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Abstract Realizations of κ-Minkowski space linear in
momenta are studied for time-, space- and light-like defor-
mations. We construct and classify all such linear realizations
and express them in terms of the gl(n) generators. There are
three one-parameter families of linear realizations for time-
like and space-like deformations, while for light-like defor-
mations, there are only four linear realizations. The relation
between a deformed Heisenberg algebra, the star product,
the coproduct of momenta, and the twist operator is pre-
sented. It is proved that for each linear realization there exists
a Drinfeld twist satisfying normalization and cocycle condi-
tions. κ-Deformed igl(n)-Hopf algebras are presented for all
cases. The κ-Poincaré–Weyl and κ-Poincaré–Hopf algebras
are discussed. The left–right dual κ-Minkowski algebra is
constructed from the transposed twists. The corresponding
realizations are nonlinear. All Drinfeld twists related to κ-
Minkowski space are obtained from our construction. Finally,
some physical applications are discussed.
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1 Introduction

One of the biggest problems in fundamental theoretical
physics is a great difficulty to reconcile quantum mechanics
and general theory of relativity in order to formulate consis-
tent theory of quantum gravity. It is argued that at very high
energies the gravitational effects can no longer be neglected
and that the spacetime is no longer a smooth manifold, but
rather a fuzzy, or rather a non-commutative space [1,2]. Phys-
ical theories on such non-commutative manifolds require a
new framework. This new framework is provided by non-
commutative geometry [3]. In this framework, the search for
generalized (quantum) symmetries that leave the physical
action invariant leads to deformation of Poincaré symmetry,
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with κ-Poincaré symmetry being one of the most extensively
studied [4–10].

κ-Deformed Poincaré symmetry is algebraically des-
cribed by the κ-Poincaré–Hopf algebra and is an example
of deformed relativistic symmetry that can possibly describe
the physical reality at the Planck scale. κ is the deformation
parameter, usually interpreted as the Planck mass or some
quantum gravity scale. It was shown that quantum field the-
ory with κ-Poincaré symmetry emerges in a certain limit of
quantum gravity coupled to matter fields after integrating
out the gravitational/topological degrees of freedom [11–
15]. This amounts to an effective theory in the form of a
non-commutative field theory on the κ-deformed Minkowski
space.

It is well known [16–19] that the deformations of the sym-
metry group can be realized through the application of the
Drinfeld twist on that symmetry group [20–23]. The main
virtue of the twist formulation is that the deformed (twisted)
symmetry algebra is the same as the original undeformed
one and that there is only a change in the coalgebra struc-
ture which then leads to the same free field structure as the
corresponding commutative field theory.

In [24] it was shown that the coproduct of D = 2 and
D = 4 quantum κ-Poincaré algebras in the classical basis
cannot be obtained by the cochain twist depending only on
the Poincaré generators (even if the coassociativity condition
is relaxed). However, the deformation used in [24] is the so-
called time-like type of deformation, and it is well known
[25–27] that for light-like deformation such a twist indeed
exists [28–32].

In this work, we work the other way round. Starting from
κ-Minkowski space, we obtain its linear realizations, then
coproducts of momenta from realizations, and, finally, we
present a method for obtaining corresponding twists from
those coproducts. We show that, for linear realizations, those
twists are Drinfeld twists, satisfying normalization and cocy-
cle conditions. The method for obtaining Drinfeld twists
corresponding to each linear realization is elaborated and
it is shown how these twists generate new Hopf algebras.
The resulting symmetry algebras are κ-deformed igl(n) Hopf
algebras. In special cases we obtain κ-Poincaré–Weyl–Hopf
algebra and κ-Poincaré–Hopf algebra, but the former is
obtained only for the case of light-like deformation.

The paper is organized as follows. In Sect. 2, κ-Minkowski
spacetime with deformation vector aμ in various directions
(time-like, space-like and light-like) is introduced. In Sect.
3, notion of linear realizations is introduced and all linear
realizations in n dimensions for n > 2 are found. Those real-
izations are then expressed in terms of generators of gl(n)

algebra. In Sect. 4, the deformed Heisenberg algebra is pre-
sented, along with the star product and coproducts of the
momenta. At the end of this section, the twist operator is
introduced and the relation between star product, twist oper-

ator and coproduct of momenta is given. In Sect. 5 it is shown
that the twist operator from the previous section is a Drinfeld
twist, satisfying normalization and cocycle conditions. It is
shown that initial linear realizations follow from these twists,
which confirms the consistency of our approach. At the end of
Sect. 5, the R-matrix is presented. In Sect. 6, the κ-deformed
igl(n) Hopf algebra is presented, in the general and for four
special cases. In Sect. 7, a left–right dual κ-Minkowski alge-
bra is constructed from the transposed twists. Alternatively,
the κ-Minkowski algebra is obtained from the transposed
twists with aμ → −aμ. The corresponding realizations are
nonlinear. In Sect. 8, nonlinear realizations of κ-Minkowski
space and related Drinfeld twists, known in the literature so
far, are presented. Finally, in Sect. 9, an outlook and a dis-
cussion are given.

2 κ-Minkowski space

κ-Minkowski space is usually defined by [4–8,33]:

[x̂0, x̂i ] = i

κ
x̂i , [x̂i , x̂ j ] = 0. (1)

Equation (1) can be rewritten in a covariant way [34–37]:

[x̂μ, x̂ν] = i(aμ x̂ν − aν x̂μ), (2)

where aμ ∈ M
n (Mn being undeformed n-dimensional

Minkowski space) is a fixed deformation vector, which for
the choice a0 = κ−1 and ai = 0 corresponds to (1). The non-
commutative coordinates x̂μ of κ-Minkowski space form a
Lie algebra.

Note that the Lie algebra (2) is independent of metric.
However, we point out that our physical requirement is that
in the limit aμ → 0, we get ordinary Minkowski spacetime.
Hence, it is natural to assume and treat aμ as a vector in unde-
formed Minkowski space. There are two possibilities. One
is to fix real parameters aμ and the other is when aμ are not
fixed (transforming together with non-commutative coordi-
nates x̂μ) [38]. In this paper we choose the first possibility.

Throughout the article, indices are raised and lowered
by the Minkowski metric η, i.e. aμ = ημνaν and aμ =
ημνaν , where the convention with positive spatial eigen-
values of the metric is used, e.g. in (3 + 1) dimensions
η = diag(−1, 1, 1, 1). Also, indices are contracted the same
way, i.e. a ·b = aμbμ = ημνaμbν and a2 = a ·a = aμaμ =
ημνaμaν for any vectors aμ and bμ.

The deformation vector can be time-like (a2 < 0), light-
like (a2 = 0) and space-like (a2 > 0), so it can be written
like

aμ = 1

κ
uμ, (3)
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where κ−1 is an expansion parameter and u2 ∈ {−1, 0, 1},
which corresponds to the previously mentioned three cases.
Light-like deformation a2 = 0 was first treated in context of
null-plane quantum Poincaré algebra [39]. Depending on the
sign of a2, the κ-Minkowski Lie algebra is invariant under
the following little groups:

• If aμ is time-like (a2 < 0), the little group is SO(n − 1).
• If aμ is light-like (a2 = 0), the little group is E(n − 2).
• If aμ is space-like (a2 > 0), the little group is SO(n −

2, 1).

It is useful to introduce an enveloping algebra Â, generated
by the elements x̂μ of the κ-Minkowski algebra.

3 Linear realizations

Commutative coordinates xμ and momenta pμ generate an
undeformed Heisenberg algebra H given by

[xμ, xν] = 0,

[pμ, xν] = −iημν,

[pμ, pν] = 0.

(4)

Analogously to Â in the previous section, commutative coor-
dinates xμ generate an enveloping algebra A, which is sub-
algebra of undeformed Heisenberg algebra, i.e. A ⊂ H.
Momenta pμ generate algebra T , which is also a subalge-
bra of the undeformed Heisenberg algebra, i.e. T ⊂ H. The
undeformed Heisenberg algebra is, symbolically, H = AT .

In general, the realization of an NC space is given by

x̂μ = xαϕα
μ(p), (5)

where ϕα
μ(p) is a function of pμ, which should reduce to

δα
μ in the limit when the deformation goes to zero [40–42].

It is important to note that different realizations x̂μ =
xαϕα

μ(p) = x ′
αϕ′α

μ(p′) are related by similarity transfor-
mations, where (xμ, pν) and (x ′

μ, p′
ν) satisfy the undeformed

Heisenberg algebra [43–46]. In this section, the additional
label for xμ and pμ is omitted for the sake of simplicity.

We are looking for linear realizations of κ-Minkowski
space, that is, the realizations where the function ϕα

μ(p) is
linear in pμ. They can be written in the form

x̂μ = xμ + lμ, (6)

where lμ is linear in momentum pμ. It is given by

lμ = Kβμ
αxα p

β, (7)

where Kβμ
α ∈ R. Inserting it in (2) shows that Kμν

α has to
satisfy

Kμν
α − Kνμ

α = aμδα
ν − aνδ

α
μ, (8)

Kγμ
αKβν

γ − Kγ ν
αKβμ

γ = aμKβν
α − aνKβμ

α. (9)

It also follows that lμ satisfies the same commutation rela-
tions as x̂μ:

[lμ, lν] = i(aμlν − aνlμ). (10)

3.1 Classification of linear realizations

Since we assume that Eqs. (8) and (9) transform under a
Lorentz algebra, the most general covariant ansatz for Kμν

α

in terms of deformation vector aμ for arbitrary number of
dimensions1 n > 2 is

Kμν
α = A0aμaνa

α + A1ημνa
α + A2δ

α
μaν + A3aμδα

ν ,

(11)

leading to the following lμ:

lμ = A0aμ(a · x)(a · p) + A1(a · x)pμ + A2aμ(x · p)
+A3xμ(a · p). (12)

From Eq. (8) it follows that

A3 = A2 + 1. (13)

Using (9) in combination with (13) yields the following equa-
tions:

A1(A0a
2 + A1 + 1) = 0, (14)

A3(A0a
2 + A3 + 1) = 0, (15)

A1A3a
2 = 0. (16)

Those equations have four solutions:

1. A1 = 0, A2 = −1, A3 = 0, a2A0 = c,
2. A1 = 0, A2 = −c, A3 = 1 − c, a2A0 = c,
3. A1 = −1 − c, A2 = −1, A3 = 0, a2A0 = c,
4. A1 = −1, A2 = 0, A3 = 1, a2 = A0 = 0,

where c ∈ R is a free parameter. We will denote these four
types of realizations by C1, C2, C3, and C4, respectively.2

Explicitly for the tensor Kμνα we have

C1 : Kμνα =
⎧
⎨

⎩

c

a2 aμaνaα − ημαaν, if a2 �= 0,

−ημαaν, if a2 = 0,

C2 : Kμνα

=
⎧
⎨

⎩

c

a2 aμaνaα − cημαaν + (1 − c)ηναaμ, if a2 �= 0

ηναaμ, if a2 = 0,

1 In two dimensions there are additional terms constructed with two
dimensional Levi-Civita tensor εμν . For example, there is a solution
Kμνλ = aμaν

a2 (c1aα + c2εαβaβ), where c1, c2 ∈ R are parameters and

a2 �= 0.
2 Here C stands for covariant.
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C3 : Kμνα

=
⎧
⎨

⎩

c

a2 aμaνaα − (1 + c)ημνaα − ημαaν, if a2 �= 0

−ημνaα − ημαaν, if a2 = 0,

C4 : Kμνα = −ημνaα + ηναaμ, only for a2 = 0. (17)

Inserting (17) into (6) and (7) gives

C1 : x̂μ

=
⎧
⎨

⎩

xμ + aμ

[ c

a2 (a · x)(a · p) − (x · p)
]
, a2 �= 0

xμ − aμ(x · p), a2 = 0,

C2 : x̂μ

=

⎧
⎪⎪⎨

⎪⎪⎩

xμ [1 + (1 − c)(a · p)]
+ aμ

[ c

a2 (a · x)(a · p) − c(x · p)
]
, a2 �= 0

xμ [1 + (a · p)] , a2 = 0,

C3 : x̂μ

=

⎧
⎪⎪⎨

⎪⎪⎩

xμ + aμ

[ c

a2 (a · x)(a · p) − (x · p)
]

− (1 + c)(a · x)pμ, a2 �= 0

xμ − aμ(x · p) − (a · x)pμ, a2 = 0,

C4 : x̂μ = xμ [1 + (a · p)] − (a · x)pμ, only for a2 =0.

(18)

Linear realizations for κ-deformed Euclidean space were
studied in [42]. However, in κ-Minkowski spacetime, we
have found four new linear realizations corresponding to
light-like deformations (a2 = 0). Only one of them, C4,
corresponds to a κ-Poincaré–Hopf algebra [30,31]. C1 and
C2 are equivalent for c = 1, while C1 and C3 are equiva-
lent for c = −1. It is important to note that the first three
solutions C1, C2, and C3 are valid for all a2 ∈ R, and the
fourth solution C4 is only valid in the case of a light-like
deformation.

The inverse matrices ϕ−1
μν , such that ϕμ

αϕ−1
αν = ημν , for

C1, C2, C3, and C4 are

C1 : ϕ−1
μν

=

⎧
⎪⎨

⎪⎩

ημν + 1

1 − (a · p) + c

(
pμ − c

aμ

a2

)
aν, a2 �= 0

ημν + pμaν

1 − (a · p) , a2 = 0,

C2 : ϕ−1
μν

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ημν

1 + (1 − c)(a · p) − c

[1 + (1 − c)(a · p)]2

×
(a · p

a2 aμ + pμ

)
aν, a2 �= 0

ημν

1 + (a · p) , a2 = 0,

C3 : ϕ−1
μν

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ημν − 1
1−a·p(1−c(a·p))

[
c(a · p)

(
aμ

a2 + pμ

)
− pμ

]
aν

+ (1+c)
[
(1−a·p)aμ+a2 pμ

]
pν

1−2a·p+(1+c)((a·p)2−a2 p2)
, a2 �= 0

ημν + pμaν

1−a·p +
[
(1−a·p)aμ+a2 pμ

]
pν

1−2a·p+((a·p)2−a2 p2)
, a2 �= 0,

C4 : ϕ−1
μν = ημν + aμ pν

1 + (a · p) . (19)

The special cases of C1, C2, and C3 when c = 0, we denote
S1, S2, and S3, respectively:

S1 : x̂μ = xμ − aμ(x · p),
S2 : x̂μ = xμ [1 + (a · p)] ,

S3 : x̂μ = xμ − aμ(x · p) − (a · x)pμ,

(20)

where a2 ∈ R.

3.2 Symmetry algebra igl(n)

For fixed solution Kμνλ we define the undeformed igl(n)

algebra generated by pμ and Lμν :

[Lμν, Lλρ] = ηνλLμρ − ημρLλν,

[Lμν, pλ] = −pνημλ,

[pμ, pν] = 0.

(21)

In addition to the commutation relations (21),

[Lμν, xλ] = xμηνλ (22)

also holds.
Linear realizations can be written in terms of Lμν :

x̂μ = xμ − i KβμαL
αβ. (23)

Particularly, for (18)

C1 : x̂μ =
⎧
⎨

⎩

xμ − iaμ

( c

a2 aαaβLαβ − Lα
α
)

, a2 �= 0,

xμ + iaμLα
α, a2 = 0,

C2 : x̂μ =

⎧
⎪⎪⎨

⎪⎪⎩

xμ − i
c

a2 aμaαaβLαβ + icLα
αaμ

−i(1 − c)aαLμα, a2 �= 0,

xμ − iaαLμα, a2 = 0,

C3 : x̂μ =

⎧
⎪⎪⎨

⎪⎪⎩

xμ − i
c

a2 aμaαaβLαβ

+i(1 + c)aαLαμ + i Lα
αaμ, a2 �= 0,

xμ + iaαLαμ + i Lα
αaμ, a2 = 0,

C4 : x̂μ = xμ + iaα(Lαμ − Lμα) = xμ + iaαMαμ,

only for a2 = 0,
(24)

where Mμν = Lμν − Lνμ generate Lorentz algebra. Note
that C4 is the only solution that can be written in terms of
Lorentz generators.
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Commutation relations between generators of igl(n) alge-
bra with x̂μ are

[pμ, x̂ν] = −iϕμν = −i(ημν + Kανμ p
α), (25)

[Lμν, x̂λ] = x̂μηνλ + i(Kβλαηνλ − Kβλνηαμ

− Kμλαηβν)L
αβ. (26)

The algebra generated by Lμν , pμ, and x̂μ satisfies all the
Jacobi relations. Only for solution C4 this is also true for an
algebra generated by Mμν , pμ, and x̂μ.

At the end of this section let us introduce the anti-
involution operator † by λ† = λ̄, for λ ∈ C and a bar denot-
ing ordinary complex conjugation, (x̂μ)† = x̂μ, (xμ)† = xμ,
(pμ)† = pμ, and (Mμν)

† = −Mμν . Since (aμ)† = aμ

Eqs. (2), (4), (25), and (27) remain unchanged (i.e. they
are invariant) under the action of †. Note that the realiza-
tions C1, C2, and C3 are generally not hermitian. In order
to get the hermitian realizations, one has to make follow-
ing substitutions: x̂μ → 1

2 (x̂μ + x̂†
μ), lμ → 1

2 (lμ + l†μ),

Lμν → 1
2 (Lμν − (Lμν)

†) throughout the whole paper [47].

4 Deformed Heisenberg algebra, star product, and twist
operator

Non-commutative κ-Minkowski coordinates x̂μ and mo-
menta pμ generate a deformed Heisenberg algebra Ĥ given
by [48]

[x̂μ, x̂ν] = i(aμ x̂ν − aν x̂μ),

[pμ, x̂ν] = −iϕμν(p) = −i(ημν + Kανμ p
α), (27)

[pμ, pν] = 0.

From the previous section, it follows that Ĥ is isomorphic
to H. Algebra Â is a subalgebra of Ĥ, i.e. Â ⊂ Ĥ. The
deformed Heisenberg algebra is, symbolically, Ĥ = ÂT .

4.1 Actions � and �

The action � is a map �: Ĥ ⊗ Â → Â satisfying the fol-
lowing properties:

f̂ � ĝ = f̂ ĝ, ∀ f̂ , ĝ ∈ Â, (28)

pμ � f̂ = [pμ, f̂ ] � 1, ∀ f̂ ∈ Â, (29)

pμ � 1 = 0. (30)

It follows that

Ĥ � 1 = Â,

Â � 1 = Â. (31)

In complete analogy, the action � is a map �: H⊗A → A
satisfying the following properties:

f � g = f g, ∀ f, g ∈ A, (32)

pμ � f = [pμ, f ] � 1, ∀ f ∈ A, (33)

pμ � 1 = 0. (34)

Also, it follows that

H � 1 = A,

A � 1 = A. (35)

� and � are actions, so they satisfy

( f̂ ĝ) � ĥ = f̂ � (ĝ � ĥ), (36)

( f g) � h = f � (g � h). (37)

4.2 Star product

For a κ-Minkowski space, there exists an isomorphism (as
vector spaces) between Â and A, defined by

f̂ � 1 = f,

f � 1 = f̂ ,
(38)

where f̂ ∈ Â, and also, using the realization for x̂μ (5),
f̂ ∈ H. Similarly, f ∈ A, and also the inverting realization
for x̂μ, f ∈ Ĥ.

Using this identification, the star product � : A⊗A → A
is defined by

f � g ≡ ( f̂ ĝ) � 1 = f̂ � g. (39)

For κ-Minkowski space, the star product is associative:

( f � g) � h = f � (g � h). (40)

The star product defines an algebra A�, which is defined
like A, but with a non-commutative star product instead of
ordinary multiplication. The algebras A� and Â are isomor-
phic as algebras, not only as vector spaces. It follows that

( f � g) � 1 = f̂ ĝ, (41)

Ĥ � 1 = A�,

Â � 1 = A�, (42)

H � 1 = Â,

A � 1 = Â. (43)

It can be shown that

eik·x̂ � 1 = eiK (k)·x , (44)

where Kμ(k) is an invertible function Kμ : Mn → M
n ,

which is calculated in “Appendix A” for linear realizations
of x̂μ. The inverse relation is

eik·x � 1 = eiK
−1(k)·x̂ . (45)

It can also be shown that there is a function Pμ(k1, k2),
such that
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eik1·x̂ � eik2·x = ei P(k1,k2)·x . (46)

The star product between such exponentials is then given by

eik1·x � eik2·x = eiK
−1(k1)·x̂ � eik2·x = ei P(K−1(k1),k2)·x

≡ eiD(k1,k2)·x . (47)

Note that Kμ(k) = Pμ(k, 0) and Dμ(k1, k2) = Pμ(K−1

(k1), k2). Dμ(k1, k2) describes deformed addition of mo-
menta (k1)μ ⊕ (k2)μ = Dμ(k1, k2) (for more details see
[49]). Calculation of Pμ(k1, k2), Dμ(k1, k2) and Kμ(k) for
linear realizations (described in previous section) is given in
“Appendix A”.

For elements f, g ∈ A, which can be Fourier transformed,

f =
∫

dnk f̃ (k)eik·x , (48)

g =
∫

dnk g̃(k)eik·x , (49)

we find corresponding elements f̂ , ĝ ∈ Â,

f̂ = f � 1 =
∫

dnk f̃ (k)eiK
−1(k)·x̂ , (50)

ĝ = g � 1 =
∫

dnk g̃(k)eiK
−1(k)·x̂ . (51)

Then the star product f � g can be written in the following
way:

f � g= f̂ ĝ � 1=
∫

dnk1dnk2 f̃ (k1)g̃(k2)e
iD(k1,k2)·x . (52)

4.3 Coproduct of momenta

The undeformed coproduct �0 : T → T ⊗T for momentum
pμ is

�0 pμ = pμ ⊗ 1 + 1 ⊗ pμ. (53)

The deformed coproduct for the momenta � : T → T ⊗ T
is [50–52]

�pμ = Dμ(p ⊗ 1, 1 ⊗ p). (54)

Using the results from “Appendix A”, we have

�pμ = pμ ⊗ 1 + �−1
αμ ⊗ pα, (55)

where

�μν = (eK)μν, (56)

Kμν = −Kμαν(K
−1)α(p), (57)

and

��μν = �μα ⊗ �α
ν, (58)

�(�−1)μν = (�−1)αν ⊗ (�−1)μ
α
. (59)

We also have

pμ f̂ = (pμ � f̂ ) + (�−1
αμ � f̂ )pα, (60)

�μν f̂ = (�μα � f̂ )�α
ν, (61)

(�−1)μν f̂ = ((�−1)αν � f̂ )(�−1)μ
α
. (62)

For example if f̂ = x̂λ we have

[�μν, x̂λ] = i Kμλ
α�αν, (63)

[�−1
μν , x̂λ] = −i�−1

μαK
α

λν. (64)

In order to specify �pμ, we have to express K−1
μ (p) ≡

pWμ in terms of momenta pμ (see “Appendix A”). The

momentum pμ acts on eik·x and eik·x̂ with � and �, respec-
tively, in the following way:

pμ � eik·x = kμe
ik·x , pμ � eik·x̂ = Kμ(k)eik·x̂ , (65)

and the momentum pWμ acts as

pWμ � eik·x̂ = kμe
ik·x̂ , pWμ � eik·x = K−1

μ (k)eik·x . (66)

It is useful to introduce the shift operator Z , with the prop-
erties

[Z , x̂μ] = iaμZ , (67)

Z = e−a·pW . (68)

Explicitly, for C1, C2, C3, and C4, the coproducts of the
momenta are

• Case C1:

�pμ = pμ ⊗ 1 + Z ⊗ pμ + aμ

a2 (Z1−c − Z) ⊗ a · p,
(69)

�−1
μν =

[
ημν + aμaν

a2 (Z−c − 1)
]
Z , (70)

�μν =
[
ημν + aμaν

a2 (Zc − 1)
]
Z−1, (71)

pWμ =
[
pμ − aμ

a2 (Z − 1 + a · p)
] ln Z

Z − 1
, (72)

Z = [1 − (1 − c)a · p]
1

1−c . (73)

• Case C2:

�pμ = pμ ⊗ 1 +
(

Zc − c

1 + c

)

⊗ pμ

+
(

c
aμ

a2 + (c − 1)
pWμ
ln Z

)
Z−1 − Zc

1 + c
⊗ a · p,

(74)

�−1
μν = ημν

(

Zc − c

1 + c

)

+aμ

(

c
aν

a2 + (c − 1)
pWν
ln Z

)
Z−1 − Zc

1 + c
, (75)

�μν = ημν

(

Z−c − c

1 + c

)
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+ aμ

(

c
aν

a2 + (c − 1)
pWν
ln Z

)
Z − Z−c

1 + c
, (76)

pWμ =
[
pμ − aμ

a2 (1 − Z−1 + a · p)
] ln Z

1 − Z−1 (77)

Z = [1 − (c − 1)a · p]
1

c−1 . (78)

• Case C3:

�pμ = pμ ⊗ 1 + Z ⊗ pμ + aμ

(

(1 + c)
pWα
ln Z

− c
aα

a2

)

×(Z − 1)Z ⊗ pα, (79)

�−1
μν =

[

ημν +
(

(1 + c)
pWμ
ln Z

−c
aμ

a2

)

aν(Z−1)

]

Z ,

(80)

�μν =
[

ημν +
(

(1+c)
pWμ
ln Z

−c
aμ

a2

)

aν(Z
−1−1)

]

Z−1,

(81)

pWμ =
[
pμ − aμ

a2 (Z − 1 + a · p)
] ln Z

Z − 1
, (82)

Z = [
c+(1−c)

(
(1−a · p)2 − a2 p2)]

1
2(1−c) . (83)

• Case C4:

�pμ = pμ ⊗ 1 + 1 ⊗ pμ + pμ ⊗ a · p
− aμ pαZ ⊗ pα − aμ

2
p2Z ⊗ a · p, (84)

�−1
μν = ημν + aμ pν −

(
pμ + aμ

2
p2

)
aν Z , (85)

�μν = ημν + pμaν − aμ

(
pν + aν

2
p2

)
Z , (86)

pWμ =
(
pμ + aμ

2
p2

) ln Z

1 − Z−1 , (87)

Z = 1

1 + a · p . (88)

4.4 Relation between star product, twist operator, and
coproduct

The star product is related to the twist operator F−1 in the
following way:

f � g = m[F−1(� ⊗ �)( f ⊗ g)], (89)

where f, g ∈ A. Furthermore,

f̂ = m[F−1(� ⊗ 1)( f ⊗ 1)], f ∈ A, (90)

where f̂ ∈ Â is expressed in terms of x, p ∈ H.
Using the above expressions for the star product, Eqs. (52)

and (89), the twist operator can be written as [49,53,54]

F−1 =: exp[i(t xα ⊗ 1 + (1 − t) ⊗ xα)(� − �0)p
α], (91)

where t ∈ R, generally defined up to the right ideal I0 ⊂
H ⊗ H defined by

m (I0(� ⊗ �)(A ⊗ A)) = 0. (92)

5 Drinfeld twists

Starting with Eq. (91) for the twist operator, we derive the
Drinfeld twists [16–21] in “Appendix B”. We have

F = exp(Kβα ⊗ Lαβ) = exp(−i pWα ⊗ lα), (93)

where pWμ is given in Sect. 4.3 after Eq. (64) and in “Appendix
A”, and we have lμ = −i KβμαLαβ , where Kβμα satisfies (8)
and (9), with solutions Eq. (17); lμ generate the κ-Minkowski
algebra

[lμ, lν] = i(aμlν − aνlμ), (94)

and Lμν generate the gl(n) algebra; see Eq. (21).
The classical r-matrix rcl , related to the twist (93) is

rcl = pα ∧ lα = pα ⊗ lα − lα ⊗ pα. (95)

For C1, C2, C3, and C4, the twists are

FC1 = exp
{
−

(
ηαβ − c

aαaβ

a2

)
ln Z ⊗ Lαβ

}

= exp
{
− ln Z ⊗

(
D − c

aαaβ

a2 Lαβ
)}

, (96)

FC2 = exp
{
−

[
c
(
ηαβ − aαaβ

a2

)
ln Z

+ (1 − c)aβ p
W
α

]
⊗ Lαβ

}
, (97)

FC3 = exp
{
−

[(
ηαβ − c

aαaβ

a2

)
ln Z

− (1 + c)aα p
W
β

]
⊗ Lαβ

}
, (98)

FC4 = exp
{(

aα p
W
β − aβ p

W
α

)
⊗ Lαβ

}

= exp
{
aα p

W
β ⊗ Mαβ

}
, a2 = 0. (99)

Note that only for the case C4 (a2 = 0), the correspond-
ing twist operator can be expressed in terms of the Poincaré
generators only [30,31,55].

Starting from the twist operator, the realization can be
obtained using

x̂μ = m[F−1(� ⊗ 1)(xμ ⊗ 1)] = xμ − i KβμαL
αβ. (100)

Using the twists (96)–(99) yields the realizations C1, C2, C3,
and C4, respectively, which satisfy the κ-Minkowski algebra.
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5.1 Undeformed igl(n) Hopf algebra

The coproducts �0 : igl(n) → igl(n)⊗igl(n) in undeformed
igl(n) Hopf algebra are

�0 pμ = pμ ⊗ 1 + 1 ⊗ pμ, (101)

�0Lμν = Lμν ⊗ 1 + 1 ⊗ Lμν, (102)

the counit ε : igl(n) → C is

ε(pμ) = ε(pWμ ) = ε(Lμν) = 0, ε(1) = 1, (103)

and the antipode S0 : igl(n) → igl(n) is

S0(pμ) = −pμ, S0(Lμν) = −Lμν. (104)

5.2 Normalization condition

Now we show that these twists satisfy the normalization con-
dition and the cocycle condition, i.e. that they are Drinfeld
twists.

The normalization condition

m(ε ⊗ 1)F = 1 = m(1 ⊗ ε)F (105)

follows trivially, since the twist is of the formF = e f , where
f = −i pWα ⊗ lα , therefore,

(ε ⊗ 1) f = (1 ⊗ ε) f = 0, (106)

and from this follows

(ε ⊗ 1)F = (ε ⊗ 1)e f = 1 ⊗ 1, (107)

(1 ⊗ ε)F = (1 ⊗ ε)e f = 1 ⊗ 1. (108)

5.3 Cocycle condition

The cocycle condition is

(F ⊗ 1)(�0 ⊗ 1)F = (1 ⊗ F)(1 ⊗ �0)F . (109)

We shall prove it using the factorization properties of the
twist F ,

(� ⊗ 1)F = F23F13, (110)

(1 ⊗ �0)F = F13F12, (111)

where

F12 = eKβα⊗Lαβ⊗1, (112)

F13 = eKβα⊗1⊗Lαβ

, (113)

F23 = e1⊗Kβα⊗Lαβ

. (114)

The first factorization property (110) can be proven to hold
in the following way:

F23F13 = e1⊗(−i pWα )⊗lαe−i pWα ⊗1⊗lα

= (eip
W
α ⊗1⊗lαe1⊗i pWα ⊗lα )−1

= e−iDW
α (pW⊗1,1⊗pW )⊗lα . (115)

This holds because lμ generates the same algebra as x̂μ and

eik1·x̂ eik2·x̂ = eiD
W (k1,k2)·x̂ . (116)

Furthermore, sinceDW
μ (pW ⊗1, 1⊗ pW ) = �pWμ , it follows

that

F23F13 = e−i�pWα ⊗lα = (� ⊗ 1)e−i pWα ⊗lα = (� ⊗ 1)F .

(117)

The second factorization property (111) for our twist fol-
lows trivially:

(1 ⊗ �0)F = (1 ⊗ �0)e
Kβα⊗Lαβ

= eKβα⊗(�0Lαβ)

= eKβα⊗1⊗Lαβ eKβα⊗Lαβ⊗1

= F13F12. (118)

To see that the cocycle condition follows from the fac-
torization properties, the first property, Eq. (110), should be
multiplied by F12 from the right and second one, Eq. (111),
by F23 from the left:

[(� ⊗ 1)F](F ⊗ 1) = F23F13F12, (119)

(1 ⊗ F)(1 ⊗ �0)F = F23F13F12, (120)

which implies

[(� ⊗ 1)F](F ⊗ 1) = (1 ⊗ F)(1 ⊗ �0)F . (121)

Since [(� ⊗ 1)F](F ⊗ 1) = (F ⊗ 1)(�0 ⊗ 1)F , this is
the cocycle condition (109).

5.4 R-matrix

R-matrix is defined by [53,56]

R = F̃F−1 = e−ilα⊗pWα eip
W
β ⊗lβ

= 1 ⊗ 1 + rcl + O
(

1

κ2

)

, (122)

where F̃ = τ0Fτ0 is a transposed twist; see Sect. 7. for
details.

Up to the second order we have

lnR = i(pWα ⊗ lα − lα ⊗ pWα ) − 1

2
([pWα , lβ ] ⊗ lα pWβ

− lα pWβ ⊗ [pWα , lβ ]) + O(K 3), (123)

where

[pWμ , lν] = [pWμ , x̂ν − xν] = [pWμ , x̂α](ηαν − ϕ−1
αν (p)).

(124)

The commutator [pWμ , x̂ν] is given in Eq. (A21) and the
inverse matrices ϕ−1

μν are given in (19) and the relation
between pμ and pWμ is given in Eq. (A20).
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Generally, classical matrix rcl = lnR up to the first order
in 1

κ
and the classical rcl matrices can be written in terms of

igl(n) generators as

rcl = pμ ∧ lμ = −i Kβμα p
μ ∧ Lαβ, (125)

where Kβμα are given in (17). Using (125) we find the clas-
sical rcl -matrices for twists (96)–(99):

r (C1)
cl = a · p ∧

[(
1 − c

n

)
D − c

aαaβ

a2 Sαβ
]
, (126)

r (C2)
cl = a · p ∧

[(

c − 1

n

)

D − c
aαaβ

a2 Sαβ

]

− (1 − c)pα ∧ aβ

(

Sαβ + 1

2
Mαβ

)

, (127)

r (C3)
cl = a · p ∧

[(

1 + 1

n

)

D − c
aαaβ

a2 Sαβ

]

+ (1 + c)pα ∧ aβ

(

Sαβ − 1

2
Mαβ

)

, (128)

r (C4)
cl = aαPβ ∧ Mαβ, (129)

where

Sμν = 1

2
(Lμν + Lνμ) − 1

n
Dημν (130)

is the traceless symmetric part of Lμν , D = Lα
α and Mμν =

Lμν −Lνμ. Note that for the case C4, r (C4)
cl in (129) coincides

with the rcl for the light-cone case discussed in [29]. Also
r (C1)
cl = r (C2)

cl for c = 1 and r (C1)
cl = r (C3)

cl for c = −1, which
is consistent with the discussion in Sect. 3.

6 Twisted symmetry algebras

The family of twists (93), applied to an undeformed igl(n)

Hopf algebra (Sect. 5.1) produces the corresponding κ-
deformed igl(n) Hopf algebras. For h ∈ igl(n), the deformed
coproduct �h is related to the undeformed coproduct �0h
via

�h = F�0hF−1. (131)

In the deformed igl(n) Hopf algebra the coproduct � is

�pμ = F�0 pμF−1 = pμ ⊗ 1 + �−1
αμ ⊗ pα, (132)

�Lμν = F�0LμνF−1

= Lμν ⊗ 1 +
(

�−1
βγ

∂�γ
α

∂pμ
pν + �−1

βν �μα

)

⊗ Lαβ,

(133)

��μν = �μα ⊗ �α
ν, (134)

�(�−1)μν = (�−1)αν ⊗ (�−1)μ
α
, (135)

where �μν and �−1
μν are given in Eqs. (71), (70), (75), (74),

(81), (80), (86), and (85) for C1, C2, C3, and C4, respectively.
We point out that generators lμ (see Eq. (7)) close κ-

Minkowski algebra (see Eq. (10)) and [lμ, pν] = i Kαμν pα .
Note that the twists can be expressed in terms of lμ and
pμ. From this it follows that �lμ = F�0lμF−1 (where
�0lμ = lμ ⊗ 1 + 1 ⊗ lμ) is closed in lμ and pμ.

The counit is unchanged:

ε(pμ) = ε(Lμν) = 0, ε(�μν) = ε(�−1
μν ) = ημν, (136)

and the antipode S, obtained from coproduct and counit via
m[(S ⊗ 1)�h] = m[(1 ⊗ S)�h] = ε(h), is given by

S(pμ) = −�−1
αμ p

α, (137)

S(Lμν) = −
(

�β
γ

∂�−1
γα

∂S(pμ)
S(pν) + �βν�

−1
μα

)

Lαβ,

(138)

S(�μν) = �−1
μν , (139)

S(�−1
μν ) = �μν. (140)

The deformed Hopf algebra acting on x̂μ ⊗ 1, i.e. using
g f̂ = m[�g(� ⊗1)( f̂ ⊗ 1)], ∀g ∈ igl(n) and f̂ ∈ Â leads
to

[Lρσ , x̂ν] = ησν x̂ρ + iησνKμραL
αμ

− i Kμνσ L
μ
ρ + i KρναL

α
σ (141)

[pμ, x̂ν] = −i(ημν + Kβνμ p
β), (142)

which also leads to (2).
Let us consider special cases. For the case S1, the twist

operator is

FS1 = exp {− ln(1 − a · p) ⊗ D} (143)

and coproducts and antipodes of pμ, D ≡ Lα
α and Mμν ,

obtained from the twist (143), are

�pμ = pμ ⊗ 1 + Z ⊗ pμ = �0 pμ − a · p ⊗ pμ,

�D = D ⊗ 1 + Z−1 ⊗ D,

�Mμν = �0Mμν + (aμ pν − aν pμ)Z−1 ⊗ D, (144)

S(pμ) = −Z−1 pμ,

S(D) = −ZD = −D + (a · p)D,

S(Mμν) = −Mμν + (aμ pν − aν pμ).

The coproduct and antipode of lμ are

�lμ = lμ ⊗ 1 + Z−1 ⊗ lμ,

S(lμ) = −Zlμ.
(145)

The symmetry of this case is the Poincaré–Weyl symmetry.
The case S1 corresponds to the right covariant realization
x̂μ = xμ − aμ(x · p), see Eq. (20), and is related to [57], but
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with interchanged left and right side in tensor product and
with aμ → −aμ.

For the case S2, the twist operator is

FS2 = exp

{

−aβ pα

ln(1 + a · p)
a · p ⊗ Lαβ

}

(146)

and the coproducts and antipodes of pμ and Lμν are

�pμ = �0 pμ + pμ ⊗ a · p = pμ ⊗ Z−1 + 1 ⊗ pμ,

�Lμν = �0Lμν − aμ p
αZ ⊗ Lαν,

S(pμ) = −Zpμ,

S(Lμν) = −Lμν − aμ p
αLαν.

(147)

The coproduct and antipode of lμ are

�lμ = �0lμ + aμ pαZ ⊗ lα,

S(lμ) = −lμ − aμ(p · l). (148)

The caseS2 corresponds to the left covariant realization x̂μ =
xμ [1 + (a · p)]; see Eq. (20).

For the case S3, the twist operator is

FS3 = exp{− ln Z ⊗ D + aα p
W
β ⊗ Lαβ}, (149)

where

pWμ =
(

pμ + aμ p2

Z + 1 − a · p
)

ln Z

Z − 1
(150)

and

Z =
√

(1 − a · p)2 − a2 p2, (151)

and the coproduct and antipode of pμ are

�pμ = pμ ⊗ 1 +
[

ημα + aμ

(

pα − aα p2

Z − 1 + a · p
)]

×Z ⊗ pα,

S(pμ) = −
(

pμ + aμ p
2 Z − 1

Z − 1 + a · p
)

Z . (152)

Similarly one finds �Lμν and S(Lμν) using Eqs. (133) and
(138), respectively. The coproduct and antipode of lμ are

�lμ = lμ ⊗ 1 + Z ⊗ lμ +
[
Z − 1

ln Z
aμ p

W
α + aα pμ

Z2

]

⊗ lα,

S(lμ) = −Z−1lμ + 1 − Z−1

ln Z
aμ(pW · l)

+
(

pμ + aμ p
2 Z − 1

Z − 1 + a · p
)

Z3(a · l). (153)

The case S3 corresponds to x̂μ = xμ −aμ(x · p)− (a · x)pμ;
see Eq. (20).

For the case C4, i.e. for the light-like κ deformation of
Poincaré–Hopf algebra, the twist operator is

FC4 = exp

{

aα pβ

ln(1 + a · p)
a · p ⊗ Mαβ

}

(154)

and the coproducts and antipodes of pμ and Mμν , obtained
from the twist (154), are

�pμ = �0 pμ +
[

pμa
α − aμ

(

pα + 1

2
aα p2

)

Z

]

⊗ pα,

�Mμν = �0Mμν + (δα
μaν − δα

ν aμ)

(

pβ + 1

2
aβ p2

)

Z ⊗ Mαβ,

S(pμ) =
[

−pμ − aμ

(

pα + 1

2
aα p

2
)

pα

]

Z ,

S(Mμν) = −Mμν + (−aμδβ
ν + aνδ

β
μ)

(

pα + 1

2
aα p2

)

Mαβ .

(155)

The coproduct and antipode of lμ are

�lμ = �0lμ + aμ pα ⊗ lα,

S(lμ) = −lμ + aμZ(p · l). (156)

The case C4 corresponds to the natural realization x̂μ =
xμ [1 + (a · p)] − (a · x)pμ; see Eq. (18). It is the only
solution compatible with the κ-Poincaré–Hopf algebra [29–
31,48,58].

7 Transposed Drinfeld twists and left–right dual
κ-Minkowski algebra

The transposed twist is F̃ = τ0Fτ0, where τ0 : H ⊗ H →
H⊗H is a linear map such that τ0(A⊗B) = B⊗ A ∀A, B ∈
H. It is obtained from F by interchanging left and right side
of the tensor product, and it is also a Drinfeld twist satisfying
the normalization and cocycle condition. It is obtained from
(91) by taking t = 1 and using the transposed coproduct
�̃pμ = τ0�pμτ0 instead of �pμ.

From the transposed Drinfeld twist, a set of left–right dual
generators of κ-Minkowski spacetime can be obtained:

ŷμ = m[F̃−1(� ⊗ 1)(xμ ⊗ 1)] = xα�−1
μα, (157)

where �−1
μν for C1, C2, C3, and C4 are given in (70), (75), (80),

and (85), respectively. For example, for cases S1, S2, S3, and
C4, the generators ŷμ and x̂μ are

S1 : ŷμ = xμ(1 − a · p), x̂μ = xμ − aμ(x · p), (158)

S2 : ŷμ = xμ − (a · x)pμ, x̂μ = xμ(1 + a · p), (159)

S3 : ŷμ =
[

xμ + aμ

(

x · p − (a · x)p2

Z + 1 − a · p
)]

Z ,

x̂μ = xμ − (a · x)p − aμ(x · p), (160)

C4 : ŷμ = xμ + (a · x)pμ − aμ

(
x · p + a · x

2
p2

)
Z ,

x̂μ = xμ − (a · x)pμ − xμ(a · p), a2 = 0.

(161)
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The generators ŷμ satisfy the κ-Minkowski algebra but with
−aμ instead of aμ [48]:

[ŷμ, ŷν] = −i(aμ ŷν − aν ŷμ). (162)

The generators of κ-Minkowski space x̂μ commute with their
duals ŷμ [48]:

[x̂μ, ŷν] = 0. (163)

Generally, the dual basis ŷμ is related to the basis x̂μ via

ŷμ = x̂α(e−C)μα, (164)

where Cμν = −Cμαν(pW )α , where Cμαν are structure con-
stants (see “Appendix A” in [55]). From this relation, and
Eqs. (5) and (157) for x̂μ and ŷμ, respectively, it follows that

�−1
μν = (e−K)μν = (e−C)μαϕν

α. (165)

7.1 κ-Minkowski algebra from transposed twists with
aμ → −aμ

Starting with the family of twists (93), we define the related

Drinfeld twists F̃
∣
∣
∣
aμ→−aμ

. They lead to nonlinear realiza-

tions of x̂μ, satisfying (2):

x̂μ = m

[

F̃−1
∣
∣
∣
aμ→−aμ

(� ⊗ 1)(xμ ⊗ 1)

]

= xα �−1
μα

∣
∣
∣
aμ→−aμ

. (166)

Then the corresponding dual generators ŷμ are given by

ŷμ = xμ + i KβμαL
αβ = xμ − lμ. (167)

Compared to the case with the transposed twists F̃ in
the beginning of this section, here the roles of x̂μ and ŷμ
are interchanged, with aμ → −aμ. With this new family of
twists, x̂μ are nonlinear realizations of κ-Minkowski space,
while ŷμ are linear realizations of dual κ-Minkowski space.

If we apply twists F̃
∣
∣
∣
aμ→−aμ

to the undeformed coprod-

ucts �0h, we get coproducts �̃|aμ→−aμh, i.e. the left and
right sides in coproducts �h are interchanged and aμ is
replaced by −aμ.

We point out that solution C4, and its transposed case,
are of special interest because they lead to a light-like κ-
Poincaré–Hopf algebra. They are related to the result by
Borowiec and Pachoł [29] (a comparison is given in Sect.
8.2).

8 Nonlinear realizations of κ-Minkowski space and
related Drinfeld twists

We shall also present a few families of nonlinear realiza-
tions and the corresponding Drinfeld twist operators that have
occurred in the literature so far.

8.1 Time-like deformations

The realizations we are considering are [41,49]:

x̂i = xiϕ(A), (168)

x̂0 = x0ψ(A) − a0xk p
kγ (A), (169)

where A = −a · p and functions ϕ(A), ψ(A) are such that
ϕ(0) = ψ(0) = 1 and related to γ (A) by

γ (A) = ψ(A)

ϕ(A)

dϕ(A)

d A
+ 1. (170)

Generically, the symmetry algebra is κ-deformed igl(n) Hopf
algebra. We will present two cases.

(i) The first case is ψ(A) = 1, with arbitrary ϕ(A) and
γ (A) = ϕ′(A)

ϕ(A)
+ 1; see Eq. (170). The coproducts of the

momenta are

�p0 = �0 p0 = p0 ⊗ 1 + 1 ⊗ p0, (171)

�pi = ϕ(A ⊗ 1 + 1 ⊗ A)

(
pi

ϕ(A)
⊗ 1 + eA ⊗ pi

ϕ(A)

)

.

(172)

The twist operator is Abelian [54]

Fϕ = exp

{

(N ⊗ 1) ln
ϕ(A ⊗ 1 + 1 ⊗ A)

ϕ(A ⊗ 1)

+(1 ⊗ N )

(

A ⊗ 1 + ln
ϕ(A ⊗ 1 + 1 ⊗ A)

ϕ(1 ⊗ A)

)}

,

(173)

where N = i xi pi and [N , A] = 0. Since this twist is
Abelian, it automatically satisfies the cocycle condition,
and therefore it is a Drinfeld twist. A special case is pre-
sented in [59–61].

(ii) In the second case, leading to Jordanian twists, given by
Borowiec and Pachoł [62], ψ(A) is a linear function, i.e.
ψ(A) = 1 + r A, where r ∈ R, and γ (A) = 0, which
leads to

ϕ = ψ− 1
r = (1 + r A)−

1
r . (174)

The coproducts of the momenta are

�p0 = p0 ⊗ ϕ(A) + 1 ⊗ p0, (175)
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�pi = pi ⊗ ψ(A) + 1 ⊗ pi . (176)

The family of corresponding twist operators is

Fr = exp

{(

−L0
0 + 1

r
Lk

k

)

⊗ ln ϕ(A)

}

. (177)

The special Jordanian twist was studied by Bu et al. [57] and
corresponds to S1, but with interchanged left and right side
of the tensor product, and with a0 → −a0 and c = r + 1,
i.e.

Fr = F̃S1

∣
∣
∣
a0→−a0, c=r+1

. (178)

8.2 Light-cone deformation

In the light-cone basis, the κ-Poincaré algebra was studied
in [28,29]; the corresponding twist is an extended Jordanian
twist, written in terms of two exponential factors. It is iden-
tical to the transposed twist of FC4 with aμ → −aμ, i.e.

F̃C4

∣
∣
∣
aμ→−aμ

.

The extended Jordanian twist corresponding to a light-
cone deformation is

FLC = e−iM+−⊗ln �+e− i
κ
M+a⊗Pa�−1+ , (179)

where [Pμ, x̂μ] = −iημν [1 + (a · P)]+iaμPν , see Eq. (18),
and

�+ = 1 + 1

κ
P+ = 1 − a · P,

a0 = a1 = 1√
2κ

, a j = 0 for j > 1,

P± = P0 ± P1√
2

,

M+− = iM01, M± j = i√
2
(M0 j ± M1 j ), j > 1.

(180)

If we define

A ≡ −iM+− ⊗ ln �+,

B ≡ − i
κ
M+a ⊗ Pa�−1+ ,

(181)

then [A,B] = αB, where

α ≡ 1 ⊗ ln �+ (182)

and A, B, and α generate the algebra (C1), given in
“Appendix C”. Using the result (C2) from “Appendix C”,
it follows that FLC , written as one exponential function, is
given by

FLC = exp

{

−iM+− ⊗ (�+ − 1) ln �+
�+ − 1

− i

κ
M+a ⊗ Pa ln �+

�+ − 1

}

. (183)

Using our notation, this result is

FLC = exp

{

Mαβ ⊗ aαPβ ln(1 − a · P)

a · P
}

, (184)

which thus proves the relation

FLC = F̃C4

∣
∣
∣
aμ→−aμ

. (185)

The twist FLC leads to the nonlinear realization (157) and
the corresponding coproduct is a transposed coproduct with
aμ → −aμ.

9 Outlook and discussion

A full analysis of all possible linear realizations for κ-
Minkowski space for time-, space-, and light-like deforma-
tions is given. These realizations can be expressed in terms
of the generators of the gl(n) algebra. The coproducts of
the momenta for linear realizations are constructed. We have
presented a method for constructing Drinfeld twist opera-
tors corresponding to each linear realization of κ-Minkowski
space and proved that it satisfies the cocycle and normal-
ization conditions. We have constructed a whole new class
of Drinfeld twists compatible with κ-Minkowski space and
linear realizations, denoted by C1, C2, C3, and C4. The sym-
metries generated by the Drinfeld twists are described by
κ-deformed igl(n)-Hopf algebras, and in the special case
of S1 and C4 we get the Poincaré–Weyl–Hopf algebra and
light-like κ-Poincaré–Hopf algebra, respectively. We fur-
ther illustrate how our method also works for construct-
ing Drinfeld twists for nonlinear realizations and we com-
pared our results to the examples already known in the
literature.

In this paper we were dealing mostly with linear real-
izations and the corresponding Drinfeld twists. However,
for any realization, in general, one can construct a twist
operator that does not have to satisfy the cocycle condi-
tion in the Hopf algebra sense (i.e. it is not a Drinfeld
twist), rather it satisfies the cocycle condition in a more
general sense (up to tensor exchange identities [44–46]),
i.e. in the framework of Hopf algebroids [44–46]. It is cru-
cial to notice that the κ-Minkowski space can be embed-
ded into a Heisenberg algebra which has a natural Hopf
algebroid structure. One can show that the star product
resulting from this generalized twist operator is associa-
tive and that the corresponding symmetry algebra is a cer-
tain deformation of the igl(n)-Hopf algebra. This general
framework is more suitable to address the questions of quan-
tum gravity [63,64] and related new effects in Planck scale
physics.

The problem of finding all possible linear realizations is
closely related to a classification of bicovariant differential
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calculi on κ-Minkowski space [55]. Namely, the requirement
that the differential calculus is bicovariant leads to finding
all possible algebras between NC coordinates and NC one-
forms that are closed (linear) in these NC one-forms. The
corresponding equations for the structure constants (from
the super-Jacobi identities) are exactly the same as Eqs. (8)
and (9). The linear realizations elaborated in this paper are
expressed in terms of the Heisenberg algebra, but one can
extend this to a super-Heisenberg algebra, by introducing
Grassmann coordinates and momenta. This way one can
construct the extended twists [55,65] which have the same
desired properties, but which also give the whole differential
calculi.

With a linear realization it is much easier to understand
and to perform a practical calculation in the NC space. In
[66,67] it is proposed that the NC metric should be a cen-
tral element of the whole differential algebra (generated by
NC coordinates and NC one-forms). This NC metric should
encode some of the main properties of the quantum theory of
gravity. We hope that using the tool of linear realizations one
can perform such calculations for a large class of deforma-
tions, and for all types of bicovariant differential calculi and
predict new contributions to the physics of quantum black
holes and the quantum origin of the cosmological constant
[68,69].

Recently [32], the Drinfeld twist corresponding to C4 was
analyzed and the corresponding scalar field theory was dis-
cussed. We are planing to further analyze the properties of
quantum field theories [70], especially the gauge theories
that arise from this twist, but we are also interested in pursu-
ing further investigations of the physical aspects of the C1,2,3

cases.
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Appendix A: Derivation of coproduct �pμ

Here we present construction of equations for Kμ(k) and
Pμ(k1, k2) and their solutions for linear realizations.

From Eq. (46) we find

e−iλk1·x̂ pμe
iλk1·x̂ � eik2·x = Pμ(λk1, k2)e

ik2·x , (A1)

where (k1)μ, (k2)μ ∈ M
n and pμ ∈ T . Differentiating both

sides by ∂
∂λ

and using x̂μ = xαϕαμ(p) we get the relation
between Pμ(λk1, k2) and the realization ϕμν(P(λk1, k2)):

∂Pμ(λk1, k2)

∂λ
= ϕμα(P(λk1, k2))k

α
1 . (A2)

Note that for λ = 0 the boundary condition is

Pμ(0, k) = kμ. (A3)

The coproduct for momentum pμ is calculated by [50–
52]:

�pμ = Dμ(p ⊗ 1, 1 ⊗ p), (A4)

where the function Dμ(k1, k2) is given by

Dμ(k1, k2) = Pμ(K−1(k1), k2), (A5)

and K−1
μ (k1) is the inverse function of Pμ(k1, 0) = Kμ(k1).

The function ϕμα(p) describes the choice of realization
in the following way:

x̂μ = xαϕαμ(p). (A6)

In the case of linear realizations ϕαμ(p) is

ϕαμ = ηαμ + Kβμα p
β; (A7)

therefore

∂Pμ(λk1, k2)

∂λ
= (k1)μ + K α

βμPα(λk1, k2)k
β
1 . (A8)

This can be solved by expanding P(λk1, k2) in terms of λ,

Pμ(λk1, k2) =
∞∑

n=0

P(n)
μ (k1, k2)λ

n, (A9)

which, comparing the terms with the same power of λ, leads
to

P(1)
μ (k1, k2) = (k1)μ + K α

βμP
(0)
α (k1, k2)k

β
1 , (A10)

P(n+1)
μ (k1, k2) = 1

n + 1
K α

βμP
(n)
α (k1, k2)k

β
1 , for n ≥ 1.

(A11)

The boundary condition (A3) leads to

P(0)
α (k1, k2) = (k2)μ. (A12)

For the sake of brevity, let us define

Kμν(k) ≡ −Kμανk
α. (A13)

Using (A12) and (A13), Eqs. (A10) and (A11) become

P(1)
μ (k1, k2) = (k1)μ − Kαμ(k1)k

α
2 , (A14)

P(n+1)
μ (k1, k2) = − 1

n + 1
Kα

μ(k1)P
(n)
α (k1, k2),

for n ≥ 1. (A15)
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The solution for Pμ(k1, k2) is

Pμ(k1, k2) =
(

η − e−K(k1)

K(k1)

)

αμ

kα
1 +

(
e−K(k1)

)

αμ
kα

2 .

(A16)

The solution for Kμ(k) = Pμ(k, 0) is simply

Kμ(k) =
(

η − e−K(k)

K(k)

)

αμ

kα. (A17)

It is useful to define

kWμ = K−1
μ (k). (A18)

Inserting this definition and the solution (A16) into (A5) we
get

Dμ(k1, k2) = Pμ(kW1 , k2) = (k1)μ +
(
e−K(kW1 )

)

αμ
kα

2 .

(A19)

The momentum pWμ = K−1
μ (p), introduced in Sect. 4.3

(see Eq. (66)), is related to pμ via

pμ =
(

η − e−K

K

)

αμ

(pW )α (A20)

and is given in closed form in (72), (77), (82), and (87) for
the solutions C1, C2, C3, and C4, respectively. The momentum
pWμ corresponds to a Weyl symmetric ordering [40,41,49],

[pWμ , x̂ν] = ημν

a · pW
e−a·pW − 1

+ aν pWμ
a · pW

(

1 + a · pW
e−a·pW − 1

)

. (A21)

For pWμ , it is useful to define

Kμν ≡ Kμν(p
W ) = −Kμαν(p

W )α. (A22)

Using this definition and the solution (A19) with Eq. (A4)
finally leads to the coproduct:

�pμ = pμ ⊗ 1 +
(
e−K

)

αμ
⊗ pα. (A23)

Appendix B: Construction of the twist operator from
the coproduct of momenta

It can be shown that for any Aμν such that [Aμν, Lσρ] = 0
and [Aμν, Aσρ] = 0, the following holds:

: eLβ
α Aα

β := eLβ
α[ln(1+A)]α

β

. (B1)

This identity is a generalization of the result presented in [49]
in Eqs. (A. 16) and (A. 17). See also Sect. 2 in [71].

Twists can be calculated from the known coproducts of
the momenta using Eq. (91). We would like to write the twist
in the following form:

F = e f , (B2)

where

f =
∞∑

s=1

fs, (B3)

and fs ∈ U [igl(n)] ⊗ U [igl(n)] is the contribution to f in
sth order of 1

κ
.

Inserting (55) into (91), for t = 0 we get

F−1 =: exp
{
(�−1 − 1)βα ⊗ Lα

β

}
: . (B4)

From Eq. (B1) it follows

F−1 = exp
{
(ln �−1)βα ⊗ Lα

β

}
. (B5)

Since �μν = (
eK

)

μν
, we find the twist:

F = exp
(
Kβα ⊗ Lαβ

)
. (B6)

Since Kμν = −Kμαν(pW )α and lμ = −i KβμαLαβ , the
result can also be written as

F = exp(−i pWα ⊗ lα). (B7)

Appendix C: A special case of the BCH formula

Let us consider the algebra generated by A, B, and α:

[A,B] = αB, [A, α] = [B, α] = 0, (C1)

then

eAeB = eA+B{(α), (C2)

where

f (α) = α

1 − e−α
. (C3)

This can be proved by representing A and B with 2 × 2
matrices:

A = α

2

(
1 0
0 −1

)

, B =
(

0 1
0 0

)

. (C4)

These matrices satisfy the algebra (C1). Their exponentials
are

eA =
(
e

α
2 0

0 e− α
2

)

, eB = 1 + B =
(

1 1
0 1

)

, (C5)

leading to

eAeB =
(
e

α
2 e

α
2

0 e− α
2

)

. (C6)
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On the other hand, since

A + B{(α) =
(

α
2 f (α)

0 −α
2

)

, (C7)

it follows that

eA+B{(α) =
(
e

α
2

f (α)
α

(e
α
2 − e− α

2 )

0 e− α
2

)

. (C8)

Comparing (C6) and (C8) gives f (α) in (C3).
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