistic quantum mechanics, sometimes using
semiclassical and numerical methods (see Refs. [8—11] for
the review). In most interesting cases, when the semiclas-
sical approximation is not applicable, the most convincing
consideration of the effect is formulated in the framework
of quantum field theory, in particular, in the framework of
QED, see Refs. [4,5,7,12,13] and is based on the existence
of exact solutions of the Dirac equation with the correspond-
ing external field. Until now, only few exactly solvable cases
are known for either time-dependent homogeneous or con-
stant inhomogeneous electric fields. One of them is related to
the constant uniform electric field [1], another one to the so-
called adiabatic electric field E (f) = E cosh™2 (t/Ts) [22]
(see also [23,24]), the case related to the so-called T -constant
electric field [24-27], the case related to a periodic alternating
electric field [28,29], and several constant inhomogeneous
electric fields of similar forms where the time ¢ is replaced
by the spatial coordinate x. The existence of exactly solvable
cases of particle creation is extremely important both for
deep understanding of quantum field theory in general and
for studying quantum vacuum effects in the corresponding
external fields. In our recent work [30], we have presented a
new exactly solvable case of particle creation in an exponen-
tially decreasing in time electric field.

In the present article, we consider for the first time particle
creation in the so-called peak electric field, which is a combi-
nation of two exponential parts, one exponentially increasing
and the other exponentially decreasing. This is another new
exactly solvable case. We demonstrate that in the field under
consideration, one can find exact solutions with appropriate
asymptotic conditions and perform nonperturbative calcula-
tions of all the characteristics of particle creation process. In
some respects, the peak electric field shares similar features
with the Sauter-like electric field, while in other respects it
can be treated as a pulse created by laser beams. Switch-
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ing the peak field on and off, we can imitate electric fields
that are specific to condensed matter physics, in particular to
graphene or Weyl semimetals as was reported, e.g., in Refs.
[31-39].

In our calculations, we use the general theory of Refs.
[4,5,7] and follow in the main the consideration of particle
creation effect in a homogeneous electric field [24]. To this
end we find complete sets of exact solutions of the Dirac
and Klein—Gordon equations in the peak electric field and
use them to calculate differential mean numbers of created
particle, total number of created particles, and the probability
for a vacuum to remain a vacuum. Characteristic asymptotic
regimes (slowly varying peak field, short pulse field, and
the most asymmetric case related to exponentially decaying
field) are discussed in detail and a comparison with the pure
asymptotically decaying field is considered.

2 Peak electric field
2.1 General

In this section we introduce the so-called peak electric field,
that is, a time-dependent electric field directed along an
unique direction!

E()=(E'(t)=8E®), i=1,...,D), .1)

switched on at t = —o0, and off at t = +00, its maximum
E > 0 occurring at a very sharp time instant, say at t = 0,
such that the limit

lim E (t) # lim E(), (2.2)
t——0 t—+0
is not defined. The latter property implies that a peak att = 0
is present. Time-dependent electric fields of this form can,
as usual in QED with unstable vacuum [6-9] (see also [40]),
be described by ¢-electric potential steps,

AY=0, A@) = (A1) =8 A1),

dA, (1) <0_){E(r)=—Ax<t)zo
- <

A: ()= Ay (—00) > Ay (400),

2.3)

where A, (—00), Ay (400) are constants (for further discus-
sion and details concerning the definition of 7-electric poten-
tial steps; see Ref. [40]).

To study the peak electric field we consider an electric
field that is composed of independent parts, wherein for each

' Greek indices refer to the Minkowski spacetime u = 0, ..., D,
while Latin indices refer to the Euclidean space i = 1,..., D. Here
d = D + 1 is the dimension of the spacetime. Bold letters represent
Euclidean vectors such asr = x', x2, ..., xP. The Minkowski metric
tensor is diagonal ,,, = diag(+1, —1, ..., —1).

— ——

@ Springer

one the Dirac equation is exactly solvable. The field in con-
sideration grows exponentially from the infinitely remote
past t = —oo, reaches a maximal amplitude E at t = 0
and decreases exponentially to the infinitely remote future
t = 400. We label the exponentially increasing interval by
I = (—o0, 0] and the exponentially decreasing interval by
II = (0, 400), where the field and its 7-electric potential
step are

kit

et tel,

E(t)_E{e"‘Z’, rell,

A — E kit (=t +1), rel (2.4)
1) = .

) k' (e —1), rell

Here E, k1, k; are positive constants. The field and its poten-
tial are depicted below in Fig. 1.

2.2 Dirac equation with peak electric field

To describe the problem in the framework of QED with ¢-
electric potential steps it is necessary to solve the Dirac equa-
tion for each interval discussed above. In any of them, the
Dirac equation in a d = D + 1 dimensional Minkowski
spacetime is, in its Hamiltonian form, represented by

iy (x)=H® Y ), H@=y"@P+m),
P.=—id,—U((), PL=—-iV), U(@t)=—eA; (1),
2.5)

where the index L stands for the spatial components per-
pendicular to the electric field, x; = {x2, ...,xP } and
P, = (Pz, ..., PP). Here Y(x) is a 2[d/2]-comp0nent
spinor ([d/2] stands for the integer part of the ratio d/2),
m # 0 is the electron mass, y* are the y matrices in d
dimensions, U (¢) is the potential energy of one electron, and
the relativistic system of units is used throughout in this paper
(h=c=1).

As customary for z-electric steps [40], solutions of the
Dirac equation (2.5) have the form

Yn (x) = exp (ipr) ¥, (1), n = (p,0),

Y 0 = {050 = v [pe = U 01 = ypr +m} (1),
(2.6)

where ¥, (t) and ¢, (¢) are spinors which depend on ¢ alone.

In fact, these are states with definite momenta p. Substituting

Eq. (2.6) into Dirac equation (2.5), we obtain a second-order
differential equation for the spinor ¢, (¢),

d2 .
{@ +px —U®OF + 71 —iyole(t)}tbn (1) =0,

m=,/p} +m2

2.7)
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Fig. 1 The peak electric field E (¢) and its vector potential Ay (¢) (2.4). Each interval is characterized by a distinct exponential constant which
explains the non-symmetrical form of the picture. Here k1 > k> has been chosen

We separate the spinning variables by the substitution

Gn(t) = @n (1) Vy 0, 2.8)

where vy s for x = £1 and 0 = (01,02,...,0[4/21-1)
for oy = =1 is a set of constant orthonormalized spinors,
satisfying the following equations:

0,1 T
YV Uxo = XVx,o0> U)'(,O‘UX/‘U/ =8y x 00,0 (2.9)

The quantum numbers x and oy describe spin polarization
and provide a convenient parametrization of the solutions.
Since in (1 + 1) and (2 + 1) dimensions (d = 2, 3) there are
no spinning degrees of freedom, the quantum numbers o are
absent. In addition, in d > 3, Eq. (2.7) allows one to subject
the constant spinors vy , to some supplementary conditions

that, for example, can be chosen in the form

2s5+1
Uy, o0 = OsVy.o

2542 _
VUy.o = OsVy.0

for even d,

for odd d, (2.10)

Then the scalar functions ¢;, () have to obey the second-order
differential equation

d2 2 5 .
{ﬁJr[px —U (1)) —G—JTJ_—i)(U(I)}‘Pn(t):O-

@2.11)

In d dimensions, for any given set of quantum numbers
p. there exist only Ji4) = 2[4/21=1 different spin states. The
projection operator inside the curly brackets in Eq. (2.6) does
not commute with the matrix y°y ! and, consequently, trans-
forms ¢,(,X ) (x) with a given x to a linear superposition of
functions ¢,(,+l) (x) and ¢,(l,_l) (x) with indices n and n’ corre-
sponding to the same p. For this reason, solutions of (2.6) dif-
fering only by values of x and o; are linearly dependent.That
is why it is enough to select a particular value of y to perform
some specific calculations, whose choice shall be explicitly
indicated when necessary.

Exact solutions of the Dirac equation with the exponen-
tially decreasing electric field have been obtained by us pre-
viously in [30]. Thus, using some results of the latter work,
below we summarize the structure of solutions for each inter-
val and unify it in a single presentation. To this aim we intro-
duce new variables 7,

m (1) = ih1eh’, ma(r) = ihpe ™,
2¢eE .

j=—7 J=L2 (2.12)
kj

in place of # and represent the scalar functions ¢, (¢) as

g (0) = eI 5T (n;),

iw; . eE
#’ wj = ,/7F+71, 7j=py = (=D o=,
J

J
(2.13)

l)j—

where the subscript j distinguishes quantities associated to
the intervals I (j 1) and II (j = 2), respectively. Then
the functions ¢/ (1 ;) satisfy the confluent hypergeometric
equation [41],

,,.ﬁJr(C. —n')i —aj | @' (n;) =0,
]dﬂ? J J dﬂj J J
whose parameters are

1 jiﬂj
Cj=1+21)j, aj=§(1+)()+(—1) 7-'-1)1'. (2.14)
J

A fundamental set of solutions for the equation is composed
by two linearly independent confluent hypergeometric func-
tions:

@ (aj,cjin;) and n}fc-"e’UCD (1—aj;,2—cj;—n;)),
where

1 2
@ cm=1420 aatbn (2.15)

cll c(c+1)5

@ Springer
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Thus the general solution of Eq. (2.11) in the intervals I and
IT can be expressed as the following linear superposition:

o (1) = by y{ (n;) + b{y3 (n)),
Y () = eyl daj, cjim)), (2.16)
ya(j) ="y e —aj,2 —cj; —ny),

with constants b{ and b'zi being fixed by the initial conditions.
The Wronskian of the y functions is

1—CJ'

31 (1) g3 () =3 () @i o) = —-
(2.17)

It is worth noting that the complete set of solutions for the
Klein—Gordon equation,

$n (x) = exp (ipr) ¢, (1) , (2.18)

can be obtained from the solutions above by setting x = 0
in all formulas. In this case n = p.

With the help of the exact solutions one may write Dirac
spinors throughout the time interval t € (—o00, +00). As can
be seen from (2.4), the peak electric field is switched on at
the infinitely remote past t — —oo and switched off at the
infinitely remote future t — +o00. At these regions, the exact
solutions represent free particles,

con(t) = (Ne 1 if t — —o0,

Son(t) = SNe 9 ift — o0, (2.19)

respectively, where w; denotes energy of initial particles at
t — —o00, wy denotes energy of final particles at t — 400
and ¢ labels electron (¢ = +) and positron ({ = —) states.
Here ;N\ and ¢\ are normalization constants with respect
to the inner product?

(v, v) =/W ()¢ (x)dr, dr=dx'---dxP. (2.20)

These constants are

N =fcy, v =V,

;N = CY,
(C = Quwig)) 2 £C = Qwgs) "'V,
q; = wj — ximj, 221)
where V(4_1) is the spatial volume. By virtue of these prop-
erties, electron (positron) states can be selected as follows:
1o (1) = 4N exp (imvi/2) y3 (m)

—on (1) = _Nexp(—imv1/2)y{ (m), 1€
Ton (1) = TN exp (—imv2/2) yi (),

Ton ()= “Nexp(inva/2) y; (), 1 €ll

(2.22)

2 For a detailed explanation concerning the inner product for z-electric
potential steps see, e.g., Ref. [40].

@ Springer

2.3 g Coefficients and mean numbers of created particles

Taking into account the complete set of exact solutions (2.16),
the functions _¢, (1) and *¢, () can be presented in the
form

N (1) 4o ) + g (=IT) —u(@®), 1€l
on (1) = [ TN exp (—imva/2) y12 (m2) , tell,
(2.23)
on () = [ _Nexp (—imv1/2) y} (m), tel
e g(Tl1=) Yen ) +xg (T1=) “@un (). tell
(2.24)

for the whole axis ¢, where the coefficients g are the diagonal
matrix elements,

(v ) = 81ag (1) 8 (%lc) =8 (1)) @29

These coefficients satisfy the unitary relations
D el g (z|{/) =35 (") g (“le) =80 (226)
x x

Here the constant « (k = +1 above) allows us to cover
the Klein—Gordon case, whose details are discussed in Egs.
(2.31) and (2.32) below.

The functions _¢, (1) and "¢, (1) and their derivatives
satisfy the following continuity conditions:

o],y = Toa®],_,y

O Toa(],__y= 3 Ton(®)|,_-
Using Eq. (2.27) and the Wronskian (2.17), one can find each
coefficient g (;|5/) and g (’§|§,) in Egs. (2.23) and (2.24).
For example, applying these conditions to the set (2.23), the
coefficient g (_ |+) takes the form

1 q, i
_M=cA, ¢c=—-= 1 ex |:—v—u ],
g(=1") 2‘,w1q;‘w2 Pl (vi —v2)

d d
A= [klhly% (m2) —y3 (M) + kahoyh (1) — ¥} (m)}
dm dnz =0

(2.28)

(2.27)

Alternatively, we obtain from the set (2.23)

1 F j
[ exp [E (v2 - uo]
2V wigy an 2

d d
A = [kzhzyll (M) — 3 () + kih1ys (12) — ! (m)}
dm dn =0

(2.29)

g (+|7) _ C’A,, c =

Comparing Egs. (2.28) and (2.29) one can easily verify that
the symmetry under a simultaneous change k1 < kp and
1 S —mo holds,

g(flo) s e (L), (2.30)
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A formal transition to the Klein—Gordon case can be per-
formed by setting x = 0 and «k = —1 in Egs. (2.23) and
(2.24), and by replacing the normalization factors C, *C
written in (2.21) by

(C=Quw) ", CC = Q). (2.31)

After these substitutions, the coefficient g (_|+) for scalar
particles reads

8 (7|+) = Csc Aly=o >
Cse = (do12) ™ ?explim (vi — 12) /21, (2.32)

with A given by Eq. (2.28). In this case it is worth noting
that the symmetry under the simultaneous change k1 < k»
and 11 < —mp holds as

g(fl-) s —g(-1h).

Note that for scalar particles the coefficients g satisfy the
unitary relations

> xg(Cle) g <x|§/> = xg (1) g (*e) = ¢8c.00-

(2.34)

(2.33)

Using a unitary transformation V between the initial and
final Fock spaces, see [7], one finds that the differential mean
number of electron—positron pairs created from the vacuum
can be expressed via the coefficients g as

NS =g (1))

both for fermions and bosons. Then the total number of cre-
ated pairs is given by the sum

N=Y N =Y le(-[")I

and the vacuum-to-vacuum transition probability reads

P, = exp {K > In[1- KN,ff]} . (2.37)

n

(2.35)

(2.36)

For Dirac particles, using g (_ |+) given by Eq. (2.28), we
find in the case under consideration

N = |CA%. (2.38)

For scalar particles, using g (_ |+) given by Eq. (2.32) the
same quantity has the form

2
Ny' = |Cse Alyol™- (2.39)

It is clear that NS is a function of the modulus squared of
transversal momentum, pi. It follows from Eq. (2.30) and
(2.33), respectively, that N;' is invariant under the simulta-
neous change k; < kp and r; < —mp for both fermions and
bosons. Then if k1 = kp, NS' appears to be an even function
of longitudinal momentum p, too.

3 Slowly varying field
3.1 Differential quantities

We are primarily interested in a strong field, when N*
are not necessarily small in some ranges of quantum num-
bers and semiclassical calculations cannot be applied. The
inverse parameters kl_l, ky ! represent scales of time dura-
tion for increasing and decreasing phases of the electric field.
In particular, we have a slowly varying field at small val-
ues of both kj, kp — 0. This case can be considered as
a new two-parameter regularization for a constant electric
field [additional to the known one-parameter regularizations
by the Sauter-like electric field, £ cosh™2 (¢/Ts), and the
T -constant electric field (an electric field which effectively
acts during a sufficiently large but finite time interval T)].
Let us consider only this case, supposing that k1 and k, are
sufficiently small, obeying the conditions

min(hy, h) > max(l,mz/eE). 3.1

Letus analyze how the numbers N;" depend on the param-
eters p, and . It can be seen from semiclassical analysis
that N;' is exponentially small in the range of very large
T2 min(eEkfl , eEk{l ). Then the range of fixed 7| is of
interest, and in the following we assume that

2

b
\/X<KJ_, )\Z—J‘,
eE

where K| is any given number satisfying the condition

(3.2)

min(hy, hy) > K2 > max(1, m?/eE). (3.3)

By virtue of symmetry properties of N;' discussed above,
one can only consider p, either positive or negative. Let us,
for example, consider the interval —oo < p, < 0. In this
case my is negative and large, —my > eE/ ko, while 7| varies
from positive to negative values, —oo < w1 < eE/k;. The
case of large negative 1, —2m1/k; > K1, where K is any
given large number, K1 3> K |, is quite simple. In this case,
using the appropriate asymptotic expressions of the confluent
hypergeometric function one can see that N;' is negligibly
small. To see this, Eq. (A11) in Appendix A is useful in the
range h; 2 —2m;/k; > K| and the expression for large
¢y with fixed a; and h» and the expression for large ¢; with
fixed a; — ¢ and hy, given in [41], are useful in the range
—2m1/k1 > hy.

We expect a significant contribution in the range

hy > 2m/ky > =K1, 3.4
that can be divided in four subranges

@ hy = 201 /k > il = (Vhig) ™',

() [l — (Vhig2)™'1 > 2m1/ky > hi(1 —e),

(© hi(1 —e) >2mi/ki > hi/g1,

@ Springer
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(d) hi/g1 > 2mi/ k1 > —Kj, (3.5

where g1, g2, and ¢ are any given numbers satisfying the
condition g1 > 1, go > 1, and ¢ < 1. Note that 11 =

—ih1/2 —c)) ~ % in the subranges (a), (b), and (c)
and 10 = ihy/cr = % in the whole range (3.4). In these

subranges we have for | 12|

@1 <t <[1+(/hg) "],
®) [1+ hag) <t < (1 +¢eka/ky),
© (1 +eka/ky) < 5" < [1+ka/kr(1 = 1/g1)],

@ [ +k/kid=1/gnl <7 ' S (U +ka/k). (36

We see that 71 — 1 — 0 and 7o — 1 — 0 in the range (a),
while |t — 1| ~ 1 in the range (c), and |t — 1| ~ 1 in the
ranges (c) and (d). In the range (b) these quantities vary from
their values in the ranges (a) and (c).

In the range (a) we can use the asymptotic expression of
the confluent hypergeometric function given by Eq. (A1) in
Appendix A. Using Egs. (A7), (A8), and (A9) obtained in
Appendix A, we finally find the leading term as

NS =e ™ 14 0(|1Z1])], (3.7)

for fermions and bosons, where max |Zi| < g, ' In the
range (c), we use the asymptotic expression of the confluent
hypergeometric function given by Eq. (A11) in Appendix A.
Then we find that

NS =14+ 00217+ 0027, (3.8)

where max |Z1|7! < /g1/h1 and max |27 < gz_l.
Using the asymptotic expression Eq. (A1) and taking into
account Egs. (3.7) and (3.8), we can estimate that N;© ~
e~ " inthe range (b). In the range (d), the confluent hypergeo-
metric function @ (aa, ¢2; iho) is approximated by Eq. (A10)
and the function ® (1 —ay, 2 —c1; —ihy) is approximated by
Eq. (A12) given in Appendix A. In this range the differential
mean numbers in the leading-order approximation are

exp [—%(wl - 771)]
sinh 2mw1/k1)

sinh [z (w1 + 71) / k1]
cosh [ (w) + 71) / k1]

or
Nn ~

for fermions

for bosons. (3.9)

It is clear that N;* given by Eq. (3.9) tends to Eq. (3.8),
N — e whenm > 7. Consequently, the forms (3.9)
are valid in the whole range (3.4). Assuming m/k; > 1, we
see that values of NS given by Eq. (3.9) are negligible in the
range 71 < 7). Then we find for bosons and fermions that

significant value of N;' is in the range m| < m; < eE/kj
and it has the form

2
N~ exp [—% (0] — m)} . (3.10)

@ Springer

Considering positive p, > 0, we can take into account
that exact N is invariant under the simultaneous exchange
k1 = ko and m; = —mp. Inthis case 7y is positive and large,
w1 > eE/ky, while my varies from negative to positive val-
ues, —eE/ky < mp < co. We find a significant contribution
in the range

—hy <2my/ky < K», (3.11)

where K> is any given large number, K> >> K| . Inthisrange,
similarly to the case of the negative py, the differential mean
numbers in the leading-order approximation are

exp [—]’:—2 (wp + 712)]
" 7 sinh Qrawn/ ko)

sinh [ (wy — m2) /k2]  for fermions
cosh (7w (wp — ) /ky)  for bosons.

(3.12)

Assuming m/ky > 1, we find for bosons and fermions that
significant value of N;" isintherange —eE /ky < 7y < —m.
and it has a form

2
N;* =~ exp |:_k_ (w2 + 712)1| . (3.13)
2
Consequently, the quantity NS" is almost constant over
the wide range of longitudinal momentum p, for any given
A satisfying Eq. (3.2). When k1, h, — 00, one obtains the
well-known result in a constant uniform electric field [2,3],

NS — N — oA

(3.14)

3.2 Total quantities

In this subsection we estimate the total number N of pairs
created by the peak electric field. To compute this number,
one has to sum the corresponding differential mean numbers
Ny over the momenta p and, in the Fermi case, to sum over
the spin projections. Once N:' does not depend on the spin
variables, the latter sum results in a multiplicative numerical
factor Jigy = 214/21=1 for fermions (J4) = 1 for bosons).
Then replacing the sum over the momenta in Eq. (2.36) by an
integral, the total number of pairs created from the vacuum
takes the form

Vid-1
N = s [ apNg

Due to the structure of the coefficients g (, |+) presented
in Sect. 2.3, it is clear that a direct integration of combina-
tions of hypergeometric functions involved in the absolute
value of (2.28) and (2.32) is overcomplicated. Nevertheless
the analysis presented in Sect. 3.1 reveals that the dominant
contributions for particle creation by a slowly varying field
occurs in the ranges of large kinetic momenta, whose differ-
ential quantities have the asymptotic forms (3.10) for p, < 0

(3.15)
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and (3.13) for p, > 0. Therefore, one may represent the total
number (3.15) as

40
NC — Vid—1 net, pt = 9 dp. Iy, .
( ) (27T)d_l \/X<KJ_ PL

1 2
Iy, = Il(’L) + IIEL)’

0 eE/ki 2

B = [ apaiy s [T amen| < - .
—00 N kl

) o

Iy, = /O dp< Ny

eE/ky 27
%/ dlmlexp | ——— (w2 — |m2]) | .
- ka

1

(3.16)
Using the change of the variables

s = m(wl — ),

and neglecting exponentially small contributions, we repre-
sent the quantity Ilﬁlﬁ as

® ds
Ilglﬁ %f e,
1 S

(3.17)
Similarly, using the change of variables

2
§ = lcz_k(wz_ |72l) ,

we represent the quantity Iﬁ) as
o ds
1(2) ~ / _a)ze—ﬂks‘
PL 1 s

The leading contributions for both integrals (3.17) and (3.18)
come from the range near s — 1, where w; and w, are
approximately given by

ek eE

|~ — w ~ —

Skl ’ Skz.

Consequently the leading term in Ip, (3.16) takes the fol-
lowing final form:

! eE N eE /“X’ ds
~\—+— —e
PL k] kz 1 S2

(3.18)

—TTAS

1 1 —Th
=e¢E|—+—)e ™G, 7N, (3.19)
ki ko
where
©ds L
G(a,x):/ — 67D = XU (—a, x),  (3.20)
1 SoH—l

and I' (—a, x) is the incomplete gamma function.

Neglecting the exponentially small contribution, one can
represent the integral over p, in Eq. (3.16) (where I, is
given by Eq. (3.19)) as

dp, I, =~ / dp. 1y, .
/«/X<KL PL Vi<oo P

Then calculating the Gaussian integral,

2 d/2—1
E
/dpL exp (—nsp—l) = (e—> , (3.21)
ek K
we find
11 d m?
Ccr cr
=r =+ = )G (57—,
8 ! (k1+k2> <2 n€E>
Jaay (eE)/? m?
or - 77 —r—1. 3.22
omd—1 FP1 T E (3-22)

Using the considerations presented above, one can per-
form the summation (integration) in Eq. (2.37) to obtain the
vacuum-to-vacuum probability P,

P, = exp (—/,LNcr) ,

x 1—x)l1/2 2
( 1)( €1+1 m
= ———————————————————————— —l — B
H g G+ iz TP\

d m? d m\1"
e=G|=,lrn—)|G|=, 77—
2 ek 2 eE

These results allow us to establish an immediate compar-
ison with the one-parameter regularizations of the constant
field, namely the T-constant and Sauter-like electric fields
[24]. We note that in all these cases the quantity is quasi-
constant over the wide range of the longitudinal momentum
pyx for any given A, i.e., NS ~ =7, Pair creation effects
in such fields are proportional to increments of longitudinal
kinetic momentum, AU = e|Ay(4+00) — A, (—00)|, which
are

(3.23)

AUy = eE(ky" +k; ") for peak field,
AUt = eET for T-const field,

AUs = 2¢ETs for Sauter-like field. (3.24)

This fact allows one to compare pair creation effects in such
fields. Using the quantities introduced, we can represent the
densities n°" as follows:

A 2
n’ = r”ﬂG (g, nm—> , for peak field,

eE 2 eE
U
2 = " 22T for T-constant field,
eE
AU
n = r =255 for Sauter-like field, (3.25)
2¢eE
where

00 m2
8 :/ der =12 (1 +1)"@=D 2 exp <—m—>
0

ek
1 d-2 2
Z\/;‘I’<§,——; m)’

ﬂ_
2 eE

and W (a, b; x) is the confluent hypergeometric function
[41].
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Thus, for a given magnitude of the electric field E one can
compare the pair creation effects in fields with equal incre-
ment of the longitudinal kinetic momentum, or one can deter-
mine such increments of the longitudinal kinetic momenta,
for which particle creation effects are the same. In Eq. (3.24)
T is the time duration of the T-constant field. Equating the
densities n" for Sauter-like field and for the peak field to
the density n" for the T'-constant field, we find an effective
duration time 7, in both cases,

Tess = Tsé for Sauter-like field,
1 1 d m?
Tott = (kl_ + k5 ) G (E ne—E) for the peak field.

(3.26)

By the definition Tege = T for the T-constant field. One
can say that the Sauter-like and the peak electric fields with
the same Teif = T are equivalent to the 7 -constant field in
pair production.

If the electric field E is weak, mz/eE > 1, one can use
asymptotic expressions for the W-function and the incom-
plete gamma function. Thus, we obtain

G d m? eE
—_— 7'[’ ’\‘ _’
2’7 eE Tm?

If the electric field E is strong enough, m?/eE < 1,

it follows from a corresponding representation for the W-

function, see Ref. [41], that its leading term does not depend
on the dimensionless parameter m? /e E and reads

8§~ eE/m. (3.27)

1 d-2 m?
U -, ———;m— ) ~T[(d/2)/Td/2+1/2).(3.28)
2 2 eE
Then, for example, § ~ 7/2 if d = 3 and § ~ 4/3 if
d = 4. The leading term of G-function, which is given by
Eq. (3.20), does not depend on the parameter m?/¢E either,

d m? 2
Gl 71— |~ -.
2 eE d
It is clear that there is a time range where Sauter-like and
the peak electric fields coincide with a 7T'-constant field. Out

of this range both these fields have an exponential behavior
and can be compared. Assuming k1 ~ k, we have

(3.29)

U~ eEe2I/Ts
U ~ eEe fill]

if |¢| /Ts > 1 for Sauter-like field,
if kq |¢] > 1 for peak field. (3.30)

If the field is weak, mz/eE > 1, we see that

24/ eE
k1 Ts = ¢
am

<1

that is, the peak electric field switches on and off much
more slowly than the Sauter-like field. If the field is strong,

@ Springer

m?/eE <« 1, this dimensionless parameter turns to unity,

_[8/(n) ifd=3
leS_{3/4 ifd =4.

In this case, the peak electric field switches on and off not
much slowly than the Sauter-like field.

Another global quantity is the vacuum-to-vacuum transi-
tion probability P,. Itis given by Eq. (3.23) for the peak field
and has the form similar to that for the 7-constant and the
Sauter-like fields with the corresponding N, and

€ = elT =1 for T-constant field,

1 d—-2 m?
S —1
—e ="V =, ——— I —
€ =€ b/ <2 > neE)

for Sauter-like field. (3.31)

If the field is weak, m?/eE > 1, then €0 ~ [~!/? for
the Sauter-like field and ¢; ~ [~! for the peak field. Then
=~ 1 for both fields and we see that the identification with
Teir = T, given by Eq. (3.26), is the same as the one extracted
from the comparison of total densities n". In the case of a
strong field, m? /eE <« 1, all the terms with different els
and €; contribute significantly to the sum in Eq. (3.23) if
Irm?/eE ~ 1, and the 1 quantities differ essentially from
the case of the T-constant field. However, for a very strong
field, lrm?> /eE <« 1, the leading contribution for ¢; has a
quite simple form €’ ~ ¢; ~ 1. In this case the quantities u
are the same for all these fields, namely

oo
WA D T
1=0

and the identification with Toef = T is the same as the one
extracted from the comparison of the total densities n°".

It is clear that different total quantities, such as the total
number of created pairs and the vacuum-to-vacuum transition
probability discussed above, in the general case lead to dif-
ferent identifications with Tosf = T. We believe that some of
these quantities are more adequate for such an identification.
In this connection, it should be noted that in small-gradient
fields, the total vacuum mean values, such as mean electric
currents and the mean energy-momentum tensor, are usually
of interest; see, e.g. Refs. [26,27,35]. These total quantities
are represented by corresponding sums of differential num-
bers of created particles. Therefore, relations between the
total numbers and parameters AU, AUr, and AUs derived
above are also important. Such relations derived from the
vacuum-to-vacuum transition probability P, are interesting
in semiclassical approaches based on Schwinger’s technics
[1]. We recall that the semiclassical approaches work in the
case of weak external fields m2/eE >> 1. It should be noted
that in the case of a strong field when the semiclassical
approach is not applicable, the probability P, has no direct

( 1)(1 K)l/2
TESE
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relation to vacuum mean values of the above discussed phys-
ical quantities.

4 Configurations with sharp fields
4.1 Short pulse field

Choosing certain parameters of the peak field, one can obtain
electric fields that exist only for a short time in a vicinity of
the time instant + = 0. The latter fields switch on and/or
switch off “abruptly” near the time instant ¢ = 0. Let us con-
sider large parameters k1, ko, — oo with a fixed ratio k1 / k3.
The corresponding asymptotic potentials, U (+00) = eEk, !
and U(—o0) = —eE kfl define finite increments of the lon-
gitudinal kinetic momenta AU and AU, for increasing and
decreasing parts, respectively,

AU = U(0) — U(—00) = eEk; !,

AUy = U(400) — U(0) = eEk; . 4.1

Such a case corresponds to a very short pulse of the elec-
tric field. At the same time this configuration imitates well
enough a r-electric rectangular potential step (it is an analog
of the Klein step, which is an x-electric rectangular step; see
Ref. [13]) and coincides with it as k, ko — o0. Thus, these
field configurations can be considered as regularizations of
rectangular step. We assume that sufficiently large k1 and k>
satisfy the following inequalities:

AUk <1, AUy/ky <1, max(wi/ki,w2/ky) < 1

4.2)

for any given ) and w12 = py — U(F0o0). In this case
the confluent hypergeometric function can be approximated
by the first two terms in Eq. (2.15), which are ®(a, c; n),
c¢j ~1,and a; ~ (1 + x)/2. Then for fermions, we obtain
the result

(w1 + 1) (AUs + AUy + w0 — w1)?

NS = 4.3
" 4wy (w2 — 72) *-3)
which does not depend on k1 2. For bosons, we obtain
PR
NS = (@2 — w1)” (4.4)
dwiwr

In contrast to the Fermi case, where NJ' < 1, in the
Bose case, the differential numbers N:" are unbounded in
two ranges of the longitudinal kinetic momenta, in the range
where wj/wy — o0 and in the range where w>/w; — 0.
In these ranges they are

1
Nrfr ~ Zmax {w1/w2, w2 /w1} . 4.5)

If k1 = ky (in this case AU, = AU} = AU/2), we can
compare the above results with the results of the regulariza-

tion of rectangular steps by the Sauter-like potential [40],
obtained for a small Ty — 0 and constant AU = 2¢ETg
under the conditions AUTs < 1 and max{Tsw;, Tswy} K
1. We see that both regularizations are in agreement for
fermions under the condition |w; — wi| <« AU, and for
bosons under the condition (w2 — w1)? > (AU)* T52/4,
which is the general condition for applying the Sauter-like
potential for the regularization of rectangular step for bosons.

4.2 Exponentially decaying field

In the examples, considered above, the pick field switches
on and off relatively smooth. Here we are going to consider
a different essentially asymmetric configuration of the peak
field, when for example, the field switches abruptly on at
t = 0, that is, k; is sufficiently large, while the value of
parameter k» > 0 remains arbitrary and includes the case of
a smooth switching off. Note that due to the invariance of the
mean numbers N,;" under the simultaneous change k1 < k>
and w1 & —my, one can easily transform this situation to the
case with a large k and arbitrary k1 > 0.

Let us assume that a sufficiently large k| satisfies the
inequalities

AUk <1, o1/k < 1. (4.6)

Then Egs. (2.38) and (2.39) can be reduced to the following
form:

2
|AP & | Agy|
iy, 1 d
=" || xAU +wy — w1 +kohy | —= + —
2 dmp
2
x @ (az, c2; M) 4.7
t=0
Under the condition
—2p. AUy L 7 + p2, (4.8)

one can disregard the term y AU; in Eq. (4.7) and write

approximately 7y ~ py. Thus, @1 ~ ,/p?+7?. In this
approximation, leading terms do not contain AU, so that

we obtain

|C Agp |2 for fermions
N~ 2 4.9)
Csc Agp |x=0‘ for bosons.

In fact, differential mean numbers obtained in these approxi-
mations are the same as in the so-called exponentially decay-
ing electric field, given by the potential

0 tel

ky' (e —1), tell *4-10)

Ajd(t):E{

The effect of pair creation in the exponentially decaying elec-
tric field was studied previously by us in Ref. [30]. Note
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that the pair creation due to an exponentially decaying back-
ground has been studied in de Sitter spacetime and for the
constant electric field in two dimensional de Sitter space-
time; see, e.g., [21,42] and references therein. Under con-
dition (4.8), the results presented by Eq. (4.9) for arbitrary
ko > 0 are in agreement with the ones obtained in Ref. [30].

Let us consider the most asymmetric case when Eqs. (4.9)
hold and when the increment of the longitudinal kinetic
momentum due to exponentially decaying electric field is
sufficiently large (k; are sufficiently small),

hy = 2AU>/ ks > max(1, m?/eE). 4.11)

As noted in Sect. 3.1, in this case only the range of fixed
7 is essential and we assume that the inequality (3.2) holds.
In the case under consideration K | is any given number sat-
isfying the condition

hy 3> K2 > max(1,m?/eE). (4.12)

It should be noted that the distribution N, given by
Eq. (4.9) for this most asymmetric case coincides with the
one obtained in our recent work [30], where the exponentially
decreasing field was considered. However, the detailed study
of this distribution was not performed there. In the following,
we study how this distribution depends on the parameters p,
and .

In the case of large negative py, p, < Oand |py|/v/eE >
K, using appropriate asymptotic expressions of the con-
fluent hypergeometric function, given in Appendix A, one
can conclude that numbers N;" are negligibly small both for
fermions and bosons. The same holds true for very large pos-
itive py, suchthat 2w,/ ko > K>, where K> is any given large
number, K> > K | . We see that N are nonzero only in the
range

— K1 < px/VeE, 2m/ky < K». (4.13)
This range can be divided in three subranges,

(@ (I —&)hy = —2m2/ky < (14 &)h2,

(d) ha/g1 < —2m2/ky < (1 — &)ha,

() — Kz < —2my/ky < ha/g1, (4.14)

where g1 and ¢ are any given numbers satisfying the condi-
tions g1 > 1 and ¢ < 1. We assume that /A, > 1. Note
that

hoko

2 |ma|

T =ih/oo~

in the ranges (a) and (b). Then in the ranges (a) and (b), 72
varies from 1 — ¢ to g1. In the range (b), parameters 7, and
¢y are large with a, fixed and 2 > 1. In this case, using
the asymptotic expression of the confluent hypergeometric
function given by Eq. (A11) in Appendix A, we find that

@ Springer

cr 27 -1
N," =exp [_E (o + nz)i| [14+ 02 )] 4.15)

both for fermions and bosons, where 2, is given by Eq. (A2)
in Appendix A. We note that the modulus | Z,|~! varies from
12217 ~ (ev/h) "' 10| 22] 7" ~ [(g1 = 1)/h2] ™" Approx-
imately, Eq. (4.15) can be written as

2
T
Cr ~ 1
N, =~ exp X .
2 |2

Note that eE/g1 < ko |m2] < (1 — ¢) eE in the range (b).
It is clear that the distribution N" given by Eq. (4.16) has
the following limiting form:

(4.16)

N — e ™ asky |m| — (1 —¢)eE.

In the range (a), we can use the asymptotic expression for
the confluent hypergeometric function given by Eq. (Al)
in Appendix A to verify that NS" is finite and restricted,
N < e~ both for fermions and bosons. Thus, we see that
the well-known distribution obtained by Nikishov [2,3] in a
constant uniform electric field is reproduced in an exponen-
tially decaying electric field in the range of a large increment
of the longitudinal kinetic momentum, —mp ~ eE/k>.

In the range (c), we can use the asymptotic expression
of the confluent hypergeometric function for large s, with
fixed a» and ¢; given by Eq. (A12) in Appendix A to get the
following result:

exp [—]’:—2 (w2 + 712)]
sinh 2wy / ko)
{ sinh [ (wy — m2) /kp]  for fermions

Nyt~

cosh (7 (wp — m3) /kp)  for bosons @17
in the leading-order approximation. The same distribution
was obtained for p, > 0 in a slowly varying field; see
Eq. (3.12).

For m/k, > 1, distribution (4.17) has the form (4.15),
which means that distribution (4.15) holds in the range (c) as
well.

Using the above considerations, we can estimate the total
number N (3.15) of pairs created by an exponentially
decaying electric field. To this end, we represent the lead-
ing terms of integral (3.15) as a sum of two contributions,
one due to the range (a) and another due to the ranges (b) and
(c):

Ja)
NS = Vig—1 ncr’ p = 9 dpLI ,
@ Qmyd—1 J g, P

—_ 7 (2)
IPL - IPJ_ + IPJ_ ’

K = / dm N, I = f dmy Ny, (4.18)
mE(a) m2€(b)U(c)

Note that numbers N;' given by Eq. (4.17) are negligibly
small in the range —mp < . Then the integral Iﬁ) in
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Eq. (4.18) can be taken from Eq. (3.16). Using the results of
Sect. 3.2, we can verify that the leading term in Ilg? takes the
following final form:

E [®d E
1@ e_/ 8o = ek_e—“G (1, 7y,  (4.19)
1

PL k2 52 2
where G («, x) is given by Eq. (3.20). The integral Ilgl) in
Eq. (4.18) is of the order of e~"*¢¢E / ky, such that it is rela-
tively small comparing to integral (4.19). Thus, the dominant
contribution is given by integral (4.19), Ip, ~ I[(,i). Then cal-
culating the Gaussian integral, we find

ncr—r—ch Enm—z
ko 2° T eE )’

where r" is given by Eq. (3.22). We see that n" given by
Eq. (4.20) is the k>-dependent part of the mean number den-
sity of pairs created in the slowly varying peak field (3.22).
In the case of a strong field, n" given by Eq. (4.20) has the
form obtained in Ref. [30].

Finally, we can see that the vacuum-to-vacuum probability
is

(4.20)

P, =exp (_MNcr) , 4.21)

where p is given by Eq. (3.23).

5 Concluding remarks

Using strong-field QED, we consider for the first time par-
ticle creation in the so-called peak electric field, which is
a combination of two exponential parts, one exponentially
increasing and another exponentially decreasing. This is an
addition to the few previously known exactly solvable cases,
where one can perform nonperturbative calculations of all
the characteristics of particle creation process. For a certain
choice of parameters, the peak electric field produces a par-
ticle creation effect similar to that of the Sauter-like electric
field, or of the constant electric field, or of the electric pulse
of laser beams. Besides, by varying the peak field parame-
ters we can change the asymmetry rate so that the resulting
field turns out to be effectively equivalent to the exponentially
decaying field. All these asymptotic regimes are discussed in
detail and a comparison with the pure asymptotically decay-
ing field is considered. Moreover, the results obtained allow
one to study how the effects of switching on and off together
or separately affect the particle creation processes. Changing
the parameters of the peak electric field we can adjust its form
to a specific physical situation, in particular, imitate field con-
figurations characteristic for graphene, Weyl semimetals and
SO on.
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Appendix A: Some asymptotic expansions

The asymptotic expression of the confluent hypergeometric

function for large 1 and ¢ with fixed @ and T = n/c ~ 1 is

given by Eq. (13.8.4) in [43] as

®(a,c;n) ~ c”/2e22/4F (a,c; 1),
Z=—(-hHhW@ e,

F(a,c;1) = W'Dy (2) + RD1-a (2),

R = (W“ - TW‘*“) /Z,
W (t) = [2 (t—1—Int)/(r — 1)2]1/2 (A1)

where D_, (Z) is the Weber parabolic cylinder function
(WPCF) [41]. Using Eq. (A1) we present the functions
¥? (12), y3 (1) and their derivatives at 7 = 0 as

y21 (’71)‘,_0 ~ eihl/2 (ihl)—vl Q- Cl)(l—tll)/Z

XeZl2/4F(l —ay,2—c1;11),

Z=—(f —I)W(n)\/m, 11 =—ihi/2-c1),

ayl .
yg_(’“) ~ M2 (i) (2 — o) (Ima/2 2T/
M =0
1 N ) :
X | == — — —ai,2—rc1;7);
2i/’l1 2— Cl 31’1 ! b
7 (nz)L_O ~ 722 (i) PP BAF (a3, i o)
Zy=—(m—-DW(m)Je, na=ihy/c,
2
ayy (m2) ~ e 112/2 (i)W 032/26222/4
| _,

0
F(az,c2;12).

1 1
_t —— A2
. |: 2ihy + cr 0T (A2)

Assuming T — 1 — 0, one has

a—1 2(a+1)
-1, R~ ——,
3 (-1 NG
Zx—(t -1,
dF (a,c; 2 dD_, (Z dD1_, (2
(aCT)% +aD,a(Z)+ a()+R la()'
ot 3 at aT

W a1+
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Expanding WPCFs near Z = 0, one obtains

aF (a, c;
% ~—nD",(0)+d(a,c; 1),
Fa,c;t)~D_,(0)+c % f(a,c; 1), (A3)

in the next-to-leading approximation at Z — 0, where
f (a,c;t)andd (a, c; T) are the next-to-leading terms,

Zj;a +<a—%> (t — 1)ci| D_, (0)

2
+§(a—2)DLa 0,

d(a,c;r)=|:

fla,e;t)=—(—1)eD_, (0)+ % (2—a) D14 (0),
(A4)
and

2—a/2ﬁ 2(1—a)/2ﬁ

r(s) r() -
where I (z) is the Euler gamma function. We find under con-
dition (3.1) that

D4 (0) = D, () = (AS)

wip ~ |mip| (L+2/h2), a2~ 1+ x)/2+i)r/2,

271 27y
2—c~1—ilA+—), ~l+ilr—=22),
c1 l<+k1) (o) +1( kz)

1 2px
—1l~—-——i+A ,
T] I (l + A+ i )

(A6)

Using Eqgs. (A2) and (A6) we represent Eq. (2.38) in the form

~ 12 -
Ngrsz‘A . A~IhiF (a2, c2: 1)
| L [ , :
x| — - —a;,2—cp;t
2ih 2—c1 071 a e

+koho F (1 —ay,2 —cy;11) I:_Zilhz + éa%}
xF (az, c2; ©2),
B =2 0ep) 140 (h7') + 0 (h3')]. A7)
Taking into account Eq. (A3) we obtain
‘A‘z ~ ‘Ao‘z +2Re [Ao (k181 + k232)] ,
Ao = V2¢E [ei”/4D_a2 (0) D},_, (0)
— 7D (0) Dy (0]
81 =iD_4 (0) BDal—l 0)—d (1 —ay,—ihy; Tl)i|
—-D",, 0) f (A —ay,—ihy; 1),

. 1 .
8 =iDy 1 |:§D—a2 (0) — d (az, iha; Tz)]

@ Springer

+ Dy, f (a2, iha; 1), (A8)

where functions d and f are given by Eq. (A4). Assuming
x = 1 for fermions and x = 0 for bosons, and using the

relations of the Euler gamma function we find that
Ao = V2eEexp (im)2 +imy/4) e ™4, (A9)

Assuming |t — 1| ~ 1, one can use the asymptotic expan-
sions of WPCFs in Eq. (Al); e.g., see [41,43]. Note that
arg (2) ~ % arg (¢) if 1 — v > 0. Then one finds that
®@c;n=>0-0)"*[1+0(Z™H] ifl—7>0.

(A10)

In the case of 1 — 7 < 0, one has

l .
arg (2) ~ sarg(c) +m  if arg(c) <0
% arg (¢c) —m if arg(c) > 0.

Then one obtains finally that

(t — D% ™1+ 0(Z]7)]
(T — D)%™ 1+ 0(12]71)]

® (@, c: ) if arg(c) <0
“em= if arg(c) > 0.

(Al1)

The asymptotic expression of the confluent hypergeomet-
ric function ® (a, c; £ih) for large real i with fixed a and ¢
is given by Eq. (6.13.1(2)) in [41] as

I (0) eiina/tha

®(a,c, +ih) = ————
I'(c—a)
UC) sin ( in2,\* €
e (e h) . (A12)
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