
Eur. Phys. J. C (2016) 76:420
DOI 10.1140/epjc/s10052-016-4275-6

Regular Article - Theoretical Physics

Cosmological implications of modified gravity induced by
quantum metric fluctuations

Xing Liu1,2,a, Tiberiu Harko3,4,b, Shi-Dong Liang1,5,c

1 School of Physics, Sun Yat-Sen University, Guangzhou 510275, People’s Republic of China
2 Yat Sen School, Sun Yat-Sen University, Guangzhou 510275, People’s Republic of China
3 Department of Physics, Babes-Bolyai University, Kogalniceanu Street, Cluj-Napoca 400084, Romania
4 Department of Mathematics, University College London, Gower Street, London WC1E 6BT, UK
5 State Key Laboratory of Optoelectronic Material and Technology, Guangdong Province Key Laboratory of Display Material and Technology,

School of Physics, Sun Yat-Sen University, Guangzhou 510275, People’s Republic of China

Received: 4 July 2016 / Accepted: 17 July 2016 / Published online: 28 July 2016
© The Author(s) 2016. This article is published with open access at Springerlink.com

Abstract We investigate the cosmological implications of
modified gravities induced by the quantum fluctuations of
the gravitational metric. If the metric can be decomposed as
the sum of the classical and of a fluctuating part, of quan-
tum origin, then the corresponding Einstein quantum gravity
generates at the classical level modified gravity models with
a non-minimal coupling between geometry and matter. As
a first step in our study, after assuming that the expectation
value of the quantum correction can be generally expressed in
terms of an arbitrary second order tensor constructed from the
metric and from the thermodynamic quantities characterizing
the matter content of the Universe, we derive the (classical)
gravitational field equations in their general form. We ana-
lyze in detail the cosmological models obtained by assuming
that the quantum correction tensor is given by the coupling
of a scalar field and of a scalar function to the metric tensor,
and by a term proportional to the matter energy-momentum
tensor. For each considered model we obtain the gravitational
field equations, and the generalized Friedmann equations for
the case of a flat homogeneous and isotropic geometry. In
some of these models the divergence of the matter energy-
momentum tensor is non-zero, indicating a process of matter
creation, which corresponds to an irreversible energy flow
from the gravitational field to the matter fluid, and which is
direct consequence of the non-minimal curvature-matter cou-
pling. The cosmological evolution equations of these modi-
fied gravity models induced by the quantum fluctuations of
the metric are investigated in detail by using both analytical
and numerical methods, and it is shown that a large variety of
cosmological models can be constructed, which, depending
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on the numerical values of the model parameters, can exhibit
both accelerating and decelerating behaviors.

1 Introduction

Modified gravity theories may provide an attractive alterna-
tive to the standard explanations of the present day obser-
vations that have shaken the well-established foundations
of theoretical physics. Astronomical observations have con-
firmed that our Universe does not according to standard gen-
eral relativity, as derived from the Hilbert–Einstein action,
S = ∫ (−R/2κ2 + Lm

) √−gd4x , where R is the Ricci
scalar, κ is the gravitational coupling constant, and Lm is the
matter Lagrangian, respectively. Extremely successful on the
Solar System scale, somehow unexpectedly, general relativ-
ity faces, on a fundamental theoretical level, two important
challenges, the dark energy and the dark matter problems,
respectively. Several high precision astronomical observa-
tions, with the initial goal of improving the numerical values
of the basic cosmological parameters by using the properties
of the distant Type Ia Supernovae, have provided the result
that the Universe underwent recently a transition to an accel-
erating, de Sitter type phase [1–5]. The necessity of explain-
ing the late time acceleration lead to the formulation of a new
paradigm in theoretical physics and cosmology, which pos-
tulates that the explanation of the late time acceleration is the
existence of a mysterious component of the Universe, called
dark energy (DE), which can describe the late time dynamics
of the Universe [6,7], and can explain all the observed fea-
tures of the recent (and future) cosmological evolution. How-
ever, in order to close the matter–energy balance of the Uni-
verse, a second, and equally mysterious component, called
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Dark Matter, is required. Dark Matter, assumed to be a non-
baryonic and non-relativistic (cold) component of the Uni-
verse, is necessary for explaining the dynamics of the hydro-
gen clouds rotating around galaxies, and having flat rotation
curves, as well as the virial mass discrepancy in clusters of
galaxies [8,9]. The direct detection/observation of the dark
matter is extremely difficult due to the fact that it interacts
only gravitationally with the baryonic matter. After many
decades of intensive observational and experimental efforts
there is no direct evidence as regards the particle nature of
the dark matter.

One of the best theoretical descriptions that fits almost per-
fectly the observational data is based on the simplest theoreti-
cal extension of general relativity, which includes in the grav-
itational field equations the cosmological constant � [10,11].
Based on this theoretical formalism the basic paradigm of
modern cosmology has been formulated as the �CDM-�
Cold Dark Matter Model, in which the dark energy is noth-
ing but the simple constant introduced almost one hundred
years ago by Einstein. Even that the �CDM model fits the
data well, it raises some fundamental theoretical questions
about the possibility of explaining it. There is no theoretical
explanation for the physical/geometrical nature of �, and,
moreover, general relativity cannot give any hints on why
it is so small, and why it is so fine tuned [10,11]. There-
fore, the possibility that dark energy can be explained as
an intrinsic property of a generalized gravity theory, going
beyond general relativity, and its Hilbert–Einstein gravita-
tional action, cannot be rejected a priori. In this context a
large number of modified gravity models, all trying to extend
and generalize the standard Einsteinian theory of gravity,
have been proposed. Historically, in going beyond Einstein
gravity, the first, and most natural step, was to extend the
geometric part of the Hilbert–Einstein action. One of the
first attempts in this direction is represented by the f (R)

gravity theory, in which the gravitational action is general-
ized to be an arbitrary function of the Ricci scalar, so that
S = 1

2κ2

∫
f (R)

√−gd4x + ∫
Lm

√−gd4x [12–18]. How-
ever, this as well as several other modifications of the Hilbert–
Einstein action focused only on the geometric part of the
gravitational action, by explicitly postulating that the matter
Lagrangian plays a subordinate and passive role only, as com-
pared to the geometry [19]. From a technical point of view
such an approach implies a minimal coupling between mat-
ter and geometry. But a fundamental theoretical principle,
forbidding an arbitrary coupling between matter and geom-
etry, has not been formulated yet, and perhaps it may simply
not exist. On the other hand, if general matter-geometry cou-
plings are introduced, a large number of theoretical gravita-
tional models, with extremely interesting physical and cos-
mological properties, can easily be constructed.

The first of the modified gravity theory with arbitrary
geometry–matter coupling was the f (R, Lm) modified grav-

ity theory [20–23], in which the total gravitational action
takes the form S = 1

2κ2

∫
f (R, Lm)

√−gd4x . In this kind
of theories matter is essentially indistinguishable from geom-
etry, and plays an active role in generating the geomet-
rical properties of the spacetime. A different geometry–
matter coupling is introduced in the f (R, T ) [24,25] grav-
ity theory, where matter and geometry are coupled via
T , the trace of the energy-momentum tensor. The grav-
itational action of the f (R, T ) theory is given by S =∫ [

f (R, T )/2κ2 + Lm
] √−gd4x . A recent review of the

generalized f (R, Lm) and f (R, T ) type gravitational the-
ories with non-minimal curvature-matter couplings can be
found in [26]. Several other gravitational theories involv-
ing geometry–matter couplings have also been proposed,
and extensively studied, like, for example, the Weyl–Cartan–
Weitzenböck (WCW) gravity theory [27], hybrid metric-
Palatini f (R,R) gravity [28–30], where R is the Ricci
scalar formed from a connection independent of the metric,
f
(
R, T, RμνTμν

)
gravity theory, where Rμν is the Ricci

tensor, and Tμν the matter energy-momentum tensor, respec-
tively [31,32], or f (T̃ , T ) gravity [33], in which a coupling
between the torsion scalar T̃ , essentially a geometric quan-
tity, and the trace T of the matter energy-momentum tensor
is introduced. Gravitational models with higher derivative
matter fields were investigated in [34].

One of the interesting (and intriguing) properties of the
gravitational theories with geometry–matter coupling is the
non-conservation of the matter energy-momentum tensor,
whose four-divergence is usually different of zero, ∇μTμν �=
0. This property can be interpreted, from a thermodynamic
point of view, by using the formalism of open thermody-
namic systems [25]. Hence one can assume that the gen-
eralized conservation equations in these gravitational theo-
ries describe irreversible matter creation processes. Thus the
non-conservation of the energy-momentum tensor describes
an irreversible energy flow from the gravitational field to
the newly created matter constituents, with the second law
of thermodynamics requiring that spacetime transforms into
matter. In [25] the equivalent particle number creation rates,
the creation pressure and the entropy production rates were
obtained for both f (R, Lm) and f (R, T ) gravity theories.
The temperature evolution laws of the newly created particles
was also obtained, and studied. Due to the non-conservation
of the energy-momentum tensor, which is a direct conse-
quence of the geometry–matter coupling, during the cosmo-
logical evolution of the Universe a large amount of comoving
entropy could also be produced.

The prediction of the production of particles from the cos-
mological vacuum is one of the remarkable results of the
quantum field theory in curved spacetimes [35–39]. Parti-
cles creation processes are supposed to play a fundamen-
tal role in the quantum field theoretical approaches to grav-
ity, where they naturally appear. It is a standard result of
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quantum field theory in curved spacetimes that quanta of
the minimally coupled scalar field are created in the expand-
ing Friedmann–Robertson–Walker Universe [39]. Therefore,
the presence of particle creation processes in both quan-
tum theories of gravity and modified gravity theories with
geometry–matter coupling may suggest that a deep connec-
tion between these two, apparently very different physical
theories, may exist. And, interestingly enough, such a con-
nection has been found in [40], where it was pointed out
that by using a non-perturbative approach for the quan-
tization of the metric, proposed in [41–43], a particular
type of f (R, T ) gravity, with Lagrangian given by L =[
(1 − α)R/2κ2 + (Lm − αT/2)

]√−g, where α is a con-
stant, naturally emerges as a result of the quantum fluctua-
tions of the metric. This result suggests that an equivalent
microscopic quantum description of the matter creation pro-
cesses in f (R, T ) or f (R, Lm) gravity is possible, and such
a description could shed some light on the physical mecha-
nisms leading to particle generation via gravity and matter
geometry coupling. Such mechanisms do indeed exist, and
they can be understood, at least qualitatively, in the frame-
work of some quantum/semi-classical gravity models.

It is the goal of the present paper to further investigate the
cosmological implications of modified gravities induced by
the quantum fluctuations of the gravitational metric, as initi-
ated in [40–43]. As a starting point we assume that a general
quantum metric can be decomposed as the sum of the clas-
sical and of a fluctuating part, the latter being of quantum
(or stochastic) origin. If such a decomposition is possible,
the corresponding Einstein quantum gravity generates at the
classical level modified gravity models with a non-minimal
interaction between geometry and matter, as previously con-
sidered in [20,24,31]. After assuming that the expectation
value of the quantum correction can be generally expressed
in terms of an arbitrary second order tensor Kμν , which can
be constructed from the metric and from the thermodynamic
quantities characterizing the matter content of the Universe,
we derive from the first order quantum gravitational action
the (classical) gravitational field equations in their general
form. We analyze in detail the cosmological models obtained
from the quantum fluctuations of the metric in tqo cases. First
we assume that the quantum correction tensor Kμν is given
by the coupling of a scalar field and of a scalar function to
the metric tensor, respectively. As a second case we consider
that Kμν is given by a term proportional to the matter energy-
momentum tensor. The first choice gives a particular version
of the f (R, T ) gravity model [24], while the second choice
corresponds to specific case of the modified gravity theory
of the form f

(
R, T, RμνTμν, TμνTμν

)
[31]. For each con-

sidered model we obtain the gravitational field equations,
and the generalized Friedmann equations for the case of a
flat homogeneous and isotropic geometry. In some of these
models the divergence of the matter energy-momentum ten-

sor is non-zero, indicating a process of matter creation. From
a physical point of view a non-zero divergence of the energy-
momentum tensor can be interpreted as corresponding to an
irreversible energy flow from the gravitational field to the
matter fluid. Such an irreversible thermodynamic process is
the direct consequence of the non-minimal curvature-matter
coupling, induced in the present case by the quantum fluctu-
ations of the metric [25,44,45]. The cosmological evolution
equations of these modified gravity models induced by the
quantum fluctuations of the metric are investigated in detail
by using both analytical and numerical methods. As a result
of this analysis we show that a large variety of cosmologi-
cal models can be constructed. Depending on the numerical
values of the model parameters, these cosmological mod-
els can exhibit both late time accelerating, or decelerating
behaviors.

The present paper is organized as follows. In Sect. 2
we derive the general set of field equations induced by the
quantum fluctuations of the metric. The relation between
this approach and the standard semi-classical formulation of
quantum gravity is also briefly discussed. In Sect. 3 we inves-
tigate in detail the cosmological implications of the quantum
fluctuations induced modified gravity models with the fluc-
tuation tensor proportional to the metric. Two cases are con-
sidered, in which the fluctuation couples to the metric via
a scalar field, and a scalar function, respectively. Modified
gravity models induced by quantum metric fluctuations pro-
portional to the energy-momentum tensor are investigate in
Sect. 4. Finally, we discuss and conclude our results in Sect. 5.
The details of the derivation of the gravitational field equa-
tions for an arbitrary metric fluctuation tensor and for a fluc-
tuation tensor proportional to the matter energy-momentum
tensor are presented in Appendices A and B, respectively. In
the present paper we use a system of units with c = 1.

2 Modified gravity from quantum metric fluctuations

In the present section we will briefly review the fluctuating
metric approach to quantum gravity, we will discuss its rela-
tion with standard semi-classical gravity, and we will point
out the quantum mechanical origins of the modified grav-
ity models with geometry–matter coupling. Moreover, we
derive the general set of field equations induced by the quan-
tum fluctuations of the metric for an arbitrary form of the
tensor Kμν .

2.1 Modified gravity as the semi-classical approximation
of quantum gravity

In the standard quantum mechanics physical (or geometrical)
quantities must be represented by operators. Therefore, in a
full non-perturbative quantum approach the Einstein gravi-
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tational field equations must take an operator form, given by
[41–43]

R̂μν − 1

2
Rĝμν = 8πG

c4 T̂μν. (1)

As shown in [41–43], in order to extract meaningful physical
information from the Einstein operator equations one must
average it over all possible products of the metric operators
ĝ (x1) . . . ĝ (xn), and thus to solve the infinite set of equations

〈
Q|ĝ(x1)Ĝμν |Q

〉
=

〈
Q|ĝ(x1)T̂μν |Q

〉
,

〈
Q|ĝ(x1)ĝ(x2)Ĝμν |Q

〉
=

〈
Q|ĝ(x1)ĝ(x2)T̂μν |Q

〉
,

. . . = . . . ,

for the Green functions Ĝμν . In the above equations |Q > is
quantum state that might not be the ordinary vacuum state.
These equations cannot be solved analytically, and hence we
have to use some approximations [41–43]. In [41] it was
suggested to decompose the metric operator into the sum of
an average metric gμν , and a fluctuating part δĝμν , according
to

ĝμν = gμν + δĝμν. (2)

Assuming that

〈
δĝμν

〉 = Kμν �= 0, (3)

where Kμν is a classical tensor quantity, and ignoring higher
order fluctuations, the gravitational Lagrangian will be mod-
ified into [41]

L = Lg
(
ĝμν

) + √−gLm
(
ĝμν

) ≈ Lg + δLg

δgμν
δĝμν

+√−gLm + δ
(√−gLm

)

δgμν
δĝμν = − 1

2κ2

√−g

× (
R + Gμνδĝ

μν
) + √−g

(

Lm + 1

2
Tμνδĝ

μν

)

, (4)

where κ2 = 8πG/c4, and where we have defined the matter
energy-momentum tensor as

Tμν = 2√−g

δ
(√−gLm

)

δgμν
. (5)

Even that the above formalism starts from a full quantum
approach of gravity, after performing the decomposition of
the metric we are still considering semi-classical theories. In
this paper we will consider several functional forms of the so
called quantum perturbation tensor Kμν , we will obtain the
field equations of the corresponding gravity theory, and we
will investigate their cosmological implications, respectively.

The gravitational field equations corresponding to the first
order corrected quantum Lagrangian (4) are given, in a gen-
eral form, by

Gμν = κ2Tμν −
{

1

2
gμνGαβK

αβ + 1

2

×
(

�Kμν + ∇α∇βK
αβgμν − ∇α∇(μK

α
ν)

)

+γ αβ
μν Rαβ − 1

2

[

RKμν + K Rμν + γ αβ
μν (Rgαβ)

+∇μ∇νK + gμν�K

]}

+ κ2
{

− 1

2
gμνTαβK

αβ

+
[

γ αβ
μν Tαβ + K αβ

(

2
δ2Lm

δgμνδgαβ
− 1

2
gαβTμν

−1

2
gμνgαβLm − Lm

δgαβ

δgμν

)]}

, (6)

where K = gμνKμνand AαβδK αβ = δgμν(γ
αβ
μν Aαβ). Here

Aαβ is either Rαβ or Tαβ , and γ
αβ
μν is an algebraic tensor, an

operator, or the combination of them. The detailed derivation
of Eq. (6) is presented in Appendix A.

It is interesting to compare the formalism based on the
quantum metric fluctuation proposal to the standard semi-
classical gravity approach, which also leads to particle
production via the non-conservation of the matter energy-
momentum tensor [45]. Semi-classical gravity is constructed
from the basic assumption that the gravitational field is still
classical, while the classical matter (bosonic) fields φ are
taken as quantized. The direct coupling of the quantized mat-
ter fields to the classical gravitational fields is performed via
the replacement of the quantum energy momentum tensor

T̂μν by its expectation value
〈
T̂μν

〉
, obtained with respect to

some quantum state �. Therefore the effective semi-classical
Einstein equation can be postulated as [46],

Rμν − 1

2
gμνR = 8πG

c4
〈�| T̂μν |�〉 . (7)

From Eq. (7) it follows immediately that the classical
energy-momentum tensor Tμν of the gravitating system is
obtained from its quantum counterpart through the defini-
tion 〈�| T̂μν |�〉 = Tμν . The semi-classical Einstein equa-
tions (7) can be derived from the variational principle [47]

δ
(
Sg + Sψ

) = 0, (8)

where Sg = (1/16πG)
∫
R
√−gd4x is the standard general

relativistic classical action of the gravitational field, while
the quantum part of the action is given by

S� =
∫ [

Im
〈
�̇|�〉 −

〈
�|Ĥ |�

〉
+ α (〈�|�〉 − 1)

]
dt . (9)

In Eq. (9) Ĥ is the Hamiltonian operator of the gravitat-
ing system, and α is a Lagrange multiplier. The variation of
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Eq. (8) with respect to the wave function leads to the normal-
ization condition for the quantum wave function 〈�|�〉 = 1,
to the Schödinger equation for �,

i
∣
∣�̇(t)

〉 = Ĥ(t) |�(t)〉 − α(t) |�(t)〉 , (10)

and to the semi-classical Einstein equations (7), respec-
tively. Hence, in this simple phenomenological approach
to semi-classical gravity, the Bianchi identities still require
the conservation of the effective energy-momentum tensor,
∇μ 〈�| T̂μν |�〉 = 0.

A more general set of semi-classical Einstein equations,
having many similarities with the modified gravity mod-
els, can be derived by introducing a new coupling between
the quantum fields and the classical curvature scalar of the
spacetime. One such model was proposed in [47], where the
total action containing the geometry-quantum matter cou-
pling term was assumed to be of the form

∫
RF (〈 f (φ)〉)�

√−gd4x, (11)

where F and f are arbitrary functions, and (〈 f (φ)〉)� =
〈�(t)| f [φ(x)] |�(t)〉. Such a geometry–matter coupling
term modifies the Hamiltonian H(t) in the Schrödinger equa-
tion (10) into [47]

Ĥ(t) → Ĥ� = Ĥ(t) −
∫

NF ′ (〈 f (φ)〉)� f (φ)
√

ςd3ξ,

(12)

where N is the lapse function, while ξ i are intrinsic spacetime
coordinates, chosen in such a way that the normal vector
to a space-like surface is time-like on the entire spacetime
manifold. The scalar functionς can be obtained:ς = det ςrs ,
where ςrs is the metric induced on a space-like surface σ(t).
The surface σ(t) globally slices the spacetime manifold into
space-like surfaces. Then, by taking into account the effect of
the geometry-quantum matter coupling, the effective semi-
classical Einstein equations become [47]

Rμν − 1

2
Rgμν

= 16πG
[ 〈

T̂μν

〉

�
+ GμνF − ∇μ∇νF + gμν�F

]
. (13)

In the semi-classical gravitational model introduced
through Eq. (13), the matter energy-momentum tensor is not

conserved anymore, since ∇μ

〈
T̂μν

〉

�
�= 0. Thus, describes

an effective particle generation process, in which there is a
quantum-mechanically induced energy transfer from space-
time to matter. Equation (13) also gives an effective semi-
classical description of the quantum processes in a gravita-
tional field, which are intrinsically related to the matter and
energy non-conservation.

It is interesting to compare Eqs. (6) and (13), both based on
some assumptions on the quantum nature of gravity. While
Eq. (6) is derived through a first order approximation to quan-
tum gravity, Eq. (13) postulates the existence of a quantum
coupling between geometry and matter. While the coupling
in Eq. (13) is introduced via a scalar function, the quantum
effects are introduced in Eq. (6) through the fluctuations of
the metric, having a tensor algebraic structure. However, in
both models, the matter energy-momentum tensor is gener-
ally not conserved, indicating the possibility of the energy
transfer between geometry and matter. Therefore, the phys-
ical origin of the modified gravity theories with geometry–
matter coupling, which “automatically” leads to matter cre-
ation processes, may be traced back to the semi-classical
approximation of the quantum field theory in a Riemannian
curved spacetime geometry.

2.2 The cosmological model

For cosmological applications we adopt the Friedmann–
Robertson–Walker metric,

ds2 = c2dt2 − a2(t)

×
(

1

1 − Kr2 dr2 + r2dθ2 + r2sin2θdφ2
)

, (14)

where a(t) is the scale factor. The components of the Ricci
tensor for this metric are

R00 =−3ä

a
, Ri j =−2K + 2ȧ2 + aä

a2 gi j , i, j = 1, 2, 3.

(15)

We define the Hubble function as H = ȧ/a. As an indi-
cator of the possible accelerated expansion we consider the
deceleration parameter q, defined as

q = d

dt

1

H
− 1. (16)

Negative values of q indicate accelerating evolution, while
positive ones correspond to decelerating expansion. In order
to perform the comparison between the observational and
theoretical results, instead of the time variable t we introduce
the redshift z, defined as

1 + z = 1

a
, (17)

where we have adopted for the scale factor a (z) the normal-
ization a(t0) = 1, where t0 is the present age of the Universe.
Hence as a function of the redshift the time derivative oper-
ator can be expressed as

d

dt
= −H(z)(1 + z)

d

dz
. (18)
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3 Modified gravity from quantum perturbation of the
metric proportional to the classical metric,
Kμν = α(x)gμν

As a first example of cosmological evolution in modified
gravity models induced by the quantum fluctuations of the
metric we consider the simple case in which the expectation
value of the quantum fluctuation tensor is proportional to the
classical metric [40,41],

Kμν = α(x)gμν, (19)

where α(x) is an arbitrary function of the spacetime coor-
dinates x = xμ = (

x0, x1, x2, x3
)
. The case α = constant

was investigated in [40,41], respectively. This condition sug-
gest that we have an additional part of the metric, due to the
quantum perturbation effects, which is proportional to the
classical one.

In the following we will consider two distinct cases, by
assuming first than α(x) is a scalar field, with a specific self-
interaction potential. As a second model we will assume that
α(x) is a simple scalar function.

3.1 Scalar field-metric coupling

If α(x) is a scalar field, we add an additional Lagrangian

Lα = √−g

[
1

2
∇μα∇μα − V (α)

]

, (20)

as the matter source into the general quantum perturbed
Lagrangian (4). Hence we obtain the Lagrangian of our model
as

L total = − 1

2κ2

√−g [(1 − α)R] + √−g

(

Lm + 1

2
αT

)

+√−g

[
1

2
∇μα∇μα − V (α)

]

. (21)

By taking the variation of the Lagrangian with respect to
the field α, the Euler–Lagrange equation gives the general-
ized Klein–Gordon equation for the scalar field, which has
the form

�α − 1

2κ2 R − 1

2
T + ∂V

∂α
= 0. (22)

By taking the variation of Eq. (21) with respect to the metric
tensor we obtain the Einstein gravitational field equations as

Rμν − 1

2
Rgμν = 2κ2

1 − α

{
1 + α

2
Tμν − 1

4
αTgμν

+ 1

2
αθμν − 1

4
gμν(∇βα∇βα − 2V ) + 1

2
∇μα∇να

}

,

(23)

where

θμν = gαβ δTαβ

δgμν
= −gμνLm − 2Tμν. (24)

After contraction of the Einstein field equations we obtain

R = −κ2
[

T + αθ

1 − α
− 1

1 − α

(∇μα∇μα − 4V
)
]

, (25)

and thus we can reformulate the gravitational field equations
as

Rμν = κ2

2(1 − α)

{

2(1 + α)Tμν − Tgμν + 2αθμν

−αθgμν − 2Vgμν + 2∇μα∇να

}

. (26)

The divergence of the matter energy-momentum tensor
can be obtained from Eq. (23), and is given by

∇νTμν = − 1

2(1 + α)

{

α

[

2∇νθμν − gμν∇νT

]

+ ∇να

1 − α

[

4Tμν − Tgμν + 2θμν

+gμν

(
2V + 2(1 − α)�α − ∇βα∇βα

)

+2∇μα∇να

]

+ 2∇νVgμν

}

. (27)

In the following we will adopt for the matter energy-
momentum tensor the perfect fluid form

Tμν = (ρ + p) uμuν − gμν p, (28)

where ρ is the matter energy density, p is the thermodynamic
pressure, and uμ is the matter four velocity, satisfying the
normalization condition uμuμ = 1. For this choice of the
energy-momentum tensor we have

θμν = gαβ δTαβ

δgμν
= −gμνLm − 2Tμν

= gμν p − 2 (ρ + p) uμuν . (29)

To obtain the above equation we have adopted for the
matter Lagrangian the representation Lm = p. For the scalar
θ we obtain

θ = 2 (p − ρ) . (30)

With the use of Eq. (25) the Klein–Gordon equation now
reads

�α + 1

2(1 − α)

(
αθ − ∇μα∇μα + 4V

) + ∂V

∂α
= 0. (31)

3.1.1 Cosmological applications

In the following we will restrict our analysis to the case of the
flat Friedmann–Robertson–Walker metrics, and hence we set
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K = 0 in the gravitational field equations. The Friedmann
and the Klein–Gordon equations describing our generalized
gravity model obtained from a fluctuating metric take the
form

3H2 = κ2

1 − α

{

ρ − 1

2
α(3ρ − p) + 1

2
α̇2 + V

}

, (32)

2Ḣ + 3H2 = −κ2

1 − α

{

p + α

2
(ρ − 3p) + 1

2
α̇2 − V

}

, (33)

α̈ + 3H α̇ + 1

2(1 − α)

[
2α (p − ρ) − α̇2 + 4V

] ∂V

∂α
= 0,

(34)

where

�α = ∇ν∇να = 1√−g

∂(
√−g∇να)

∂xν
=

(

α̈ + α̇
3ȧ

a

)

. (35)

a. The energy conservation equationBy multiplying Eq. (32)
with a3, and taking the time derivative of its both sides, we
obtain

3H2 + 6
ä

a

= κ2

1 − α

{

3

[

ρ − α

2
(3ρ − p) + α̇2

2
+ V

]

+ a

ȧ

[

ρ̇ − α̇

2
(3ρ − p) − α

2
(3ρ̇ − ṗ) + α̇α̈ + ∂V

∂α
α̇

]

+ a

ȧ

α̇

1 − α

[

ρ − 1

2
α(3ρ − p) + 1

2
α̇2 + V

]}

. (36)

With the use of Eq. (33) we obtain
[

(1 − α)(ρ + p) + α̇2
]

d

dt
a3 +

(

1 − 3

2
α

)

a3 d

dt
ρ

= −a3

2

{

α ṗ − α̇(3ρ − p) + 2α̇α̈ + 2
∂V

∂α
α̇

+ 2α̇

1 − α

[

ρ − 1

2
α(3ρ − p) + 1

2
α̇2 + V

]}

. (37)

Equation (37) can be rewritten in the equivalent form

d

dt
[(1 − α)ρa3] + (1 − α)p

d

dt
a3 = α

2
a3(ρ̇ − ṗ)

−a3

2

α̇

1 − α

[

p − ρ + 2V + α̇2
]

− a3 ∂V

∂α
α̇

−a3(α̇α̈ + α̇2 3ȧ

a
) − a3ρα̇. (38)

The same conservation equation can be obtained directly
from the field equations (27). By taking into account the
explicit form of the matter energy-momentum tensor as given
by Eq. (28), and that

θμν = gμν p − 2(ρ + p)uμuν, (39)

we have

∇νTμν = ρ̇ + 3(ρ + p)
ȧ

ca
(40)

and

∇νθμν = −2ρ̇ − ṗ − 6(ρ + p)
ȧ

ca
, (41)

respectively. Hence Eq. (28) takes the form

−2(1 − α) (ρ + p)
3ȧ

a
− 2

(

1 − 3

2
α

)

ρ̇ − α ṗ = 2
∂V

∂α
α̇

+ α̇

1 − α

[

p − ρ + 2V + 2(1 − α)�α + α̇2
]

. (42)

By taking into account Eq. (81), after eliminating �α from
the above equation, we reobtain again the conservation equa-
tion Eq. (38).

b. The dimensionless form of the cosmological evolution
equation

In order to simplify the mathematical formulation of the
cosmological model we rescale first the field α and its poten-
tial V as α → κα, and V → κ2V , respectively. Next,
we introduce a set of dimensionless variables (τ, h, r, P, v),
defined as

τ = H0t, H = H0h, ρ = 3H2
0

8πG
, p = 3H2

0

8πG
P,

v = 1

H2
0

V, (43)

where H0 is the present day value of the Hubble function.
Then the cosmological evolution equation take the dimen-
sionless form

3h2 = 1

1 − α

[

r − 1

2
α(3r − P) + 1

2

(
dα

dτ

)2

+ v

]

, (44)

2
dh

dτ
+ 3h2 = 1

1 − α

{

−
[

P + α

2
(r − 3P)

]

−
[

1

2

(
dα

dτ

)2

− v

]}

, (45)

d2α

dτ 2 + 3h
dα

dτ
+ 1

2(1 − α)

[

2α(P − r) −
(

dα

dτ

)2

+ 4V

]

+ ∂v

∂α
= 0. (46)

In order to close the system of Eqs. (44)–46) we must
specify the equation of state of the matter P = P(r), and the
functional form of the self-interaction potential of the scalar
field v. In the following we will restrict our analysis to the
case of the dust, with P = 0. Then, by denoting u = dα/dτ ,
from Eq. (44) we obtain for the dimensionless energy density
r the expression
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r = 1

1 − 3α/2

[

3(1 − α)h2 −
(

1

2
u2 + v

)]

. (47)

Then, by introducing the redshift z as an independent vari-
able, it follows that the cosmological evolution is described
by the following system of equations:

dα

dz
= − 1

1 + z

u

h
, (48)

dh

dz
= 1

2(1 + z)h

[
u2

1 − α
− 6(α − 1)h2 + u2 + 2v

2 (1 − 3α/2)

]

, (49)

du

dz
= 3

1 + z
u − 4(α − 1)

(
2v − 3αh2

) + (2 − 5α)u2

4(1 + z)(1 − α)(1 − 3α/2)h

+ 1

(1 + z)h

∂v

∂α
. (50)

For the deceleration parameter we obtain the expression

q = (1 + z)
1

h

dh

dz
− 1

= 1

h2

[
u2

1 − α
− 6(α − 1)h2 + u2 + 2v

2 (1 − 3α/2)

]

− 1. (51)

For the scalar field self-interaction potential we adopt a
Higgs type form, so that

v(α) = μ2

2
α2 − λ

4
α4, (52)

where μ2 > 0 and λ > 0 are constants. In the following
we will consider two cases. In the first case we assume that
the Universe dominated by the quantum fluctuations of the
metric evolves in the minimum of the Higgs potential, so that
∂v/∂α = 0, implying α = ±√

μ2/λ, and v(α) = μ4/4λ =
constant. Secondly, we will investigate the evolution of the
Universe in the presence of a time varying “full” Higgs type
scalar field self-interaction potential (52). Once the form of
the potential is fixed, the system of differential equations
Eqs. (48)–(50) must be integrated with the initial conditions
α(0) = α0, h(0) = 1, and u(0) = u0, respectively.

c. Cosmological evolution of the Universe in the minimum of
the Higgs potential

In Figs. 1, 2, 3, and 4 we present the results of the numeri-
cal integration of the system of cosmological evolution equa-
tions Eqs. (48)–(50), for different values of the constant self-
interaction potential v = v0 = constant. The initial values
of α and u used to integrate the system are α(0) = 0.01 and
u(0) = 0.1, respectively.

The Hubble function, represented in Fig. 1, is a monoton-
ically increasing function of the redshift (a monotonically
decreasing function of the cosmological time), indicating an

0.0 0.2 0.4 0.6 0.8 1.0
1.0

1.5

2.0

2.5

z

h
z

Fig. 1 Variation with respect to the redshift of the dimensionless Hub-
ble function for the Universe in the modified gravity model induced by
the coupling between the metric and a Higgs type scalar field, in the
presence of a constant self-interaction potential v = v0, for different
values of v0: v0 = 2.1 (solid curve), v0 = 2.3 (dotted curve), v0 = 2.5
(short dashed curve), v0 = 2.7 (dashed curve), and v0 = 2.9 (long
dashed curve), respectively

0.0 0.2 0.4 0.6 0.8 1.0

0

2

4

6

z

r
z

Fig. 2 Variation with respect to the redshift of the dimensionless matter
energy density for the Universe in the modified gravity model induced
by the coupling between the metric and a Higgs type scalar field, in the
presence of a constant self-interaction potential v = v0, for different
values of v0: v0 = 2.1 (solid curve), v0 = 2.3 (dotted curve), v0 = 2.5
(short dashed curve), v0 = 2.7 (dashed curve), and v0 = 2.9 (long
dashed curve), respectively

expansionary evolution of the Universe. Its variation is basi-
cally independent on the adopted numerical values of v0, and,
at z ∈ [0, 0.10], h becomes approximately constant, indicat-
ing that the Universe has entered in a de Sitter type phase. The
matter energy density, depicted in Fig. 2, is a monotonically
increasing function of the redshift, and its variation show a
strong dependence on the numerical value of v0. In the con-
sidered range of values of v0 at the present time the matter
density can either reach values of the order of the critical den-
sity, with r(0) ≈ 1, or become negligibly small. The function
α, shown in Fig. 3, monotonically decreases with the red-
shift, and has negative numerical values. For large redshifts,
the variation of α has a strong dependence on the numerical
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z

Fig. 3 Variation with respect to the redshift of the scalar field α for
the Universe in the modified gravity model induced by the coupling
between the metric and a Higgs type scalar field, in the presence of
a constant self-interaction potential v = v0, for different values of v0:
v0 = 2.1 (solid curve), v0 = 2.3 (dotted curve), v0 = 2.5 (short dashed
curve), v0 = 2.7 (dashed curve), and v0 = 2.9 (long dashed curve),
respectively
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z

Fig. 4 Variation with respect to the redshift of the deceleration param-
eter q for the Universe in the modified gravity model induced by the
coupling between the metric and a Higgs type scalar field, in the pres-
ence of a constant self-interaction potential v = v0, for different values
of v0: v0 = 2.1 (solid curve), v0 = 2.3 (dotted curve), v0 = 2.5 (short
dashed curve), v0 = 2.7 (dashed curve), and v0 = 2.9 (long dashed
curve), respectively

values of v0, However, for z ≤ 0.2, the changes in α due to
the variation of v0 become negligible, and for z ∈ [0, 0.05]
α becomes a constant. The deceleration parameter q, plotted
in Fig. 4, shows a complex behavior. The Universe starts its
evolution at a redshift z = 1 in a decelerating phase, with
q ≈ 1. The Universe begins to accelerates, and it enters in
a marginally accelerating phase, with q = 0, at a redshift of
around z ≈ 0.3. The variation of the deceleration parameter
strongly depends on the numerical values of v0, and, depend-
ing on this numerical value, the evolution of the Universe at
the present time can either be de Sitter, with q = −1, or have
higher values of q, of the order of q ≈ −0.5.

d. Cosmological evolution in the presence of theHiggs poten-
tial

0.0 0.5 1.0 1.5 2.0
1

2

3

4

5

z

h
z

Fig. 5 Variation with respect to the redshift of the dimensionless Hub-
ble function for the Universe filled with a Higgs type scalar field coupled
to the fluctuating quantum metric for λ = 150, and for different values
of μ2: μ2 = 250 (solid curve), μ2 = 300 (dotted curve), μ2 = 350
(short dashed curve), μ2 = 400 (dashed curve), and μ2 = 450 (long
dashed curve), respectively
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z

Fig. 6 Variation with respect to the redshift of the potential v in the
modified gravity model induced by the coupling between the metric and
a Higgs type scalar field for λ = 150, and for different values of μ2:
μ2 = 250 (solid curve), μ2 = 300 (dotted curve), μ2 = 350 (short
dashed curve), μ2 = 400 (dashed curve), and μ2 = 450 (long dashed
curve), respectively

The evolution of the cosmological and physical parame-
ters of a Universe filled with a scalar field with Higgs poten-
tial (52), coupled to the fluctuating quantum metric, are pre-
sented in Figs. 5, 6, 7, and 8. To numerically integrate the
gravitational field equations (48)–(50) in the redshift range
z ∈ [0, 2] we have adopted the initial conditions α(0) = 0.1
and u(0) = 0.1, respectively. We have fixed the value of the
coefficient λ in the Higgs potential as λ = 150, and we have
varied the mass μ2 > 0 of the Higgs field.

The Hubble function, plotted in Fig. 5, is an increasing
function of the redshift, indicating an expansionary evolu-
tion. However, h has a complex behavior, which is strongly
dependent on the numerical value of μ2. The variation with
z of the Higgs potential is represented in Fig. 6. The poten-
tial has a damped harmonic oscillator type behavior, with
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Fig. 7 Variation with respect to the redshift of the scalar field α in the
modified gravity model induced by the coupling between the metric and
a Higgs type scalar field, for λ = 150, and for different values of μ2:
μ2 = 250 (solid curve), μ2 = 300 (dotted curve), μ2 = 350 (short
dashed curve), μ2 = 400 (dashed curve), and μ2 = 450 (long dashed
curve), respectively
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Fig. 8 Variation with respect to the redshift of the deceleration parame-
ter q in the modified gravity model induced by the coupling between the
metric and a Higgs type scalar field, for a λ = 150, and for different val-
ues of μ2: μ2 = 250 (solid curve), μ2 = 300 (dotted curve), μ2 = 350
(short dashed curve), μ2 = 400 (dashed curve), and μ2 = 450 (long
dashed curve), respectively

the amplitude of the oscillations decreasing while we are
approaching the present day moment, with z = 0. The same
damped oscillator type pattern can be observed in the redshift
evolution of the scalar field α, depicted in Fig. 7. An oscil-
latory behavior is also characteristic for the variation with
respect to z of the deceleration parameter q, presented in
Fig. 8. The behavior is strongly dependent on the numerical
values of μ2, so that at z = 2 the Universe can be in either a
decelerating (q.0), or in an accelerating phase, with q < 0.
There is an alternation of the accelerating and decelerating
epochs, but, (almost) independently of the values of μ2, the
Universe enters a very rapid accelerating phase at z ≈ 0.10,
which in a very short cosmological time interval decreases
the deceleration parameter from q ≈ 1.5 to q ≈ −1. Hence
the de Sitter solution is also an attractor of this model.

3.2 Scalar function coupling to the metric

As a second example of modified gravity model induced by a
quantum perturbation tensor of the form (19) we assume that
alpha is a “pure” function of the coordinates, and there is
no specific physical field associated to it. Then, by using the
least action principle, from Eq. (4) we obtain the gravitational
field equations as

Rμν − 1

2
Rgμν = 2κ2

1 − α(x)

{
1

2
[1 + α(x)] Tμν

−1

4
α(x)Tgμν + 1

2
α(x)θμν

}

, (53)

where we have denoted θμν = gαβ
(
δTαβ/δgμν

)
, and

δT

δgμν
= Tμν + θμν, (54)

respectively. As usual, T = Tμνgμν is the trace of the energy-
momentum tensor, and we have denoted θ = θμνgμν . After
contraction Eq. (53) reads

R = −κ2
[

T + α(x)

1 − α(x)
θ

]

. (55)

Combining Eqs. (53) and (55) we obtain the field equations
in the form

Rμν = 2κ2

1 − α(x)

[
1

2
(1 + α(x))Tμν − 1

4
Tgμν

+1

2
α(x)θμν − 1

4
α(x)θgμν

]

. (56)

Assuming that the Lagrangian density of the matter Lm

depends only on the metric tensor but not on its derivatives,
we obtain

Tμν = 2
∂Lm

∂gμν
− gμνLm (57)

and

θμν = 2gαβ ∂2Lm

∂gαβ∂gμν
− gμνLm − 2Tμν, (58)

respectively. Different kinds of matter Lagrangians may lead
to different θμν , and therefore to different gravitational the-
ories.

By taking into account the mathematical identity ∇νGμν

= 0, after taking the covariant divergence of Eq. (53) we
obtain
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0 = κ2 (∇να)

2(1 − α)2

[
2(1 + α)Tμν − αTgμν + 2αθμν

]

+ κ2

2(1 − α)

[

2
(∇να

)
Tμν + 2(1 + α)∇νTμν − (∇να

)

×Tgμν − α(∇νT )gμν + 2
(∇να

)
θμν + 2α(∇νθμν)

]

= (∇να
)
[

2(1 + α)Tμν − αTgμν + 2αθμν

1 − α
+ 2Tμν

−Tgμν + 2θμν

]

+ α

[

2∇νTμν − gμν∇νT + 2∇νθμν

]

+2∇νTμν. (59)

Now it is easy to check that the divergence of the matter
energy-momentum tensor is

∇νTμν = − 1

2(1 + α)

{
(∇να

)
[

4Tμν − Tgμν + 2θμν

1 − α

]

+α

[

− gμν∇νT + 2∇νθμν

]}

. (60)

In the following discussion, we consider a perfect fluid
described by ρ, the matter energy density, and by p, the
thermodynamic pressure. In the comoving frame with uμ =
(1, 0, 0, 0) the components of the energy-momentum tensor
have the components Tμ

ν = diag (ρ,−p,−p,−p). More-
over, we will consider that matter obeys an equation of state
of the form p = ωρ, where ω = constant, and 0 ≤ ω ≤ 1.
Then the generalized Friedmann equations that follow from
the gravitational field equations Eq. (53) are

H2 = κ2

3

[
2 − (3 − ω)α

2 (1 − α)

]

ρ, (61)

ä

a
= −κ2

6

[
1 + (3 − 4α)ω

1 − α

]

ρ, (62)

or, equivalently,

ä

a
= −1 + (3 − 4α)ω

2 − (3 − ω)α
H2. (63)

Equation (62) can be alternatively written as

2Ḣ + 3H2 = −κ2
[

2ω + α(1 − 3ω)

2 (1 − α)

]

ρ. (64)

Hence

Ḣ = −κ2

2
(1 + ω) ρ = 3(α − 1)(ω + 1)

α(ω − 3) + 2
H2. (65)

For the deceleration parameter we obtain

q = −α(7ω + 3) + 6ω + 4

α(ω − 3) + 2
. (66)

The presence of an accelerated expansion requires ä >,
which imposes on the function α(t) the condition

α(t)

1 − α(t)
>

1 + 3ω

4ω

1

1 − α(t)
, ∀t ≥ ta . (67)

3.2.1 Conservative models – the ∇νTμν = 0 case

In standard general relativity theory, the energy-momentum
tensor is conserved (∇νTμν = 0), while in modified theories
of gravity the classical-defined energy-momentum tensor is
not always conserved. However, in the modified gravity the-
ory induced by the quantum fluctuations of the metric, with
expectation value of the fluctuations proportional to the met-
ric tensor, thanks to the addition of the function α, we can
maintain the conservation of the energy and momentum by
constraining the new function. In the following we assume
for the matter Lagrangian the form Lm = p, and, since the
second derivatives of Lm with respect to the metric tensor
are zero, we obtain for the tensor θμν the expression

θμν = −gμνLm − 2Tμν. (68)

Demanding that ∇νTμν = 0 we obtain

0 = (∇να
)
[

2(1 + α)Tμν − αTgμν + 2αθμν

1 − α
+ 2Tμν

−Tgμν + 2θμν

]

+ α

[

2∇νθμν − gμν∇νT

]

. (69)

Multiplying by uμ both sides of Eq. (69) we obtain

α̇

[−ρ + p

1 − α

]

+ α [−5ρ̇ + ṗ] = 0, (70)

giving

α̇

α(1 − α)
= −5ρ̇ + ṗ

ρ − p
. (71)

For the linear barotropic equation of state with p = ωρ, for
ω �= 1 we obtain

α̇

α(1 − α)
= −

(
5 − ω

1 − ω

)
ρ̇

ρ
, (72)

which gives the density as a function of α as

ρ = ρ0

(
α

1 − α

)− 1−ω
5−ω

, (73)

where ρ0 is an arbitrary constant of integration. On the other
hand the conservation of the energy-momentum tensor gives
the equation

−3
ȧ

a
(1 + ω) = ρ̇

ρ
, (74)
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which give for the matter density the standard relation

ρ = ρ′
0a

−3(1+ω), (75)

where ρ′
0 is an arbitrary constant of integration. From

Eqs. (73) and (75) we obtain the scale factor dependence
of the function α as

α

1 − α
= α0a

3n, (76)

where n = (1 + ω)(5 − ω)/(1 − ω), and α0 =
(
ρ′

0/ρ0
)−(5−ω)/(1−ω). The the first Friedmann equation

Eq. (61) gives

ȧ

a
= κ√

6

√
ρ0a−3(ω+1)

(
α0(ω − 1)a3n + 2

)
, (77)

from which we obtain

κ√
6

(t − t0) =
√

2α0(ω − 1)a3n + 4

3(ω + 1)

× 2F1
( 1

2 , ω+1
2n ; ω+1

2n +1;− 1
2a

3nα0(ω−1)
)

√
ρ0a−3(ω+1)

(
α0(ω − 1)a3n+2

) ,

(78)

where 2F1 (a, b; c, z) is the hypergeometric function 2F1

(a, b; c, z) = ∑∞
k=0 [(a)k(b)k/(c)k]

(
zk/k!), and t0 is an

arbitrary constant of integration. For the deceleration param-
eter we obtain the expression

q(a) = 1

2

{

n

[
6

α0(ω − 1)a3n + 2
− 3

]

+ 3ω + 1

}

. (79)

In the limit of small values of the scale factor α0(ω −
1)a3n << 2, we obtain q ≈ (1 + 3ω)/2 > 0, indicating
a decelerating expansion during the early stages of the cos-
mological evolution. For α0(ω − 1)a3n >> 2, and for very
large values ofa,q ≈ [3(ω − n) + 1] /2 = 4(ω+2)/(1−ω).
Since generally for any realistic cosmological matter equa-
tion of state ω < 1, it follows that in both small and large
time limits the time evolution of the Universe is decelerating.

3.2.2 Non-conservative cosmological models with
∇νTμν �= 0

By taking into account that T = ρ − 3p, from Eq. (60) we
immediately obtain

− 2(1 + α)∇νTμν = ∇να
4Tμν − Tgμν + 2θμν

1 − α

+α
(
2∇νθμν − gμνT

)
, (80)

or, equivalently,

− 2(1 − α)∇νTμν = ∇να
gμν (2Lm − T )

1 − α

+αgμν∇ν (2Lm − T ) . (81)

After multiplying Eq. (81) by the four-velocity vector uμ,
defined in the comoving reference frame, we obtain

uμ∇νTμν = 1

2(1 − α)

[

α̇
ρ − p

1 − α
+ α(ρ̇ − ṗ)

]

. (82)

By taking into account the mathematical identity

uμ∇νTμν = ρ̇ + 3H(ρ + p) (83)

we immediately find

ρ̇ + 3H(ρ + p) = 1

2(1 − α)

×
[

α̇(ρ − p)

(
1

1 − α

)

+ α(ρ̇ − ṗ)

]

.

(84)

For a general linear barotropic equation of state of the for
p = ω(t)ρ, Eq. (84) becomes
(

1 − 3

2
α + 1

2
ωα

)

ρ̇ + 1

2
αρω̇ = 3(α − 1)(1 + ω)Hρ

+ α̇(ω − 1)

2(α − 1)
ρ. (85)

For ω = constant we have
(

1 − 3

2
α + 1

2
ωα

)

ρ̇ = 3(α − 1)(1 + ω)Hρ

+ α̇

2(α − 1)
(ω − 1)ρ. (86)

After taking the derivative of Eq. (61) with respect to the
time, and after substituting Ḣ with the use of Eq. (65), we
obtain for the time deriative of the density the equation

ρ̇ = −6H2
[
6(ω + 1)(α − 1)2H + (ω − 1)α̇

]

κ2 [(ω − 3)α + 2]2 . (87)

Substituting Eqa. (87) into (86) gives the equation
[
6(ω + 1)H(α − 1)2 + (ω − 1)α̇

]

×
{

6H2(α − 1) + κ2ρ [(ω − 3)α + 2]
}

= 0. (88)

Due to the first generalized Friedmann equation (61), Eq. (88)
is identically satisfied during the cosmological evolution.
However, a second solution of the field equation can be
obtained by also imposing the condition that the first term
in Eq. (88) also vanishes identically.
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a. The case α = 1 − 1−ω
6(1+ω)

1
ln(a/a0)

By requiring that the
first term in the left-hand side of Eq. (88) also vanishes, we
obtain for the scalar function α(t) the differential equation

α̇ = 6(1 + ω)(1 − α)2

1 − ω
H, (89)

from which we obtain

α(t) = 1 − 1 − ω

6(1 + ω)

1

ln [a(t)/a0]
, (90)

where a0 is an arbitrary constant of integration. By substitut-
ing this expression of α into Eq. (63), we obtain the following
second order differential equation describing the time evolu-
tion of the scale factor:

ä

ȧ
=

[

1 − 3(ω + 1)

6(ω + 1) ln(Ca) + ω − 3

] (
ȧ

a

)

. (91)

By integration we first obtain

H = ȧ

a
= ζ√

6(ω + 1) ln (a/a0) + ω − 3
, (92)

where ζ is an arbitrary integration constant. Hence for the
time variation of the scale factor we obtain

a(t) = a0e
− ω−3

6(1+ω) e
31/3ζ2/3

2(1+ω)1/3 (t−t0)2/3

, (93)

where t0 is an arbitrary constant of integration. For the time
variation of the Hubble function we obtain

H(t) = ζ 2/3

32/3 3
√

ω + 1 3
√
t − t0

, (94)

while the deceleration parameter q of this model is given by

q(t) = (1 + ω)1/3

31/3ζ 2/3 (t − t0)2/3 − 1. (95)

In the limit of large times t → ∞, we have q → −1, and
therefore the Universe ends in an (approximately de Sitter)
accelerating phase. For the time variation of the function α

we find

α(t) = 1 − ω

−34/3ζ 2/3(ω + 1)2/3 (t − t0)2/3 + ω − 3
+ 1. (96)

In the limit of large times α(t) tends to a constant,
limt→∞ α(t) = 1.

4 Modified gravity from quantum fluctuations
proportional to the matter energy-momentum
tensor–Kμν = αTμν

Many extensions of standard general theory of relativity are
based on the assumption that in certain physical situations
spacetime and matter may couple to each other [20,24,31].

Hence it is natural to also consider the case in which the aver-
age of the quantum fluctuations of the metric is proportional
to the matter energy-momentum tensor, Kμν = αTμν , where
α is a constant. This approach suggests that the quantum per-
turbations of the spacetime may also be strongly influenced
by the presence of the classical matter.

4.1 The gravitational field equations

With the choice Kμν = αTμν of the classical form of the
average of the quantum fluctuations of the metric tensor we
obtain for the first order quantum corrected gravitational
Lagrangian the expression

L = − 1

2k2

√−g

[

R + α

(

Rμν − 1

2
Rgμν

)

Tμν

]

+√−g

[

Lm + 1

2
αTμνT

μν

]

= − 1

2k2

√−g

[

R

(

1 − 1

2
αT

)

+ αRμνT
μν

]

+√−g

[

Lm + 1

2
αTμνT

μν

]

. (97)

By varying the gravitational action given by Eq. (97) with
respect to the metric tensor gμν it follows that the classi-
cal gravitational field equations corresponding to the grav-
itational action (97) are given by (for the full details of the
derivation see Appendix B)

Gμν

(

1 − 1

2
αT

)

=
[

1

2
αR

(
Tμν + θμν

)

+1

2
αgμνRαβT

αβ − (
gμν� − ∇μ∇ν

)
(

1 − 1

2
αT

) ]

−κ2
[

1

2
αgμνTαβT

αβ − Tμν

]

+κ2α

[

Tα(μT
α
ν) − T (gμνLm + Tμν) + 2LmTμν

]

−α

[

Rα(μT
α
ν) − 1

2
R

(
gμνLm + Tμν

) + Lm Rμν

+ 1

2

(
�Tμν + ∇α∇βT

αβgμν − ∇α∇(μT
α
ν)

)]

, (98)

where we have canceled the terms containing the second
derivatives of Lm with respect to the metric tensor, since in
most cases of physical interest they vanish. After contraction
of Eq. (98) we find

R

(

1 − 1

2
αT

)

− αRLm + α
(
�T − ∇μ∇νT

μν
)

+ κ2(T − 2αTLm − αT 2) = 0. (99)
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Equation (98) can then be rewritten as

Rμν

(

1 − 1

2
αT + αLm

)

+ αRα(μT
α
ν) − α

2
gμνRαβT

αβ

= −1

2
gμν

1 − 1
2αT

1 − 1
2αT − αLm

[

α
(
�T − ∇α∇βT

αβ
)

+2κ2
(

−αT Lm − 1

2
αT 2 + 1

2
T

) ]

− 1

2
α

×
(

�Tμν + gμν∇α∇βT
αβ − ∇α∇(μT

α
ν)

)

+1

2
α

(
gμν� − ∇μ∇ν

)
T + 2κ2

×
[

1

2
α

(
Tα(μT

α
ν) − gμνTLm − TμνT + 2LmTμν

)

− 1

4
αgμνTαβT

αβ + 1

2
Tμν

]

. (100)

4.2 The divergence of the energy-momentum tensor

By taking the divergence of the gravitational field equations
(98) we obtain first

[
κ2 (αT − 2αLm − 1) − αR

]

∇νTμν = 1

2
α

×
[

Gμν∇νT + Tμν∇νR + ∇μ

(
RαβT

αβ − κ2TαβT
αβ

)
]

+κ2α

[

∇ν(Tα(μT
α
ν)) − ∇μ(TLm) − Tμν

×∇ν(T − 2Lm)

]

− α

[

∇ν(Rα(μT
α
ν)) − 1

2
∇μ(RLm)

−1

2
Tμν∇νR + ∇ν(RμνLm) + 1

2
(∇ν�Tμν

+∇μ∇α∇βT
αβ − ∇ν∇α∇(μT

α
ν))

]

. (101)

Hence for the divergence of the matter energy-momentum
tensor in the modified gravity model induced by the quantum
fluctuations of the metric proportional to the matter energy-
momentum tensor we find

∇νTμν = 1

κ2(αT − 2αLm − 1) − αR

{
1

2
α

×
[

Tμν∇νR + ∇μ(RαβT
αβ − κ2TαβT

αβ)

]

+κ2α

[

∇ν(Tα(μT
α
ν)) − ∇μ(TLm) − Tμν

×∇ν(T − 2Lm)

]

− α

[

∇ν(Rα(μT
α
ν)) − 1

2
∇μ(RLm)

−1

2
Tμν∇νR + ∇ν(RμνLm) + 1

2

(∇ν�Tμν

+∇μ∇α∇βT
αβ − ∇ν∇α∇(μT

α
ν)

)
]}

+1

2
α

2∇νT

2 − αT

{[
1

2
αR(Tμν + θμν)

+1

2
αgμνRαβT

αβ − (gμν� − ∇μ∇ν)

(

1 − 1

2
αT

)]

−κ2
[

1

2
αgμνTαβT

αβ − Tμν

]

+κ2α

[

Tα(μT
α
ν) − T (gμνLm + Tμν) + 2LmTμν

]

−α

[

Rα(μT
α
ν) − 1

2
R(gμνLm + Tμν) + Lm Rμν

+ 1

2

(
�Tμν + ∇α∇βT

αβgμν − ∇α∇(μT
α
ν)

)] }

. (102)

The above results show that generally in this class of models
the matter energy-momentum tensor is not conserved. The
non-conservation of Tμν can be related to particle production
processes that takes place due to the quantum fluctuations of
the spacetime metric.

4.3 Cosmological applications

For simplicity in the following we consider a spatially flat
spacetime, in which K = 0. By taking into account the inter-
mediate results

�T = (ρ̈ − 3 p̈) + (ρ̇ − 3 ṗ)
3ȧ

a
,

∇α∇βTαβ = 3ȧ

a

[

(2ρ̇ + ṗ) + 2(ρ + p)
ȧ

a

]

+ρ̈ + 3(ρ + p)
ä

a
, (103)

�Tμν = ρ̈ + ρ̇
3ȧ

a
,∇μ∇νT = ρ̈ − 3 p̈,∇α∇(μT

α
ν))

= 2ρ̈ + 2ρ̇
3ȧ

a
, μ = ν = 0, (104)

we obtain first from the 00 component of Eq. (98)

3ä

a

[

1 + α(ρ + 3p)

]

+ ȧ2

a2 3αp

= 1

2

1 − 1
2α(ρ − 3p)

1 − 1
2α(ρ − p)

[

− α
3ȧ

a

(

ρ̇ + 4 ṗ + 2(ρ + p)
ȧ

a

)

−3α p̈ − 3α(ρ + p)
ä

a
+ κ2(ρ − 3p)(1 − α(ρ − p))

]

+α

2

{

3(ρ + p)
ä

a
+ 3ȧ

a

[

4 ṗ + 2(ρ + p)
ȧ

a

]}

−κ2
[

ρ − α

(
1

2
ρ2 + 4ρp + 3

2
p2

)]

. (105)
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For μ = ν = 1 we obtain

�Tμν = a2( p̈ + ṗ
3ȧ

a
),∇μ∇νT = 0,

∇α∇(μT
α
ν)) = 0. (106)

Hence the 11 component of Eq. (98) gives

ȧ2

a2 (2 − α(ρ − 5p)) + ä

a
(1 − α(2ρ − 3p)) + 2α ṗ

ȧ

a

= 1

2

1 − 1
2α(ρ − 3p)

1 − 1
2α(ρ − p)

[

− α
3ȧ

a

(

ρ̇ + 4 ṗ + 2(ρ + p)
ȧ

a

)

−3α p̈ − 3α(ρ + p)
ä

a
+ κ2(ρ − 3p)(1 − αρ + αp)

]

+1

2
α

{

2 p̈+3(ρ+ p)
ä

a
+ 3ȧ

a

[

ρ̇+3 ṗ+2(ρ+ p)
ȧ

a

]}

+κ2
(

1

2
α(ρ2 + 3p2) + p

)

. (107)

From Eqs. (105) and (107) we obtain

ä

a
= � · � − � · �

�
, (108)

ȧ2

a2 = −� · � − � · k
�

. (109)

Therefore the generalized Friedmann equations for this grav-
ity model take the form

3H2 = −3
� · � − � · �

�
, (110)

2Ḣ + 3H2 = � · (2� − �) + (� − l2) · �

�
, (111)

where we have denoted

λ = 1 − 1
2α(ρ − 3p)

1 − 1
2α(ρ − p)

, (112)

� = 3

2
αλ

(
ȧ

a
ρ̇ + p̈

)

+ 6α
ȧ

a
(λ − 1) ṗ

+κ2
[

ρ − α

(
3p2

2
+ 4pρ + ρ2

2

)]

−1

2
λκ2(ρ − 3p) (−αρ + αp + 1) , (113)

� = 2 − α(ρ − 5p) + 3α(λ − 1)(p + ρ), (114)

� = 3

2
α(λ − 1)

ȧ

a
ρ̇ + 6α

ȧ

a
λ ṗ − 5α ṗ

2

ȧ

a

−κ2
(

αρ2

2
+ 3αp2

2
+ p

)

+ 3αλ p̈

2

−α p̈ − 1

2
λκ2(ρ − 3p)(−αρ + αp + 1), (115)

� = 3αλ(ρ + p) − 3αρ, (116)

� = 3

[
α2ρ2

2
(11 − 9λ) − 3αλ(ρ + p)

+α(2ρ − 7p) − (5 + 7λ)α2 p2

+α2

2
pρ(15 − 23λ) − 2

]

, (117)

� = 3αλ

2
(ρ + p) + α

2
(3p − 7ρ) + 1, (118)

� = 3

[
α

2
(λ − 1)(p + ρ) + α(3p + ρ) + 1

]

. (119)

For the deceleration parameter we obtain the expression

q = d

dt

1

H
− 1 = − ä

aH2 = � · � − � · �

� · � − � · �
. (120)

For α = 0 we have � = κ2(ρc2 + 3p)/2, � = 2, � =
−κ2(ρc2 + p)/2, � = 0, � = −6, � = 1, and � =
3, respectively. Hence in this limit we recover the standard
Friedmann equations of general relativity.

4.4 Dust cosmological models with p = 0

By assuming that the matter content of the Universe consists
of pressureless dust with p = 0, we obtain immediately
λ = 1. Then the field equations can be written as

ä

a
= −3αH ρ̇ + κ2ρ

6(αρ + 1)
(121)

and

H2 = −3αH ρ̇(1 − 2αρ) + κ2ρ(4 + αρ)

6(αρ − 2)(αρ + 1)
, (122)

respectively. Thus we obtain the generalized Friedmann
equations of the present model as

3H2 = −3αH ρ̇(1 − 2αρ) + κ2ρ(4 + αρ)

2(αρ − 2)(αρ + 1)
, (123)

2Ḣ + 3H2 = − α(κ2ρ2 − 3H ρ̇)

2(αρ − 2)(αρ + 1)
. (124)

For the deceleration parameter we obtain

q = (3αH ρ̇ + k2ρ)(αρ − 2)

3αH ρ̇(1 − 2αρ) + κ2ρ(4 + αρ)
. (125)

By multiplying with a3 both sides of Eq. (128), taking
its time derivative, and considering Eq. (129), we obtain the
time evolution of the matter density as

ρ̈H = −ρ̇
ä

a
+ 1

−2α + 3α2ρ + 3α3ρ2 − 2α4ρ3

×
{

ρ̇

[
κ2

3
(8 + 4αρ + 5α2ρ2) + αH2(10 − 3αρ

123



420 Page 16 of 20 Eur. Phys. J. C (2016) 76 :420

−9α2ρ2 + 4α3ρ3) − H ρ̇(5α2 − 2α3ρ + 2α4ρ2)

]

+κ2H(8ρ + αρ2 − 4α2ρ3)

}

. (126)

4.4.1 de Sitter type evolution of the dust Universe

By assuming that H = H0 = constant, the cosmological
evolution Eqs. (123) and (124) give for the time evolution of
the density the first order differential equation

ρ̇(t) = 2κ2ρ(t)

3αH0[αρ(t) − 1] , (127)

with the general solution given by

αρ − ln(ρ) = 2κ2

3αH0
(t − t0) , (128)

where t0 is an arbitrary constant of integration. When αρ >>

ln(ρ), the matter energy density linearly increases in time as
ρ(t) ∝ t , indicating that the late time de Sitter expansion of
the Universe is triggered by (essentially quantum) particle
creation processes.

4.4.2 Cosmological evolution of the dust Universe

From Eq. (122) we obtain for the time evolution of the matter
density the differential equation

ρ̇ = 6H2(αρ − 2)(αρ + 1) + κ2ρ(αρ + 4)

3αH(2αρ − 1)
. (129)

Substitution of this equation into Eq. (124) gives the evolu-
tion equation of the Hubble function as

2Ḣ = −3H2 + 3H2 − κ2ρ

2αρ − 1
. (130)

By introducing the set of dimensionless variables (τ, h, α0, r),
defined as

τ = H0t, H = H0h, α = α0
κ2

3H2
0

, ρ = 3H2
0

κ2 r, (131)

where H0 is the present day value of the Hubble function,
and after changing the independent time variable from τ to
the redshift z, Eqs. (129) and (130) take the form

dr

dz
= −2h2 (α0r − 2) (α0r + 1) + r (α0r + 4)

α0(1 + z)h2 (2α0r − 1)
, (132)

dh

dz
= 3

2

h

1 + z
− 3

(
h2 − r

)

2(1 + z)h (2α0r − 1)
. (133)
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Fig. 9 Variation with respect to the redshift of the dimensionless Hub-
ble function h(z) for the modified gravity model with fluctuating quan-
tum metric with Kμν = αTμν for h(0) = 1, r(0) = 0.67, and for
different values of α0: α0 = 1 (solid curve), α0 = 1.1 (dotted curve),
α0 = 1.2 (short dashed curve), α0 = 1.3 (dashed curve), and α0 = 1.4
(long dashed curve), respectively

The deceleration parameter is given by

q = 1

2
− 3

(
h2 − r

)

2h2 (2α0r − 1)
. (134)

The system of differential equation must be integrated
with the initial conditions h(0) = h0 and r(0) = r0, respec-
tively. It is interesting to note that for h(0) = r(0) = 1, the
present day deceleration parameter takes the value q(0) =
1/2. Thus, in order to obtain accelerating models we will
adopt an initial condition for the matter energy density so
that r(0) = 0.67, while for h we adopt the initial condition
h(0) = 1. The variation with respect to the redshift z of the
dimensionless Hubble function h, of the dimensionless mat-
ter energy density r , and of the deceleration parameter q are
represented for z ∈ [0, 1] in Figs. 9, 10, and 11, respectively.

The Hubble function, depicted in Fig. 9, is a monoton-
ically increasing function of z, indication an expansionary
evolution of the Universe. The numerical values of h in the
chosen redshift range show a very mild dependence on the
numerical values of the parameter α0. The energy density
of the matter r , presented in Fig. 10, is also a monotonically
increasing function of the redshift, indicating a time decrease
of r during the cosmological evolution. The numerical values
of r depend strongly on α0. Finally, the deceleration param-
eter q, shown in Fig. 11, also has a strong dependence on α0.
In the range z ∈ (0.14, 1], the Universe is in a marginally
decelerating phase, with q ≈ 0. In this redshift range the
evolution is independent on the numerical values of α0. For
z < 0.14, the Universe enters in an accelerating phase, and,
depending on the values of α0, a large range of accelerating
models can be constructed. The numerical values of q rapidly
increase with increasing α0, so that for α0 = 1, q(0) ≈ −1,
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Fig. 10 Variation with respect to the redshift of the dimensionless mat-
ter energy density r(z) for the modified gravity model with fluctuating
quantum metric with Kμν = αTμν for h(0) = 1, r(0) = 0.67, and for
different values of α0: α0 = 1 (solid curve), α0 = 1.1 (dotted curve),
α0 = 1.2 (short dashed curve), α0 = 1.3 (dashed curve), and α0 = 1.4
(long dashed curve), respectively
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Fig. 11 Variation with respect to the redshift of the deceleration param-
eterq(z) for the modified gravity model with fluctuating quantum metric
with Kμν = αTμν for h(0) = 1, r(0) = 0.67, and for different values
of α0: α0 = 1 (solid curve), α0 = 1.1 (dotted curve), α0 = 1.2 (short
dashed curve), α0 = 1.3 (dashed curve), and α0 = 1.4 (long dashed
curve), respectively

while for α0 = 1.4, the deceleration parameter q is constant
in all range z ∈ [0, 1], q ≈ 0.

5 Discussions and final remarks

In the present paper we have considered the cosmological
properties of some classes of modified gravity models that
are obtained from a first order correction of the quantum
metric, as proposed in [40,41]. By assuming that the quan-
tum metric can be decomposed into two components, and
by substituting the fluctuating part by its (classical) aver-
age value Kμν , a large class of modified gravity models can
be obtained. As a first step in our study we have derived
the general Einstein equations corresponding to an arbitrary
Kμν . An important property of this class of models is the

non-conservation of the matter energy-momentum tensor,
which can be related to the physical processes of particle
creation due to the quantum effects in the curved spacetime.
By assuming that Kμν ∝ gμν , a particular class of the mod-
ified f (R, T ) gravity theory is obtained. We have investi-
gated in detail the cosmological properties of these models,
by assuming that the coupling coefficient between the metric
and the average value of the quantum fluctuation tensor is
a scalar field with a non-vanishing self-interaction potential,
and a simple scalar function. The scalar field self-interaction
potential was assumed to be of Higgs type [48], which plays a
fundamental role in elementary particle physics as describing
the generation of mass in the quantum world.

We have investigated two cosmological models, in which
the scalar field is in the minimum of the Higgs potential,
and the case of the “complete” Higgs potential. In both
approaches in the large time limit the Universe enters an
accelerating phase, with the accelerating de Sitter solution
acting as an attractor for these cosmological models. How-
ever, in the case of the “complete” Higgs potential the redshift
evolution of the deceleration parameter q indicates at low
redshifts an extremely complex, oscillating behavior. Such a
dynamics, as well as the corresponding cosmological evolu-
tion may play a significant role in the inflationary/post infla-
tionary reheating phase in the history of the Universe. By
assuming that the coupling between the metric and the quan-
tum fluctuations is given by a scalar function, two distinct
cases of cosmological models can be obtained. By impos-
ing the conservativity of the energy-momentum tensor for a
Universe filled with matter obeying a linear barotropic equa-
tion of state, a decelerating cosmological model is obtained.
Thus a model could be useful to describe the evolution of the
high density Universe at large redshifts. An alternative model
with matter creation can also be constructed, by imposing a
specific equation of evolution for the time evolution of the
coupling function α. This model leads to an approximately de
Sitter type expansion, with the deceleration parameter tend-
ing to minus one in the large time limit.

A second modified gravity model can be obtained by
assuming that the average value of the quantum fluctuation
tensor is proportional to the matter energy-momentum ten-
sor, Kμν ∝ Tμν . This choice leads to an extension of the
f
(
R, T, RμνTμν

)
gravity theory [31,32], with the quantum

corrected action including an extra term TμνTμν . Hence by
considering the effects of the quantum fluctuations of the
metric proportional to the matter energy-momentum tensor
a particular case of a general f

(
R, T, RμνTμν, TμνTμν

)

modified gravity theory is obtained. The numerical analysis
of the cosmological evolution equations for this model show
that, depending on the numerical values of the coupling con-
stant α, for a Universe filled with dust matter a large variety
of cosmological behaviors can be obtained at low redshifts,
with the deceleration parameter varying between a constant
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(approximately) zero value on a large redshift range, and a
de Sitter phase reached at z = 0.

Quantum gravity represents the greatest challenge present
day theoretical physics faces. Since no exact solutions for this
problem are known, resorting to some approximate meth-
ods for studying quantum effects in gravity seems to be
the best way to follow. A promising path may be repre-
sented by the inclusion of some tensor fluctuating terms in
the metric, whose quantum mechanical origin can be well
understood. Interestingly enough, such an approach leads
to classical gravity models involving geometry–matter cou-
pling, as well as non-conservative matter energy-momentum
tensors, and, consequently, to particle creation processes.
Hence even the study of the gravitational models with first
order quantum corrections can lead to a better understanding
of the physical foundations of the modified gravity mod-
els with geometry–matter coupling. In the present paper we
have investigated some of the cosmological implications of
these models, and we have developed some basic tools that
could be used to further investigate the quantum effects in
gravity,
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Appendix A: The derivation of the quantum corrected
gravitational field equations for an
arbitrary Kμν

We start from the gravitational action given by Eq. (4),

L = − 1

2κ2

√−g

(

R + Gμνδĝ
μν

)

+√−g

(

Lm + 1

2
Tμνδĝ

μν

)

. (A1)

After substituting the explicit form of the quantum metric
fluctuation as

〈
δĝμν

〉 = Kμν , the gravitational Lagrangian
becomes

L = − 1

2κ2

√−g

(

R + GμνK
μν

)

+√−g

(

Lm + 1

2
TμνK

μν

)

. (A2)

By taking the variation with respect to the metric tensor
we obtain first

δL = √−gδgμν

(
1

2
Tμν − 1

2κ2 Gμν

)

− 1

2κ2 δ
(√−gGμνK

μν
) + 1

2
δ
(√−gTμνK

μν
)
.

(A3)

Then we obtain

δ
(√−gGμνK

μν
) = −√−gδgμν 1

2
gμνGαβK

αβ

+√−g

[

δ
(
RμνK

μν
) − 1

2
δ(RK )

]

= −√−gδgμν 1

2
gμνGαβK

αβ + √−gδgμν 1

2

×
(

�Kμν + ∇α∇βK
αβgμν − ∇α∇(μK

α
ν)

)

+√−gδgμν(γ αβ
μν Rαβ) − 1

2

√−gδgμν

(

RKμν

+K Rμν + gαβ

(
γ αβ
μν R

) + ∇μ∇νK + gμν�K

)

, (A4)

where we have defined K = gμνKμν and AαβδK αβ =
δgμν(γ

αβ
μν Aαβ). Here Aαβ = Rαβ , or Aαβ = Tαβ , and γ

αβ
μν

can be a tensor, an operator, or the combination of them.
Moreover,

δ
(√−gTμνK

μν
) = −√−gδgμν 1

2
gμνTαβK

αβ

+√−gδgμν

[

γ αβ
μν Tαβ + K αβ

(

2
δ2Lm

δgμνδgαβ
− 1

2
gαβTμν

− 1

2
gμνgαβLm − Lm

δgαβ

δgμν

)]

. (A5)

Therefore we finally obtain for the variation of the first order
quantum corrected gravitational Lagrangian the expression

δL = √−gδgμν

(
1

2
Tμν − 1

2κ2 Gμν

)

− 1

2κ2

{

− √−gδgμν 1

2
gμνGαβK

αβ + √−gδgμν 1

2

×
(

�Kμν + ∇α∇βK
αβgμν − ∇α∇(μK

α
ν)

)

+√−gδgμν(γ αβ
μν Rαβ) − 1

2

√−gδgμν(RKμν

+K Rμν + γ αβ
μν (Rgαβ) + ∇μ∇νK + gμν�K )

}

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


Eur. Phys. J. C (2016) 76 :420 Page 19 of 20 420

+1

2

{

− √−gδgμν 1

2
gμνTαβK

αβ

+√−gδgμν

[

γ Tμν + K αβ

(

2
δ2Lm

δgμνδgαβ
− 1

2
gαβTμν

−1

2
gμνgαβLm − Lm

δgαβ

δgμν

)]}

. (A6)

Hence the gravitational field equations corresponding to
the Lagrangian (A2) now reads

Gμν = κ2Tμν −
{

1

2
gμνGαβK

αβ + 1

2

×
(

�Kμν + ∇α∇βK
αβgμν − ∇α∇(μK

α
ν)

)

+γ αβ
μν Rαβ − 1

2

[

RKμν + K Rμν + γ αβ
μν (Rgαβ)

+∇μ∇νK + gμν�K

]}

+ κ2
{

− 1

2
gμνTαβK

αβ

+
[

γ αβ
μν Tαβ + K αβ

(

2
δ2Lm

δgμνδgαβ
− 1

2
gαβTμν

−1

2
gμνgαβLm − Lm

δgαβ

δgμν

)]}

. (A7)

Appendix B: The derivation of the field equations for
Kμν = αTμν

In order to obtain the field equations of the Kμν = αTμν

modified gravity model we begin by varying the gravitational
action (97) with respect to the metric tensor. Thus we obtain

δL = − 1

2k2

[√−gGμν

(

1 − 1

2
αT

)

δgμν − 1

2
α
√−gR

× (
Tμν + θμν

)
δgμν + αδ(

√−gRμνT
μν)

+√−g

(

1 − 1

2
αT

)

(gμν� − ∇μ∇ν)δg
μν

]

+
[

1

2

√−gTμνδg
μν + 1

2
αδ(

√−gTμνT
μν)

]

= − 1

2k2

[√−gGμν

(

1 − 1

2
αT

)

δgμν − 1

2
α
√−gR

×(Tμν + θμν)δg
μν − 1

2
αgμν

√−gRαβT
αβδgμν

+√−gδgμν
(
gμν� − ∇μ∇ν

)
(

1 − 1

2
αT

)]

−
[

1

4
αgμν

√−gTαβT
αβδgμν − 1

2

√−gTμνδg
μν

]

+1

2
α
√−gδ

(
TμνT

μν
) − α

2k2

√−gδ
(
RμνT

μν
)
.

(B1)

We shall now calculate the variation of the terms δ(Tμν

Tμν) and δ(RμνTμν), respectively. In order to do this we
take into account the following known results:

δ�λ
μν = 1

2
gλσ

(∇νδgμσ + ∇μδgνσ − ∇σ δgμν

)
,

∇λδ�
λ
μν = 1

2

(∇σ ∇νδgμσ + ∇σ ∇μδgνσ − ∇σ ∇σ δgμν

)
,

δ�λ
μλ = 1

2
gλσ

(∇λδgμσ + ∇μδgλσ − ∇σ δgμλ

)
,

∇νδ�
λ
μλ = 1

2

(∇ν∇σ δgμσ + gλσ ∇ν∇μδgλσ − ∇ν∇λδgμλ

)
.

Hence

TμνδRμν = 1

2
Tμν

(

∇σ ∇νδgμσ + ∇σ ∇μδgνσ

−∇σ ∇σ δgμν − gλσ ∇ν∇μδgλσ

)

= δgμν

2

(
�Tμν + ∇α∇βT

αβgμν − ∇α∇(μT
α
ν)

)
.

(B2)

For the variation of the terms RμνδTμν and δRμνTμν we
obtain

RμνδT
μν = Rμνδ(g

μαgνβTαβ)= RαβδTαβ +Rα(νT
α
μ)δg

μν

= Rα(νT
α
μ)δg

μν + δgμν

[

2Rαβ ∂2Lm

∂gμν∂gαβ

−1

2
R(gμνLm + Tμν) − Lm

Rαβδgαβ

δgμν

]

= δgμν

[

Rα(μT
α
ν) − 1

2
R(gμνLm + Tμν)

+Lm Rμν + 2Rαβ ∂2Lm

∂gμν∂gαβ

]

, (B3)

δRμνT
μν = δgμν

[

Rα(μT
α
ν) − 1

2
R

(

gμνLm + Tμν

)

+Lm Rμν + 2Rαβ ∂2Lm

∂gμν∂gαβ

+1

2

(

�Tμν + ∇α∇βT
αβgμν − ∇α∇(μT

α
ν)

)]

.

(B4)

Similarly,

TμνδT
μν = δgμν

[

Tα(μT
α
ν) − 1

2
T

(
gμνLm + Tμν

)

+LmTμν + 2T αβ ∂2Lm

∂gμν∂gαβ

]

, (B5)

TμνδTμν = δgμν

[

− 1

2
T (gμνLm + Tμν) + LmTμν

+2T αβ ∂2Lm

∂gμν∂gαβ

]

, (B6)
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δTμνT
μν = δgμν

[

Tα(μT
α
ν) − T

(
gμνLm + Tμν

)

+2LmTμν + 4T αβ ∂2Lm

∂gμν∂gαβ

]

. (B7)

And thus for the total variation of the action we obtain

δL = − 1

2κ2

[√−gGμν

(

1 − 1

2
αT

)

δgμν

−α
√−g

2

[

R(Tμν + θμν) + gμνRαβT
αβ

]

δgμν

+√−gδgμν
(
gμν� − ∇μ∇ν

)
(

1 − 1

2
αT

)]

−δgμν√−g

[
1

4
αgμνTαβT

αβ − 1

2
Tμν

]

+α
√−g

2
δgμν

[

Tα(μT
α
ν) − T

(
gμνLm + Tμν

)

+2LmTμν + 4T αβ ∂2Lm

∂gμν∂gαβ

]

−α
√−g

2κ2 δgμν

[

Rα(μT
α
ν) − 1

2
R

(
gμνLm + Tμν

)

+Lm Rμν + 2Rαβ ∂2Lm

∂gμν∂gαβ

+1

2

(

�Tμν + ∇α∇βT
αβgμν − ∇α∇(μT

α
ν)

)]

. (B8)

The condition δL = 0 gives immediately the field equa-
tions (98).
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