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Abstract We suggest the universe is Finslerian in the stage
of inflation. The Finslerian background spacetime breaks
rotational symmetry and induces parity violation. The pri-
mordial power spectrum is given for the quantum fluctua-
tion of the inflation field. It depends not only on the magni-
tude of the wavenumber but also on the preferred direction.
We derive the gravitational field equations in the perturbed
Finslerian background spacetime, and we obtain a conserved
quantity outside the Hubble horizon. The angular correlation
coefficients are presented in our anisotropic inflation model.
The parity violation feature of Finslerian background space-
time requires that the anisotropic effect only appears in the
angular correlation coefficients if I’ = [ + 1. The numeri-
cal results of the angular correlation coefficients are given
describing the anisotropic effect.

1 Introduction

Cosmic inflation [1-5], as one of basic ideas of modern cos-
mology, plays an essential role for the very early universe.
During the inflation era, the universe undergoes an expo-
nential expansion in a very short time. Such a property of
inflation successfully accounts for the flatness problem and
the horizon problem [6]. Moreover, the vacuum fluctuation
of the inflation field that generates the primordial energy den-
sity perturbation is a seed of cosmic anisotropy. Associated
with the primordial energy density perturbation, the initial
scalar perturbation is predicted to be adiabatic, Gaussian,
and nearly scale invariant. The recent astronomical obser-
vations on the anisotropy of cosmic microwave background
(CMB) [7,8] show that the exact scale invariance of the scalar
perturbation is broken with more than 5 standard deviations.
The observations give stringent limits on the deviation from
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Gaussian statistics [9,10]. These facts support the idea that
the inflation model is a preferred model that generates the
primordial quantum fluctuations. In the standard single-field
inflation model, cosmic inflation can be described by nearly
de Sitter (dS) spacetime. Only six isometries are preserved
in nearly dS spacetime, namely, three spatial translations and
three spatial rotations. The other four isometries of dS space-
time are broken. Especially, the violation of time translation
shows that the primordial power spectrum is not scale invari-
ant. The observations on the CMB anisotropy [7,8] limit the
magnitude of the deviation from scale invariance to &'(1 072).

Recently, the CMB power asymmetry has been reported
[11-18]. It encourages physicists to study the anisotropic
inflation model, which breaks the rotational symmetry of
the nearly dS spacetime. In the usual anisotropic inflation
model [19-29], a primordial vector field aligned in a pre-
ferred direction is involved and the rotational symmetry is
broken. In such an anisotropic inflation model, the comov-
ing curvature perturbation becomes statistically anisotropic
[30—44]. Usually, the background spacetime of anisotropic
inflation model is described by the Bianchi spacetime [45].
The Planck 2013 CMB temperature map gives a limit on the
deviation of Bianchi spacetime from Friedmann—Robertson—
Walker (FRW) spacetime. The upper bound of the rotation
invariance violation during inflation is limited to less than
0(1077) [46-49].

In this paper, we will study anisotropic inflation in which
the background spacetime is taken to be Finslerian. Finsler
geometry [50] is a new geometry, which involves the Rie-
mann geometry as its special case. Chern pointed out that
Finsler geometry is just Riemann geometry without quadratic
restriction, in his Notices of AMS. We choose Finsler geome-
try to investigate anisotropic inflation for three reasons. First,
the flat Finsler spacetime, as the counterpart of Minkowski
spacetime, admits less Killing vectors than Riemann space-
time does [51]. The numbers of independent Killing vec-
tors of an n dimensional non-Riemannian Finsler spacetime
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should be no more than n(n — 1)/2 + 1 [52]. It is expected
that the rotational symmetry is broken in Finsler spacetime.
Second, the gravitational field equation in the modified Fins-
lerian FRW spacetime has been set up [53]. Such a Finsler
spacetime can be used to investigate the cosmological pre-
ferred direction that is implied by the Union2 Snla data
[54,55]. Last but not the least, generally, Finsler spacetime
is non-reversible under a parity flip, x — —x. A typical non-
reversible Finsler spacetime is Randers spacetime [56]. Such
aproperty makes a function in Fourier space ¢ (—k) different
from ¢* (k). Thus, one can expect that the primordial power
spectrum in the Finsler spacetime violates the parity sym-
metry, namely, the power spectrum is not invariant under the
parity flip, k - —k.

The rest of the paper is arranged as follows: In Sect. 2, we
present the anisotropic inflation model in Finsler spacetime.
The background Finsler spacetime breaks the rotational sym-
metry and induces parity violation. We derive the primordial
power spectrum for the quantum fluctuation of inflation field.
In Sect. 3, we derive the gravitational field equations in the
perturbed Finslerian background spacetime, and we obtain a
conserved quantity outside the Hubble horizon. In Sect. 4, we
derive the angular correlation coefficients in our anisotropic
inflation model. We plot the numerical results of the angular
correlation coefficients that describe the anisotropic effect.
Conclusions and remarks are given in Sect. 5.

2 Anisotropic inflation in the Finsler spacetime

Finsler geometry is based on the so-called Finsler structure
F defined on the tangent bundle of a manifold M, with the
property F(x,Ay) = AF(x,y) forall A > 0, where x € M
represents position and y represents velocity. The Finslerian
metric is given as [50]

0 a3 (1 ,
Throughout this paper, the indices are lowered and raised by
guv and its inverse matrix g"".
The Finslerian metric reduces to the Riemannian metric,
if F? is quadratic in y.
In order to describe the anisotropic inflation, we propose
that the background Finsler spacetime is of the form

F=y'y' —d*(OFE,. )
where FRr, is a Randers space [56],
Fra=a+ B =/8;jy'y/ +8;b'y/, 3)

o denotes the Riemannian metric, and 8 denotes the one
form. Here, we require that the vector b' in Fr, is of the
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form b’ = {0, 0, b} and b is a constant. It is obvious that the
background spacetime (2) returns to FRW spacetime when
b = 0. The spatial part of the universe Fr, is a flat Finsler
space, since all types of Finslerian curvature vanish for Fg,.
The Killing equations of the Randers space Fr, are given as
[51,57]

L = 8k; Vk+5‘aVk—0 4)
VO = Okj Ixi ki axi
avz
Lyp=b—=0, (%)
ax!

where Ly is the Lie derivative along the Killing vector V.
Noticing that the vector b’ is parallel to the z-axis, we find
from the Killing equations (4) and (4) that there are four
independent Killing vectors in the Randers space Fr,. Three
of them represent the translation symmetry, and the rest one
represents the rotational symmetry in the x—y plane. It means
that the rotational symmetries in the x—z and the y—z planes
are broken. Also, the spatial part of Finsler spacetime (2) is
non-reversible for z — —z. It means that the party is violated
in the Finsler spacetime (2).

In our anisotropic inflation model, we just consider the
single-field “slow-roll” inflation. The action for this scalar
field is given by

1
S= f d*xy/—g (Eg““amam - V<¢)) : (6)

The quantum fluctuation [58,59] is associated with the first-
order perturbation §¢ (¢, X) of the inflation field ¢. Noticing
that the determinant of the background spacetime (2) is given
by g = —a3F§a/(8,-jy"yj)3/2, we find from the action (6)
that the equation of motion for §¢ is given as

8¢ +3H8¢p —a2579;8;6¢ =0, (7

where the dot denotes the derivative with respect to time,
H = a/a, and g% is the Finslerian metric for the Rander
space FRr,. The Finslerian metric g'/ is a homogeneous func-
tion of degree 0 with respect to the variable y. It means that
the Finslerian metric g/ depends on direction. Such a prop-
erty makes the solution of the equation of motion (7) much
more complicated. In this paper, for simplicity, we take the
direction of y to be parallel with the wave vector Kk in the
momentum space. Therefore, in the momentum space, Eq.
(7) can be simplified as

8¢ +3H8p —a*k25¢ = 0, (8)
where the effective wavenumber &, is given by

k2 = g kik; = k*(1 + bk - 1) )
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Then, following the standard quantization process in the
inflation model [60], we can obtain the primordial power
spectrum from the solution of Eq. (8). It is of the form

k\> .
Psp(K) = Py(k) (k—) ~ Py(1 — 3bk - f,), (10)

e

where ) is an isotropic power spectrum for §¢ which
depends only on the magnitude of wavenumber k. The term
30k - n; in the primordial power spectrum 54 represents
the effect of rotational symmetry breaking.

3 Gravitational field equation in anisotropic inflation

At the end stage of inflation, the background metric pertur-
bation is coupled with the inflation field. Thus the initial
power spectrum differs from “s4. In the standard inflation
model, the comoving curvature perturbation that links the
inflation field with the background metric perturbation is con-
served outside the Hubble horizon. In our anisotropic infla-
tion model, we should find a counterpart of the comoving
curvature perturbation.

We start from investigating the gravitational field equation
for the perturbation of the Finsler structure (2). In this paper,
we just consider the scalar perturbation. For simplicity, the
scalar perturbed Finsler structure is taken to be of the form

Fr= (14201, x))y'y —a* ()1 +20,x)F2,, (1)

where ¥ and @ are scalar perturbations. In Finsler geometry,
there is a geometrical invariant quantity, i.e., the Ricci scalar.
It is of the form [50]

, 1 (. aG* , 3°GH , 32GH
Ric = — -y
F2 " oxn x*IyH dyr oy
G 9G* (12)
ay* aymr )’
where G* is for the geodesic spray coefficients,
1 3*F? IF?
Gl = gt | ——y* — . 13
48 <8x)‘8y”y 3x"> (13)

The Ricci scalar only depends on the Finsler structure F
and is insensitive to the connections. Plugging the perturbed
Finsler structure (11) into the formula of the Ricci scalar (12),
we obtain

F?Ric = —32y'y' + (aii + 24%) F2,
a
+yyt (a—zgl’fw,i,j —3& +3HW — 2q5))
+ytyi (4Hl1/’i — 4@2,,‘) — yiyj (‘I’,,’,j + q),i,j)
+F2, ((2@2 Faid) QP — 2W) + aa (6P — W)
+ﬂzé'—§U¢JJ)
19g
2 dyi
1 ag'
2a2 9y!

where the comma denotes the derivative with respect to the
spatial coordinate x, and H = a/a. In Sect. 2, we have taken
the direction of y' to be parallel with the wave vector k in

(@100 + by +2HY ') R,

(i + " 20w ) ¥y (14)

momentum space. Noticing the relation %,’ yj =0, we find
that the term of Eq. (14) which is proportional to %Lyiij should
vanish in momentum space. In Refs. [53,57], we have proved
that the gravitational field equation in the Finsler spacetime

is of the form
Gl =8nGT}l, (15)

where the modified Einstein tensor in the Finsler spacetime
is defined as

1
GYf =Ric|) — 781's, (16)

and T}}" is the energy-momentum tensor. Here the Ricci tensor
is defined as [61]

9* (3 F?Ric)

Ricus = = gy

7

and the scalar curvature in the Finsler spacetime is given as
S = gM"Ricy,. Plugging the equation for the Ricci scalar
(14) into the gravitational field equation, we obtain the back-
ground equations

3H* =87 GTy). (18)
y _
;a + H?* = —87GT}y, /3. (19)

and the perturbed equations in momentum space,

F 2 kg@ 0
OH® — 6HW + 205 =87 GoTy), (20)
—i QHY —2&) k; = 87 G8T?, (21)
. . AN
2<1>—|—H(6q§—2l1/)—!l/(2H +4;>+a—;(q>+q/)

=81 G8T/ /3, (22)
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—a?kkj (@ + W) =87 GST! (i # ). (23)

where k' = g/ k;. Here, the energy-momentum tensor in the
above field equations is derived by the variation of the action
(6) of inflation field ¢. It is of the form

1
Ty = 0,00v¢ — g <§gaﬁ3a¢aﬁ¢ - V(¢)) s (24)

where T(%)o and T(i())i in Eqgs. (18) and (19) correspond to
zeroth-order part of inflation field, i.e. ¢o(¢), and & T/ in Egs.
(20)—(23) corresponds to first-order part of inflation field,
i.e. ¢ (t,x). Now, we find that the background equations
(18) and (19) are the same as the standard inflation model
that means our universe is exponentially expanding if the
slow-roll condition g[bo <K V(¢o) is satisfied. However, one
should notice that there is difference between standard infla-
tion model and our anisotropic inflation model. During the
expansion, the spatial form of universe is Euclidean in stan-
dard inflation model. In our anisotropic inflation model, the
spatial form of universe is Finslerian. This anisotropic feature
is obvious in the perturbed equations. The perturbed equa-
tions (20)—(23) are the same as the standard inflation model
except for replacing wavenumber k with effective wavenum-
ber k.. k. depends not only on the magnitude of k but also
the preferred direction fi,, which induces rotational symme-
try breaking.

Following the approach of standard inflation model [60],
we find from the field equations (18)—(23) that

o o (%5_‘{’ _ q>) , (25)
bo

where the prime denotes the derivative with respect to con-
formal time n = % and 7 = %, During the stage of
inflation, we are interested in the modes of quantum fluc-
tuations that are outside the Hubble horizon. Therefore, the
terms that are proportional to k% can be ignored. Then,we
find from Eq. (25) that the comoving curvature perturbation
R. = 7 ‘;i? — @ is conserved outside the Hubble horizon.
The comov(ing curvature perturbation R, is the same as that
in the standard inflation model. This is due to the fact that
R, does not depend on the wavenumbers k, such that the
anisotropic effect does not appear explicitly in R.. Thus, we
can use Eq. (10) to get the primordial power spectrum for

R.. It is of the form

Pr.(K) = Pio(k)(1 — 3bk - f,), (26)

where P, is the isotropic power spectrum for R..
Technically, the term obtained in the power spectrum (26)

is a dipole in Fourier space. However, it is shown in Ref. [62]
that, due to the reality condition, the power spectrum P (k) in

@ Springer

Fourier space cannot have odd £ in an harmonic expansion. It
should be noticed that the definition of the Fourier transform
depends on the space metric in high dimensions. In Riemann
space, the Fourier transform is defined as

f(k) = / dxf (x) exp(—i8;jkix)), 27)

where §;; is the Euclidean metric. This expression is well
defined in Riemann space, since at any fixed point one
can erect a local coordinate system such that the metric is
Euclidean. For any real field f(x), one can find from the def-
inition (27) that f(—k) = f*(k). Thus, Ref. [62] concludes
that the power spectrum should satisfy P(k) = P(—k).

However, such a conclusion is not valid in the Finsler
space. In Finsler space, the metric does not have a quadratic
restriction. Thus, the Finsler metric depends on the fiber coor-
dinate y in general. We have taken the direction of y' parallel
with the wave vector k in the momentum space. Therefore,
the Fourier transform in the Finsler space is defined as

f(k) = / dxf (x) exp(—inij (k' x7), (28)

where 7;; is the Finsler metric. The Fourier transform (28)
implies that the wave equation in Finsler spacetime satis-
fies n"*¥(k)k,k, = 0 in vacuum. We have found that the
gravitational wave in vacuum does satisfy this relation [63].
That is why we defined the Fourier transform as (28). In
this paper, we consider the spatial part of Finsler spacetime
to be of the form in Eq. (3). It is obvious that the metric

nij = %% (%Féa) satisfies
nij (—K) # n;j(K) (29)

in momentum space. For the Finsler metric does not have
a quadratic restriction, one cannot erect a local coordinate
system such that Fra(k) = FRra(—Kk). Thus, for any real
field, the relation f(—k) = f*(k) does not hold in Finsler
space. It implies that the power spectrum P (k) in Fourier
space can have odd ¢ in harmonic expansion.

4 Contributions to CMB power spectra
from anisotropic inflation model

The anisotropic term in Eq. (26) could give an off-diagonal
angular correlation for the CMB temperature fluctuation and
E-mode polarization. The general angular correlation coef-
ficients that describe the anisotropic effect are given by
Cxx'.ii.mm [64-06], where X denotes T and E, respec-
tively. In our anisotropic model, by making use of Eq. (26),
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we obtain the CMB correlation coefficients for scalar pertur-
bations as follows:

Ink
Coxx it = f G5 Axaok) A% o0 P (30)

where

Piyrmm = /ngZRL»Y[tnYl’m’

204+1 ,
= PisoOmm’ <311/ —3b,/ ﬁ%foglm(gfo?o)’ €1y

Ax 15 (k) denote the transfer functions and Cgili/m’ are the
Clebsch—Gordan coefficients. Then we find from Eq. (30)
that the CMB correlation coefficients C;r contain diagonal
part which means " = [ and off-diagonal part which means
I" =1+ 1. Here, we have defined Cjyy = Cxx' 1/, mn- The
diagonal part of C;, which gives the contribution of statis-
tical isotropy, equals the CMB correlation coefficients in the
standard cosmological model. The off-diagonal part of Cyy,
which comes from the anisotropic term 3bk- n, describes the
deviation from statistical isotropy. One should notice that the
anisotropic term 30k - n, in our model is not invariant under
parity flip, k — —k. Thus, the anisotropic effect in our model
does not contribute to the diagonal part of Cyp.

The parameter b in the above equation represents the
amplitude of rotational symmetry violation. Currently, Planck
satellite does not give direct observational bounds on CMB
correlation coefficients Cj;41. Recently, Ref. [67] used the
power asymmetry of CMB temperature fluctuations [11,12]
to give a restriction on Cj;41. The ratio of Cj;1 to the power
C; is found to be roughly around 0.02 for / = 2 and decays
for larger / values. The amplitude of power asymmetry of
CMB [11,12] is of the order 10~2. Thus, our consideration
for b ~ 1072 is valid at present. Further investigation for
the dipolar model will make progress if the observational
constraints for Cﬁfl, CﬁfiET and Cﬁfl are given.

Here, by making use of the formula of angular correla-
tion coefficients (30) and the Planck 2013 data [8], we plot
numerical results for the off-diagonal part of C;y via mod-
ifying the Code for Anisotropies in the Microwave Back-
ground (CAMB) [68,69]. The off-diagonal part of C; has
two properties that differ from the diagonal part. One is
that the TE and ET correlation coefficients are different.
The other shows that the off-diagonal part of C;» depends
on m. These properties are obvious in the following fig-
ures. The off-diagonal TT,TE, ET, EE correlation coef-
ficients for m = 0 are shown in Figs.1, 3, 5 and 7, respec-
tively. The off-diagonal TT, TE, ET, EE correlation coef-
ficients for m = [ are shown in Figs. 2, 4, 6 and 8§, respec-
tively. Here, we have used the mean value of cosmologi-
cal parameters [8] to give the above figures. The coeffi-

1,000

D™11,00 [HKY]

T T T T T

10 100 1,000
Multipole |

Fig. 1 The off-diagonal T'T correlation coefficients with m = 0. The
black, red, and green curve correspond to a different Finslerian param-
eter, i.e. b = —0.08, —0.04, —0.02, respectively. The following figures
are given by the same convention

100

D M1 [MK?F]

— b=-0.08
— b=-0.04
b=-0.02

1 T

1,000

10 100
Multipole |

Fig. 2 The off-diagonal T'T correlation coefficients with m = [. It
demonstrates that the off-diagonal correlation coefficients C; depend
onm

DXX/

. ! .
cients DXX  in these figures are defined as DXX
', mm ', mm

JITF DU+ DCxx 17 um /277

The above figures show that the off-diagonal correlation
coefficients for m = 0 have a similar shape to the diagonal
part of angular correlation coefficients. This is due to the
fact that the transfer function A; approximately equals A;4 1
for high /. In other words, they are related to nearly same
physical scales.

5 Conclusions and remarks

In this paper, we have proposed an anisotropic inflation model
in Finsler spacetime. Finsler spacetime (2) breaks the rota-
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D™.11,00 [MKF]

20
15 — b=-0.08
] —— b=-0.04
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10
5
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-10- — . — . ——
10 100 1,000

Multipole |

Fig. 3 The off-diagonal T E correlation coefficients with m = 0
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2

1.5
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o
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10 100 1,000
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Fig. 4 The off-diagonal T E correlation coefficients with m = [

D100 [MKZ]

—_
o

| I
- = |
O] o (0, ]

|
N
o

cov b b b b P by

— b=-0.08
— b=-0.04
— b=-0.02

|
N
wvi

LI T T T T T T ]

10 100 1,000
Multipole |

Fig. 5 The off-diagonal ET correlation coefficients with m = 0
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Fig. 6 The off-diagonal ET correlation coefficients with m = [
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Fig. 7 The off-diagonal E E correlation coefficients with m = 0
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Fig. 8 The off-diagonal E E correlation coefficients with m =1
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tional symmetry and induces parity violation. The primor-
dial power spectrum was obtained for the quantum fluctua-
tion of inflation field (10). The term 3bk - 1, in the primor-
dial power spectrum s represents the effect of rotational
symmetry breaking. The gravitation field equations of the
perturbed Finsler spacetime (11) were presented. We have
taken the direction of y' to be parallel with the wave vector
k in momentum space. Thus, the dynamic feature of Finsler
spacetime vanishes. The perturbed equations (20)—(23) are
the same as in the standard inflation model except for replac-
ing the wavenumber k with an effective wavenumber k.. k,
depends not only on the magnitude of k but also the preferred
direction f,, which represents rotational symmetry breaking.
These field equations guarantee that the comoving curvature
perturbation R, = J# i—‘z — @ is conserved outside the Hub-

ble horizon. The comoving curvature perturbation R, is the
same as in the standard inflation model. This is due to the
fact that R, does not explicitly depends on the wavenumber
k, such that the anisotropic effect does not appear in R.. We
have used the primordial power spectrum of R, (26) to derive
the general angular correlation coefficients Cxx’ 7 jm’ 10
our anisotropic inflation model. The parity violation feature
requires that the anisotropic effect only appears in angular
correlation coefficients with I’ = [ + 1, and does not con-
tribute to the diagonal Cy;, i.e. the power spectrum. It means
that the off-diagonal part of angular correlation coefficients
represents the anisotropic effect. The numerical results for the
off-diagonal correlation coefficients show that they depend
onm,and the TE and ET correlation coefficients are differ-
ent.
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