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Abstract In this article, we assume that the nonet scalar
mesons below 1GeV are the two-quark—tetraquark mixed
states and study their masses and pole residues using the QCD
sum rules. In the calculation, we take into account the vacuum
condensates up to dimension 10 and the O(wy) corrections to
the perturbative terms in the operator product expansion. We
determine the mixing angles, which indicate the two-quark
components are much larger than 50 %, then we obtain the
masses and pole residues of the nonet scalar mesons.

1 Introduction

There are many scalar mesons below 2 GeV, which can-
not be accommodated in one gg nonet, some are supposed
to be glueballs, molecular states, and tetraquark states [1—
5]. In the scenario of molecular states, the scalar states
below 1 GeV are taken as loosely bound mesonic molecu-
lar states [6—10], or dynamically generated resonances [11].
On the other hand, in the scenario of tetraquark states,
if we suppose the dynamics dominates the scalar mesons
below and above 1GeV are different, there maybe exist
two scalar nonets below 1.7 GeV [2-4]. The strong attrac-
tions between the scalar diquarks and antidiquarks in relative
S-wave maybe result in a nonet tetraquark states manifest
below 1GeV, while the conventional 3 Py quark—antiquark
nonet mesons have masses about (1.2—-1.6) GeV. The well-
established > P; and 3P, quark—antiquark nonets lie in the
same region. In 2013, Weinberg explored the tetraquark
states in the large-N. limit and observed that the exis-
tence of light tetraquark states is consistent with large-
N. QCD [12]. We usually take the lowest scalar nonet
mesons {fo/0(500), ap(980), x9(800), fp(980)} to be the
tetraquark states, and assign the higher scalar nonet mesons
{f0(1370), ap(1450), K;(1430), fo(1500)} to be the con-
ventional 3 Py quark—antiquark states [2—4,13-15].
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There maybe exists some mixing between the two scalar
nonet mesons, for example, in the chiral theory [16]. In
the naive quark model, for fy(980) = s§s, the strong
decay fp(980) — mm is Okubo-Zweig-lizuka forbidden;

for a8(980) = “ﬁjgd, the radiative decay ¢(1020) —

a8 (980)y is both Okubo—Zweig-lizuka forbidden and isospin
violated. From the Review of Particle Physics, we can see that
the process fp(980) — m dominates the decays of f;(980)
and the branching fractions Br (¢ (1020) — aJ(980)y ) =
(7.6 £0.6) x 107>, Br (¢(1020) — £,(980)y ) = (3.22 +
0.19) x 10~4 [1]. The naive quark model cannot account for

the experimental data even qualitatively, we have to intro-
usits+dsds
V2

, if we do not want to turn on the instanton effects

duce some tetraquark constituents, such as and

usus—dsds

[17,18].

We can use QCD sum rules to study the two-quark and
tetraquark states. QCD sum rules provide a powerful theoret-
ical tool in studying the hadronic properties, and they have
been applied extensively to study the masses, decay con-
stants, hadronic form factors, coupling constants, etc. [19—
21]. There have been several works on the light tetraquark
states using the QCD sum rules [22—40]. In Refs. [22-24],
the scalar nonet mesons below 1GeV are taken to be the
tetraquark states consist of scalar diquark pairs and studied
with the QCD sum rules by carrying out the operator prod-
uct expansion up to the vacuum condensates of dimension
6. In Ref. [29], Lee carries out the operator product expan-
sion by including the vacuum condensates up to dimension 8,
and observes no evidence of the couplings of the tetraquark
currents to the light scalar nonet mesons. In Refs. [30-32],
Chen, Hosaka and Zhu study the light scalar tetraquark states
with the QCD sum rules in a systematic way. In Ref. [33],
Sugiyama et al. study the non-singlet scalar mesons ao(980)
and «((800) as the two-quark—tetraquark mixed states with
the QCD sum rules, and observe that the tetraquark currents
predict lower masses than the two-quark currents, and the
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tetraquark states occupy about (70-90) % of the lowest mass
states.

In this article, we assume that the scalar nonet mesons
below 1 GeV are the two-quark—tetraquark mixed states and
study their properties with the QCD sum rules in a system-
atic way by taking into account the vacuum condensates up
to dimension 10 and the O(ay) corrections to the dimen-
sion zero terms in the QCD spectral densities in the operator
product expansion.

The article is arranged as follows: we derive the QCD sum
rules for the scalar nonet mesons in Sect. 2; in Sect. 3, we
present the numerical results and discussions; and Sect. 4 is
reserved for our conclusions.

2 The scalar nonet mesons with the QCD sum rules

In the scenario of conventional two-quark states, the struc-
tures of the scalar nonet mesons in the ideal mixing limit can
be symbolically written as

iu +dd _
f0(500) = 5 f0(980) = 5,
_ _ 0 I/H/_t —_ déi + -
a; (980) = dii, ag(980) = —5 ag (980) = ud,

Kk (800) = us, &3 (800) = ds,
K0(800) = sd, iy (800) = sil. (1)
In the scenario of tetraquark states, the structures of the

scalar nonet mesons in the ideal mixing limit can be symbol-
ically written as [2—4]

_ i5 + dsds
Fo(500) = udiid, fo(980) = LT A
2
~(980) = dsiis 0(980) usiis — dsds
a =dsus, a = "
0 0 ﬁ

aaL(980) = usds,
Ko (800) = udds, «§(800) = udis,
K (800) = usiid, K (800) = dsiid. 2)

If we take the diquarks and antidiquarks as the basic con-
stituents, the two isoscalar states idud and Es% mix

lutdd Gegenerates with the isovector states ssdu,

2

and ssud naturally. The mass spectrum is inverted

ideally, 5

ES uu—dd

compare to the traditional gg mesons. The lightest state is the
non-strange isosinglet, the heaviest states are the degenerate
isosinglet and isovector states with hidden 5s pairs, the four
strange states lie in between.

In this article, we take the scalar nonet mesons to be the
two-quark—tetraquark mixed states, and write down the two-

@ Springer

point correlation functions ITg(p),

M) =i [ dxeroir {sswas o) o, @)
Js(x) = cos s Jg(x) + sinO5J2 (x), 4)
where S = £3(980), aJ(980), «, (800), fo(500), and

El]ketmn

4
J o 080)(X) = 7

u?(x)Cy5sk(x) lz_lm(x)VSCEr{(x)

+d7 () Cyssn () dn ()5 C5L () ]

J%o<980>(x) = —%E(X)S(x), (5)
4 Eijkeimn r ) .
J0080)¥) = VI uj (X)Cyssp(x) im(x)ysCs, (x)

%
—d] () Cys3k() dn (05T 0]
(ss) u(x)u(x) — d(x)d(x)

2 —_———
Jag (980) ) = 6 \/E ’ (6)

Tt 00 ®) = €7 €M U () Cysdi(x) S (0)y5Cdy (1),
2 _ lqq)_

T§ s00) () = €74 ul (x)Cysdi (x) it (x)y5Cd) (x)

72 _{qq) a)ux) +d(x)d(x)
7o(500)(X) = W 7 ,

the currents Jg‘(x) and J L%(x) are tetraquark and two-
quark operators, respectively, and couple potentially to the
tetraquark and two-quark components of the scalar nonet
mesons, respectively, the fs are the mixing angles. In the
currents Jg‘(x), the i, j, k, ... are color indices and C
is the charge conjugation matrix, the eijku]T(x)C ysdi (x),

®)

eijkujr(x)Cyssk(x), and ei/kdjr(x)Cyssk(x) represent the
scalar diquarks in the color antitriplet, the corresponding
antidiquarks can be obtained by charge conjugation. The
one-gluon exchange force and the instanton induced force
can result in significant attractions between the quarks in the
scalar diquark channels [3,41].

In the following, we perform Fierz re-arrangement to the
currents J;0(980) and J:S 980) both in the color and Dirac-

spinor spaces to obtain the result,

4 1 _au+dd _  idiysu+diysd
Jf()(980) = Z Ss—ﬁ +SZy5S—ﬁ
—Ey“sﬁy”u —i—c?yud
V2
_Ey“yssuVuVSM\‘/nguVSd
n 1_ Aoy + dotvd N Suiis +5d ds
—50,)8
27 V2 V2
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Siysuitiyss + 5iysd diyss

V2
syPuity,s + 5y*d dy,s
+
V2
+§V“V5M uyuyss +sytysd dyuyss
V2
1 Souiuch’s 4+ soy,d do™s
- A ) (9)
2 V2
1 _hdu—dd _ ﬁiy5u—cfiy5d
4 _ vy c uu—ad utysu —ditysd
Ja8(980) =7 { ss NG + siyss 7
—Ey“sﬁyﬂu - c?yud
V2
_ iyuysu — dy,ysd
—5ytyss—4 7 £
n 1_ Aoty —dotvd n Suiis — 5d ds
—So S
2 V2 V2
Siysuitiyss — siysd diyss
V2
syPuity,s — sy*ddy,s
V2
+§V“V5M uyuyss —Sytysddy,yss
V2
15 io"s —50,,d do™’
_1Sopuuch’s —so,,ddots 7 (10)
2 V2

some components couple potentially to the meson pairs
nmw, KK, nm, the strong decays fo(980) — mm, KK,
and a; 9(980) — nm, KK are Okubo—Zweig—lizuka super-
allowed, which can also be used to study the radiative decays
¢(1020) — fo(980)y and ¢ (1020) — a8 (980)y through
the virtual K K loops. So it is reasonable to assume that the
nonet scalar mesons below 1 GeV have some tetraquark con-
stituents.

The tetraquark operator J ;‘ (x) contains a hidden gg com-
ponent with g = u, d or s. If we contract the corresponding
quark pair in the currents J? (x) and substitute it by the quark
condensate,! then

4 2

10080 () = T 50980 (*):
4 2

Ja8(980) ) — Ja8(980) ),

' For example,

GUkEmm

Tiooso) = NG {[CVS]aﬂ[VSC]M ul i 5y

+ [CVS]aﬁ [VSC]M da di"f?}
6ijkeimn

- A {_ [C¥5)as [v5C; @5 sf

— (5], [15C),, A5t}

4
J, ki (800) ) —

4 2
I 55000 *) = I s00) (X (11)

2
J, kg (800) ),

The contracted parts appear as the normalization factors

é‘i‘%, <sg >, <qﬁq and — 3 ﬁ in the currents J2 980) ()5
J? 10(980) x), J (800) (x) and J (500) (x), respectively.

We insert a complete set of intermediate states with the
same quantum numbers as the current operators Jg(x) sat-
isfying the unitarity principle into the correlation functions
I15(p?) to obtain the hadronic representation [19-21]. After
isolating the ground state contributions from the pole terms
of the scalar nonet mesons, we get the result

A
Ms(p?) = = 4o (12)

where we have used the definitions (0|Js(0)|S) = Ag for the
pole residues.
The correlation functions can be re-written as

Ms(p?) = cos? 0 TEH (p?) + sin O cos 6 T (p?)
+sm900591’[ (p )+81n 01'[ (p ),

M (p?) = i/d4x P (0| T {Jg”(x)JgT(O)} 0),  (13)

where m, n = 2, 4. We can prove that H’S”"(pz) = Iy" (p?)
with the replacements x — —x and p — —p for m # n.

In the following, we briefly outline the operator product
expansion for the correlation functions ITg" ( p?) in pertur-
bative QCD. First of all, we contract the u, d, and s quark
fields in the correlation functions ITg" (p*) with the Wick
theorem, and we obtain the results

Footnote 1 continued

L [ lenp e, 222 25t
—[Crs]yp [75C]5, ‘Sf";‘%dd)‘s"’;#;s}

= —%\/(;d) Tr {[Cyﬂ [y5C]T} s

= —;q—ﬁ 55 = ‘]]%()(980)’

where «, B, A, and 7 are Dirac spinor indices.
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Hj‘g/ao(%m(l?z) = 2 glik i J'K gimn gi'm'n /d4x Jip
X {Tr I:VSSkk’(x)ySCUJTj/(x)C]
/m(—x)C]
+Tr [V5Skk’(x)}/5CD /(x)C]

x Tr [Vs Sn'n(—X)VSCDm’m(_x)C]} ’

x Tr [y5Sn/,,(—x)y5CUm

ik i’ 'K 4. ip-
HK0(800>(P)—18” el ’m"S'm"/dxelpx

xTr "ysDkkf(x>ySCU-T-/<x>C]

xTr y5D,,,,( x)ysCS, (— x)C]

mm

e N :
H%(SOO)(Pz) = j glikgl J'K gimn gim'n /d4x et

xTr [ 5Dkk/(x)y5CU-T-,(x)C]

XTe [ 15 Dura(—2)75C U, (~0C |
(14)

(q9)*
I3 00 (P = =g

i /d4x P [S k() Skj (—x)]
+<ZZ> ijk zmn<qmalwqj> /d4x eiPx
XTr [ Ska (X) San (—x)a "],

(55)% -
Hi§(980) (P> =-— i | d*x P

72
X Tr [Ujk (x)Upj (—x)]
+Tr [ D (x) Dy (—x)]}

(5s) o
+ o 8!]/( lmn S O';Lvsk i d4 s

X {Tr [Uja(x)Uam(—x)a’”]
+Tr [Dja(x)Dam(_x)o_lw]} ,

(qq)*
M s00)(P?) = 50— i / d'x 7T [Uji(x) S (=)
+(Z‘g]> ijk zmn<q”0.lqu) /d4x eirx

xTr [ Uja(x)Sam (_X)UMU] >

% s00) (P = _% /d4 P {Te [Ujk (1) Ugj (—)]

+Tr [Dji(x) Dyj(—x)]}

(qq) &l imn ip-
ZZ kg <Qn(7p.vq1<) fd4x e’
x {Tr [Uja(x)Uam(—x)a‘”]

+Tr[Dja () Dam (—x)"" ]}, (15)

+

24 2 42 2
T 980) (P7) = T 980) (P7)

24 2 0 2
050080 (P7) = T 080) (P,
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24 2 42 2
5800y (P7) = T1, 800y (P,
24 2 42 2
T 500) (P™) = T 5500, (P7) (16)
(g )2
M55080) (P) = q1q8 /d4x !PT [S 1 () Sij (=)
» > 59)° . [ 4 ipa
Hao(ggo)(p ) =— 7 l d*x e {Tr [Ujk(x)Ukj(—x)]
+Tr [Dji(x) Dij(—x)]}
(g )2
H,%g(SOO) (Pz) = q3q6 /d4 &P Tr [Ujk(x)Skj(—x)] s
2 2 (Gq)* . 4 ipx
Hf0(500)(p ) = 36 1 d"xe {Tr [Ujk(x)Ukj(—x)]
+Tr [Djk(x)ij(—x)]} , 17
where
Uy < L #_ Bumy_ 8ijlaq) | idij tmq (Gq)
U og2xd 4722 12 48
8ijx*(qes0Gq) | i8ix* ¥my(qgs0 Gq)
192 1152
_igngﬂzfj(xo“ﬁ + % )
3272x2
1 _
—g(qj'dqu')%u +e,
D;j(x) = U;j(x),
S . iSijx Sijms Sij(Es) i(S,'j ;Cms(is)
)= A T e T T 2 48
_ 8ijx*(5g50Gs) | i8;jx* ¥my(3g;0Gs)
192 1152
_igsGZﬂtf; (0P + o )
3272x2
1
—g(fjo’uvsﬁo’ﬂv—k-“ s (18)
where ¢ = u,d [21]. We make the assumption of vac-

uum saturation for the higher dimension vacuum conden-
sates and factorize the higher dimension vacuum condensates
into lower dimension vacuum condensates [19,20], for exam-
ple. (G999) ~ (q9){qq). (G948s0Gq) ~ (4q)(q8;0Gq),
where ¢ = u, d, s. Factorization works well in the large N,
limit, but in reality, N, = 3, some (not many) ambiguities
maybe originate from the vacuum saturation assumption.

In Fig. 1, we show the Feynman diagrams containing the
qq annihilations accounting for the mixing of different Fock
states. The quark-pair annihilations are substituted by the
condensates (7¢)(¢'q’) and (Gq) (¢’ gs0 Gq') as there are nor-
malization factors (gg) in the interpolating currents J Sz (x).
The perturbative part of the quark-pair annihilations must
disappear as only the terms (gq) and (g;jo""g;) in the full
quark propagators U;;(x), D;j(x), and S;;(x) survive in the
limit x — 0, where ¢ = u, d, s.
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Fig. 1 The Feynman diagrams contribute to the condensates
(G9){q'q") and (gq)(q’gs0 Gq') in the correlation functions l'[‘éz(pz),
where ¢,q' = u,d,s and S = f5(980), ap(980), x¢(800), fo(500),
the large e denotes the normalization factors (gg) in the currents J 3 (0).
Other diagrams obtained by interchanging of the quark lines are implied

Fig. 2 The Feynman diagrams contribute to the condensates
(7gs0Gq) and (Gq)(q’gso Gq') in the correlation functions 1—I§4(p2),
whereq,q' = u,d,sand S = £,(980), ap(980), k0 (800), and f,(500).
Other diagrams obtained by interchanging of the quark lines are implied

In Eq. (18), we retain the terms (g;0,,q;) and (S;0,,5;)
come from the Fierz re-arrangement of (g;g;) and (s;5;) to
absorb the gluons emitted from other quark lines to form
(485G oplmnOuvdgi) and (385 Gogty,0uvsi) to extract the
mixed condensates (ggs;0Gq) and (5g;0Gs). Some terms
involving the mixed condensates (gg;0Gq) and (5g;0 Gs)
appear and play an important role in the QCD sum rules; see
the second Feynman diagram shown in Fig. 1 and the first
two Feynman diagrams shown in Fig. 2.

Then we compute the integrals in the coordinate space to
obtain the correlation functions ITg(p?), therefore the QCD
spectral densities pg(s) at the quark level through the disper-
sion relation,

ImTII(s)

ps(s) = (19)

In this article, we approximate the continuum contributions
by

> s
ds s) ex (——) , 20
/S : ps(s) exp (=77 (20)
which contain both perturbative and non-perturbative contri-
butions, we use sg to denote the continuum threshold param-
eters. For the conventional two-quark scalar mesons, only

perturbative contributions survive in such integrals; see Egs.
(26)—(27), (30) and (33).

In this article, we carry out the operator product expan-
sion by including the vacuum condensates up to dimension
10. The condensates (gEGGG), (@)2, (#)(égsa(}q)
have the dimensions 6, 8, 9, respectively, but they are the
vacuum expectations of the operators of the order O(af/ 2),
O(asz), (’)(oes/ 2), respectively, their values are very small and
discarded. We take the truncations n < 10 and k < 1, the
operators of the orders (’)(ozi.‘) with k > 1 are discarded. Fur-
thermore, we take into account the O(«y) corrections to the
perturbative terms, which were calculated recently [40]. As
there are normalization factors (7¢)? in the correlation func-
tions 1'[%2( p) , we count those perturbative terms as of the
order (7¢)?, and we truncate the operator product expansion
to the order (7¢)(¢'q’), where ¢, ¢’ = u, d, s.

Once the analytical QCD spectral densities are obtained,
then we can take the quark—hadron duality below the con-
tinuum thresholds sg and perform the Borel transformation

with respect to the variable P> = — p?, finally we obtain the
QCD sum rules,
2 m3 8 §
Agexp (—m> = /0 ds ps(s) exp (—m> , 21
ps(s) = cos® Og pgm(s) ~+ 2 sin fg cos Og péz(s)
+ sin® B 2% (s), (22)

4 2
pff‘g/ao(%m = 6141W {1 + % (55*7 +2log %)}
n (mg —2ms)(qq) + (mg — 2mg)(5s)
19274
n Bms —mg)(qgsoGq) + Bmg — my)(5g;0Gs)
19274
(!}q)(é_'S)S _ (9q)(5850Gs) + (55)(q850Gq)
1272 2472
(4850 Gq)(5850Gs) ¢
9672 ®
_ @mg —my)(Gq)(5s) + 2my —my)(55)(Gq)”
9

52

s

8(s)

52 a;GG
+ )
153674 =«
_my (qq) +mgy(ss) (otSGG )+ mg(qq) + ms(Ss) a;GG
7272 b 19272 bia
GG
BT 56s). (23)

b/

)

5
+m<qq>(m(

Gg)? [ 3 ;GG _
ijg(ggo) = ;S‘i‘( ST[ 18(s) + 24m(5s5)5(s)

(99)(q850Gq)
9672 (24)
(5s)2 [ 3
o) = g {?SH

+
;GG

e

)8(s) + 24mq<c761)5(s)}

(oG
gl @
Gq)* | 3 a,GG

Plaos0) = ag {;s +(=——)8(s) + 24m, <ss>a(s>} : (26)
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)
2 (s5) 3 a;GG
Pag(980) = Hgg” {;S +(—

s 57 2
SRR § . 21
61440:16{ +n<5+ Ogs>}

(qq)

+(ms —2mg)(Ss) — (my + 2my)(q
38474
3(ms +my)(q8s0Gq) + Bmy —
38474

)8(s) + 24m,,<qq>a<s>} . 27

44
Pi(800) =

S2

ms)(58s0GS)

(q9)* +(qq)(5s)
2472 '
~2(q9)(q8s0Gq) + (99) (5850 Gs) +
4872

(7850 Gq)* + (4850 Gq) (5850 Gs)
* 19272 56)
_@my —mg)(Gq)’ + (4mg —my)(55)(qq)*
18

+
(55)(g8s0Gq)

5(s)

52 ;GG
+ 1536714( b )
+(ms —2myg)(ss) — (mg + 2ms){qq) (OlsGG
38472 T
_ @mg +my)(qq) £ my(Ss) (OlsGG>

57672 i
_ - a;GG
24 gy ) [ (2
b3
3 GG
A

)

)8(s) (28)

25T

péoz(SOO) = 588 )8(s)

+4(mg +2ms)(qq)8(s) + 4(ms + 2my) (55)5(s) |

(99)(q850Gq)

Rl R L 2
T (29)
22 (‘751)2 3
Piy(800) = eg {p +{

;GG

)8(s)

+4(mq + 2ms)(qq)5(S) +40ms +2my) (55)8(5)} ,

(30)
4 2
44 _ S o (57 7
P00 = 6142076 {1 T (? +2log T)}
mg(qq) 5 (qq)* | mg(Ggs0Gq)
96t ° T 122 T T 4sah
(G9)(Ggs0Gq)  (Ggs0Gq)?
- 8(s)
1272 9672
2mq(c}q)3 52 o, GG
it A T
o OOt g T )
Smy{qq) asGG 5 _ 5,04GG
Bt Ak 24 — 8
2882 - )+216(qq>( - )8 (s),
(31
Gg)* [ 3 ;GG
Pj‘f(som Taa 1228 5+ (———)8(s) + 24m,(qq)5(s)
(99){q8s0Gq)
R TALL A 32
+ 06,2 (32)
(Gq)* [ 3 a;GG
Plason = g 1238 T (500 +24my (Gq)3(s) ¢
(33)

@ Springer

We differentiate Eq. (21) with respect to — M2’ then we
eliminate the pole residues A g and obtain the QCD sum rules
for the masses,

S
o ds d(l—/Mz) ps(s) exp (—Lz)

fo ds ps(s) exp (—%)

(34)

3 Numerical results and discussions

In the calculation, the input parameters are taken to have
the standard values (ss) = (0.8 :I: 0. 2)(ch) (sgsoGs) =
mi(Ss), (Ggs0Gq) = m}iGq), mj = (0.8 £ 0.2) GeV?,
() = (dd) = (qq) = —(0.24j:0.01GeV)3, (%) =
(0.33GeV)*, m, = mg = 6MeV, and my; = 140 MeV at
the energy scale u = 1GeV [19-21,42]. The values m, =
mg = 6MeV can also be obtained from the Gell-Mann—
Oakes—Renner relation at the energy scale © = 1 GeV in the
isospin limit.

First, let us set the mixing angles 6s in the QCD spec-
tral densities ps(s) in Eq. (22) to be zero, then the scalar
nonet mesons are pure tetraquark states. The perturbative
QCD spectral densities are proportional to s?, it is difficult
to satisfy the pole dominance condition PC > 50 % if the
continuum threshold parameters s(s) are not large enough and
the Borel parameters M? are not small enough, where the
pole contribution (PC) is defined by

B fosg ds ps(s) exp (—#)
B Jo~ ds ps(s) exp (—#) .

(35)

For sg, it is reasonable to take any values satisfying the

. Tor /
relation, mg + Tg < sg < Mmis — Fé“, where the gr
and 1st denote the ground state and the first excited state

(or the higher resonant state), respectively. The \/g lies

between the two Breit—Wigner resonances, if we parame-
terize the scalar mesons with the Breit—-Wigner masses and
widths. More explicitly,

Tro ( 50 _ /0 I o(1500)

m f,980) + ——— . f 980) = MM fp(1500) — —02 )
980 Cao(1450

May(980) + ——— aO( ) =S ao(980) = Mgy(1450) — —a°(2 ),

|
( 00 _ / K (1430)
My (800) +— = KO KO(SOO) < mKa*(1430)—OT,

Ffo(500) I f5(1370)
Mfys00) ¥ ———— =4/ f (s00) = M fo(1370) = — -

(36)

In Table 1, we show the Breit—Wigner masses and widths of
the scalar mesons from the Particle Data Group explicitly [1].
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Table 1 The Breit—Wigner

masses and widths of the scalar mg (MeV) I's (MeV) mgs + ITs/2 (MeV) ms —I's/2 (MeV)
mesons from the Particle Data .
Group, where the superscript ¢ f0(980) 990 £ 20 40-100 1025
denotes the central values, and fo(1500) 1504 £ 6 109 +7 1450¢
the superscript * denotes that we a0(980) 980 + 20 50-100 1018¢
have taken the lower bound of .
the width of the f,(1370) ap(1450) 1474 + 19 265 £ 13 1342
10 (800) 682 £+ 29 547 £+ 24 956°¢
Ka‘(1430) 1425 + 50 270 £ 80 1290¢
f0(500) 400-550 400-700 750¢
fo(1370) 1200-1500 200-500 1250*
2.0 [~ 7 - 7 T 1T 1 1T T T "1 i 2.0 [ 1 T T T i
1.8 | . 18 | - i
16 . 16 |- N Trme—e 3
1.4 a 1_4'_ Dt e e
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0.8 5 _fo(980) 5 0.8 C _f0(980) 7
0.6 - -30(980) —_ 0.6 _— (“) - = -30(980) —_
04 M |.... x,(800) | 04 L -0 1,(800) |
[ —_— i [ —-—-f(500) | 7
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M*(GeV?)

0.0 L~ : : : : : : : : :
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w
w

Fig. 3 The masses of the scalar mesons as pure tetraquark states with variations of the Borel parameter M 2 where the (I) and (II) denote the
contributions of the condensates (7q)(7'gs0Gq’) of dimension 8 are excluded and included, respectively, ¢, ¢’ = u, d, s

Based on the values in Table 1, we can choose the largest con-
tinuum threshold parameters s?o 980) = 1.9GeV?2, sgo ©980) =

1.8GeV?2,s,) g00) = 1.7GeV?,ands 509 = 1.6GeV? ten-
tatively to take into account all the ground state contributions
and avoid the possible contaminations from the higher reso-
nances f(1370), ap(1450), K;(1430), and fo(1500).

In Fig. 3, we plot the masses of the scalar mesons as
pure tetraquark states with variations of the Borel param-
eter M2, where the central values of other parameters are
taken. From the figure, we can see that if we exclude the con-
tributions of the condensates (gq)(q’'g;0Gq’) with q, q' =
u, d, s, the predicted masses m g increase monotonously and
quickly with increase of the Borel parameters M at the
value M?> < 0.9GeV?, then increase slowly and reach
the values m £,(980) = 1.06 GCV, Mgy(980) = 1.03 GeV,
My (800) = 0.99 GeV, m f,(500) = 0.96 GeV at the value
M? = 3.3GeV?2. It is possible to reproduce the experimen-
tal data with fine tuning the continuum threshold parame-
ters. However, if we include the contributions of the conden-
sates {(7q){q'gs0 Gq'), the predicted masses mg are ampli-
fied greatly. The mg decrease monotonously and quickly
with increase of the Borel parameters M? below some spe-

cial values, for example, M? < 1.2GeV? for the f0(980)
and a((980), then decrease slowly and reach the values
ms > 1.4GeV at the value M? = 3.3GeV2. Itis impos-
sible to reproduce the experimental data by fine tuning the
continuum threshold parameters. In Fig. 4, we plot the contri-
butions of different terms in the operator product expansion
with variations of the Borel parameters M?> for the scalar
nonet mesons as the pure tetraquark states. From the fig-
ure, we can see that the convergent behavior of the operator
product expansion is very bad, for example, the condensates
(Gq){q'gs0 Gq’) of dimension 8 with ¢, ¢’ = u,d, s have
too large negative values at the region M2 > 1.2 GeV?. From
Figs. 3 and 4, we can draw the conclusion tentatively that the
condensates(Gq){q'gs0 Gq') of dimension 8 play an impor-
tant role. The conclusion is compatible with the observation
of Ref. [29] that there exists no evidence of the couplings
of the tetraquark states to the pure light scalar nonet mesons
[29].

Now we set the mixing angles g to be 90° in the QCD
spectral densities pg(s) in Eq. (22), and take the scalar nonet
mesons to be pure two-quark states. In Fig. 5, we plot the
masses of the scalar mesons as pure two-quark states with
variations of the Borel parameters M 2. the same parameters

@ Springer
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Fig. 4 The contributions of different terms in the operator product expansion with variations of the Borel parameter M? for the scalar nonet mesons
as pure tetraquark states, where 0, 3,4, 5, 6, 7, 8, 9, and 10 denote the dimensions of the vacuum condensates

as that in Fig. 3 are taken. From the figure, we can see that
the predicted masses mg = (0.85-1.14) GeV at the value
M? = (0.5-3.3) GeV?2, there also exists some difficulty to
reproduce the experimental data approximately by fine tun-
ing the continuum threshold parameters. In Fig. 6, we plot
the contributions of different terms in the operator product
expansion with variations of the Borel parameters M for the
scalar nonet mesons as the pure two-quark states. From the
figure, we can see that the convergent behavior of the oper-
ator product expansion is very good, the main contributions
come from the perturbative terms, which are of dimension 6
according to the normalization factors (Gg)?* and (5s)>.

We turn on the mixing angles 6s # 0°, 90° and take into
account all the Feynman diagrams which contribute to the
condensate (Gq){(¢'gs0Gq’) with q,q" = u,d,s; see the
Feynman diagrams in Figs. 1 and 2. The contributions of the
vacuum condensates (Gq) (g’ gs0 Gq') of dimension 8 can be
canceled out completely with the ideal mixing angles 02,
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Fig. 5 The masses of the scalar mesons as pure two-quark states with
variations of the Borel parameter M>
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Fig. 6 The contributions of different terms in the operator product
expansion with variations of the Borel parameter M? for the scalar
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00 an] (2 (Gq)(5850Gs) + (55)(q8s0Gq)
JoOR0 (G4)(38:0Ga)

(qq)(5gs0Gs) + (55)(qgs0Gq)
(s5)(5gs0Gs)

) ~ 72.6°,

09 080y = tan”' (4 ) A 84.3°,

0 I
9/(0 (800) = tan

, (22(64)@&0&1) +(qq)(sgsoGs) + <ES>(q_gqu>> ~821°
(@q)(Ggso Gq) '
09 s00) = tan~" (4) ~ 76.0°,

(37)

which results in much better convergent behavior in the oper-
ator product expansion.

In this article, we choose the mixing angles 05 = Og, then
impose the two criteria (i.e. pole dominance and convergence
of the operator product expansion) of the QCD sum rules on
the two-quark—tetraquark mixed states, and search for the
optimal values of the Borel parameters M2 and continuum
threshold parameters sg. The resulting Borel parameters (or
Borel windows), continuum threshold parameters and pole
contributions of the scalar nonet mesons are shown in Table
2 explicitly.

20— T T T T T T T T T T
1.6
1.2
0.8 b .
0.4
00 e = s s s s sttt s e s 2]
0.4
08
1.2
-1.6 ---- 10/

oolL— v e e
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2.0 :
16

12|
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(o X0 IR I I S I SR D A SR pp
-0.4
-0.8
-1.2
1.6 ---- 10| ]

oolL— v e
03 06 09 12 15 18 21 24 27 30 33

M*(GeV?)

fraction

f (500)

the dimensions of the vacuum condensates. We have taken into account
the normalization factors (c}q)2 and (5s)?

Table 2 The Borel parameters (or Borel windows), continuum thresh-
old parameters and pole contributions of the QCD sum rules for the
scalar nonet mesons as the two-quark—tetraquark mixed states

M?(GeV?) 50(GeV?) Pole (%)
£0(980) 0.8-1.2 1.540.1 (25-52)
a0(980) 0.8-1.2 1.8+0.1 (39-69)
K0 (800) 0.6-1.0 1.0+0.1 (20-51)
£0(500) 0.6-1.0 1.0+0.1 (24-59)

From Table 2, we can see that the upper bound of the
pole contributions can reach (51-69) %, the pole dominance
condition is satisfied marginally. If we intend to obtain QCD
sum rules for the light tetraquark states with the pole con-
tributions larger than 50 %, we should resort to multi-pole
plus continuum states to approximate the phenomenologi-
cal spectral densities, include at least the ground state plus
the first excited state, and postpone the continuum thresh-
old parameters s(S) to much larger values [28]. In this article,
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Fig. 7 The contributions of different terms in the operator product expansion with variations of the Borel parameter M? for the scalar nonet mesons
as two-quark—tetraquark mixed states, where 0, 3, 4, 5, 6, 7, 8, 9, and 10 denote the dimensions of the vacuum condensates

we exclude the contaminations of the continuum states by
the truncation sg; see Eq. (34), although the truncation sg
cannot lead to the pole contribution larger than (or about)
50 % in all the Borel windows. Such a situation is contrary
to the hidden-charm and hidden-bottom tetraquark states and
hidden-charm pentaquark states, where the two heavy quarks
Q and Q stabilize the four-quark systems ¢¢’Q Q and five-
quark systems ggq’q” Q Q, and they result in QCD sum rules
satisfying the pole dominance condition [43—47].

In Fig. 7, we plot the contributions of different terms
in the operator product expansion with variations of the
Borel parameter M? for the scalar nonet mesons as the two-
quark—tetraquark mixed states, where the central values of
other parameters are taken. From the figure, we can see that
the dominant contributions come from the vacuum conden-
sates of dimension 6. The perturbative contributions of the
two-quark components H%Z( p) of the correlation functions
IT5(p) are proportional to the vacuum condensate (ch)2 (or
(55)2) of dimension 6 according to the normalization fac-
tors (gq) (or (ss)) in the interpolating currents J g (x). In the
Borel windows, the contributions of the vacuum condensates

@ Springer

of dimension 6 are about (109-114), (90-93), (107-111)
and (80-85) % for f,(980), ap(980), k0 (800), and f;(500),
respectively; the contributions of the vacuum condensates of
dimension 10 are about (11-16), (7-10), (19-29), and (16—
22) % for fn(980), ap(980), ko(800), and fo(500), respec-
tively, where the total contributions are normalized to be 1.
The operator product expansion is well convergent in the
Borel windows shown in Table 2.

Now we can see that it is reasonable to extract the masses
from the QCD sum rules by choosing the Borel parame-
ters and continuum threshold parameters shown in Table 2.
In Figs. 8 and 9, we plot the masses and pole residues of
the scalar nonet mesons as the two-quark—tetraquark mixed
states with variations of the Borel parameters in the Borel
windows by taking into account the uncertainties of the
input parameters. From the figures, we can see that the plat-
forms are very flat, the predictions are reliable. In Table
3, we present the masses and pole residues of the scalar
nonet mesons as the two-quark—tetraquark mixed states,
where all uncertainties of the input parameters are taken into
account.
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Fig. 8 The masses of the scalar nonet mesons as the two-quark—tetraquark mixed states with variations of the Borel parameters

There exists a compromise between the minimal masses
and the maximal pole contributions, and in the following
two paragraphs we will show that the mixing angles 9? are
optimal values.

In Fig. 10, we plot the masses of the scalar mesons as
the two-quark—tetraquark mixed states with variations of the
mixing angles 6, where the input parameters are chosen
as 5% gg0) = 1.5GeVZ, M7 o = 1GeV?, 50 o) =

2 2 2 0 2
1.8GeV2, M2 oo = 1GeV2, 0 (1 = 1.0GeV?,
2 _ 2 0 — 2 2 —
M2 o = 0.8GeV2, s% g0 = 1.0GeV2, M3 5 =

0.8 GeV?, we introduce the subscripts fp(980), ag(980),
k0(800) and fp(500) to denote the different Borel param-
eters. From the figure, we can see that there appear min-
ima in the predicted masses at the values 0 7, (930)/ 9?-0 980) =

0.6 — 1.2, 04,980 /930(980) = 0.9 — 1.1, 6,(800) /9,90(800) =
0.6—1.1, 9]'0(500)/9?0(500) = 0.5—1.2. The lowest masses of
f0(980) and ap(980) can reproduce the experimental values
approximately; while the lowest masses of the k((800) and
fo(500) are larger than the experimental values. In the calcu-
lations, we observe that the minima of the predicted masses
vary with the Borel parameters M2 and threshold parameters
sg, the mixing angles 92 are the best values.

In Fig. 11, we plot the pole contributions of the scalar
mesons as the two-quark—tetraquark mixed states with vari-
ations of the mixing angles 65, where the same parameters
as that in Fig. 10 are taken. From the figure, we can see
that the pole contributions increase with 6g /02 slowly, and
they reach the maxima at the values 6g /90 = 1.0-1.3, then
decrease quickly and reach zero approximately. The best val-
ues appear at the vicinity of Og, not far away from the 92.

We can draw the conclusion tentatively that the QCD sum
rules favor the ideal two-quark—tetraquark mixing angles O(S).

Now we study the finite width effects on the predicted
masses. For example, the currents J g q0(980)(x) couple
potentially with the scattering states KK, we take into
account the contributions of the intermediate K K -loops to
the correlation functions I 4, /40(980) (P?),

o~

2
Mo /a0 (980)

T 4y /ap080) (P?) = — —
P = M5 sag0s0) — Tk (P)

(38)
where/):ﬂ) Jao(980) and 71 f; 14,(980) are bare quantities to absorb

the divergences in the self-energies Xy ¢ (p). All the renor-
malized self-energies contribute a finite imaginary part to

@ Springer
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Fig. 9 The pole residues of the scalar nonet mesons as the two-quark—tetraquark mixed states with variations of the Borel parameters

Table 3 The masses and pole residues of the scalar nonet mesons as
the two-quark—tetraquark mixed states

mg (GeV) s (1074GeV?)
£0(980) 0.98 £ 0.06 87+1.3
ap(980) 0.97 £0.05 50417
K0 (800) 0.80 £ 0.05 3.6+0.6
£0(500) 0.70 £ 0.06 5841.0

modify the dispersion relation,

)\‘2
Fo/a0(980)
2 .
P> =M aos0) T iV P T (D)

IT 15 /a0 (980) (p*) = —

(39)

The contributions of the other intermediate meson-loops to
the correlation functions ITg(p?) can be studied in the same
way.

We can take into account the finite width effects by the
following simple replacements of the hadronic spectral den-

@ Springer
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It is easy to obtain the masses,
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where

I 10980y (8) = T £,(980)»
L0980y (8) = Tag980)»

2
M (800
Lo (800) (8) = FKO(SOO)%v (42)
2
™ fo 500

[ 5500y (s) = T £5(500) p

and the masses m g at the right side of Eq. (41) come from the
QCD sum rules in Eq. (34), here we have added the factors

m2 m2
'“’;800) and 2% considering the large widths of k((800)

and fp(500). The numerical results are shown explicitly
in Fig. 12. From Fig. 12, we can see that the predicted
masses 1 7,980y and mg 980y are modified slightly after
taking into account the small widths T" 79809y and Iy (980),
the finite widths can be neglected safely; while the pre-
dicted masses n1,,(s00) and m 7, (s00) are modified consider-
ably with the largest mass shifts 8m1,,800) = —0.09 GeV and
dm fy500) = —0.04 GeV. Now the predicted masses from the
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Fig. 12 The masses of the scalar nonet mesons with variations of the Borel parameters after taking into account the finite widths
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QCD sum rules are

My (800) = (0.71 + 0.05) GCV,

m £,(500) = (0.66 + 0.06) GeV, (43)

which are much better than the values presented in Table 3
compared to the experimental data,

My (800) = (682 + 29) MeV,

m fy500) = (400-550) MeV, (44)

from the Particle Data Group [1].

4 Conclusion

In this article, we assume that the nonet scalar mesons below
1 GeV are the two-quark—tetraquark mixed states and study
their masses and pole residues using the QCD sum rules. In
calculation, we take into account the vacuum condensates up
to dimension 10 and the O(«) corrections to the perturbative
terms, and neglect the condensates which are vacuum expec-
tations of the operators of the order O(e;"!), in the operator
product expansion. We choose the ideal mixing angles, which
can lead to good convergent behavior in the operator prod-
uct expansion, the resulting two-quark components are much
larger than 50 %. Then we impose the two criteria (i.e. pole
dominance and convergence of the operator product expan-
sion) of the QCD sum rules, search for the optimal values of
the Borel parameters and continuum threshold parameters,
and obtain the masses and pole residues of the nonet scalar
mesons. The predicted masses are compatible with the exper-
imental data, while the pole residues can be used to study the
hadronic coupling constants and form factors.
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