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Abstract The angular ADM reduction of the BTZ spacetime yields a Liouville-type theory. The analysis of the resulting Liouville theory naturally leads to the identification of
the stretched horizon. The dynamics associated with the
stretched horizon has a feature that seems consistent with the
unsmooth horizon; the quantum gravity effects are essential
for the unsmoothness. We show that the “anomaly” term in
the stress–energy tensor is responsible for the Planck scale
energy experienced by an infalling observer.

1 Introduction
Given the unrenormalizability of the 4D Einstein–Hilbert
action, the semi-classical description has been widely used in
the black hole literature. (See, e.g., [1,2] for reviews.) This
description led to the discovery of Hawking radiation and
many other useful results, and we believe it is essential to go
beyond it to solve Black Hole Information (BHI) problem
and surrounding issues.
The validity of the semi-classical description is one of
the four postulates of black hole complementarity (BHC)
[3]. However, the postulates’ mutual compatibility has been
questioned in the recent work of [4], according to which one
or more of the four postulates of BHC must break down.
In particular, an infalling observer will experience a firewall
when crossing the event horizon of a sufficiently old black
hole in ‘violation’1 of the Equivalence Principle. In this work,
we analyze a 2D theory to study the behavior of the stretched
horizon as observed by an infalling observer.

The 2D theory that we consider describes the quantum
fluctuations of the selected 2D hypersurface of the BTZ
spacetime [5].2 (See [9] for a review of the BTZ black hole.)
It was proposed in [10] that it should be possible to tackle
the BHI problem without directly dealing with the quantization issue of the 3D or 4D gravity. One may tackle the
BHI after first reducing the theory to a selected 2D hypersurface through the procedure called dimensional reduction to
a hypersurface of foliation (or ADM reduction for short).
The ADM reduction is a variation of (but significantly
different from) the standard Kaluza–Klein reduction. The
procedure was motivated by the endeavor to derive AdS/CFT
from the first principle. To be specific, let us take the prime
example, AdS5 /CFT4 . The CFT, N = 4 SYM in this case,
can be viewed as the theory of the hypersurface of AdS5 at
r = ∞. By applying the procedure in the Hamilton–Jacobi
formulation, it was shown that the 5D AdS gravity admits a
class of solutions with a “moduli field”, which in turn was
identified as the abelian worldvolume (i.e., the hypersurface
at a fixed r ) gauge field [10,11]. This may be viewed as the
way in which the actual dualization of the bulk theory to the
boundary theory should generally work.3
The ADM reduction has subsequently been applied to 4D
Einstein–Hilbert action [14,15] and 3D AdS gravity action
[16]. In this work, we build on the latter case. The expectation has been expressed in the literature [17–23] that the
BTZ geometry should be associated with Liouville theory
[24].4 This expectation has been confirmed in the ADM setup
2

Recent works that tackle the black hole information problem by analyzing concrete models include [6–8].
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1

What is being challenged might not be Equivalence Principle itself
but the conventional lore that Equivalence Principle implies a smooth
horizon. We will come back to this in the conclusion.

a e-mail:
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With the result in [12] and conjecture in [13] combined, the derivation
of AdS5 /CFT4 seems within close reach. The author thanks H.-S. Yang
for discussion of this point.
4

As is well known, 3D pure gravity does not have propagating degrees
of freedom. Then there should be two possibilities regarding what is
responsible for the Liouville degrees of freedom. Firstly, it could be
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[16]: the theory reduced along the ϕ (respectively, r ) direction has turned out to be curved-space Liouville (respectively, ‘flat-space’ Liouville) theory. (Liouville theory was
obtained in [25] by the standard dimensional reduction in
the 4D Einstein–Hilbert case.)
In this work, we take the Liouville theory resulting from
the ϕ-reduction and analyze its implications for black hole
physics. In particular, we study its implications for the behavior of the surface that we identify as the stretched horizon.
We compute the zero-mode contribution to the expectation
value of the 2D stress–energy tensor. Although the Liouville
theory is super-renormalizable, various issues pertaining to
detailed renormalization procedure are still present. We outline the procedure for computing the rest of the contributions
(i.e., nonzero-mode contributions).
In order to examine the behavior of the stretched horizon,
we consider the coordinate-invariant quantity that involves
S , a = (t, r ):
the 2D stress–energy tensor Tab

for the next section, we obtain the 2D theory by applying the
ADM reduction technique along the angular direction [16].5
Let us consider the 3D action

S
S|Tab
|SU Sa U Sb

Ña can be gauge-fixed to Ña = 0. Let us rescale the 3D
metric h̃ μν (where μ = (a, ϕ) = (t, r, ϕ)) by

(1)

where ‘S’ denotes the Schwarzschild coordinates and U Sa is
the timelike geodesic. (A recent firewall-related analysis of
the vacuum expectation value of the stress tensor appeared in
[26]. See, e.g., [1,27–29] for early discussions.) This quantity
is the energy density as measured by an infalling observer.
As is well known, Liouville theory has a central charge. We
show that the central charge term induces the invariant quantity above to generate the Planck scale energy density at the
stretched horizon, a behavior consistent with the idea of the
unsmooth horizon [30,4].
The rest of the paper is organized as follows. In Sect. 2,
we review the ϕ-reduction of the BTZ spacetime. In Sect. 3,
we compute the zero-mode contribution to (1). Conceptually, narrowing down to the zero-mode contribution means an
additional ADM reduction along the r direction, and one has
to deal with the quantum mechanics of the ‘point stretched
horizon’, i.e., a stretched horizon of zero spatial dimension.
Once the zero-mode result gets contracted with the timelike
geodesic, one gets the Planck scale energy. The computation
of the genuine 2D contributions is outlined. We end with
discussion and future directions.
2 Review of ϕ-reduction
In the next section, which is the main body of the work, we
identify the stretched horizon and analyze its dynamics by
computing the zero-mode contribution to the vacuum expectation value of the 2D stress–energy tensor. To set the stage
Footnote 4 continued
non-perturbative degrees of freedom. Secondly, they could be associated
with some type of ”boundary” degrees of freedom. Our work is in line
with the second possibility as we further contemplate in the conclusion.
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S=

3

d x




−g̃

(3)

R̃

(3)

2
+ 2
l


(2)

where l is the AdS length scale. By employing the ADM
formalism, the metric can be put in the form
ds32 = (ñ 2ϕ + h̃ ab Ña Ñb )dϕ 2 + 2 Ña dϕdx a + h̃ ab dx a dx b ,
a = t, r

(3)

In this formalism, the 3D action takes

S=




d xdϕ −h̃ ñ ϕ R̃ (2) + K̃ 2 − K̃ ab K̃ ab − 2 (4)
2

h̃ μν = e2ρ̃(t,r,ϕ) h μν .

(5)

The field ρ̃ is related to the lapse function associated with
h μν : n ϕ is defined as n ϕ (t, r, ϕ) ≡ e−ρ(t,r ) where ρ(t, r ) is
a dimensionally reduced ρ̃(t, r, ϕ) field. This leads to

S=


−h (2)



R (2) + K 2 − K ab K ab

2
2
−4∇(3)
ρ̃ − 2(∇(3) ρ̃)2 + 2 e2ρ̃ .
l
d2 xdϕ

(6)

After reduction to 2D and by setting ρ̃(t, r, ϕ) = ρ0 (r ) +
ρ(t, r ) with eρ0 (r ) = r , one gets

S=



dtdr −h (2) r R (2) + αϕ (r )ρ − 2(∇a ρ)2

+(K 2 − K ab K ab ) +

2r 2 2ρ
e
l2


(7)

where αϕ (r ) = 4∇ 2 ρ0 . αϕ (r ) can be adjusted to our needs by
renormalization procedure. (See below (12).) Let us gaugefix the 2D metric h (2)ab to
ds22 = γ̃0ab dx a dx b

5

(8)

Here we do not carefully trace the terms that arise from the virtual
boundary contribution because they will not play a role in the 2D stress–
energy tensor. (Such terms were carefully dealt with in [15,16].)
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where
γ̃0ab ≡

− r12 f (r )
0

0
r2

.

1
f (r )

(9)

Let us rescale the 2D metric of (7) to the original 2D part of
the 3D metric so that
γ̃0ab ≡

1
γab , γ0ab =
r2

− f (r )
0

0
1
f (r )

.

where the field-independent terms have been removed. This
can be rewritten


S=

d2 x

ρ(t, r ) = q(t) +
n=0

(10)

The action now takes the form



√
αϕ (r )
2r
(11)
ρ + 2 e2ρ
S = d2 x −γ0 −2r (∇a ρ)2 +
r
l



the theory. This sector pertains to the zero modes, (q, p), of
the mode expansion of ρ and its canonical momentum .
The mode expansion should take a form analogous to the flat
case [32,34]:

αϕ (r )
r 2ρ
r
rf
(∂t ρ)2 −
(∂r ρ)2 +
ρ+
e
8π f
8π
16πr
8πl 2



(t, r ) = p(t) +
n=0

i
∗
∗
an (t)e−inr + bn (t)einr ,
n
1
∗
∗
an (t)e−inr + bn (t)einr
4π

(16)

where r ∗ is a tortoise-type coordinate [35]. The zero-mode
system may also be viewed as the 1D system that results from
the additional radial reduction of (12):



S=

dt

1
f 2q
(∂t q)2 +
e
8π
8πl 2


(17)

where the action has been numerically rescaled. The linear
term may be omitted as part of the renormalization procedure (namely, by the freedom to choose the starting action
in renormalization procedure) [14,31,32]. (Alternatively, the
linear term does not appear at all if one rescales the 3D metric
twice separately, first with e2ρ and next with e2ρ0 .)

where we have rescaled the action by f /r . By choosing the
location of the hypersurface at r = ρ H + δ P where δ P is a
Planck scale distance, the r -reduction naturally leads to the
notion of the stretched horizon degrees of freedom. In other
words, the resulting 1D field q(t) should be interpreted as
the degree of freedom of the stretched horizon.
The full non-perturbative contribution from the ground
sector can be found by solving the 1D Schrödinger equation
with the Hamiltonian given by

3 Behavior of horizon

H0 =

To examine the behavior of the horizon (or, more precisely
speaking, the stretched horizon to be identified below), let
us consider the following coordinate-invariant quantity: the
energy density measured by a free-falling observer, given by

It can be noted that the sign of the kinetic term has flipped
when it is compared with the corresponding sign in [32].
This change originates from the “wrong” sign of the kinetic
term in (12). The Schrödinger equation H0 ψ = Eψ takes
the form





∂ 2
f 2 1
1
+ e ψe
Z
+ 2Z +
(19)
ψe =
∂Z
4l
4
4

(12)

S
|SU Sa U Sb .
S| Tab

(13)

Recall that the stress–energy tensor has a constant term that
originates from the presence of the exponential interaction.
S |S
The constant term plays an important role: the S| Tab
term would vanish without it.
The geodesic, U Sa , was worked out in [33]; the timelike
geodesic is given by
r 2 ṙ 2 = −(r 4 − r 2 ) + c02 r 2 ,
t˙ =

r2

c0
2)
2
r (r 2 − r H

(14)
(15)

where c0 is an integration constant.
3.1 1D description of stretched horizon
Before we come to outlining the 2D perturbative computation
of (13), let us restrict ourselves to the ground state sector of

1
2



∂
∂q

2
+

f 2q 1
e + .
8l 2
8

(18)

where Z ≡ eq . The energy E is E = 18 + 2e and the solution
is a Bessel function. (In the case of [32] the solution was a
modified Bessel function.) For the lowest energy state in the
ground sector, let us set e = 0. The Hamiltonian of [32] was
positive definite whereas the Hamiltonian (18) is not. Therefore, the energy, in particular, the value of e can be negative
in the present case. (See [36] for a recent discussion of the
appearance of negative energy in the context of a firewall.)
We interpret the appearance of the negative-e states as a signal of instability [14] and will put the negative energy states
aside. (An indication that this is justified is that in the positivedefinite case of [32], the negative energy case e < 0 yields
solutions that do not satisfy the boundary condition. We are
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simply viewing the negative-e states as associated with the
instability although the solutions satisfy the boundary condition in the present case.) Relatedly, with the positive-definite
Hamiltonian, the energies of the r -dependent states will be
higher than those of the r -independent states, and this pattern
should remain true even in the present case once the negative
energy sector is put aside.
For the interacting theory, the contribution of the zero
modes to the energy density as measured by the infalling
observer should be
H0 UU

(20)

where U = t˙, H0 = T (the 1D stress–energy tensor) and t˙
is given in (15). For r = r H + δ P it becomes
t˙

2
c0 r H
1
.
3
2r H δ P

H0 UU

2
32r H

1
.
δ 2P

(22)

If there were no interaction term, this contribution could not
arise: for the branch of positive energy, E > 0, the solution
in the absence of the Z 2 term in (19) diverges as l → ∞ and
should be abandoned. We take this as an indication that the
free theory does not display the Planck scale energy at the
stretched horizon.
In passing, let us also note the stress–energy measured by
the stationary Schwarzschild observer,
S
|S.
S| T00

(23)

The zero-mode contribution should be just 1/8 according
to the computation above. (The expected r -dependence will
appear once the nonzero-mode contributions are taken into
account.)
3.2 2D approach
It should be possible to carry out the perturbative analysis
by treating the exponential term as a perturbation. The loop
divergences are expected and renormalization should be carried out. As part of the renormalization procedure, the starting
point of the 2D action can be taken as (12), which we quote
here for convenience (the linear term has been omitted):



r
rf
1 2ρ
. (24)
(∂t ρ)2 −
(∂r ρ)2 +
e
S = d2 x
8π f
8π
8πl 2
6

Observations on a diverging stress–energy at the event horizon were
made in the past as well [1]. The present work may therefore be viewed
to some extent as a reinterpretation of those observations.

123

1
1
1
T±± = − (∂± ρ)2 + 2 e2ρ +
2
8l
8

(25)

in some appropriately redefined 2D coordinates. This computation will involve the construction of the Green function
among other things, and to that end it will be useful to make
use of the Kruskal-type coordinates obtained in [35,37] in the
intermediate step. The advantage for employing the Kruskaltype coordinates is clear: the Laplace equation takes the same
form as in the flat case. It should be possible to express the
Green function in terms of the sum over the mode functions.
Then the stress–energy tensor can be computed along the
lines of the corresponding flat space computation.

(21)

The Planck scale behavior6 comes from multiplication with
U:
c02

Once the renormalization is complete, one can compute the
vacuum expectation value of

4 Conclusion
In this work, we have computed the ground state contribution
to the energy density as measured by a free-falling observer
in the 2D theory. The additional ADM reduction along r has
led to the natural identification of the stretched horizon. The
ground sector is spanned by the zero modes of the field ρ and
its conjugate momentum . We have shown that the quantum
gravity interaction is essential for the stretched horizon to display the Planck scale excitations observed by a free-falling
observer. The result of this work supports the unsmooth horizon proposals in the literature. We believe that the result is
at odds with the conventional lore, which is based on semiclassical physics, that the Equivalence Principle implies a
smooth horizon, rather than the Equivalence Principle itself.
In one of the footnotes, we have briefly addressed the
origin of the Liouville degrees of freedom. The idea of the
virtual boundary associated with ADM reduction seems to
be in line with the proposal in [38] to view a horizon as a
boundary. There is an interesting investigation that needs to
be done to fully justify the view of a horizon as a boundary
surface. Carrying out the ADM procedure, one will obtain a
Liouville-type theory even if one chooses the radial location
to be outside of the horizon, i.e., a bulk point. As is well
known, 3D gravity does not have any propagating degrees
of freedom. The Liouville theory in this case should not be
taken as corresponding to genuine degrees of freedom since
it should be possible to remove all of its dof by gauge symmetry. However, if one chooses the radial location at the event
horizon, it is expected that the gauging procedure would presumably encounter some type of singularities due to quantum
effects.
One obvious future direction is to compute the r dependent sector’s contribution to the stress–energy; the
renormalization procedure must be completed prior to this
task. Once one reaches this point it would be possible to see
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the additional role of the interaction: information would be
coded on the stretched horizon in a manner that reflects the
interaction.
Another direction is with regard to the teleological nature
of an event horizon [39]. The teleological nature of the
stretched horizon was discussed in [3]. We believe that the
teleological nature of the stretched horizon may well play a
role in the proposed mechanisms of blackening and bleaching
[40].
It should be possible to use the 2D setup that was reviewed
in Sect. 2 to study the potential presence of a bleaching mechanism. For that, it would be useful to construct a wave-packet
and follow its time evolution. Some of the ingredients in [41]
will be useful. An interacting QFT approach that shares a
certain spirit with the semi-classical description would be
required; most textbooks on QFT focus on computing the
S-matrix. In our view, the best setup should be what is called
the Schrödinger approach of QFT [42].
We will report on some of these issues in the near future.
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