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Abstract We calculate the finite vacuum energy density of
the scalar and electromagnetic fields inside a Casimir appa-
ratus made up of two conducting parallel plates in a general
weak gravitational field. The metric of the weak gravitational
field has a small deviation from flat spacetime inside the appa-
ratus, and we find it by expanding the metric in terms of small
parameters of the weak background. We show that the metric
found can be transformed via a gauge transformation to the
Fermi metric. We solve the Klein—Gordon equation exactly
and find mode frequencies in Fermi spacetime. Using the
fact that the electromagnetic field can be represented by two
scalar fields in the Fermi spacetime, we find general formu-
las for the energy density and mode frequencies of the elec-
tromagnetic field. Some well-known weak backgrounds are
examined and consistency of the results with the literature is
shown.

1 Introduction

The quantum vacuum is a fundamental concept in theoretical
physics and its properties have been widely investigated in
the literature of quantum gravity and string theory. The the-
ory of quantum fields in curved spacetime, which is believed
to be the low energy limit of the ultimate theory of quantum
gravity, has predicted famous quantum effects in the presence
of gravity. In general, due to the lack of the global symme-
tries in the spacetime manifold, quantum effect considera-
tions in curved spacetime are mainly limited to the analysis
of local quantities such as the vacuum expectation value of
the energy-momentum tensor, i.e. {|7},,(x)|), in some point
x. In fact, the most famous results of the semi-classical theory
of gravity, like the Hawking radiation and the particle produc-
tion in the expanding universe, has been achieved from the
analysis of (|7,,|) in the related curved backgrounds. The
most famous vacuum state effect is the Casimir effect. An
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important aspect in the research as regards the Casimir effect
in curved spacetime is that the characteristics of the vacuum
state are apparently dependent to the geometry of the back-
ground spacetime. We are also motivated to see explicitly
such a dependency in this paper. Furthermore, computation
of the energy, i.e. (| Too|), has also been done for large number
of problems in various spacetimes and in some cases [1,2]
has helped us to confirm the validity of the principle of cor-
respondence in the context of the Casimir effect. Finding the
total gravitational force on a set of two conducting Casimir
plates [1,2] is a typical example. So, due to the importance
of the stress-energy tensor, we will consider the (|7,,|) for
the plates in a general weak background.

The Casimir effect arises when there is a boundary in our
problem and it predicts a force between two uncharged con-
ducting metals in the presence of a quantum field. The effect
has been measured to great accuracy [3,4]. We use the zero-
point energy approach here, although it is possible to find
the Casimir force and energy without any reference to the
zero-point energy [5]. We may also have the Casimir effect
without having a boundary at all. In fact, some non-trivial
topologies in curved spacetime do the same job as a bound-
ary does [6,7]. The Casimir energy in curved spacetime has
also been analyzed by many authors ([1,2,6,8-25] and ref-
erences therein). Recently, a Casimir apparatus consisting of
two ideal conducting parallel plates in the weak field limit of
the Kerr and the Horava—Lifshitz spacetimes has been stud-
ied in [8-11]. A purpose of this paper is to generalize the
above analysis for a scalar field finding an exact solution of
the Klein—Gordon equation in a general weak gravitational
field. Also we extend the method for the case that an electro-
magnetic field is present inside the plates.

The organization of the paper is as follows. In Sect. 2 using
the fact that the apparatus is composed of tiny pales, we will
find the small deviations of the metric from flat spacetime
inside the apparatus. In fact, we will expand the metric up to
first order in terms of the parameters of the general weak grav-
itational field. In Sect. 3 the Klein—Gordon equation will be
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Source Of Gravity

0<z<l«1

Fig. 1 The Casimir apparatus far from the center of the source of a weak gravitational field. The z axis coincides with the r axis in the equatorial
plane and the plates are separated by a small coordinate distance / << 1. The boundaries are at z =0,z =/

solved exactly inside the apparatus using the metric obtained
in the previous section. In Sect. 4 mode frequencies inside
the apparatus will be obtained under the influence of both
Dirichlet and Neumann boundary conditions for the scalar
field. A generalization to the case where the electromagnetic
field is present will be done using an interesting property of
the Fermi spacetime in Sect. 5. Computation of the energy-
momentum tensor for the scalar field for both Neumann and
Dirichlet boundary conditions is performed in Sect. 6. Also
the electromagnetic energy density is obtained in this sec-
tion. Well-known weak gravitational fields are examined in
Sect. 7. The electromagnetic energy density for the far field
limit of the Kerr spacetime and the Horava—Lifschitz theory
of gravity are of special interest. The final section is devoted
to the conclusion.

2 Transformation of the metric of a weak gravitational
field into the Fermi metric

In the 1 + 3 formalism of general relativity, the stationary
spacetime metric is defined by'

ds? = goo(dx® — A;dxH* — dI?, (1)

— 80i

where A; = 200

and

is the so-called gravitomagnetic potential

di* = y;;dx'dx’

= (—gu' + go"“”“")dxl‘dxf, =123 @
' 800

1 See [26] for more discussions on the gravitomagnetic effects in the
stationary spacetimes. Also see [27,28].
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In the weak field slowly rotating limit (¥ << 1,v << ¢),
the metric (1) is equivalent to

20 2A 20 o
ds® ~ <1+C—2 - >c2d12 — <1 —~ C—2> 8ijdx'dx’.
3)

The explicit form of a general weak gravitational field line
element is as follows (see (19.13) in [29]):

oM 2M? 1
dszz[l——+—+0( )}dtz
r

2 r3

jxk 1 ;
— | 4€ijkS ﬁ-l—O 3 dx'dr
2M | 3M?
1 o
+ gravitational radiation terms that die out as O <7> } dx'dx’.
r

“4)

A comparison between (3) and (4) shows that & = —% is

. . ; ok .
the newtonian potential, A* = €;; S/ ):—3 is the gravitomag-

netic potential, and v/ = dd—xtl. We need to have an isotropic
coordinate representation of the metric in the next sections,
and Egs. (1), (2), and (3) show us the way we can construct an
isotropic coordinate representation of any weak gravitational
field.

Figure 1 shows the apparatus in a weak gravitational field.
Two ideal conducting plates are at a small coordinate distance
[ from each other. Inside the plates, the metric has a small
variation relative to the flat spacetime metric. To find this
variation, we adapt a rectangular coordinate system having
the origin at one of the plates (the one which is closer to the
source and having coordinate distance R from it) and expand
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the metric (4) inside the apparatus in the neighborhood of
the point » = R. The overall size of the apparatus is so small
that we can assume r = R + z:

g;w(r, 0) = Ny + h/w(R +2z,0)

dh,,(r,0)

W?TL:OZ + 0(ez?),
(%)

in which R >> z, hy,, << 1. For the case of a static
spacetime, the components of the metric (5) can be written
in the following form:

=N + h;w(R7 0) +

g =142y + 202+ 0(y2?), (6)

where y < 1, A < 1 are constants and use is made of & =
y+rz4+ 033,y = #, A= %. Concerning the

form of A, the above expansion satisfies W l.=0 < 1
provided that & = m/2, i.e. in the equatorial plane. So (5)
and (6) are also valid for the case of the far field limit of the
Kerr spacetime and we will get back to it in the examples in
Sect. 6.

Motivated by the above discussion, in this paper we ana-

lyze the general case of the spacetime of the form
ds? = (1 4 290 + 2h02)dt> — (1 + 2y; + 2412)[dx>
+dy? +dz?], Q)
in which yg, Ao, y1, A1 < 1.
To solve the Klein—Gordon equation, it is better to recast
the metric (7) in the form of the well-known Fermi metric.
We use the linearized weak field regime of general relativity

and change the variables with the aid of the following gauge
transformation:

Euv = Nuv +h;w’ |h/w| << 1,
R =P = Cuv = Sopes
X P = xHt 4 o,

G=00+rz—2Nt '=@mWo+rE—-2Nt,  (8)

L =—+r2x, =+ r2)x,

¢y =—W1 + 12y, &=+ 12y,
1

= —nz—Mzh F=yz+

2

in which we have assumed 7/ ;= 0 to force the spatial sector
of the metric (7) to be flat. More explicitly we have

t' =1+ yt,

X =x4+ (1 +Ar2)x,
Y =y+ W+ 12y,
7 =z+yiz+ shk

&)

the metric then takes the following form up to first order in
the parameters g, Ao, Y1, A1:

ds? = (1 +2x02)de? — dx2 — dy? — dZ 2. (10)

The gauge transformation, however, changes our primary
problem as follows. In fact according to the last equation
in (8) the boundaries must be transformed from z = 0 and
z = lin the spacetime (7)toz’ =0andz’ =1+ yl+ %)»112
in the spacetime (10). Another change that the gauge trans-
formation brings into the problem is the rescaling of time in
(9) by the factor 14 yp. This corresponds, in turn, to dividing
the mode frequencies w by 1 4y because of the presence of
the factor e ~*! in our solution of the Klein—-Gordon equation
in the next section. So time must be re-inverted after solv-
ing the Klein—Gordon equation when we obtain the mode
frequencies. The net effect of the rescaling of time is that
the final mode frequencies must be multiplied by the factor
1 + yo. We drop the dashes’ on x’, y’, 7/ from now on using
the new boundary conditions instead.

3 Exact solution to the massless Klein—-Gordon equation
in the Fermi metric

The massless Klein—Gordon equation is

ulv/—9g""0,2(x)] =0, g=detgh". (11)

Since the spacetime is spatially flat we assume the following

form for the solution:
O (x) = Ce ek ¥elkyY 7(2), (12)

where C is normalization constant determined through the

commutation relations
(P (x), Dj(x)) = 8;;8(k; —K;). (13)

The scalar product is defined as

(®1, P2) = —i/E<I>1(X)?,L@(X)[—QE(X)]%H“dE,
(14)

in which n, = 9,z and dX spans the space between the
plates. Under the above assumptions Eq. (11) reads

(14222)Z" (@) +AZ () + (@* — (1 + 222)k?) Z(2)=0,

(15)
where’ denotes derivation withrespecttozand k3 = k2 +k§.
Another variable change V (z) = J% yields
(1 +22) V" (@)+30V () +(@? — (1 +20)k3)V (2) = 0.

16)

The appearance of the factor 3 in front of the second term
introduces a significant simplification when we change the
variable to T'(z) = exp(k1z)V (). It recasts (16) into
(1 +222)T"(z) + Br — 2k (1 +222)T'(2)

+ (@ =34k )T (@) = 0. a7
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A simple reparametrization of this last equation via u =
]‘Ti(l + 2Xz) leads to

T 3 T/ o 3 Tu) =0. (18
‘ (u)+<5—u> (”)+<4m_1> () = 0. (18)

This is the well-known Kummer differential equation

uT” () + (B —u)T'(u) — AT (u) =0, (19)
inwhich A = % — %, B = % Kummer’s differential equa-

tion is not suitable fBor next considerations and we transform
it via T(u) = u~ 2e2W(u) to another well-known form,
called Wittaker’s differential equation:

, 1 B-24 142
W'+ |—-+ + W) =0 (20)
4 2u u?
in which in our case u = 251 = J x = 2524 = _4Z)jx~

Equation (20) has two independent sets of solutions M, ,,,
W, ;. and their asymptotic behavior is as follows [30]:

rd+2peiu™ u— oo

MK,M(M) = 3 2D
us u— 0,
e Uk U — 00

Wx,p,(u) = Mu%—ﬂ u— 0. (22)
ion-s)

In general, W, , is the acceptable physical solution which
is finite at infinity. In the problem under consideration we
must choose a linear combination of the two, due to the fact
that both are finite in between the plates. The exact mode
functions are

Delu) = uH[A(@, k)W, 1 @)
+B(@, k)M, 1 ()] TR, (23)

The asymptotic form of (23) for small value of Ay can be
written as follows (see Appendix A):

e (2) = Colw. k1)(g00S(2) ¥sin
8 (/Z \/gdz n ¢0> e—iw[—ikxx_ik}'x’ (24)
0

in which S = ;"—; — k%, goo = 1+ 2xoz. In the next section

we use this asymptotic form to extract the mode frequencies
for both Neumann and Dirichlet boundary conditions on the
plates.

4 Mode frequencies for Neumann and Dirichlet
boundary conditions for the scalar field

We put the approximation [ +/Sdz ~ +/bz + ﬁ[;zz, a =
—2w%10, b = w?—k? into (24). From the Dirichlet boundary

@ Springer

condition ¢, (z = 0) = 0 we have ¢g = 0 and from ¢, (z =
L+l + %Mlz) = 0 we have

Ipl+in?
/ VSdz = nn. (25)
0

After careful expansion of (25), the mode frequencies proved
to satisfy the following relation:

2 1 2
w {1 —Ag l+)/1l+§)»1l

2
= R+[—F—). (26)
[ +wnl+ Q)Lllz

Note that the factor [ 4 1l + %Allz =lp = fé Jgdz =

fé 1+ 2y1 + 2i1zdz is nothing but the proper distance
between the plates and thus we have

_ by
w = wo l-I—)\()Z , 27

in which wg = /kﬁ_ + (%)2, n =0, 1, 2, ... denotes proper
(or the corresponding flat space) mode frequencies in the
local Lorentz frame of an observer comoving with the plates.
As stated in the previous section, the final mode frequencies
will be obtained by multiplication of the factor 1 + y due to
rescaling of time during the gauge transformation (9). So we
have the following final mode frequencies inside the Casimir
apparatus for the spacetime (7):

l
0= <1+yo+)»o§‘"). (28)

Mode frequencies are influenced only by goo component of
the metric from the point of view of a proper observer.

The Neumann boundary condition 9,¢|,—0 = 0 imposed
on (24) gives ¢ = 5:

d¢ 0
E'FO =0 = tan VSdz 4 ¢o ) -0
0

4v/8(200S) 4b
= d Z:O = —_
) O(%0)

0. 29)

Another Neuman boundary condition, d.¢|.—; = 0, leads to

d [
—¢|Z=, =0 = cot (/ ﬁdz) ot
dz 0

4v/S(g00S) 4b
=74 =1 = On — 00,
3= (800S) (o)

(30)

which in turn results in (26) and (27) again.
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5 Generalization of the formalism when the
electromagnetic field is present inside the plates

The electromagnetic field has two physical degrees of free-
dom and it is well known that in the Rindler spacetime the
electromagnetic field can be represented in terms of two
scalar fields satisfying the Klein—Gordon equation separately
[31]. The photon propagator and the energy-momentum ten-
sor of the electromagnetic field in a weak gravitational of the
Fermi spacetime have also been obtained in [15-19]. How-
ever, in [15-19], the computations have been done through a
lengthy and cumbersome method of the Green functions. In
a paper by the author [24], it is shown that the energy den-
sity (i.e. the 00 component of the energy-momentum tensor)
of the electromagnetic field in Fermi spacetime is exactly
the same as the energy density of the two scalar fields men-
tioned in [24]. The method was used without any reference
to the Green function method frequently used in the litera-
ture. Here, we briefly review the relationship between the two
scalar fields and the electromagnetic field in Fermi spacetime.

The spin one vector field in curved spacetime in the Lorenz
gauge satisfies
OA* + RIFAY =0, V,A* =0, n=0,1,2,3. (31
It can be shown that in the Fermi metric, the Ricci tensor sat-
isfies Ry, = O (kz) and the second term of the wave equation
(31) must be ignored. Furthermore, because the metric (10)
is spatially flat, the Lorenz gauge in (31) can be broken into
two independent parts [31]:

VA, =0, a=0,3=(t,2),
ViA; =0, i=12=(,y). (32)
Here
A = 8ijvj¢s Ag = Eabvhl/fv (33)
and

01 0 1+ Az
6ij=<_] 0>’ 6ab:<_]—)\lz 0 ) (34)

We know also that both ¥ and ¢ satisfy the Klein—Gordon
equation separately (see the appendix in [24]). The boundary
condition for the electric field on the platesis E| (z = 0) =
E(z=0)=0andE, (z =1) = E,(z =1) = 0, which
in turn can be recast into boundary conditions on v and ¢
according to Eq. (33). In [24] it has been shown that bound-
ary conditions for the electric and magnetic fields return a
Dirichlet boundary condition on ¢ and a Neumann boundary
condition on . We have shown in the previous section that
both of these conditions will lead to the same frequency shift.
As aresult the mode frequencies in (28) are also valid for the
electromagnetic field.

6 The energy-momentum tensor

This section has three subsections. In the first subsection,
the electromagnetic energy-momentum tensor will be repre-
sented in terms of the energy-momentum of the scalar fields
mentioned in (33). In the other two sections the energy-
momentum tensor of the scalar and vector fields will be cal-
culated.

6.1 The relationship between the energy-momentum tensor
of the scalar and vector fields

The vacuum expectation value of the quantum energy-
momentum tensor is defined as

(OIT010) =Y Tulo, o5, (35)
k

The classical energy-momentum tensors for the scalar and
vector fields are

T = 0.99u¢ = 3840800009,
Tlsetor — T,g,hOSt 4 Tlg)aUge + Tllt\/ll)axwell’
TGt = ¢1[A,AL, — AL A,

1o, 7))
Tlg)auge = _CTMC;V - C;kvc;u - guvgwc;kc;(?,
T}i\i[)axwell _ AngleMJ Frg — FM(’ Fpy.

(36)

As is well known, in the quantum level, the contributions
of ghost and gauge fields in the electromagnetic energy-
momentum tensor cancel each other [15-19] and we are only
concerned with the Maxwell sector of the energy-momentum
tensor. The expansion of Txa"wen in terms of scalar fields
and ¢ shows that (see Appendix B)

TOI\(/)[axwell — _%(E2 + (1 + 2A0Z)B2)7

— e
TMavell — _(E x B, (37)
Til/\./[axwell — %(1 _ 2)\02)(E2 + (1 + ZKOZ)Bz)gij

—(1 —2x02)E:E; — B;Bj,

in which E2 = g;;E'E/, B> = g;;B'B/, gij = —6;;, E; =
Foi, F;j = ¢;jxB*. Using F,,, = A,y — Ay, and (32) we
have

Fry = —iky/1+2020,¢ + wkyo,

Fry = —iky/1 +2120,¢ — wkyp,

= —/1T+2rzk3 ¥,

iky 0.0 + (1 — 202)/T 4 222k, ¥,
= —ikyd.¢ + (1 4+ 202)/1 + 2Azk, ¥,
=k,

=(FTX5FT}’7FTZ)1

= (_Fyzs szs _ny),

s}

2~
Il

(38)

N

W ml = .

@ Springer
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in which we have used the general form of the wave function
(12). Quadratic products of fields E2, B2, E;E;, and B; B,
produce terms like ¥ d,¢*, ¢, ¢¥*, ¢py*, which have no con-
tribution when the expectation value is taken, because of the
fact that ¢ and ¢ are not correlated and belong to indepen-
dent Hilbert spaces. We calculate the 0—0 component of the
energy-momentum tensor for the electromagnetic field:

(0ITg10) = Z/dzm{ (@ + (1 +222)k3) g

+5(1 + 2xz)|az¢|2} , (39)

Z/d%@{ ((0] E210)
+(1+ 2Az)(0|32|0))}
1
:Xw:/cﬁ/@{z((o
+(1 +202) (0| F, + F, + F,|0) )} (40)
- Z/dsz{ki[z{(wz + (14 222)k3) |9

+(1 + 212)[9.01%}
+%{(w2 + (14 222)k3) |y ?

07010y =

|FZ + F2, + F1|0)

+(1 + 2Az)|311ﬂ|2}]}

= K3 [{0ITg|0) + (01T |0)].

After a lengthy but straightforward calculation, the other
components of the energy-momentum tensor in both sides
are related to each other as follows:

(01735 ™<110) = K2 ({0ITpl0) + (0175510},
(Ol 0y = —&3 {(0]T,[0) + (017 10)}
+2(1 = 222)K2{(0ITH10) + (0| Tg510)},
(OITHel0) = —&3 {(0]TH10) + (0]T50))}
+2(1 — 242)K2{(01Tg10) + (0I5 10)),
(O TMaxwellj0) = k2 {(0IT5510) + (01T%10)},
(OI Tl 0y = k3 {(0ITh10) + (0175 10)), (41)
(O Tl 0) = &3 {(0ITgh10) + (01T 510},
(O T Ml |0y = —&3 {(0|T410) + (0IT410)),
(Ol 0) = —&2 {(0]T,[0) + (0]T}510)}
+2(1 = 2A2){{0ITgp|0) + (01T 10)},

(O| Tzl\?/’[axwell |0) —
(O| Tll\élaxwell |0) —

—K3{(0IT5410) + (0IT510}},
—K 2 {(0ITf310) + (0IT510}).

Note that ki can be absorbed into C.

@ Springer

6.2 Energy density for Dirichlet and Neumann scalar fields

This section is devoted to the calculation of the energy density
for the Casimir apparatus via the direct method without any
reference to the traditional Green function method. We use
the approximations

A a
S z ~ - — P
(800S)~ (2+4b>z

/«/Edz ~ bz + Lzz,

4v/b
a=-20", b=aw*—k%, (42)
sin <x/Zz + A;Clﬁz > = sin(v/bz) + J—Z 2cos(v/bz),
cos (\/l_)z + f%f) = cos(vbz) — Wz Zsin(v/b2).

We expand the wave function (24) and find up to first order
inA

2@ = 2o {[1 = (5 + 4) 2] sin(v/b2)
-l chos(@z)} , Dirichlet, @)
Z(z) = Zo {[1 — (5 + £) z] cos(v/b2)

} , Newmann;

Z can be absorbed also in C.

The energy density is defined by ¢ = n“n”(0|T,fU|0)
where n** is the lapse vector normal to the hypersurface
z = constant, i.e. n”* = 9,z = ﬁ(o, 0,0, 1). The mean
energy density thus has the following form:

_ 1!
5= 7/0 n#n* (0TS, |0)dz
2 1 ! 1 2 2 2
=>[d klj 5@+ (14 2200k Z(2)
0
w

dz

1
(1 + 200218 Z()* } ———
+5 1+ 2202)[0: 2 (2)] }(1—1-2)»01)

= Z/dzle(w,kL).

Calculating the factor H (w, k) for both wave functions in
(45) results in
HDiriChlcl(w k)= CZ{l 2F1 + lkZ Fr+ lF_“,}

z (2+/bz) 2vbz) s(2+/bz)
{i_bm‘f (3A‘+2(;7)|:7— bln _Cobgb ]

(44)

Vb
+4”7\/17 Lbsm(Z\/»Z)"'( >C05(2I)]}|a
z . P 5 s(2v/bz
{i_%_()\_’_%})[f_w_cos(gh )i| (45)
+4aﬁ[ ngﬁZ)Hﬁ%z)%@]}\ﬁ,

——

b|: %1n(2f) +(27;7)‘)|:

_ay |:ibsin(2«/5z) " (2% )cos(%/x[ )] + (4 Sb)cos(Z\/EZ)}ﬁs

sin(Z\/Ez) + cos(2+/b2)
4b 8b

§
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HNeuman gy k) = C? {1? F + 3k Fy + A F3 ),
— ]z sin@Vb2) 2 (vbz) | cos@Vbz)
Fl — {E + SHI4\/E _ (3A,+ 2{%)[7 51114\/57 + Ccos xb }
s(2/bz) B
4\/IT[st1n(2«fz)+ (217 z )COSNE :|}|om

z i z 22 zsi z z
= {5 + sz(i/\/zgg) _ (A + 2(17) |:T + ~sm4(f/«;ﬁ~) + cos(;;/ﬁ)i|

(46)
-3 b|:2,,§1ﬂ(2fz)+ (2,, z )f—ﬁﬁ’]}lﬁ
Fy = {b - "”fff) + (& -2 [7 - % - C"“éﬁ”]]
+%|: £sin(2v/bz) + (ﬁ zﬁ%&?“] - (% + &)coﬂ%/&)}\g

Simplification of the terms like cos(2+/bz) and sin(2v/bz)
is possible using the fact that in the boundaries the wave
function (24) must vanish and

/ VSdz = nm— <I>0:>\/_z+

2 —nn—d, (47

4/b

in which z takes one of two boundary values z = 0 and
z=14+yl+ %Allz. Equation (47) results in

a
sin2vbz) = ———72 — @ , COS 2Vbz) ~ 1, 48
( ) W 0 ( ) (48)
and the final result is as follows:
Neuman 2@ _ 22
gNewman (o, 1y = 22 |l [x+4b](/3 a)}.
(49)

Exactly the same H is obtained for the Dirichlet boundary
condition. The constant C was defined in (7) and can be
determined simply,

2 1 ! a .9
c _m{/o {[1—(2)\+E)z:|s1n (Vb2)

-1
+ Ataﬁzzsin(%/l_)z)}dz} , Dirichlet,
I a )
{/O {[1 — QA+ %)zj|cos (Vb2)

2 1
u -1
- —Zzsin(2\/52)}dz} , Neumann. (50)

T 202n)2w
4/b
Just like H, the constant C has the same form for both bound-
ary conditions up to first order in A,

S S L PO M}‘l
¢ _2(2n)2w{2 <2A+2b> 4

The final result for the energy density finally is

- 2 w
g = Xw:/d kl—Z(Zn)z

wo(l + 0 +2102)
2(27)2

(S

=(1 Ao— dk| —— 52
(+p+ oz)ijf L. (52)

in whichgg = )_,, f d*k1 2(3)72)2

spacetime Casimir energy density, &g = — 13 4014 [32].
Up to now, we have shown that for Neumann and Dirichlet
boundary condltlons we have the relation (O|TO |0) =

I4+y+ ko 201 T, 0 r1ac|0) between flat and curved energy
density contents of the Casimir apparatus in the weak space-
time of the metric (7).

is the corresponding flat

0, Fermi

6.3 Energy density for the electromagnetic field

Using the first equation of (41) it is evident that the same
shift in the energy density as obtained in (52) holds for the
electromagnetic field:

(0T exwell|0) = (0], OIO) 07, 0%|0> ’
= {(OITOO f[u[|0> (010, 14,1031
+y0 + )xo ) (53)

=17 4014 B 144014}(1 +r0+40%)
= 720[4(1+VO+)\'0§)'

In the next section we will analyze some well-known weak
gravitational fields and find the parameters yp, y1, Ao, A1 in
each case.

6.4 Notes on the divergences

The problem of the divergences near a perfect generic con-
ductor first studied systematically by Deutsch and Candelas
[33]. They found that the energy-momentum tensor near the
surface behaves like

(O1To0l0) = 5+ 5+ (54)
where c1, cp are constants and € is the distance from the
surface of the ideal boundary. In the case where there is a
conformal invariance in the action, ¢; = 0. The divergence
originates from the unphysical nature of the classical ideal
conductor boundary conditions. It has been shown [33] that
we can remove the infinities of the total energy (and not
the energy-momentum tensor) of the plates using the zeta
function regularization unless we have the case that the zeta
function has poles itself. On the other hand, the cutoff regu-
larization method suggests the removal of the divergences ad
hoc although in this method there still remains a logarithmic
ambiguity [34,35] in the energy density. For the imperfect
conductors (more realistic boundary conditions) we can eas-
ily remove the divergences introducing some suitable cutoff
frequencies although the boundary effect may become quit
large (but they remain finite) [33,36].
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Now the question is: what happens when we go to
curved spacetime? Are the surface divergences of the energy-
momentum tensor ignorable in the semi-classical Einstein’s
equations? The answer is negative according to [33]. In
[34,35], however, the authors found a way to getrid of the sur-
face divergences of the Einstein field equations for the case
the boundary is a parallelepiped. They have used a suitable
cutoff along with the so-called Estrada—Kanwal distribution
theory of asymptotics to regularize/renormalize the infini-
ties and show that the energy-momentum tensor near a plane
boundary, as a source, converges to a consistent theory when
the cutoff is removed. Remarkably, the process of curing the
divergences in curved spacetime has been continued by Mil-
ton et al. [36] where they have shown that most of the energy
between the plates is restored near the surfaces and a part
of it resides exactly on the plates. They finally have shown
that these energies respond to gravity just like any other finite
energy following the newtonian relation F' = ma = —Mg.
This is expected as these large energies are simply a part of
the total energy of the system.

We show here that, in our case, the divergences are not
present in the first order of approximation that we have used
here and they appear only in the higher orders of approx-
imation. To do so, we write down the explicit structure of
possible divergences in the Einstein’s field equations along
the lines depicted in [32]. The one-loop effective action W
for the semi-classical theory of gravity is

1 87 G
Ry — ERng + Aguy = __4(|TMV|>7
W= / N —8Lest. (x)d"x, (55)
. o
Letr.(x) = = lim | dm2GRS(x, %),
2 x—=x' Jp2

in which GE'S' (x, x") is the DeWitt—Schwinger—Feynmann’s
propagator. Using the DeWitt—Schwinger representation of
the action, the asymptotic expansion of L. is as follows:

1 i n—4 00 ‘
(56)

in which p is a length scale to fix the dimensional issues. The
potentially divergent part of the effective action (the first three

terms) [32] reads
1 +1 . m?
— n_
—2 2|V 2

2m’a; + a2:|. (57)

Laiy = —(4n)5{
n

1 2
X| ————4m“ag —
nn —2)

Here m is the mass of the scalar field (m = 0 in our case).
The coefficients ag, a;, ap are

(n—=2)

@ Springer

|
ap(x) =1, a1(x) = 2R, a(x) = 1= Rupys R¥P7°
1 1 1
———R,sR* — —OR + —R?, 58
180 ) (58)

in which Rygys is the Riemann curvature tensor. The total
gravitational lagrangian density can be shown to have the
form (see (6.49) in [32])

L == (A+8nG3> (B+16nGB)
-t Al ]

4
e (T eme])
) iy L= T2V n

%[y+ln’:—j]}.

However, in the massless case, the only non-vanishing poten-
tially ultraviolent term is the one related toap in (52) and A, B
in (52) vanish (see (6.101) in [32]). Our calculation for the
metric (7) shows that a; is of second order of approximation:

(59)

L
@7)°2 (1-2) { n—4

_ _ ror _ 2
Ri212 = Ri313 = — 3052, 4259 = 0(A0):

_ 5 hohi _ 2
Ria14 = 4(1+2y0+2)\0z) T 1y = 0()“02)’

A
—2R2323 = Roapa = R3q34 = _WI—FZMZ) (60)

= 0O(AD),

Rii = Rxn =Ry = 0<A0) Rus = 00),

R ~0@()), OR~00()).

So the total lagrangian density (59) reduces to the standard
bare densityl ﬁ R ¥n conclusion, the potential%y diYergent
term a, vanishes within the first order of approximation.

7 Examples: finding coefficients yy, y1, Ao, A1

In this section a number of spacetimes are investigated and
the parameters appearing in (28), (52), and (53) will be found.
To this end, we will try to find their weak field form according
to (3), (4), and (7).

7.1 Electromagnetic Casimir energy density for the far field
limit of the Kerr spacetime

Recently Bezerra et al. [8] studied the apparatus for the scalar
fields in the weak field limit of the Kerr spacetime in the
equatorial plane. In that work the apparatus co-rotates with
the local angular velocity of the spacetime, i.e. the measure-
ments had been assumed to be done in the point of view of a
zero angular momentum observer (ZAMO). They found the
metric inside the apparatus through some two stage succes-
sive approximation method as follows:
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ds? ~ (1 4 2b®g)dr> — (1 — 2dg)[dx? + dy?
+dz?] Oth order of approximation,

2~ (1 + 2brz)dt? — (1 — 2xz)[dx? + dy? 6D
+dz?] first order of approximation.
Here b = 1 —2aQ, ®9 = —Ff, and 2 = =G a'is

the angular momentum per mass and €2 the local angular
velocity of the Kerr spacetime. The authors set &g = 0 for
the first order of approximations. This does not work because
A is related to ®¢ through y = —R®. Putting one of them
equal to zero forces the other one to vanish also. Evidently,
in the first order of approximations we must keep both @
and y and the metric must be written as follows instead of
(61):

ds? ~ dr? — [dx? 4 dy? + dz?] Oth order of approximation,
ds? & [1 4 2b(Pg + y2)1di* — [1 — 2(Pg + y2)][dx*  (62)
+dy? +dz?] first order of approximation.

Taking the above comment and the metric (62) into account,
we find yg = bdg, Ao = by = —bRDg, y1 = g, A1 =
y = —bR®, and we arrive at the following relations for
the electromagnetic Casimir energy density and the mode
frequencies:

w=w0[1+bq>o+b&],

[1 + by +bV’P] ©

<0| Té\(/)[axwell |O> 720]4
The scalar field Casimir energy density inside the apparatus
which has been sketched in Eq. (32) in [8] must also be
corrected as follows:

w = wy [l—i—bfbo-i-bﬂ], o

(0 Tcatar j0) = L+ by +b132 .

144014 [

The far field limit of the Schwarzschild spacetime is also
covered by setting b = 1

7.2 The Fermi spacetime

The Fermi spacetime is described by the following metric:
ds? = (1 + 2az)dr® — dx? — dy? — dz°. (65)

The importance of this metric is that it is traditionally recog-
nized as the spacetime of a static accelerating observer near
the surface of the source of a constant gravitational field [29].
Comparison of this metric to the general metric in (7) gives
w=0 A=a,y=rzq=0

a)—a)o[l—i—alp:l,
<0| Tol\(/)[dxwell |O>
(0155 10) =

72014 [1 + alp] (66)

i
144014 [1 +° P]

The above energy densities are exactly the results (5.2) in
[15-19], (3.4) in [22], and (5.4) in [21].

7.3 The Hotava-Lifshitz gravity with a cosmological
constant

The Hotava-Lifshitz (HL) gravity [37] is a renormalizable
theory of gravity that is invariant under the Lifshitz scal-
ing transformation x — bx,t — b*t. These transforma-
tions manifestly break the space and time covariance. The
anisotropy between space and time, in turn, may affect the
Casimir effect as well. It is interesting to investigate the vac-
uum characteristics of the theory. Recently, the effect of the
HL theory on the Casimir energy of the apparatus has been
studied in [38]. The authors recommended to set a constraint
on spacetime anisotropies in such a way that the Casimir
energy modifications remain within the experimental bounds.
Recently in [10, 11] the same problem considered in a curved
spacetime in the context of a spherical symmetric solution
of the HL theory. The finite temperature Casimir energy in
spacetime (7) has been analyzed by the author in [39]. The
following weak field limit for the HL theory has been calcu-
lated:

ds? = {1+[2@+@—£}

R  2R*> 20R*
oo M2,
+|: - ZF Y5 + m}z}dt
. M M*  M?
ST R

—}z}(dx2+dy2+dz2) (67)

where M = M + %). This spacetime is the weak field
limit of Park’s spherical symmetric solution to the IR limit
of the HL theory in the presence of a cosmological constant
[11,40]. A may play the same role as the cosmological con-
stant but it is not necessarily a small parameter and w is a
constant frequently used to regulate the UV limit of the HL
theory. Comparison between (67) and the general metric (7)
shows

MO MO+d)  m(+d)
Yo ~ R s AQ Y R2 » Y1~ 7R i
M(1+2)

Another spacetime, which is a solution to the HL theory
without cosmological constant is the Kehagias—Sfetsos (KS)
solution. This spacetime has been discussed in [10] to obtain
the energy density of the apparatus and is as follows:

ds? = frsdr® — fg dp® — p2dQ? (69)
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where fiks = 1 4+ wp?(1 — /(1 + :}—”ﬂ)). o is a radial coor-
dinate and w is the free parameter ofa the HL theory. Putting
A = 0 in the Park solution one recovers the KS solution
and so the coefficients in Eq. (68) are also valid for the KS

solution.

8 Conclusion

We analyzed the energy density of a Casimir apparatus con-
sisting of two nearby conducting parallel plates in a general
weak gravitational field. The metric in Eq. (7) denotes the
deviation of the weak gravitational field from flat spacetime
inside the apparatus. We transformed the metric (7) through a
gauge transformation into the Fermi metric and then solved
the Klein—Gordon equation exactly. The mode frequencies
were found for the scalar field inside the apparatus for both
Neumann and Dirichlet boundary conditions in terms of the
weak gravitational field parameters g, y1, Ao, A1. This result
was shown to be valid also for the electromagnetic field
in Sect. 5. The energy density of the apparatus was found
for both scalar and electromagnetic fields in terms of the
weak field parameters. Some examples of weak gravitational
fields were analyzed in Sect. 7. Specially the electromagnetic
energy density and mode frequencies in the far field limit of
the Kerr spacetime in its equatorial plane were obtained. The
weak field limit of the Horava-Lifshitz gravity with a cos-
mological constant was also investigated and the weak field
parameters were sketched. Consistency of the results with
the literature was checked by considering the Fermi metric.
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Appendix A: Asymptotic form of the wave function

In this section we find an explicit and simple asymptotic
form for the wave function. As is apparent we need to have an
asymptotic expansion with both argument and first parameter
large. The Whittaker functions have such an expansion in
terms of the Airy functions [41]:

x—1

1
WK’M(4KX):24/3\/;KK+1/6 <L>4

00 . 2 00
. 2 An(Q) | Ai'l4i)3¢] By (¢)
Ail(4k)3 E E Al
X { i[( K) ;]”:0 (4/()2" (4’()% — (4K)2n } ( )
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where ¢ is defined as

S0t = o W - Va2 (A2)
and in our case 4k x = kTL goo and so
x:%g00=%(1+2kz), x <1 or

= ;‘)—; — k3 >o. (A3)

If Kk — oo then both the argument and the first parameter go
to infinity. As k¥ o< A~! the second term in the bracket is of

4 . o
order A3 and must be ignored to stay within the first order of
expansion in A. Also the summation in the first term reduces
to only the n = 0 term and Ay (¢) = constant. We have

1
W, (dicx) = 293 S 16 (%) " AI@O3 L. (Ad)

The argument of the above Airy function can be written

fofo ()

= _U(.x),

(4x)3¢

v — 00, (AS)

The Airy function with large argument is as follows (Sect.
9.7 in [30]):

1 23 azy
Ai(—=v) ~ v 4 2 — — D
i(—v) ~v cos(3 v 4> nEZO( )

; 2n
2 3
A2n+1

2n+1
23
§U

As v% = 0(x71), the sin()-part and n > 0 in the cos()-part
must be ignored also. The observation that

cos '(VxX) —vVx —x2 = —/.‘/ ! — Y ax
X
=—i/¢§dx=_i/¢§dz
kJ_ 2K
(A7)

s 2 37 i( 1y
sin| —v2 — — —
3 4 s

(A6)

and

(x{ )‘1‘
X v
x—1

moves the situation forward significantly:

=

§—i (A8)

Wiy o S~icos </ VSdz + ¢o> . 90 = ok, w). (A9)
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The same process can be applied to the other Whittaker func-
tion M, ,,, except that, according to [42], instead of the argu-

ment (4k) 3 ¢ in (A5) we have (4«) 5 exp(j:%”)g' . This differ-
ence changes the above process as follows:

2 2 3 2 3 .
v—>et3u, v > §v26i’”

=
§—>e 3¢, 3

3
2

2 (A10)
= — = .
3

My, o ™4 cos </ VSdz + ¢1> o b1 =91k, w).
(A11)

As aresult the total wave function in (22) when A — 0 reads

¢ (u) = Co(w, kJ_)(gOOS(Z))i%SiH (/ VSdz + ¢2>

—iwt—ikyx—ikyy

xe (A12)

where ¢ = ¢po(w, k1, A, B, ¢o, $1) and A, B came from
(22) and the following relation has been used:

Acos (/ VSdz + ¢0> + Bcos </ VSdz + ¢1>

= Csin (/ VSdz +¢>2>.

Appendix B: Computation of the components of the
energy-momentum tensor

(A13)

In this section we find 7%/, The other components will be
found by similar techniques. We do the computations in the
Fermi spacetime, i.e. goo = 1 + 21z, goi = 0, gij = —3;j.
Greek indices run from 0 to 3 and Latin indices from 1 to 3.
From (36) we have

- 1 .. o
ij A0 0 rJ

T faxwell = é_lglJF Fyg — F'"Fy,. (B1)

The first term has the following form:

F* Fyg = 2F%F,; + FUF;,

FOi Foi — gOOEiE[, (B2)

FiUF; =gMg"F,euB*=---=-2B%

Here we have used ¢;ji&;j; = 20x;. The second term in (B1)
simplifies as follows:

FiOF) = FOF{+ F"F),

FiO  =gE', F{=—E,
Fim — gtlgmkFlk — gllgmk&‘lkan,
Fi, = g% F,, = g%eambB?, (B3)
FimFin = _gilgaj8mab8mlnBbB’1
= —g" g [8418pn — 8andp11BP B"
=...=—¢g""B>+ B'BJ.

Based on (B1)—(B3) we find

T 58" (¢"E*+ B* —¢™E'E/ — B'B/. (B4)

axwell —

After lowering the indices we have finally

1
fTilJ\./[aXWell — Egl‘] (gOOE2 + B2) _ gOOEl E] _ Bi B] (BS)
Now we find Tj;. From (36) we have
1
Tioxwell = 8 F* Fig — FYFY, (B6)

4

in which the first term already has been obtained in (B2).
The second term has also been obtained in (B3), and after
lowering the indices again we have

1
Now we find Ty;. From (36) we have
, 1 . .
Tl\(/)[laxwell = ZgOI F)LQFAQ - FOQFIO
= —FOjFi/ = —gooEjgmiij
= —8008™ emjk E’ B* = —g00g™ (E x B)p,

(B3)
from which, after lowering the indices again, we find
TMavell — (B x B);. (B9)
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