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Abstract The role of the Weyl tensor Cμνλρ in black
hole thermodynamics is explored by looking at the relation
between the scalar invariant Cμνλρ C μνλρ and the entropy of
n-dimensional static black holes. It is found that this invariant can be identified as the entropy density of the gravitational fields for classical 5-dimensional black holes. We
calculate the proper volume integrals of Cμνλρ C μνλρ for
the Schwarzschild and Schwarzschild–anti-de Sitter black
holes and show that these integrals correctly lead to the
Bekenstein–Hawking entropy formulas, only up to some
coefficients.

1 Introduction
From a mathematical point of view, the curvature of a manifold is measured by the 4th-order Riemann tensor Rμνλρ .
In an n-dimensional space-time, the Riemann tensor can be
decomposed into the Ricci and Weyl sectors,
Rμνλρ =

2
(gμ[λ Rρ]ν − gν[λ Rρ]μ )
n−2
2
gμ[ρ gλ]ν R + Cμνλρ ,
−
(n − 1)(n − 2)

(1)

with Rμν being the 2nd-order Ricci tensor, R the Ricci scalar,
and Cμνλρ the 4th-order Weyl tensor. However, in the theory
of general relativity, the Einstein equations only associate the
2nd-order Ricci tensor with the energy-momentum tensor.
Therefore, a natural question is why the information encoded
in the Weyl tensor is absent in general relativity. In other
words, what is the role of the Weyl tensor in the theory of
gravitation?
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Since the Weyl tensor is locally independent of the energymomentum tensor, it may be viewed as a purely geometrical
description of the curvature of space-time. Thus, the Weyl
tensor is linked not to the dynamical, but possibly to the
thermodynamical aspects of gravitational fields. One of the
explorations in this direction is the “Weyl curvature conjecture”, or the “Penrose conjecture” [1].
The Weyl tensor is traceless and has the same symmetries
as the Riemann tensor, and the metric of a space-time is conformally flat, if its Weyl tensor vanishes. During the cosmological evolution, our universe evolves from an almost homogeneous and isotropic space-time (conformally flat with vanishing Weyl tensor) to an ensemble of randomly distributed
black holes (not conformally flat with non-vanishing Weyl
tensor). As a consequence, the Weyl tensor seems to grow
monotonically in the universe, and this reminds us of the
second law of thermodynamics. Therefore, Penrose conjectured that some scalar invariant of the Weyl tensor (e.g.
Cμνλρ C μνλρ ) is a monotonically growing function of time
and is thus somehow related to the gravitational entropy in
the universe. Some previous studies of the Penrose conjecture in the theory of gravitation can be found in Refs. [2–12]
and in cosmology in Refs. [13–21].
Unfortunately, despite various attempts, Penrose’s idea
has still not been formulated in a rigorous way. This difficulty lies in the fact that it is questionable to generally define
a gravitational entropy by means of scalar invariants, not only
because the entropy itself is not mathematically a scalar, but
also because many scalars constructed with the Weyl tensor are not monotonically increasing and thus cannot provide an appropriate measure of the gravitational entropy.
For instance, the invariant function Cμνλρ C μνλρ /Rμν R μν
suggested in Refs. [22–24], which helps to solve the initial
isotropic singularity problem, is ill-defined in vacuum where
Rμν = 0. This early work on the Penrose conjecture [2–24]
was systematically summarized and commented on in Ref.
[25], where the authors also proposed a measure from the
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Bel–Robinson tensor and showed that this measure is applicable to some exact or perturbative models under certain conditions. However, to our present knowledge, the precise and
definite notion of entropy and its relation to the Weyl tensor
are still unclear and have to be specified. The aim of this
paper is just to investigate the possible connection between
them. In the following sections, we will explore the possibilities to calculate the entropies of the Schwarzschild and
Schwarzschild–anti-de Sitter black holes via the Weyl invariant, respectively.

where
f (r ) = 1 −



16π G n M 1/(n−3)
Rnn−3
,
with
R
=
.
n
r n−3
(n − 2)n−2

Above, Rn is the horizon radius, G n is the n-dimensional
gravitational constant, and n−2 = 2π (n−1)/2 / ((n −1)/2)
is the solid angle of the (n − 2)-dimensional sphere. A
straightforward calculation shows
Cμνλρ C μνλρ =

Cμνλρ C μνλρ = Rμνλρ R μνλρ −

Below, we choose the natural units system, with c = h̄ =
kB = 1, but keep the gravitational constant G, as we will work
in different dimensional space-times, in which the gravitational constants are not the same.
We first explain the Penrose conjecture in a more quantitative way. The metric of a Schwarzschild black hole reads
ds 2 = −(1 − RS /r ) dt 2 + (1 − RS /r )−1 dr 2 + r 2 d22 , with
RS = 2G M being the horizon radius. From this metric, the
corresponding Weyl invariant is
Cμνλρ C μνλρ

(2)

Meanwhile, its Bekenstein–Hawking entropy is [26,27]

S=

4π RS2
A
=
,
4G
4G

(3)

where A = 4π RS2 is the area of its horizon. From Eqs. (2)
and (3), we clearly observe that Cμνλρ C μνλρ is proportional
to S, and this proportion naturally inspires us to wonder if
there is some latent relation in between.
We see from Eq. (2) that Cμνλρ C μνλρ is a function of
radial coordinate r . Moreover, from the functional form of
Cμνλρ C μνλρ , the Weyl invariant does not decrease inside the
horizon, if evaluated along the world-lines of all physical
observers. Consequently, we may interpret it as the entropy
density of gravitational field of the Schwarzschild black hole,
and its proper volume integral may thus give the Bekenstein–
Hawking entropy. This is the main idea of our exploration of
the Penrose conjecture in the present paper.
In the following, we generally consider an n-dimensional
Schwarzschild black hole with the metric [28]
ds 2 = − f (r ) dt 2 + f (r )−1 dr 2 + r 2 d2n−2 ,

123

(4)

This contraction can also be obtained via the identity,

2 Entropy of the Schwarzschild black hole
from the Weyl invariant

12RS2
=
.
r6

(n − 2)2 [(n − 2)2 − 1]Rn2n−6
.
r 2n−2

4Rμν R μν
2R 2
+
,
n−2
(n − 1)(n − 2)

where Rμνλρ R μνλρ is the Kretschmann invariant. The calculation in this way is much easier, since both the Ricci tensor and the Ricci scalar vanish for the Schwarzschild metric. Furthermore, the Bekenstein–Hawking entropy of the
n-dimensional Schwarzschild black hole is [28]
Sn =

An
n−2 Rnn−2
=
,
4G n
4G n

(5)

where An = n−2 Rnn−2 is the area of the (n−2)-dimensional
sphere at the horizon.
Now, the problem is whether the proper volume integral of Cμνλρ C μνλρ in Eq. (4) gives the entropy formula
in Eq. (5). However, a deeper consideration easily invalidates this simple attempt. The dimension of the Weyl tensor,
[Cμνλρ ], is +2 in the natural units system, so the dimension of [Cμνλρ C μνλρ ] should be +4. On the other hand, in
an n-dimensional space-time, the dimension of the proper
volume element [dVn−1 ] is −(n − 1). Therefore, we cannot
generally expect Cμνλρ C μνλρ as the entropy density of gravitational field in the n-dimensional space-time, as the entropy
itself is dimensionless in the natural units system.
This dimensional analysis indicates that we are allowed
to regard Cμνλρ C μνλρ as the entropy density only in a
5-dimensional space-time (not the ordinary 4-dimensional
one), in which [dV4 ] = −4, and the proper volume integral

(6)
Cμνλρ C μνλρ dV4
is dimensionless. We will show in the following that this
integral does lead to the correct entropy formulas for the 5dimensional Schwarzschild and Schwarzschild–anti-de Sitter black holes, only up to some coefficients. Generally
speaking, the proper volume integral of a quantity in an
n-dimensional space-time, evaluated along an (n − 1)dimensional hyper-surface, strongly depends on the choice
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of space-time slicing. However, this complexity and ambiguity can be easily avoided for the Schwarzschild and
Schwarzschild–anti-de Sitter black holes, as in these spherically symmetric space-times, the choice of slicing is natural,
which is provided by the hyper-surfaces of constant t orthogonal to the Killing vector ∂/∂t.
The integral in Eq. (6) consists of three parts: the integrand
Cμνλρ C μνλρ , the 4-dimensional proper volume element dV4 ,
and the domain of integration. Below, we discuss them in
order.
For Cμνλρ C μνλρ , the metric of the Schwarzschild black
hole in 5-dimensional space-time reads
ds = − f (r ) dt + f (r )
2

2

−1

dr + r
2

2

Planck length l5 , which can be expressed in terms of the 5dimensional gravitational constant G 5 as
l5 =



G5.

With all these preparations, substituting Eq. (7) into (8),
we attain the proper volume integral of the Weyl invariant
for the 5-dimensional Schwarzschild black hole,


Cμνλρ C μνλρ dV4


∞

72R54 2π 2 r 3
dr
√
r8
| f (r )|
l5
 R5
 ∞
dr
dr
= 144π 2 R54
+
√
√
5
5
r − f (r )
f (r )
l5
R5 r
⎫
⎧



2
⎬
⎨ R 3 2R
l
5
5
5
= 48π 2
+
1−
+2 .
⎭
⎩
l5
l5
R5
=

d23 ,

where
R2
f (r ) = 1 − 25 , with R5 =
r


3

8G 5 M
.
3π

From Eq. (4), we have the Weyl invariant,
Cμνλρ C

μνλρ

72R54
=
.
r8

(7)

For the proper volume element dV4 , we have

dV4 = r 3 |grr | dr d3 .


Cμνλρ C

We may first integrate the angular parts in Eq. (6),


Cμνλρ C μνλρ dV4 =




=

This result seems lengthy at first glance, but in fact not. If
M  1/l5 , the horizon radius of the Schwarzschild black
hole R5 is much larger than the Planck length l5 . Therefore,
in the limit R5  l5 , the above result can be significantly
simplified, with the leading term being


Cμνλρ C μνλρ r 3 |grr | dr d3
2π 2 r 3
Cμνλρ C μνλρ √
dr,
| f (r )|

(8)


where d3 = 3 = 2π 2 is the solid angle of the 3√
√
dimensional sphere, and |grr | dr = dr/ | f (r )| is the
proper distance element in radial direction. Here, we should
state that the hyper-surfaces of constant t, along which the
proper volume integral of Cμνλρ C μνλρ is evaluated, change
their causal structures at the horizon. For r > R5 , the Killing
vector ∂/∂t is time-like, so the hyper-surfaces of constant t
are space-like, but for r < R5 , these hyper-surfaces become
time-like, as ∂/∂t is space-like. This fact makes the integral
in Eq. (8) not an ordinary volume integral of a density that is
performed along space-like slices in the range r < R5 .
For the domain of integration for radial coordinate r , the
upper limit can be safely set to be infinity, but the lower limit
cannot be simply taken as 0, which diverges the integral in
Eq. (8). Actually, the classical theory of general relativity is
invalid at extremely small radius (about the Planck length).
Therefore, we set the lower limit of r to be the 5-dimensional

μνλρ


dV4 ≈ 48π

2

R5
l5

3

.

(9)

In fact, we should mention here that the integral outside the
horizon (R5 < r < ∞) only contributes a trivial constant,
√
∞
as 144π 2 R54 R5 dr /(r 5 f (r )) = 2/3. This means that the
result in Eq. (9) remains valid, if the integral is evaluated only
inside the horizon (l5 < r < R5 ).
On the other hand, the Bekenstein–Hawking entropy for
the 5-dimensional Schwarzschild black hole is
A5
π2
S5 =
=
4G 5
2



R5
l5

3

,

with A5 = 2π 2 R53 . To this point, we eventually find that the
proper volume integral of the Weyl invariant indeed leads to
the correct entropy formula, only up to a coefficient,
S5 =

1
96



Cμνλρ C μνλρ dV4 .

From this result, we are convinced that the interpretation of
the Weyl invariant Cμνλρ C μνλρ as the entropy density for the
5-dimensional Schwarzschild black hole is reasonable.
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3 Entropy of the Schwarzschild–anti-de Sitter black
hole from the Weyl invariant
Till now, we only discuss the simplest Schwarzschild solution, for which the Weyl tensor is identical to the Riemann
tensor, Cμνλρ = Rμνλρ , and hence the Weyl invariant coincides with the Kretschmann invariant, so the characteristic
of the Weyl tensor is not very distinct. Therefore, we further
explore a more complicated black hole with non-vanishing
Ricci tensor and Ricci scalar: the Schwarzschild–anti-de Sitter solution (i.e. the Schwarzschild solution with a cosmological constant
< 0). In 5-dimensional space-time, its
metric reads
ds 2 = − f (r ) dt 2 + f (r )−1 dr 2 + r 2 d23 ,

(10)

with
f (r ) = 1 −

R52
r2
.
−
r2
6

72R54
,
r8

(11)

but the Kretschmann invariant now receives an additive constant from ,

Rμνλρ R

μνλρ

72R54
10 2
.
=
+
8
r
9

(12)

These results strongly support our interpretation of the Weyl
invariant, but not the Kretschmann one, as the entropy density
of gravitational field. Below, we perform the parallel procedure for the proper volume integral in Eq. (8), in order to
check the validity of our interpretation.1
1

For completeness, we also list the relevant physical quantities for the
n-dimensional Schwarzschild–anti-de Sitter black hole,
f (r ) = 1 −

Rμνλρ R μνλρ

123

Rnn−3
2 r2
−
,
n−3
r
(n − 1)(n − 2)

(n − 2)2 [(n − 2)2 − 1]Rn2n−6
,
r 2n−2
2
2
2n−6
(n − 2) [(n − 2) − 1]Rn
8n 2
=
+
.
2n−2
r
(n − 1)(n − 2)2

Cμνλρ C μνλρ =


Cμνλρ C



μνλρ

R5

l5

∞

72R54 2π 2 r 3 dr
√
r8
| f (r )|
l5

 ∞
dr
dr
,
+
√
√
5 f (r )
r 5 − f (r )
R5 r

dV4 =
 

= 144π 2 R54

(13)
where
 ⎛

⎞


2
2
R
3

5⎠
R5 =  ⎝1 − 1 −
3

(14)

is the unique zero for f (r ) = 0 (since < 0). The results
of the integrals in Eq. (13) can be expressed analytically via
the elliptic functions, which depend on R5 and . However,
the exact and tedious expressions are irrelevant, but only the
leading term is important,


In this case, both the Ricci tensor and the Ricci scalar are
non-vanishing: Rμν = 23 gμν and R = 10
3 . Therefore,
the difference between the Weyl and Kretschmann invariants
becomes much more notable. It is straightforward to see that
the Weyl invariant remains unchanged,
Cμνλρ C μνλρ =

In a similar way, we have

Cμνλρ C μνλρ dV4 ≈ 48π 2



R5
l5

3

.

This result is the same as that in Eq. (9), indicating that the
cosmological constant does not significantly affect the integral in Eq. (13). This is not difficult to understand, as the cosmological constant contributes to the integral only at large r ,
where its effect is dominantly suppressed by the factor 1/r 8
in the Weyl invariant, so we safely arrive at the same result
in Eq. (9).
Meanwhile, the Bekenstein–Hawking entropy for the 5dimensional Schwarzschild–anti-de Sitter black hole is [29]
S5 =

A5
π2
=
4G 5
2



R5
l5

3

,

with A5 = 2π 2 R5 3 . Thus, we have
S5

1
=
96



R5
R5

3

Cμνλρ C μνλρ dV4 .

Hence, we again obtain the entropy formula, but this time the
coefficient is -dependent. From Eq. (14), for a small negative , (R5 /R5 )3 → 1; for a large negative , (R5 /R5 )3 →
[6/(− R52 )]3/4 . Although the coefficient varies with , the
proportion remains the same.
In short, for the 5-dimensional Schwarzschild–anti-de Sitter black hole, for which the Weyl tensor deviates from
the Riemann tensor, Cμνλρ = Rμνλρ , we are still able to
obtain the Bekenstein–Hawking entropy by integrating the
Weyl invariant Cμνλρ C μνλρ , as the effect of the cosmological constant is suppressed at large radius. Especially, from
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Eqs. (11) and (12), we explicitly see the difference between
the Weyl invariant, Cμνλρ C μνλρ , and the Kretschmann one,
Rμνλρ R μνλρ . We find that Cμνλρ C μνλρ is not altered in the
presence of the cosmological constant, and this fact strengthens our interpretation of the Weyl invariant as the entropy
density, but not the Kretschmann invariant, since it receives
a constant modification 10 2 /9, which diverges the proper
volume integral at r → ∞.
Here, we should also emphasize that the thermodynamics
of the Schwarzschild–de Sitter black hole (i.e. the Schwarzschild solution with a positive cosmological constant) is not
a well-defined issue [30–36], and we skip the corresponding
discussion in the present paper.

4 Conclusions and discussions
Finally, we give some brief discussions of our work. The
issue of entropy is one of the central problems in black hole
thermodynamics [37–41], and the Penrose conjecture on the
Weyl tensor is one of the possible ways to approach this
issue. We try in this paper to physically confirm and mathematically formulate the Penrose conjecture. We take the
Schwarzschild and Schwarzschild–anti-de Sitter black holes
as examples and find that we may interpret the Weyl invariant
Cμνλρ C μνλρ as their entropy densities, but this interpretation
should be realized in 5-dimensional space-time as follows
from the dimensional analysis. We perform the proper volume integral of Cμνλρ C μνλρ from the 5-dimensional Planck
length to infinity, and we discover that this integral really
results in the correct Bekenstein–Hawking entropy formulas, only up to some coefficients.
At the same time, we should also point out the limits of
our work. First, our calculation only applies in 5-dimensional
space-time, but not the ordinary 4-dimensional one. We may
otherwise imagine that the mass of the 5-dimensional black
hole is distributed on an extra dimension, and if this dimension is wrapped to an extremely small scale, we can still
utilize our method to calculate the volume integral of the
corresponding Weyl invariant. But in this case, we are faced
with the calculation of the metric and the Weyl tensor of a
black string, and this calculation is much more complicated
and is thus beyond our preliminary exploration. (For the metric solution for a black string, see Refs. [42,43].) Second, we
should admit that it is difficult to extend our results to more
general black holes (e.g. the charged Reissner–Nordström
black hole), because its geometry near the origin is quite
different from that of the Schwarzschild and Schwarzschild–
anti-de Sitter black holes.
In summary, our work helps to understand Penrose’s idea
and indicates that the Weyl tensor may be related to the
entropy of gravitational fields, but some difficulties are still to
be overcome. This exploration leads us to investigate whether
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there exist equations that are parallel to the Einstein equations
and quantify the thermodynamical relation between spacetime and matter. These equations are expected to relate the
Weyl tensor to the thermodynamical concepts such as entropy
and temperature, and we wish that our work will be conducive
to the research in this direction.
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