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Abstract Using the helicity formalism, we calculate the
combined angular distribution function of the two gamma
photons (y and y») and the electron (e ™) in the triple cascade
process pp — D3 — 3Py +y; — (Y +y)+y1 — (e +
et) + y2 + 1, when p and p are arbitrarily polarized. We
also derive six different partially integrated angular distribu-
tion functions which give the angular distributions of one or
two particles in the final state. Our results show that by mea-
suring the two-particle angular distribution of y; and y» and
that of y» and e™, one can determine the relative magnitudes
as well as the relative phases of all the helicity amplitudes in
the two charmonium radiative transitions D3 — 3P, 4+ y;
and 3P, — Y+ .

1 Introduction

The study of charmonium states above the open charm DD
threshold of 3.73 GeV has captured much attention in the the-
oretical and experimental community recently [1-7]. Among
the higher charmonium states, the unobserved 3D3 state is
quite interesting as its decay width is expected to be nar-
row. Although the strong decay of the 3Ds state to DD is
Zweig-allowed, it is suppressed by the F-wave centrifugal
barrier factor. This dominant decay width is predicted to be
less than 1 MeV [8-10] and thus the radiative transition of
3Dy —> y+ 3p, may be observable [3,4]. The measurement
of the angular distributions in the radiative decay of this char-
monium state can provide valuable information on the true
dynamics of the charmonium system above the charm thresh-
old. In fact, charmonium spectroscopy is a key element of
the planned PANDA experiments at GSI [11,12], which will
carry out a systematic high-precision study of charmonium
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states below and above the charm threshold in p p annihila-
tion.

In our previous paper [13], it is shown that by mea-
suring the joint angular distribution of the two photons
(v1, y2) and that of the second photon and electron (y», ™),
in the sequential decay process originating from unpolar-
ized pp collisions, namely, pp — 3Dy » 3P+ —>
(W + ) +y1 — (e +eh) + ¥ + y1, one can extract
the relative magnitudes as well as the cosines of the rela-
tives phases of all the angular-momentum helicity ampli-
tudes in the radiative decay processes D3 — P> + y;
and 3P, — Y + y». The sines of the relative phases of
these helicity amplitudes, however, cannot be determined
uniquely. By considering the sequential decay of ® D3 pro-
duced in polarized p p collisions, one may also obtain unam-
biguously the sines of the relative phases. So in this paper we
calculate the angular distributions of the final stable decay
products, y1, ¥2, and e, in the above cascade process when
both p and p are arbitrarily polarized. Our final model-
independent expressions for the angular distribution func-
tions are valid in the pp center-of-mass frame and they are
written as sums of terms involving products of the Wigner
D-functions whose arguments are the angles representing the
directions of the final electron and of the two photons. The
coefficients in these expansions are functions of the angular-
momentum helicity amplitudes which contain all the dynam-
ics of the individual decay processes. They are also func-
tions of the longitudinal and the transverse components of
the polarization vector of p and p in their respective rest
frames.

Potential model calculations show that the helicity ampli-
tudes are in general complex [14] and thus their relative
phases are nontrivial. Once the angular distributions in polar-
ized p p collisions are experimentally measured, our expres-
sions will enable one to determine the relative magnitudes
as well as the relative phases of all the complex angular-
momentum helicity amplitudes in the radiative decay pro-
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cesses D3 — 3Py 4+ y; and 3P, — ¥ + y». It is impor-
tant that both p and p are polarized to get this complete
information. We will derive the angular distribution func-
tions by means of density matrix formalism where the den-
sity matrix elements are given in terms of the polariza-
tion vectors defined for stationary antiproton and proton.
Our results are valid even when p and p have arbitrary
momenta since the density matrix elements are Lorentz
invariant [15].

The format of the rest of the paper is as follows: in Sect. 2,
we give the calculation for the combined angular distribution
function of the electron and of the two photons in the cas-
cade process pp — D3 — Pa4+y — (W +y2) +y1 —
(e~ +eT)+y2 +y1, when p and p are arbitrarily polarized.
We then show how the measurement of this combined angu-
lar distribution of y1, y» and e~ enables us to obtain complete
information on the helicity amplitudes in the two radiative
transitions > D3 — 3 P> + y; and P, — ¥ + y». In Sect. 3,
we present the results for the partially integrated angular dis-
tributions in six different cases where the combined angular
distribution function of the three particles is integrated over
the directions of one or two particles. We also show how
the measurement of these simpler angular distributions will
again give all the information there is to get on the helicity
amplitudes. Finally, in Sect. 4, we make some concluding
remarks.

2 The combined angular distribution function
of the photons and electron

We consider the cascade process, p(A1) + p(A2) — 3D3 %)
= 3P W) +y1 (1) = [Y(0)+7200)]+y1 () — [ (@) +
et (a2)] + 12 (k) + y1(w), in the 3 D3 rest frame or the pp
c.m. frame. The Greek symbols in the brackets represent the
helicities of the particles except 8, which represents the z
component of the angular momentum of the stationary 3 D3
resonance. We choose the z axis to be the direction of motion
of 3P, in the 3 Dj rest frame. The x and y axes are arbitrary
and the experimentalists can choose them according to their
convenience. A symbolic sketch of the cascade process is
shown in Fig. 1.

Following the conventions of our previous paper [13],
the probability amplitude for the cascade process can be
expressed in terms of the Wigner D-function as

—3-53—-1—>1
715
T)?[IIAO?MK = 1677 T6-2 By, )\2 aja Z Z A;H—S ntok
X DS}L(¢’93 ¢)D'u+8(7 K(¢’0/’ _¢)
% D(lrz((p//’ 9//’ _d)//)» (1)

where By, x,, Avps Eo.«, and Cy o, are the angular-momen-
tum helicity amplitudes for the individual sequential pro-
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Fig. 1 Symbolic sketch of p(A1) + p(h2) — 3D3(6) — 3Pz(v) +
yip) = [Y () + 20001+ yi(w) = [e™ (1) + et (@)l + yi(w) +
y2 (k) showing different angles of the decay particles

cesses pp — D3, 3Dy — 3Py 4y, 3Py — ¥ + o,
and v — eT + e, respectively. In the D-functions, the
angles (¢, 0) giving the direction of p, the angles (¢’, 0”)
giving the direction of ¥ and the angles (¢”, 8”) giving the
direction of e~ are measured in the 3D3, the 3P2 and the
rest frames, respectively. The angles of each decay particle
observed in different rest frames can be calculated using the
Lorentz transformation. The equations relating these angles
are given in [16].

Because of the C and P invariances [17], the angular-
momentum helicity amplitudes in (1) are not all independent.
We have

P
Bj.yo = B-x—2»

C
B)LIA.Z = Bkzk] P

P

Avu = A,V,M, (2)
P

Eox = E 54,

P
Cotlolz = C—Otl—otz’

C
Cotlotz = Cazotl .

Making use of the symmetry relations of (2), we now re-label
the independent angular-momentum helicity amplitudes as
follows:
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B()—\/_377 BlzﬁBl_l,

22 2 2
A=A 21 =A;1 (i=0,1,2,3,4),
Ei=Ej_11=E_-j1 (j=0,1,2),
C():\/EC%%, ClzﬁC%_%. 3)
We will also make use of the following normalizations:
|Bol> + |B1]> = |Col> + |C1]* = 1 )
and

4 2

DA =) IE)P=1. )
i=0 j=0

The normalized angular distribution function for the cas-
cade process when the initial p and p are arbitrary polar-
ized and the final polarizations of y1, y», ¢, and et are not
observed is given by

W, ¢;0 950", ¢")
:I:1 :I:é +1

SNy Y D

Adad A ez e

o0, K
xlx/ '02/\21/ A2, ’

(6)

where N is the normalization constant. It is determined by
requiring that for the unpolarized case the integral of the
angular distribution function W (0, ¢; 6', ¢’; 0", ¢") over all
the directions of y1, y», and e~ or over all the angles,
0,¢;0",¢';0”,¢"),is 1.In(6) the symbols P and py, "
represent the density matrices of p and p, respectlvely In
the helicity basis states of the particles these matrix elements
are [18]

1
Pl = X5 (P o)y (7
and

—g tasp
P2, = B3+ P2 0)By, (®)

where o are the Pauli matrices. In (7) and (8) Py and P, are
the polarization vectors of p and p and the two-component
helicity eigenstates x, of p and B, of p satisfy

o 'ﬁX)»] :)LIXM 9)
and
0 - (=P)Br, = X2, (10)

where p is the direction of the momentum of p and A; and
A2 can take the values +1 or —1. In the coordinate system

we defined in the beginning, we have

_ cos(0/2)
X7 |sin(0/2) explih) (1D
and
_ [—sin(6/2) exp(—i¢)
== cos(6/2) (12)
and the phase of § is such that [17]
Bs = Xx+- (13)
Equation (7) can be rewritten as
_ Tl 1+ Py, Plx_Ply ,
PLoy =Xag | P +ipy 1P |
:1 1+Plz/ Plx’_iPly’ (14)
2 | Piy +iPry 1— Py ’

where the unit vectors along the new x’, y', and 7" axes are
related to the corresponding vectors of the xyz coordinate
system by

i = (sin® ¢ + cosf cos? qﬁ)f
— (sin¢ cos ¢ — cos O sin ¢ cos ¢)f — cos ¢ sin ok,
f/ = (—cos ¢ sin¢ + cos O cos ¢ sin q))f
+ (cos? ¢ +cosb sin? ¢)f — sin ¢ sin ok,
K = sin9cos¢f —siné sin¢f+cos€l€. (15)

Similarly, (8) can be rewritten as

_ﬂ 1+P22 P2x_iP2y ‘3/
P2, 3 2 Putiby  1-Py |2
L T=he P tibay) (16)
2 [Py —iPoy 14 Py

In (14) and (16), P;, and — P, are the longitudinal com-
ponents (components along the momenta of the respec-
tive particles) and the x” and y’ components are the trans-
verse components of the polarization vectors. Note that
W@, ¢;0',¢";0",¢") is now given in terms of the density
matrix elements defined for stationary proton and antiproton.
But (6) is of course valid in the p p c.m. frame, where p and
p are moving with relativistic velocities, since the density
matrix elements are Lorentz invariant [15].

Substituting (1) into (6) and performing the various sums
will give us a useful expression for the angular distribu-
tion function W (0, ¢; 0, ¢’; 6", ¢”) in terms of the Wigner
D-functions. Before we do the sums we make use of the
Clebsch—Gordan series relation for the D-functions, namely,
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Ji 2
Dimima Do

Ji+j2
= Y Grpmimi|J.my+m))
J=lj1—j2l
X (jrjamamy| J.my +mp) Dy (17)
and the relation
Dlll‘lﬂ;mz _( l)ml sz—n‘Ll —my" (18)

After a long calculation, we obtain

W@, ¢, 6, ¢";6", ¢")
0—60—4 0—2 0—d,, 0—>dy,

TF L LY Y el

J1 J I3

N J¥
x Y@= suBLY N + (1) B v,
M(Jy)
(19)

where
dm = min{]lv J2}7
d,/n = min{J>, J3},

_J0—J1 when J;=0,1,2
M(J‘)_{o,l,z when J; =3,4,5,6" (20)

The angle-dependent function ¥ d:l,J If,lh in (19) is defined by

Y]]Jz]z — D]3* sz* DJ]

dd'M d,d
+ (=)t pRip” DT 1)
. Ji1J>2 J3J . .
The coefficients y,, « Fa and e s which are independent

of the angles in (19), are defined as follows:

0,1
vis =—V3 Y 1Cal*(=D*(1, 1: o, —t| J30), (22)
o

s—d s+d s—a
@ 2 2 2
d—2 —d-2
« (33. 51 2 Jd
2 2
s+d s—d
22; , — hd), 23
><< > 5 2> (23)
s(d)y=—@—1d]), =4 —1d)+2,...,(4—1|d])
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(S /
e =15 (1 - %)

X E |:Es/+d’E o' —d' ~|—( I)JzEv+d,E /_d/i|
2
/(d/)

T d " d
w4 S Jod'
2 2
"+d =2 —d =2
><<11; S +2 S . Jgd’> (24)

s'd) = 1d'l,1d'| +2,....,4—|d"|.

In (19) the components of the polarization vectors are con-
tained in the coefficients defined as follows:

B = —+/7(33; 00]J,0)| Bo|*(P— + Pa)

Vi
+ 5033 —11110)|Bi P[(Py — Pior — Pay)

+ (=D (P4 + Piy + Pyy)]

J7

B! = =5 (33: 0111 1) (Re(BoBY)(P1y + Poyr — Pr)

— (=P + Poy + Pp)]
+ Im(BoBT)[(Ply/ + P2y — Pp)
+ (=D (P1y + Pay + Pp)1}

7
- “/7_1(33; 01]J;1){Re(ByB})

x [(P1y + P2y — Pp)

— (=D (P1y + Pay + Pp)]

— Im(BoB})[(P1y + Poy — Pr)
+ (=D (P1y + Poy + PB)]}

N4

B = T3 L2 B P

x [1+ (=1)"(Pp —iPc) (25)
where

Py =1=£ PPy,

Pa = Py Poy + Piy Pay,

Pg = Py Py — Pry Payr,

Pc = Py Py + Pry Pay,

Pp = Py Py + Py Pay,

P = Py Py + Py Poy. (26)

The explicit expressions for the nonzero coefficients, y;,
aj] 72 eéf %2 and /31{,}, in (19) are given in Appendix A. Since
the combined angular distribution in (19) is expressed as a

sum of products of the orthogonal Wigner D-functions, we
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can obtain the values for these coefficients from

v e (B + (DM [14+ (<7260

x [1 + (—1)Jl+~’23d/05M0]
— QN1 + )2 + D25 + D2 = 8m0)

X/W(9,¢;9/,¢/;6//, ¢//)

x [ Yk ch}/@h*] dQdQ'dQ". 27)

In calculating (27), we made use of the orthogonality relation:

2 2 T i .
f da / dy f D (e, B,y)D;, (@, B, ) sin fdf
0 0 0
T
= (zj—H)am,Lam/ﬂ/aj,. (28)

When we have sufficient experimental data for the angular
distribution function W (8, ¢; ', ¢'; 0”, ¢"'), the integral on
the right side of (27) can be determined numerically for all
possible allowed values of J1, J», J3,d, d’ and M, and hence
the coefficients y,, « J' 2 65?12 and /31{,1' on the left side
of (27) can be obtamed Using the explicit expressions for
these coefficients, this will give us 18 independent equations
to solve for the relative magnitudes as well as the relative
phases of all the angular-momentum helicity amplitudes A;
and E in the radiative decay processes 3D3; » 3P4y and
3P, — ¥ + y», respectively, when either the initial proton
or antiproton is polarized. Moreover, we can also obtain the
relative magnitude and the relative phase of the two inde-
pendent helicity amplitudes By and Bj in the initial process
pp — 3Ds. It should be noted that the coefficients ﬁ]{,} are
functions of the longitudinal ( P,/) and the transverse ( Py, Py/)
components of the polarization vectors of p and p. If the
polarization vectors Py and P, go to zero, then ﬁi[‘ =0
when M is nonzero or when J; is odd, and we will recover
the results of the unpolarized p p collisions given in [13].

3 Partially integrated angular distributions

The partially integrated angular distributions obtained from
(19) will look a lot simpler and we will gain greater insight
from them. We calculate six different cases of partially inte-
grated angular distributions. In deriving these results, we fre-
quently make use of (28) and the following property of the
D-functions:

2 big
/ d¢/ Dy, (#, 0, —) sin 0d6
0 0

2w T
:/ d¢/ D3 (#, 0, —) sin0do
0 0

g
=2718M_M/’0/ di,p(0) sindo
0

=2nKjy, (29)

where
s

Kim =f dil; 4y (6) sin6deé. (30)
0

We will express the final results for the three cases of single-
particle angular distributions in terms of the orthogonal
spherical harmonics by making use of the relation

J 4m *
Do =\ 5777 Vin 31)

Case 1 We will integrate over (6,¢’) and (8”,¢”). Only the
angular distribution of the first gamma photon y; is measured.
We obtain

W, ¢)
= / W(Q7 ¢)7 9/’ ¢/, 9//7 ¢//)d9/d9//

0,2,4,6 min{J7,2}

=3 fyonO ; Z @ = duo)ey (— )M

1 *
X \/ﬁ Re(ﬁjl YJIM(ev d)))

1
:ﬁ{w‘[
J3

3
-3 Y00, 9) [|Bo|2(Po+PA>+Z|Bl|2P+}

|Bol*(P— + Pa) + |Bi* P4]

3 4 3
x <|Ao|2 —~ §|A2|2 — §|A3|2 ~ §|A4|2>

5
_ \/;Re(ﬁlz* Y2106, ¢))

3 4 3
Aol — 2 1A — A2 — DAL
X(I ol 5| 2] 5| 3] 5| 4l
5 2%
+ §Re(ﬂ2 Y2:(0, ¢))
3 4 3
Aol — 2 1A — A2 — 2 AL
X(I ol 5| 2] 5| 3 5| 4]
3 2 .S
+HY4O(9 @) | |Bol (P7+PA)+_|BI| Py

<|A0I ——|A1| +3 |A2| +2|As] +—|A4| )

2 4x
- ﬁRe(ﬂl Y100, ¢))

7 1 1
x (|A0|2—§|A1|2+§|A2|2+2|A3|2+§|A4|2)
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2 Ax
+ —Re(,32 Y4r(0, ¢))

(|AO| ——|A1| +z |A2| +2]43 +—|A4I >

Yeo (0, Bo|*(P_ P——BzP:|
33\/—60( ¢>)[|0|( + Py) 4| 117 Py

x (1401 = 6141 + 15| A2 — 20| A3 + 15]44]2)
- #Re(ﬁﬁ*Y 0, 9))

@ 1 61 )
x (140 = 6141 % + 15/ 4217 = 20 43 + 15| 44 %)
+#Re(ﬂ6*Y ©, $))

@ 2 162\U,
x (140 = 6141 2+15] 4212 =20 43 *+15|A4) |

(32)

where the angles (6,¢) represent the direction of p measured
from the z axis, which is taken to be the direction of the
momentum of 3 P,. This angle is the same as that of y; mea-
sured in the 3 D3 rest frame with the z axis taken to be the
direction of the proton. The x and y axes are arbitrary. With
the normalization condition | Bo|2+|B;|* = 1, (32) allows us
to determine the relative magnitude and the relative phase of
the two helicity amplitudes in the process pp — > Ds. There
are also three equations relating the relative magnitudes of
the A helicity amplitudes.

Case 2 We will integrate over (8,¢) and (8”,¢”). Only the
angular distribution of the second gamma photon y» is mea-
sured. We get

W', ¢)
= / W@, ¢;0,¢;0", ¢")dQAQ

6 0,2,4min{Jy,J2,2}

Z > Z (2 = 8ao0)

=0 ),

1 Ji1Jo _0J
X ——— K g0, %€ ”?
2h 1 e o

X [BIY0a®. 8D + (D" BV 5,00' 9]

L f1 g 2
= 4ﬁ{ﬁ[|30| (P— + Pp) + |B1|"P4]

2 1 10
— = (1B + 2 1E1P — |E21? ) {2,/ = Y20(6', ¢’
7<| 0|+2| 1 |2|>{ 720( @)
x [|Bo|*(P— + Pa) + |B1|*P+]
1 1
x (|Ao|2 —~ 5|A1|2 — Ay — 5|A3|2 + |A4|2>

10

5
— 3\@ Re(B7Y21(6, ¢)) [Re(AlA@
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1 1
+ ——Re(ArAT) — ——
Jio VTS A

V2 . 40 ;o
+—Re(A4A3):| + ol Re(B3Y2(0', ¢))

Re(A3A%)

5
x |:Re(A2A3) + V/3Re(A3A7) + 2\/§Re(A4A§):|

6 / / *
-7 Re(B1 Y210, ¢)) [Re(Ale)

2 2 1 1
3\/>Re(A2A )+2\/§Re(A3A§)—ﬁRe(A4A§)i|

12 /30

t35V7 —Re(B3¥n(0',¢) [Re(Aon)

! \/g Re(AsA%)
23 !

——Re(A3A%) —
2[5 )
21\/7Re(ﬁ1Y21(9 ?)) [RG(A1A0)

5 10
f Re(A,A%) — ﬁRe(A3A2)+ ﬁRe(A4A§)}

SFR Y2 (6,
+21 3 e(BSY0 (6, 9))

x |:Re(A2A3) — 24/3Re(A3AY) + x/BRe(A4A§)]

5
+ 6\/;1111(;311&1 (©', ¢") [Im(A1 A7)

1[5
+ 3\/;Im(A2A’1‘) -

245
+ Tf Im(B; Y21 (6, ¢))

1
ﬁlm(A_gA;) —ﬁlm(A4A§)]

x [Im(AlAg) + ——Im(A3A%) + ! —Im(A4A} )}

1
24/3 V2

2 /! / *
+ 3 Im(B Y216, ¢')) [Im(Ale)

3
— —Im(AAY) —
Jio A =5

+ \E Eol? = 2IE\P + ~|EaP \/?Ym(@/, )
7 3 6 7

x [|Bo|*(P_ + Py) + |B1|* Py ]
x (|Aol* — 4]A112 + 6] Az|* — 4|A3]* + |Asl?)

5 /10
— 3\/; Re(B7Ya1(6', ¢)) [Re(Al A}

2 23/3 2
- 3\/2Re(A2AT) + T‘/_Re(A3A’5) +%—Re(A4A§):|

LIm(A3A§) —«/Elm(A4A§)] }

+ 2 Re(B2¥in@. ¢))
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4 3
x |:Re(A2AE§) _ ﬁRe(AgA’f) T 2\/;Re(A4A§):|
6 4 Y *
V7 Re(B1Y41(0°, ¢")) | Re(A14q)
+4[Re(A2A1)—fRe(A3A2)
—lR(AA*]—I—lg\/ﬁR Y (0, ¢
E e(A4A%) SV77 e(ByY4(0, ¢°))

x | Re(ArAf) + iRe(A AT — %\/ERC(A A3)
24 3\/§ 34 3V 3 449

1

0
~ 51V ;3 — Re(BYYa1(0',9)) [Re(z‘hAo)

+ 3v10Re(A2A%) + 10+/3Re(A3A%)
4 [10
+5«/—Re(A4A3)] ZIERe(ﬂSYn(@’,qﬁ/))

8
x [Re(AgA(’;) + —Re(A3A%) + x/l_SRe(A4A§)i|

V3

30
+ \/; Im(B] Y41 (6', ¢)) [Im(Al A})
— V10Im(A2AT) 4 2+/3Im(A3A%)

10
—V/2Im(A4 A3 )] \/;Im(ﬂ?Ym(@’,d))

x [Im(AlAg) — V/3Im(A3A%) + LIm(A4A§)]
V2

1 /2
+ 5\/;Im(ﬂf)’u(@/, ?)) [Im(AlAS)

+9[ Im(A2AY) + 24/3Im(A3A3)

—«/Elm(A4A§)] ” : (33)

Here, (6',¢') are the angles between > D3 and y, in the 3 P,
rest frame. As we can obtain one equation relating the rela-
tive magnitudes of the E helicity amplitudes from Case 3 and
also three equations relating the relative magnitudes of the
A helicity amplitudes from Case 1, the measurement of the
single-particle angular distribution of y, allows us to deter-
mine the relative magnitudes of the E and A helicity ampli-
tudes and also the cosines of the relative phases of the A
helicity amplitudes. It should be noted that ﬂ (M # 0) will
vanish if there is no polarization in the p and p beams, and
we will not get any information on the helicity amplitudes
[13]. So the polarization of the proton or the antiproton is cru-
cial for extracting this information from the single-particle
angular distributions.

Case 3 We will integrate over (9,¢) and (6,¢’). Only the
angular distribution of the electron is measured. We have

W(@N,d)//)
- / WO.6.0.¢.0", ¢")dde

4 0,2 min{Jy,J2,J3}

2 1
64f2 22 2 (e

=0/,=0 J3

Jo S
X KjldszdVJ30ldl 6d

x |8 Yra®", 8" + (=1 8750 8]
__{i
- Ry lvE

8
+ —=Y20(0", ¢")|Bol*(P— + Pa) + | B1|*| P4]

NG
x (|Eol* = 2|E1 > + | E2|*) + Re(Bi Y21 (8", ¢"))

5 . 2
x {\/;|:Im(E1E0) - \/>Im(E2E )}

[1Bol>(P_ + Pa) + | Bi | Py]

x |:Im(A1A3) - Ji]—olm(AzAT)
NE) V2

5

5
- o0y2 [Re(ElEO)—«/_Re(EgEl)] |:Re(A1A6)

1 1
+ ——Re(ArA¥) — ——
J10 Y53

1[5 3
- g\/; |:Im(E1EE§) + \/;Im(EzET)} [Im(AlAS)

\/EI AA 2IAA ﬁl AA
m(AzA7}) — ﬁm(32)—?m(4 3)

Re(A3A%) +‘/?§Re(A4A§)]

1 5 % 1 * *
+ Ve |:Re(E1EO) + \/;RC(EZEI)] {Re(Ale)
\/jRe(AzA )+ 2;/§Re(A3A§)
2
+\/?_Re(A4A§)} }
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+Re(B3 V2 (0", ¢")){ Re(E2Ep)

x [Re(AzAg) + V/3Re(A3A%) + 2\/§Re(A4A§)]

_ 10 /10

3
5 Im(EgEO)[Im(AzAO) \/glm(A4A§)]
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2 * * 4 *
+ ?Re(EzEO)[Re(AZAO) — _Re(A3AY)
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3
+ 2\/;Re(A4A§)] }
4 7" 17 3 6 *
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1\/71 E\E} \/SI E>EY
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p . .9 ,
_ \/;Im(EgEl )] [Re(AlAO) - ﬁRe(AzAl)
+V/3Re(A3A3) + ﬁRe(A4A§)]
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|
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C 2 Im(AsAT) — ——Im(A343)
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1
_\/_Im(A4A3)] O%[Im(ElEO)

+ \/glm(EzET)][Re(AIAO) + 3[ Re(A2A7)

2
— “_Re(A3A%) + ﬁRe(A4A§)]

V&)
_ ;[Re(g EN) + \/IRe(E E*)]
7046 R
2
X [Im(AlAE;) + 9\/;Im(A2AT)

+24/3Im(A3A%) — «/Elm(A4A§)] } } (34)

where (0", ¢") are the angles between the directions of the
momenta of ¢~ and 3 P, in the ¥ rest frame. From the mea-
surement of the angular distribution of the electron alone we
find that we cannot get any more useful information on the
helicity amplitudes.

So from Cases 1-3, we see that we can obtain the relative
magnitudes of all the helicity amplitudes in the processes
3Dy 3P+ y1 and 3p, > ¥ + y» by measuring only the
single-particle angular distributions of y1, y», and e~. We
can also get the cosines of the relative phases of the helicity
amplitudes in the process > D3 — 3 P, 4. In order to obtain

complete information on the relative phases of the helicity
amplitudes in the radiative processes, we need to measure
the simultaneous angular distributions of two particles.

Case 4 We will integrate over the angles (6”7, ¢”), the direc-
tion of the final electron. The combined angular distribution
of the two photons y| and y» is measured. We get

W@©. 4.0, ¢)
:/W(e’(p’e/’(p/’e//’(p//)dg//

6 0,2,4min{J;,/2,2 min{J;,2}

4(471)222 Z > (U +8m0)

=0 ) M=—min{J},2}
x o e [ B DYy @, 9D @' ¢

+=D B DY 0. 9) DO ¢ ] (35)

Since the explicit expressions for the partially integrated
angular distributions of two particles are rather long, we only
give the results in terms of the sums of the coefficients defined
in Appendix A. In (35), however, we can obtain the coeffi-
cients of the angular functions from

a0 (1 4 8011 + SaodmollBy) + (— D)7 1]
= 4QJ1 + )22 + 12 — Sm0) / W, $:6', ¢

X [DJ Dyl + DR Dii1dQds. (36)

LiL> 0Ly

A close examination of the expressions for o;' ™ and ¢
shows that (36) enables us to obtain the sines and the cosines
of the relative phases of all the A and B helicity amplitudes.
It also enables us to determine the relative magnitudes of all
the A, E, and B helicity amplitudes. Only the relative phases
among the E helicity amplitudes remain undetermined. We
can get these phases only by measuring the simultaneous
angular distribution of y» and of e~ as we will see in Case 6.

Case 5 Here we integrate over (0’,¢) or the direction of y;
to get the combined angular distribution of y; and e~. We
get

17/(9,({);9”,({)”)

= / W, ¢:0', ¢ 0", ¢")dQ

4 0,2 min{Jy,J2,J3}

= 16(471)2 Z >0 Z (1+800)

J1=0 /=0 J3
mm{J], }
J1J. J:
< yna) e Kpe Y (14 8m0)
M=—min{Jy,2}
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X (B3 Dy (0, YD 0", ¢")

+ (=D By DIl 6, $) Dy (6, ¢ (37)
It turns out that we cannot obtain any useful information from
this angular distribution.

Case 6 This time we will integrate over the angles (6,¢) to
obtain the combined angular distribution of y» and e~ alone.
We obtain

W© . ¢.0". ¢"
— / W(9,¢,9/, (t)/, 9//’ ¢//)dQ

min{Jy,J5,2

aEryy Y

=0J,=0 J3 d=-—min{J;,J>2,2}

min{J, J3}
x> A+ 840 vne) e K ja
d'=0
<[] D@ 6D ©' . ¢)
+H=D B D", 8" D6 )] (38)

Using the orthogonality of the Wigner D-functions, the coef-
ficients for all possible values of Ji, J2, J3,d, and M in (38)
can be obtained from

yiel a2 K g1 + 8p01P 11 + 8408 m0]

X [Bi} 4+ (=11 B
— 16202 + 125 + D2 — Su10) / W@, 40" 8"
x [DRDE + D2 D ldQdQ”. (39)

From (39), we can determine the relative magnitudes as well
as the relative phases of all the £ and B helicity amplitudes
by measuring the simultaneous angular distribution of y» and
e~ . Moreover, the relative phases of the A helicity amplitudes
can also be obtained.

4 Concluding remarks

We have derived a model-independent expression for the
combined angular distribution of the final electron and the
two gamma photons in the cascade process, pp — >D3 —
3Py+y1 — Y+y2+y1 — et +e +y2+y1, when pand p
are arbitrarily polarized. Our expression is based only on the
general principles of quantum mechanics and the symmetry
of the problem. We have also derived the partially integrated
angular distribution functions which give the angular distri-
butions of yi, y2, and e~ alone and of (y1, y2), (y1, €7),
and ()2, e7). Once these angular distributions are experi-
mentally measured, our expressions can be used to extract
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all the independent helicity amplitudes in the two radiative
decay processes D3 — 3P, 4+ y; and 3Py — ¥ + 5. In
fact, the analysis of the angular correlations in the final decay
products will serve to verify the presence of the intermedi-
ate 3 D3 charmonium state and its J”€ quantum numbers in
the cascade process. The experimentally determined values
of the helicity amplitudes can then be compared with the
predictions of various dynamical models.

The great advantage of studying polarized pp collisions
is that one can obtain not only the relative magnitudes of the
helicity amplitudes but also both the cosines and the sines of
the relative phases of the helicity amplitudes from the mea-
surement of the simultaneous angular distributions of two
particles. This is important because the helicity amplitudes
are in general complex. Therefore, we can get complete infor-
mation on all the helicity amplitudes in the process D3 —
3p,+ y1 from the simultaneous angular distribution of y; and
y2 and also in the process > Py — ¥ +y» from the simultane-
ous angular distribution of y» and e™, when both p and p are
polarized with both transverse and longitudinal polarization
vector components in their respective frames. Moreover, we
can also obtain the relative magnitude and the relative phase
of the helicity amplitudes in the process pp — >Ds. Polar-
izations of both p and p are necessary to get all this informa-
tion. Alternatively, one can also consider the polarizations of
the final decay products y1, y2, and e~ [19,20].

We should also emphasize that the angular distributions
alone will not give the absolute strengths of the helicity
amplitudes. We get the magnitudes of all the helicity ampli-
tudes only with the arbitrary normalization convention of
(4) and (5). In order to get the true absolute values which are
physically significant one has to measure the branching ratios
of each of the above processes and the parent particle’s life-
time or decay width. The measurement of the angular distri-
butions alone will only give the relative magnitudes and the
relative phases of the helicity amplitudes in each radiative
decay process.

Both the theorists and the experimentalists would like
to express their results in terms of the multipole ampli-
tudes in the radiative transitions > D3 — 3p, + y1 and
3P, — 1 + y5. The relationship between the helicity and
the multipole amplitudes are given by the orthogonal trans-
formations [21,22]

ak,/2k+1 —1;3,3 — D2, (i —2));

=0, ,2 (40)
3
2k+1
Ej=) en/ (k,1:1,(j — D2, j);
k=1
j=0,1,2, (41)



Eur. Phys. J. C (2015) 75:109

Page 11 of 14 109

where aj and e¢; are the radiative multipole amplitudes in
3D3 — 3Py 4y and 3 Py — ¥ + », respectively. Since the
transformations of (40) and (41) are orthogonal,

4 5 2 3
SIAP=) lalP =1, Y IEF =) lal =
i=0 k=1 j=0 k=1

(42)
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Appendix A: Expressions of coefficients

Expressions of ,B/{,}

BY = |Bol*(P— + Pa) + |B1|* Py, (A1)
1 1 2

By = 51B1(Piz + Pao), (A2)

B = ——=[ 1Bl (P + P+ 2 1Bi1P, (A3)
0 \/§ - 4 + | .

By = —~42(Bi*(P1: + Py). (A4)

By = 3\/7[|Bol (P + Pa) + —|Bl| P+], (A5)

B = - BI(Pr. + Pro) (A.6)
0 2\/§ V4 /s

g = —10\/I[|BO|Z(P rPy-JIBPP] A7)
0 33 - 4 P '

3
1311 = —\/;[RC(BOBT)(PI)C + Pyy) — Im(BOBT)PD:I

3
+\/;i [Re(BoB;‘)(Ply + Py + Im(BoB;")PE],
(A.8)
I
g = \/;[ — Re(BoB}) P + Im(BoBY)(Pyy + sz)]
1
—\/;i [ — Re(BoB}) Pp — Im(ByBy) (P1x + sz)],
(A.9)
7
B = \/;[RG(BOBT)(PDC + Poy) — Im(BoBT)PD]

7
—\ 2 i[Re(BoBII(P1y + Poy) + Im(BoB}) P |
(A.10)

4 15 * *
Bl = =\ 35 [Re(BoBI) Pi — Im(BoBY) (1, + Py

15
/51 [— Re(BoBY)Pp —Im(BoBY)(Pyy + ng)],
(A11)

5
:315 = —\/;[RC(BOBT)(PL\’ + Poy) — Im(BOBT)PD]

5
+\/;i [Re(BoBf)(Ply + Py + Im(BoB;‘)PE]

(A.12)
s 5 [14 \ "
89 = 2\ 53~ Re(BoBI) Pe + Im(BoB) Py, + Pay)]
5 /14, " *
+§ §1 [RC(BOBl)PD —|—Im(B()B])(P1x + P2x)]a
(A.13)
B2 = —|B1| (Pg — i Pe), (A.14)
B = / C1B11%(Pg —i Pc), (A.15)
6 2 i
= —. /=B Pp —1P, A.16
B3 2,/11|1|(3 iPc) (A.16)
Expressions of ajl 72
of® = Aol + 14117 + 1A2l” + 143" + A4 = 1, (A1)

10 1 1
o = \/7(|A0|2 — 1A = A2l = S1 A3 + |A4|2),

(A.18)
1
=/ 73 (40l® = 411 + 614217 — 4143 + [ Au]?),
(A.19)
11 3 2 1 2 1 2
leg :E [Aol +§|A1| +§|A4| , (A.20)
5
all = ﬁ[Re(AlAg) + \/;Re(AzAT)
+v/3Re(A3A%) + ﬁRe(A4A§)], (A21)
12 1 5 *
a2 = 3 —1[Im(A1A0)+ ZIm(A>47)
l * *
—7§Im(A3A2) _ «/§Im(A4A3)], (A22)
3
o’ = N_<| ol? ——|A1| + 5 |A4|2), (A.23)
3 0
ald = ﬁ[Re(AlAg) _ £Re(AzA’;‘)
2 * *
—Re(AsAD) + ﬁRe(A4A3)], (A.24)
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5
ald = —3,/Ei[lm(A1A3) — V10Im(A,4%)

+24/3Im(A3A%) — ﬁlm(A4A§)], (A.25)

5
oy’ = 2f(|A0|2 - —|A2|2 - —|A3|2 - —|A4|2) (A.26)

5 3
21 . * *
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1 NG [ (A14¢) o (A2AY)
2
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5 3 2 3
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5 1
22 _ = * *
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1 2
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53 5
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2 V2
T _Im(A34%) — Yo Im(AgAD ], A3l
R4 Im(As43) | (A31)
23 5 . *
o = —ﬁl[lm(Aon)—Zf Im(A4A% )] (A32)
5 18 3
24 2 2 2 2
= 2 (140 = 1A% + 1 As12 = 21A42).
ag 2\/E(Iol 5|2|+5|3| 5|4|>
(A33)
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\/>(IA0| + 214117 — [Aa ), (A.40)

1
= «/_[Re(AlAO)—i— fRe(A3A2) ﬁRe(A4A§)],
(A41)
70 .
\/;Re(AzAO), (A.42)
\/? [Re(A3A;§) + «/ERe(A4A’{)], (A.43)
10 * *
- —\/;1 [Im(AlAO) — V3Im(A3A%)
1 *
+Elm(A4A3)], (A.44)
10i [Im(AzA;;) - %Im(A3AT)], (A.45)

- _\/33} i [Im(AgAé) - ﬁlm(A4AT)], (A.46)

3 7
—(|Ao|2 —~ §|A1|2

V22
L 2, 10
+3|A2| + 2]A3] +3|A4| , (A4T)
5 2
-2,/ [Im(AlA;;) - 2\/;Im(A2A’f)

V3 1

Y2 Im(A3A%) + —Im(AgA% ] A48
2m(32)+ﬁm(43) ( )
[5 7

3. —=(1401% + =A%
77(| ol +6| 1l
1 2 2 1 2

—§|A2| — |A3| +§|A4| , (A.49)

_ 30 [Re(A A%) 2\/§Re(A A¥)
7 DL

1 L .
+5 Re(AsAD) - ERe(A4A3)], (A.50)

30 L .
6,/ﬁ[Re(A2AO) - 5 FRetsAD
2[5 .
-3 5Re(A4A2)], (A51)
10 4 2
-3/ [Im(AlAz;) + 3y 5Im(A247)

1 * 1 *
+im(Aa49) + EIm(A4A3)], (A.52)

30 . .25
—3\/; 1[Im(A2A0)+§f Im(A4A )] (A.53)

- —3\/; i [Im(A3A0) + TIm(A4Al)], (A.54)



Eur. Phys. J. C (2015) 75:109

Page 13 of 14 109

o4

) (|A 2
= 0
O T /77

1
+2]421* — 8]A31* + §|A4|2>,

2
o =5 /73[Re<A1A3) +4[ Re(4247)

—V/3Re(A3A3) — —Re(A4A3)]

V2
ol = 9\/2 [Re(AzA;;) + %Re(A3AT)
—%@Remm;)],
a3t = 3/? [Re(4345) - ? Re(A4d})].

“ 105
oft = 2,/ S Re(A447),

o = L a0l - 21402 + 51442,

NG

5 9

51 * *

=/ 2[Re(A1Af) — ——Re(ArA

o 3[ e(A1Ap) o e(A2AY)
+v/3Re(A3A%) + JERe(A4A§)],

28
—|Al|2

5 3
52 . * *
a7 = ——1|Im(A1A;) — —Im(A,A
1 NG [ (A14p) o (A2AY)
1 k k
—ﬁlm(ASAz) — \/Elm(A4A3)],

5
032 = _2\/; i [Im(AzA;';) - ﬁlm(AsAT)]s

1
a3® = —=(Aol* + 8|41 > + 5|A441%),

2./6

5 2
o = \/;[Re(AlAS) + 3\/;Re(AzA*f)

2 " *
—ERC(A?,Az) + «/ERG(A4A3)] )

35
a3 = ,/?Re(AzAS),
70 1
53 _ - 0 *
o} = /3 [Re(A3AO) ﬁRe(AA,Al)],

5
54
o] = — Im(A14y) +9 ImAA
i m[ (A1AQ) \/ (A2A7)

+24/3Im(A3A%) — «/Elm(A4A§)],
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(A.57)

(A.58)
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V3 V2
10
of? = 2,/ [ Re(4245) - 2V3Re(A347)

+v15Re(A4A;)],
7
af3 = —,/Ei[lm(AlAz‘)) +V/T0Im(A, A%)
10 nasa) — sﬁlm(A4A*)]
\/§ 2 370

70
o8 = _\/; i [Im(424%) - VI5Im(A4443) |,

70 . 3
of = — /17 [Im(A3A;§) - ﬁlm(A4A>f)],

1
64 2 2
ay = (|Ag|~ + 24| A4

+90] A2 % + 80| A3)? + 15]A4]?),
5
af* = /&[Re(AlAé) +3vV10Re(A2A%)

+10V3Re(A343) + 5v/2Re(4443) |,

10 8
o8 = ,/H[Re(AzA;;) + sRe(434D)
++/T5Re(A445) .

70 3
o8 = /H[Re(A3A(’§) n 72Re(A4A’f)],

\/71
=5,/ —Re(A4AY).

J3J2
Expressions of €;;

O = |Eol* + |E1* + |E2* =1,

€0
10 1
e = —/ 7<|Eo|2 + §|E1|2 - |E2|2)»

(A.72)

(A.73)

(A.74)

(A.75)

(A.76)

(A77)

(A.78)

(A.79)

(A.80)

(A81)

(A.82)

(A.83)

(A.84)

(A.85)

(A.86)
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2 2 1
et = 3/;<|EOI2 —SIEP+ 5|E2|2>,

1
€ = —(Eo*> = 21E1 1> + | E2%),

V2
21 : * 2 *
2l = —31[Im(E1EO)— gIm(EzEl)],
22 5 2 2 2
€ =— §(|E0| — |E1l” = |E2|7),

15
2= —\/;[Re(ElE()“) - JERe(E2E;‘)],

/30
e* =2 S Re(E2E(),

3
e = V6i [Im(E1 Ep) + \/;hn(EzE;k)],
€3 = V30iIm(ELEp),

3 4 1
&' = —(|Eo|2 + 31 Eif + 3|Ez|2),

V7

90 1
24 _ |2V * - ¥
&t =[S [Re(E1 B+ cRe(E2ED) |
/90

Expressions of y,

Y =ICol* +1C11* =1,

1 1
=42 2102 =,/ -,
) f(|co| gl ) \/2
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