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Abstract We derive the neutrino flavor transition probabil-
ities with the neutrino treated as a wave packet. The decoher-
ence and dispersion effects from the wave-packet treatment
show up as damping and phase-shifting of the plane-wave
neutrino oscillation patterns. If the energy uncertainty in the
initial neutrino wave packet is larger than around 0.01 of
the neutrino energy, the decoherence and dispersion effects
would degrade the sensitivity of reactor neutrino experiments
to mass hierarchy measurement to lower than 3 σ confidence
level.

1 Introduction

Much information regarding neutrino mixing have been
revealed in the past few decades. However, in most oscillation
data analyses, neutrinos are described as plane waves with
definite energy and momentum. Since neutrino production
and detection are spatially localized, a wave-packet descrip-
tion is more general and appropriate for a complete under-
standing of neutrino oscillations. Even if the plane-wave
treatment is a good approximation for neutrino flavor tran-
sitions, the wave-packet decoherence and dispersion effects
could still give rise to small corrections to oscillation parame-
ters. We investigate the wave-packet treatment in detail, con-
strain the energy uncertainty σwp of reactor anti-neutrinos,
and calculate corrections to the mixing parameters by the
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Daya Bay [1] and KamLAND [2] reactor neutrino experi-
ments.

According to our analyses, the wave-packet treatment
does not produce significant modifications of the mixing
parameters measured by current reactor neutrino experi-
ments based on the plane-wave analysis. However, current
experimental data allows a large possible range in the initial
momentum width of the neutrino wave packet (σν). If the
initial momentum/energy uncertainty of the neutrino wave
packet is larger than around 0.02 of the neutrino energy,
the decoherence and dispersion effects could have signifi-
cant effects on future measurements of the neutrino mass
hierarchy.

In this article, we apply a wave-packet treatment to neu-
trino oscillations [3–9] and examine its phenomenological
implications on reactor neutrino experiments at medium
baseline.

The article is organized as follows: in Sect. 2, the wave-
packet treatment is briefly reviewed. In Sect. 3, we use the
survival probability derived in Sect. 2 to explore the sensitiv-
ity of potential measurements of mass hierarchy with medium
baseline reactor experiments. We summarize and conclude
in Sect. 4.

2 Wave-packet impact on current reactor neutrino
experiments

2.1 Wave-packet treatment for neutrino oscillations

The plane-wave description of neutrino oscillation has been
developed for almost 40 years [10]. In the standard calcula-
tion of plane-wave neutrino oscillations, the probability of
detecting a neutrino flavor state |νβ〉 with energy E , evolved
from a pure flavor state |να〉, at a distance z from the produc-
tion point is given by
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Fig. 1 An illustration of the decoherence and dispersion effects on
neutrino flavor oscillations. The different mass eigenstates (red and
blue lines) in a flavor neutrino would gradually separate in space due to
speed differences, leading to decoherence and reduction of interference.

At the same time, each mass eigenstate wave packet would disperse,
partially compensating for the decoherence effect. However, the over-
lapping fractions of the wave packets remain smaller than those of plane
waves

Pαβ = δαβ − 4
∑

k> j

Re(Uα jU
∗
β jU

∗
αkUβk)sin2(�m2

k j z/4E)

+ 2
∑

k> j

Im(Uα jU
∗
β jU

∗
αkUβk)sin(�m2

k j z/2E), (1)

where Uαi denote the elements of the PMNS matrix and
�m2

k j = m2
k−m2

j are the differences of the mass eigenvalues
squared [11].

However, as neutrino production and detection are spa-
tially localized, there must be finite intrinsic energy/
momentum uncertainties and a neutrino should be described
by a wave packet. The wave-packet character of light has
been discussed in detail in Ref. [12]. Based on similar argu-
ments as in that reference, all particles are produced and
detected as wave packets. In 1976, the wave-packet nature
of propagating neutrinos was proposed [13]. A wave-packet
description is expected to be more general and appropriate for
a complete understanding of neutrino oscillations [6,8,9,14–
17]. Nevertheless, there are also arguments against the wave-
packet treatment. References [18,19] argue that a wave-
packet description is unnecessary as the oscillation system is
stationary. However, it has been pointed out in Refs. [20–24]
that the authors of Refs. [18,19] have mixed the macroscopic
stationarity with microscopic stationarity. The wave-packet
description of neutrino oscillations is necessary at least in
principle.

Therefore, a neutrino is described by a wave packet as it
propagates freely [8,9,15]:

|νi (z, t)〉 =
∫ ∞

−∞
dp√
2π

1√√
πσν

exp

[
− (p − pν)

2

2σ 2
ν

]

· exp[i(pz − Ei (p)t)]|νi 〉, (2)

|να(z, t)〉 =
∑

i

U∗
αi |νi (z, t)〉, (3)

where |νi 〉 is an energy eigenstate with energy Ei , pν is
the mean momentum, σν is the width of the wave packet

in momentum space,1 assumed to be independent of the neu-
trino energy here, and |να〉 is a neutrino flavor state. Figure
1 pictorially describes the wave-packet effects on the propa-
gations of neutrino mass eigenstates.

In order to calculate the integral in Eq. (2), we expand the
energy Ei (p) around the mean momentum pν up to second
order

Ei (p) ≈ Ei (pν)+vi (pν)(p− pν)+ m2
i

2(Ei (pν))3 (p− pν)
2,

(4)

where vi (pν)= dEi

dp

∣∣∣∣
p=pν

= pν/Ei (pν) is the group velocity

of the wave packet. We use Eqs. (2), (3), and (4) to calculate
the neutrino flavor transition probabilities at baseline L:

Pνα→νβ (L) ≈
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,

σwp= σν

Ei (pν)
≈ σν

E(pν)
. (5)

1 Here, σν is the effective uncertainty, with 1/σ 2
ν = 1/σ 2

prod + 1/σ 2
det ,

which has included both the production and the detection neutrino
energy uncertainties [16,20,21]. Moreover, we would like to point out
that σdet represents the energy uncertainty of detection at the micro-
scopic level, i.e., that of the inverse beta decay reaction. This is differ-
ent from the detector energy resolution, which is determined by macro-
scopic parameters such as the performance of PMTs and geometry of
the anti-neutrino detector, etc. In principle, the detector resolution is
irrelevant for the size of the neutrino wave packets.
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Fig. 2 Pēē as a function of Leffective/E for Daya Bay EH3, compared
with data [25]. The black solid curve is the standard plane-wave result
(sin22θ13 = 0.084, �m2

32 = 2.43 × 10−3 eV2, σwp is negligible), while
the brown, green and blue curves are wave-packet results with σwp =
0.1 (and the corresponding best-fit values of sin22θ13 = 0.084, �m2

32 =

2.4 × 10−3 eV2), 0.3 (and the corresponding best-fit values of sin22θ13
= 0.96, �m2

32 = 2.22 × 10−3 eV2) and 0.5 (and the corresponding
best-fit values of sin22θ13 = 0.108, �m2

32 = 2.10 × 10−3 eV2), respec-
tively. Leffective was obtained by equating the actual flux to an effective
anti-neutrino flux using a single baseline

Detailed derivation of Eq. (5) is shown in Appendix A. In
Eq. (5), the terms in the first bracket correspond to the stan-
dard plane-wave oscillation probabilities, and those in the
second bracket represent the modifications from the wave-
packet treatment. The exp(−λi j ) term corresponds to the
decoherence effect due to the fact that different mass states
propagate at different speeds vi (pν) and they gradually sepa-
rate and stop to interfere with each other, resulting in a damp-
ing of oscillations. The terms depending on yi j come from the
quadratic correction in Eq. (4); they describe the dispersion
effects and are dependent on the dispersion length(s)2 Ldis

i j .

Furthermore, yi j are proportional to σ 2
wp, while xi j ∝ σwp

only. Therefore, if σwp 
 1, the dispersion effect is expected
to be more suppressed and negligible. Dispersion has two
effects on the oscillations. On the one hand the spreading of
the wave packet compensates for the spatial separation of the
mass states, hence restoring parts of their interferences. On
the other hand, dispersion reduces the overlapping fraction
of the wave packets, and thus the interference or oscillation
effects cannot be fully restored. Moreover, it also modifies
the flavor oscillation phases:

φi j ≡ 2πL

Losc
i j

+
(

1

2
tan−1(yi j ) − λi j yi j

)
, (6)

2 The “dispersion length” in this report represents the distance where
the dispersion effect becomes important in the neutrino oscillation. A
different definition of dispersion length and more detailed discussion
of dispersion can be found in [7,17,20].

with deviations from the standard plane-wave oscillation
phase written in the parentheses. If yi j = 0, then φi j just
reduce to the standard plane-wave oscillation phases.

Additional discussions as regards the phenomenological
consequences of the wave-packet treatment and details of the
derivation of Eq. (5) can be found in [5,7,8,20].

In this paper, we focus on the analyses of reactor neu-
trino experiments. According to our wave-packet treatment,
in reactor neutrino experiments, the anti-electron neutrino
survival probability is

Pēē = 1 − 1

2
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Fig. 3 Same as Fig. 2, but for Daya Bay EH1 (upper) and EH2 (lower)

2.2 The constraints from current reactor experiments

To date, the value of the parameter σwp has not yet been
determined. If σwp is not negligible, the wave-packet effects
could be significant and have important implications on cur-
rent and future neutrino oscillation experiments. In this arti-
cle, we constrain σwp by analyzing the published Daya Bay
and KamLAND data shown in references [25] and [2], con-
sidering statistical errors only. Figures 2 and 3 show the data
points from Daya Bay experiment [25], along with the oscil-
lation curves corresponding to different values of σwp. Figure
4 shows the data points from KamLAND [2] and the oscil-
lation curves of plane-wave and wave-packet treatments. In
Figs. 2 to 4, Leffective are the flux-weighted average reactor
baselines,3 and the error bars just show the statistical uncer-
tainties.

We use Eq. (7) to fit the data points in Figs. 2 and 3 to
get the constraint of σwp from the Daya Bay Experiment. In
these figures, the black (solid) curves correspond to σwp =
0, sin22θ13 = 0.084 and �m2

32 = 2.43 × 10−3 eV2, the same
as those of the standard plane-wave treatment. The brown
(dashed) curve represents the wave-packet result with σwp =
0.1, sin22θ13 = 0.084 and �m2

32 = 2.4 × 10−3 eV2 (the best-
fit mixing parameters when σwp = 0.1). The green (dashed)
curve shows the oscillation pattern with σwp = 0.3, sin22θ13

= 0.096 and �m2
32 = 2.22 × 10−3 eV2 (the best-fit mixing

parameters when σwp = 0.3). The blue (dot-dashed) curve
corresponds to σwp = 0.5, sin22θ13 = 0.108 and �m2

32 =
2.10 × 10−3 eV2 (the best-fit mixing parameters when σwp

= 0.5). The data points in Figs. 2 and 3 show clearly the exis-
tence of neutrino oscillation, and the data agree with the Pēē
derived by the plane-wave approach (Eq. (1)) for a certain set
of mixing parameters. This is not surprising since the base-
lines of the Daya Bay Experiment are short compared to the
coherence length, so that the oscillations are not washed out
yet.

3 In Daya Bay, the effective baselines are calculated for all three exper-
imental halls.

Moreover, the decoherence and dispersion effects are
dependent on the baseline L , and thus the wave-packet impact
in the far hall of Daya Bay is expected to be more significant
than in the near halls. In the plots in Fig. 3, the black (solid)
and brown (dashed) curves overlap almost completely, while
the differences between the black, green and blue curves are
also small compared to the error bars. However, for the far
hall EH3, the wave-packet impact becomes significant for
σwp ≥ 0.3. It is because in Eq. (7), the term λi j depends on
the baseline L . Since the effective baseline of EH3 is longer,
the damping of oscillation (decoherence effect) in EH3 is
more significant.

The result of our data analysis is shown in Fig. 5. Here,
we have just considered the statistical errors. The constraints
on the parameters could become worse with the systematic
errors taken into account. Figure 5 shows that the wave-
packet impact is not significant in Daya Bay experiment and
it hardly affects the measurement of θ13. The vertical black
line in the figure represents the best-fit value of sin22θ13 in the
plane-wave model. A larger value of σwp, or larger decoher-
ence effect, implies that the true value of θ13 should be larger.4

From our analysis, there is no strong evidence to suggest
non-zero σwp. Moreover, our result suggests that the modi-
fication of θ13 is not significant even when the wave-packet
framework is considered. The best-fit value of sin22θ13 from
plane-wave analysis (vertical black line) is not ruled out even
with 1 σ C.L. We believe that it is because the effective base-
lines of the Daya Bay Experiment are short compared to the
coherence length.

We perform a similar analysis with KamLAND data from
Fig. 4. The result of our data analysis is shown in Fig. 6.
Again, the systematic errors are not considered.

Equation (5) shows that Lcoh/Ldis = 2σwp, which implies
that the dispersion length is much longer than coherence
length if σwp is negligible. This means that the decoherence

4 If σwp is non-negligible but we still see oscillation effect from the
data, it means that the true value of the mixing angle is actually larger
than we expected in plane-wave assumption.
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Fig. 4 Pēē as a function of Leffective/E in the KamLAND experi-
ment. The data points are the ratios of the geo-neutrino and back-
ground subtracted ν̄e spectrum to the expected no-oscillation spectrum
[2]. Leffective = 180 km is the flux-weighted average reactor baseline.
The blue (solid) curve is the best-fit plane-wave result, with

sin22θ12 = 0.857 and �m2
21 = 7.53 × 10−5 eV2; while the red

(dashed) curve is the best-fit wave-packet result, with σwp = 0.12,
sin22θ12 = 0.902 and �m2

21 = 8.06 × 10−5 eV2. The error bars show
the statistical uncertainties only

Fig. 5 The 1 σ (solid), 2 σ (dashed) and 3 σ (dot-dashed) constraints
on “σwp vs. sin22θ13” from fitting the published Daya Bay data [25].
Only statistical errors are considered. We have marginalized over �m2

31
in this plot. The vertical black line represents the best-fit sin22θ13 based
on the plane-wave analysis

effect from separation of the wave packets is expected to
be more significant than the dispersion effect. However, the
dispersion effect is also important because it partly restores
the oscillation, especially in the case of large σwp. If the dis-
persion effect is not considered, the modifications of the true
values of mixing angles in Figs. 5 and 6 would be more signif-
icant. The bounds in Figs. 5 and 6 come from the combination
of decoherence and dispersion effects, but the contribution
from decoherence is expected to be dominant.

Fig. 6 The 1 σ (solid), 2 σ (dashed) and 3 σ (dot-dashed) allowed
regions on “σwp vs sin22θ12” from fitting the published KamLAND data
[2]. Only statistical errors are considered. �m2

21 has been marginalized
in this plot. The vertical black line represents the best-fit sin22θ12 from
the plane-wave analysis

Figures 5 and 6 show that wave-packet effects are not
significant in the current reactor neutrino experiments. The
1 σ upper bound of the energy uncertainty σwp ∼ O(0.1),
which is larger than some previous theoretical estimations
(σwp ∼ O(10−7)) [6,8,26,27]. Although our analyses have
not considered systematic errors, our study of the current
reactor experiments suggests that σwp can be around O(0.1)

for reactor experiments. We emphasize that σwp in this article
is an effective parameter which include both the production
and the detection neutrino energy uncertainties.

123



310 Page 6 of 14 Eur. Phys. J. C (2016) 76 :310

The estimation of the value of this parameter or the size
of neutrino wave packet has not come to a strong conclu-
sion yet. There have been some estimations of the sizes of
neutrino wave packets produced in different situations. For
example, Ref. [28] uses the pion decay length to estimate the
width of neutrino wave packet in the MINOS experiment and
argues that there could be significant decoherence effect in
the active to sterile neutrino oscillation in MINOS.5 Regard-
ing to reactor neutrino experiments, Ref. [26] provides an
estimation based on the mean free path and mean thermal
velocity of the production process and suggests that σx ∼
10−6 m, which implies that σwp ∼ 10−7 in reactor neutrino
experiments. Meanwhile, Refs. [29,30] suggest that the neu-
trino emission process is expected to be localized at the scale
of inter-atomic distance, and so σx � 10−10 m, implying σwp

∼ 10−3 or even larger. If, on the other hand, one takes the
uncertainty of a nucleon’s position in a nucleus as σx , then
σwp could be much larger, even of order 1. The estimated sizes
of neutrino wave packets from different approaches could be
different by a few orders of magnitude. Moreover, as pointed
out by Ref. [20], the relation between the decay time of the
source and the wave-packet size of the oscillating particle is
not direct. The decay time only puts an upper bound on the
wave packet length. There is still no experimental support
for such an assumption. In this paper we do not calculate or
suggest the theoretical value of σwp.

We point out that the wave-packet impact is not signifi-
cant for current reactor neutrino experiments. Nevertheless,
the 1 σ C.L. allowed range of σwp is O(0.1), within which
the potential wave-packet impact could lead to significant
effects and additional challenges in future neutrino oscilla-
tion experiments.

3 Measuring neutrino mass hierarchy in reactor
neutrino experiments

3.1 Measurement of neutrino mass hierarchy

The signs for �m2
31 and �m2

32 have not yet been determined.
Normal hierarchy (NH) corresponds to positive �m2

31 and
�m2

32 with ν1 as the lightest mass state. Inverted hierarchy
(IH) corresponds to negative �m2

31 and �m2
32 with ν3 as the

lightest mass state [31].
As indicated by the recent data obtained by the Daya Bay

Experiment, sin22θ13 = 0.084 ± 0.005 [25]. With such a
(relatively) large value of θ13, it is possible to determine the
neutrino mass hierarchy (MH) in reactor neutrino experi-
ments at medium baseline [32,33].

5 Please notice that the decoherence effect in Ref. [28] is actually the
delocalization effect which me mentioned in our appendix. It is different
from the decoherence effect due to separations of the wave packets but
it could also destroy the oscillation.

For a detector at baseline L , the observed anti-electron
neutrino flux of visible energy Evis is given by

f (Evis) = 1

4πL2

∫
dEφ(E)σ (E)Pēē(L , E)

· R(E − 0.8MeV − Evis, δE). (8)

φ(E) is the reactor neutrino energy spectrum, and σ(E) is the
inverse beta decay cross section. R is the detector response
function with energy resolution δE , which will be discussed
in more detail in the next subsection.

It is well known that at a baseline of around 50 km, which
corresponds to the first minimum of θ12 oscillation for reactor
neutrinos, the sensitivity for measuring MH is maximal. The
upper panel in Fig. 7 shows f (Evis) at L = 53 km for NH and
IH, with standard oscillation parameters in the plane-wave
treatment (σwp = 0 in Eq. (7)).

3.2 Impact of wave-packet treatment

Our wave-packet treatment shows that the amplitudes of neu-
trino oscillations will be reduced. In particular, damping of
the θ13 oscillations will be significant for an intermediate
baseline reactor neutrino experiment if σwp is O(0.1). The
lower panel in Fig. 7 shows the neutrino visible energy spec-
trum at a baseline of 53 km, with standard neutrino mixing
parameters and σwp = 0.1. If σwp is large, the neutrino spectra
for NH and IH are indistinguishable from each other.

We modify the GLoBES software [34,35] to perform
numerical simulations of a 53 km baseline reactor neutrino
experiment, using a similar setup as in [36] and [33]: a 20
kton detector with 3 % energy resolution, reactors with a
total thermal power of 40 GW and a nominal running time of
six years. In the absence of oscillations, the total number of
events is about 106. As this paper focuses on the wave-packet
impact, the systematic errors were not taken into account in
the following simulations.6 We took the oscillation param-
eter values from a global analysis [37] as �m2

21 = 7.54 ×
10−5 eV2 (�m2

31 + �m2
32)/2 = 2.43 × 10−3 eV2, sin2θ12 =

0.307, and sin2θ13 = 0.0241.
To distinguish between NH and IH, we quantify the sensi-

tivity of the MH measurement by employing the least-squares
method, based on a χ2 function:

χ2 =
Nbins∑

i=1

(NM
i − NT

i )2

NM
i

, (9)

where NM
i is the measured neutrino events in the i th energy

bin, and NT
i is the predicted number of neutrino events

with oscillations taken into account (without considering the

6 We have also performed simulations with the following systematic
errors [33]: 2 % correlated reactor uncertainty, 0.8 % uncorrelated reac-
tor uncertainty, 1 % spectral uncertainty, and 1 % detector-related uncer-
tainty. The results are similar to what we present here.
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Fig. 7 Upper panel Expected
neutrino visible energy
spectrum for plane-wave
neutrino oscillation at 53 km for
NH (solid) and IH (dashed).
Lower panel Same as in upper
panel, but with σwp = 0.1. The
two curves for NH and IH
completely overlap due to the
wave-packet impacts

systematic errors).7 The number of bins used Nbins is 164,
equally spaced between 1.8 and 10 MeV.

We fit the hypothetical data set with �m2
ee as the free

variable, defined as

�m2
ee = cos2θ12�m2

31 + sin2θ12�m2
32. (10)

The capability to resolve the mass hierarchy is then given
by the difference between the minimum χ2 value for IH and
NH:

�χ2
MH = min(χ2

IH) − min(χ2
NH). (11)

�χ2
MH is used to explore the wave-packet effects as well

as the impact of statistics and systematics in measuring the
MH.8 If σwp = 0, which corresponds to the plane-wave treat-

7 Without loss of generality, in our simulations, NH is assumed to be
the true mass hierarchy. The result is identical if we assume IH to be
true.
8 Note that min(χ2

NH) and min(χ2
IH) can be located at different values

of |�m2
ee|.

ment, we get �χ2
MH ≈ 19.5, implying that we could distin-

guish the MH with a confidence level of nearly 4 σ , as shown
in the upper panel of Fig. 8. However, if σwp = 0.02, the sen-
sitivity will be reduced due to the damping of oscillations and
�χ2

MH will drop to around 3.35, as shown in the bottom panel
of Fig. 8.

The solid (black) curve in Fig. 9 further shows the variation
of �χ2

MH as a function of σwp. It shows that �χ2
MH drops

rapidly with σwp, to become smaller than 3 σ C.L. as σwp >

0.012. In this case, it is difficult to determine MH.
In the rest of this section we will investigate how to

increase the sensitivity to MH by improving the experimental
setup.

3.3 Consequences of energy resolution and statistics

References [32,38,39] suggest that the sensitivity of MH
measurement depends on the detector resolution. As shown in
Eq. (8), the observed ν̄e flux depends on the detector response
function R and energy resolution δE , which are defined by
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Fig. 8 The sensitivities of
measuring �m2

ee with and
without wave-packet effects.
NH is assumed to be the true
hierarchy in the simulation. The
solid (dashed) curve
corresponds to the fitting of NH
(IH, false hierarchy). σwp is
assumed to be 0 in the upper
panel and 0.02 in the lower
panel

Fig. 9 �χ2
MH vs. σwp. The

experimental setup is described
in the text
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Fig. 10 Energy resolution required to resolve mass hierarchy at the 2
σ (dotted), 3 σ (dashed) and 4 σ (solid) confidence levels, as a function
of σwp. Other details of the experimental setup are described in the text

R(E − Evis, δE) = 1√
2πδEvis

exp

{
− (E − Evis)

2

2(δEvis)2

}
,

(12)

where the detector energy resolution is parameterized as

δEvis

E
=
√(

a√
Evis/MeV

)2

+ b2. (13)

In the previous subsection, we assumed that a = 0.03 and
b = 0 in order to achieve a 3 % detector resolution.

As mentioned in the footnote in Sect. 2, the detector reso-
lution is different from the energy uncertainty of detection at
the microscopic level. The detector resolution is determined
by the properties of the macroscopic detector, which should
be taken into account even in the plane-wave assumption.
Similar to the decoherence effect due to σwp, a poor energy
resolution can also destroy the measured oscillation effect.
At L = 53 km, the θ13 oscillation could be smeared out with
a finite energy resolution, and the MH information could
be destroyed, particularly in the case of large σwp. Figure 10
shows9 that if σwp > 0.02, which is allowed by the Daya Bay
and KamLAND data, the detector resolution (or the parame-
ter a in Eq. 13), must be better than 3 % in order to determine
the MH with a C.L. of more than 2 σ .

On the other hand, we can also improve the MH sensitiv-
ity by collecting more data. Figure 11 shows the impact of
statistics on the measurement of MH as a function of σwp,
assuming a detector energy resolution of 3 %, as suggested

9 The x-axes in most of the following figures just represent the “true
value” of σwp.

Fig. 11 The number of neutrino events (no oscillation) required to
resolve MH at 2 σ (dotted), 3 σ (dashed) and 4 σ (solid) C.L., as a
function of σwp. Other details of the experimental setup are described
in the text

by Refs. [33,38]. Much longer run time would be required
for a 2 σ C.L. measurement if σwp is larger than 0.01.

3.4 The optimal baseline

Without considering the wave-packet impact, 50–60 km is
the ideal location to measure mass hierarchy for reactor neu-
trino experiments [33,36]. However, in the presence of sig-
nificant wave-packet impact, longer baseline would lead to
larger damping of the oscillation amplitude. Although reduc-
ing the baseline will lead to a loss of maximal phase differ-
ence between the NH and IH oscillation curves, this can save
back part of the oscillation. Therefore, the optimal baseline
of measuring MH could be shorter than 50 km, depending
on the value of σwp.

Figure 12 shows the �χ2
MH as a function of baseline for

different values of σwp. In the case of the plane-wave limit
(σwp = 0), the MH can be distinguished with a confidence
level of nearly 4 σ at 53 km. However, as σwp increases, the
maximum �χ2

MH shifts to shorter baseline. Figure 13 further
shows the value of optimal baseline as a function of σwp.

4 Conclusion

The wave-packet impacts on current reactor neutrino oscil-
lation and neutrino mass hierarchy measurements have been
discussed. Our analyses show that the wave-packet treatment
would not lead to significant modifications of the oscilla-
tion parameters from the Daya Bay and KamLAND results
based on plane-wave assumptions. Moreover, our analyses
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Fig. 12 �χ2
MH vs. baseline,

assuming the true value of σwp =
0 (green dotted), 0.01 (red
dashed), 0.015 (blue
dot-dashed), 0.02 (black solid
thick) and 0.025 (brown dotted
thick), respectively

Fig. 13 The optimal baseline
of measuring MH as a function
of σwp

also suggest that the energy uncertainty parameter σwp can
be ∼ O(0.1).

The decoherence and dispersion effects depend not only
on the initial neutrino energy uncertainty, but also on the val-
ues of �m2 and baseline. Since the measurement of the neu-
trino MH in medium baseline reactor neutrino experiments
relies on the fast �m2

32 oscillations, the decoherence and dis-
persion effects could be significant and make it more difficult.
We found that even if σwp is just around 0.02, the sensitivity
of MH measurement would be largely reduced. The optimal
baseline shifts to smaller value as σwp increases, due to the
damping of oscillation amplitudes by wave-packet effects.

We have to emphasize that we are not suggesting that
the wave-packet impact would be so large as to make the
mass hierarchy measurement in medium baseline reactor
neutrino experiments impossible. We point out that the plane-
wave model of neutrino oscillation is only an approximation,
and the wave-packet treatment is more general. While the
wave-packet effect is insignificant in the current reactor neu-
trino oscillation experiments, its impact on future oscillation
experiments needs to be determined.
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Appendix A: Derivation of the transition probabilities

In order to derive the neutrino oscillation probability, we
substitute Eq. (4) into Eq. (2) to obtain
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|νi (z, t)〉 = 1
√

1 + i
t

τi

(
σν√
π

)1/2

× exp

⎛

⎜⎝i(pνz − Ei (pν)t) − σ 2
ν

2

(z − vi (pν)t)2

1 + i
t

τi

⎞

⎟⎠ |νi 〉

(A.1)

= 1
√

1 + i
t

τi

(
σwpE(pν)√

π

)1/2

× exp

⎛

⎜⎝i(pνz − Ei (pν)t)

− (σwpE(pν))
2

2

(z − vi (pν)t)2

1 + i
t

τi

⎞

⎟⎠ |νi 〉, (A.2)

where σwp = σν

Ei (pν)
≈ σν

E(pν)
,

τi = (p2
ν + m2

i )
3/2

m2
i σ

2
ν

= Ei (pν)
3

m2
i σ

2
ν

≈ E(pν)

m2
i σ

2
wp

,

which is a moving Gaussian wave packet with dispersion.
Here, we have used the approximation Ei (pν) ≈ pν ≈
E(pν), where E(pν) is the neutrino energy measured by
the detector. Equation (A.2) shows that the propagating state
|νi (z, t)〉 exhibits dispersion—a spreading of the wave packet
in space. Both the group velocity and the rate of disper-
sion depend on the neutrino mass. The heavier the mass,
the smaller is the group velocity and the higher is the rate of
dispersion.

Let |να〉 (α = e, μ, . . .) represent the neutrino flavor
states. Since the flavor eigenstates are superpositions of mass
eigenstates |νi 〉, from Eq. (A.2), the time evolution of a flavor
state is given by

|να(z, t)〉 =
∑

i

U∗
αi |νi (z, t)〉

=
∑

i

U∗
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1 + i
t
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) 1
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×
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⎝
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β=e,μ,...

Uβi |νβ〉
⎞

⎠ . (A.3)

Then the transition probability of να → νβ at a distance L
and time t is given by

Pαβ(L , t) = |〈νβ |να(L , t)〉|2

=

∣∣∣∣∣∣∣∣
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) 1
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2
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∑
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τ j
)

× exp
(−i(Ei (pν) − E j (pν))t

) ·

× exp

⎛
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wp(E(pν))

2

⎛
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(L − vi (pν)t)2
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× + (L − v j (pν)t)2

1 − i
t

τ j

⎞

⎟⎟⎠

⎞

⎟⎟⎠ , (A.4)

which is a function of both time (t) and distance (L).
In an oscillation experiment, the neutrino is detected at

a fixed baseline L but the time is not measured. In order to
obtain the oscillation probability as a function of the baseline,
the time has to be integrated out in Eq. (A.4). Since reactor
neutrinos propagate almost at the speed of light, Pαβ(L , t)
is non-zero only around t ∼ L . The transition probability is
non-zero only within a small time window �t around a time
tL where

L = vi + v j

2
tL , → tL = 2L

vi + v j
∼ L . (A.5)

On the other hand, the size of �t is constrained by the spatial
width of the wave packet which is typically much smaller
than the baseline L , which means that �t 
 tL . Moreover,
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∂

(
t

τi

)

∂t
= 1

τi
≈ m2

i

E(pν)
· σ 2

wp ∼ 0, (A.6)
∣∣∣∣
∂(z − vi (pν)t)

∂t

∣∣∣∣ = |vi (pν)|. (A.7)

Equation (A.6) shows that the factor (t/τi ) changes slowly
with the variable t . Within a small �t , these terms can be
treated as constants. Therefore, within the small integration
region which is constrained by the width of the wave packet,
it is acceptable to approximate t = tL ∼ z for this factor,

t

τi
= m2

i σ
2
wpt

E(pν)
∼ m2

i σ
2
wp

E(pν)
z. (A.8)

However, since Eq. (A.7) shows that the derivative of (z −
vi (pν)t) is not negligible even in a small region. We did not
use the same approximation in the factors (z − vi (pν)t) and
(z − v j (pν)t). Therefore, the integral of Eq. (A.4) can be
approximated by
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(A.9)

In the last step of Eq. (A.9), we have ignored the terms propor-

tional to

(
m2

i m
2
j

E(pν)2

)
, since they are expected to be negligible

for ultrarelativistic neutrinos. In the case of reactor neutrino
experiments, the ν̄e survival probability is given by

Pēē = 1 − 1

2
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) 1
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,

where σwp ≡ σν

E
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.

The damping factor exp(−γi j ) corresponds to an decoher-
ence effect from delocalization, which is neglected in the
main article. This is because in most circumstances, γi j ≈ 0.
The details of γi j and the delocalization decoherence effect
will be discussed in Appendix B.

Appendix B: The decoherence effect from
delocalization

The decoherence effect discussed in Sect. 2 is due to the
separation of different neutrino wave packets. With larger
values of σwp, the decoherence effect would be more signif-
icant. On the other hand, there exists another decoherence
effect which is due to the delocalization of the production
and detection processes. Different from what we have stud-
ied above, the decoherence effect from delocalization will
become significant only if σwp is extremely small, or the spa-
tial uncertainty σx is large. In fact, in neutrino oscillations,
one of the coherence conditions is that the intrinsic produc-
tion (and also detection) energy uncertainties are much larger
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than the energy differences between different mass eigen-
states �Ei j = Ei − E j (Ei is the energy of mass eigenstate
|νi 〉) [40], namely,

�Ei j ≡ Ei − E j ∼ �m2
i j

Eν


 σν ≡ Eνσwp,

which means σx 
 Losc
i j (σν ∼ 1/σx ). (B.11)

Equation (B.11) implies that in order to measure the interfer-
ences between different mass eigenstates, the spatial uncer-
tainty σx , has to be much smaller than the oscillation length
Losc
i j .
Equation (5) is just an approximate neutrino oscillation

probability formula and it does not describe the decoher-
ence effect from delocalization. More precisely, the flavor
transition probability in Eq. (5) should be multiplied by an
additional factor

exp(−γi j ), (B.12)

where γi j = π2

(Losc
i j )2E2σ 2

wp
= π2

(1 + y2
i j )

· σ 2
x

(Losc
i j )2 ,

With these delocalization terms also taken into account, a
more complete ν̄e survival probability should be written as
Eq. (A.10) in the previous section. The damping factor in
Eq. (B.12) corresponds to the decoherence effect from delo-
calization. If γi j ∼ 0, the modifications from delocalization
are negligible. In this case Eq. (A.10) just reduces to Eq. (5).

γi j is proportional to
σ 2
x

(Losc
i j )2 , and so the decoherence effect

from delocalization matters only when σx ∼ Losc
i j , about 1

km in the measurement of θ13 oscillation. In this case σwp is
extremely small.

If we use Eq. (A.10) rather than Eq. (5) to do the analysis,
we will find that the γi j term will offer a lower bound on σwp

and the delocalization effect is significant only when σwp is
extremely small, which implies a large σx . Figure 14 shows
our analysis of the Daya Bay data, which is similar to Fig. 5,
but this time the delocalization term is considered.

From Fig. 14 we can see that in a large range of the param-
eter space, there are no modifications on the true value of
sin22θ13. This means that in most of the parameter region,
wave-packet impact can be safely neglected. Moreover, Fig.
14 also suggests that only if σwp ∼ O(10−16), which means
that σx ∼ O(1 km), the decoherence effect from delocaliza-
tion is significant.

At this point, we can discuss the wave-packet impact in
two different regimes. If σwp is large (∼ O(10−1)), since
λi j ∝ σ 2

wp, the damping factors exp(−λi j ) in Eq. (5) become
significant and the decoherence effect from the separation of
the wave packets cannot be neglected. On the other hand,
if σwp ∼ O(10−16) or even smaller, then the additional

Fig. 14 Same as Fig. 5, but delocalization is taken into account and
the y-axis is in log scale

damping factor in Eq. (B.12) starts to dominate since γi j ∝
σ−2

wp . In this case the decoherence effect from delocalization
becomes important. Nevertheless, in most reactor neutrino
experiments, the dimensions of the reactor cores and detec-
tors are just around a few meters. It is unlikely that the spatial
width of the initial neutrino wave packet would be larger than
1 km.

However, in most reactor experiments, including cur-
rent ones such as Daya Bay and KamLAND, and also
the proposed measurements of neutrino mass hierarchy at
medium baseline, the delocalization terms exp(−γi j ) can be

neglected. This is because
π2

(Losc
i j )2E2σ 2

wp

 1 (or, the spa-

tial uncertainty σx 
 Losc
i j ). In this case, Eq. (B.12) just

reduces to Eq. (5). Therefore, we neglected the decoherence
effect from delocalization in our study and performed the
simulations and analyses with Eq. (5).
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