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Abstract In this article, we investigate some features of
the perturbation theory in a spatially closed universe. We
will show that the perturbative field equations in a spatially
closed universe always have two independent adiabatic solu-
tions provided that the wavelengths of perturbation modes
are very much longer than the Hubble horizon. It will be
revealed that these adiabatic solutions do not depend on the
curvature directly. We also propose a new interpretation for
the curvature perturbation in terms of the unperturbed back-
ground geometry.

1 Introduction

The theory of the linear perturbations is an important part
of the modern cosmology which explains CMB anisotropies
and the origin of structure formation. This theory has been
investigated for a spatially flat universe to great extent [1—
10]. However, observational data point out a universe with
QA = .68 [11]. The existence of a positive cosmologi-
cal constant necessitates a de Sitter spacetime for the vac-
uum background. From the different forms of the de Sitter
spacetime with K = 0, £1, merely K = 1 case, namely,
a Lorentzian de Sitter spacetime, is maximally symmetric,
maximally extended, and also geodesically complete [12].
So in the following we assume A > 0 and K = 1 for the
vacuum background. Furthermore, it seems hard to believe
that the total density of the universe has exactly been tuned in
Perit0, because despite the fact that the observational data indi-
cate Qk = 0 [11], this fine-tuning seems somehow unlikely.
Moreover, if Qo equals +1 exactly, this cannot last forever
because of the instability [13]. On the other hand, there are
some reasons why the universe may have positive spatially
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curvature with non-trivial topology. In other words, some
positive curvature models with non-trivial topology can solve
the problem of the CMB quadrupole and octopole suppres-
sion and also the mystery of the missing fluctuations which
appears in the concordance model of cosmology [14-18]. So
these reasons augment the probability of a spatially closed
case and it seems necessary to investigate the theory of small
fluctuations in spatially closed universes.

The outline of this article is as follows. In Sect. 2 we derive
the equations governing the linear perturbations in a FLRW
universe without fixing K. In Sect. 3 we study the spectral
and stochastic properties of these perturbations for the case
K =1 and in Sect. 4 the gauge problem will be discussed.
Finally, in the last section we derive two independent adia-
batic solutions for the obtained equations with K = 1, while
the perturbations scales go outside of the Hubble horizon.
It will be seen that one of these solutions is decaying, so
it has no cosmological significance. We also deduce a new
geometrical interpretation for the curvature perturbation as
the conformal factor of the spatial section of the background
spacetime. Furthermore, we will show that for the super-
Hubble scales, curvature has no direct effect on the universe’s
evolution.

2 The perturbed spacetime

We assume that during most of the time the departures from
homogeneity and isotropy have been very small, so that they
can be treated as first order perturbations. The total perturbed
metric is

8y Zg/w ‘|‘h;w, (1)

where g, and h,,, are the unperturbed metric and the first
order perturbation, respectively. Note that g,,,, is the FLRW
metric which in the comoving quasi-Cartesian coordinates
can be written as [2]
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goo=—1, goi=go=0,

2 5 2 x'x/
gij =a” (1) gij =a” (1) <5ij +Km>-

A bar over any quantity denotes its unperturbed value. Per-
turbing the metric leads to perturbing the connection and
Ricci tensor as [2]

sT* —1'“’(—2}1 T 43, hyp+0uhup— 0,k ) (2)
) pnt py T 9uttvp vibpp = Opttuv),

ny —
and

8Ryy = 8,8T};, — 8,8T};, + 8T}, 0, + 6%, 11,
AT A T
— oIy, I, =3T3, 0, 3

The perturbative form of the Einstein field equations may be
written as

SR,y = =81 GBSy, 4
where

1._ 1 -
88,0 = 6Ty — Eg,wcST — EThW. 5)

On the other hand, the perturbation of the energy-momentum
conservation law gives

9udTH, =81 TH, =T}, 8TH,+ T, 8T, 48T, T, = 0.
(6)

Setting v equal to 0 and i gives the equations of energy
and momentum conservation, respectively. The explicit form
of these equations is too lengthy and complicated, so we
avoid expressing them here. Fortunately there is a mathemat-
ical technique, which simplifies these equations remarkably
[3-5]. According to this technique we can decompose %,
into four scalars, two divergenceless, spatial vector and a
symmetric, traceless, divergenceless spatial tensor as fol-
lows:

hoo = —E, (M
hio=a (V;F + G}), ®)
hij = a*(Agij + HijB + V;C; + V;C; + D;j), )

where V; is the covariant derivative with respect to the
spatial unperturbed metric g;;(= azg,- ) and H;; = V;V;
is the covariant Hessian operator. All the perturbations
A,B,E,F,C;,G; and Dj; are functions of ¢ and x which
satisfy
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Vic; =ViG; =0, (10)
§'Dij=0, V'Djj=0, Djj=Dj. an

Equation (8) is generalization of the Helmholtz decomposi-
tion theorem from R3 to Riemannian manifolds. Equation (9)
is also a theorem in Riemannian geometry [19,20]. Accord-
ing to this theorem, every rank 2 symmetric tensor on a com-
pact Riemannian manifold can be uniquely represented in
form of Eq. (9). It is possible to carry out a similar decom-
position of the energy-momentum tensor. One can show that

(2]

8Too = —phoo + 8p,
8T;o = phio — (p + p)du;,
8T;j = phij + a°&i;8p.

We can decompose the velocity perturbation §u; into the
gradient of a scalar (velocity potential) Su and a transverse
vector & u}/,

Suj = Vi(Su) +8u), V'éu! =0. (12)

We may account for the imperfectness of the cosmic fluid by
adding a term I1;; to 87;;. I1;; is known as the anisotropic
inertia tensor field of the fluid and may be decomposed just
like as h;;,

I; =a2(H,-jH5+viH/V+vjniV+nfj), (13)

where H,V and l'Il.Tj satisfy conditions analogous to Eqgs. (10)
and (11), which are satisfied by C; and D;; in return. In
Eq. (13) there is no term proportional to g;;, because §7;;
itself contains such a term. Finally, we have

8Too = —phoo + 8p, (14)
8Tio = phio — (6 + p)(Vidu + su]), (15)
8T;j = phij + a*(&;dp + H;T1® + V;11]

+v;n) + 1), (16)

Now let us define the Laplace—Beltrami operator,

V2 =gV H;; =§V,V;.

Thus, for scalar field S we have

a?V2S = §79;9;S — 3K (3;S)x". (17)

Also for the vector field V; and the tensor field 7;; we can
write

a?V2V; = g9, 0Vi — K Vi —2K (9 V)x! 3K (3, Vi) x7,
(18)
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a*VT; = g0 Ti; — 2K Tyj — 2K (0 Tjp)x*

— 2K (0, Tip)x" — 3K (3 T;j)x"*

+2K%5;; Tux*x'. (19)
Substituting Egs. (7), (8), (9), (12), (14), (15), and (16) in
the field and conservation equations namely Egs. (4) and (6)
and also separating the terms containing g;;, V;, and H;j,

accompanied by using Eqgs. (17), (18), and (19) results in
three independent sets of coupled equations.

2.1 Scalar mode equations

These equations involve just scalars:

1

o1 : .
2K A+ aa*V*F — 3aaA — 5aa3v219 - §a2A

1. 1
+ (24> 4+ ad)E + —adE + §a2V2A

2
=47 Gd>(—8p + 8p + a>V>T1%), (20)
4aF —3aaB+2aF —a*B+E+A=—167Gd*T15, (1)
aA — GE — KaB +2KF = 87Ga(p + p)du, (22)
a . cos 3w 1 5 5. 3a .
3—-A+4+aaV°B+ -A+ —a“V°B — ——FE
a 2 2 24

o7 .
— 4V2F —aV?F — —-V?E —3%E
2 a
= —4n G (8p + 38p + a*V*11%), (23)
adp

- T V2[—a(p + p)F + (p + p)du + aall®]

1 . ) a
+ 5+ PBA +a?V2B) + 35(5;) +8p) =0, (24)
- _ _ 3514 1 _ _ 22+ S
p8u+(p+p)?+§(p+p)E+8p+a VIl
+2KT11% = 0. (25)

2.2 Vector mode equations

We have
24G; —3aaCi + aG; — a*C; = —16xGa*11), (26)
—%a3V2C,~ + %aZVZGi — KaC;i + KG;

=87Ga (p + p)du), (27)

96u”
8’;1 +a?vY +2kTY =0, (28)

pdul + o+ p)
2.3 Tensor mode equation

We have

a’V?Dij—3aaDij—a’Dij—2K Dij=—16xGa’I1];. (29)

As previously mentioned, in linear perturbation theory, the
scalar, vector, and tensor modes evolve independently. The
vector and tensor modes are not important for structure for-
mation because they produce no density perturbation, albeit
they affect the CMB anisotropy.

3 Fourier decomposition and random fields

In this section, we study the spectral and stochastic proper-
ties of the perturbations for the case K = +1. Albeit the
equations have been derived in Sect. 2 to describe the time
evolution of the perturbative quantities, viewed as functions
of position (at fixed time) they are considered as random
fields on $3(a), because they are defined on a homogeneous
and isotropic space [7,21]. Now we investigate the stochastic
properties of perturbations for every mode separately.

3.1 Scalar perturbations and scalar random fields

An important class of random fields are described by their
Fourier transformations. There are many different Fourier
transform conventions; however, here our intention is the
expansion of each mode of the perturbation fields in terms
of the corresponding eigenfunctions of the Laplace—Beltrami
operator. Thus, we have to find the eigenfunctions of V2 on
$3(a). For the scalar mode we have

Vo = 20, (30)

where V2 = gV H; ;- In pseudo-spherical coordinates with
the line element

ds? = a®(dy? + sin? xd6? + sin” xsin® 6de?), (31)

Eq. (30) gives

1 <a2c1> N 1 9%® N 1 92
a2\ 9x2%  sin?x 302  sin? x sin? 6 9¢?
oD cotf 0P
+2cotf— + ——— | = ED. 32
Xax " sin?x 90 ) (32)

Solving Eq. (32) one gets the following eigenvalues and
eigenfunctions [22-25]:

1 — 2
E=8, = aZ”, n=1,2, .. (33)
(D = ynlm (Xs 97 (P) = Hl’ll (X) Ylm (97 (p) k] (34)
n=12,.., [ <n-—1, |m|<lI,
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where

Q!
Va3

2nn—101-1)!
T (n+0)!

Cff} 1 (cos x)

sin’ X

I (x) =
(35)

are known as Fock harmonics [22,25]. Also Y;,, and C,)Z‘ are
scalar spherical harmonics on S and Gegenbauer (ultras-
pherical) polynomials, respectively. It can be shown that

f Qim0 0. OV (X 0 9) = oS (36)
S3(a)

where dp = a3 sin? x sin@dxdfdg is the invariant volume

element on $3 (a). Scalar harmonics on s3 (a) also can be
expressed in terms of Jacobi polynomials or associated Leg-
endre functions [26,27]. Furthermore the )),;,, constitute a
complete orthonormal set for the expansion of any scalar field
on $3(a). Thus, for the scalar perturbative quantity A(z, X)
at some instant (which thereafter will be denoted by A(x))
we can write

A =Y AumVuim (X, 0, 9) . (37)

nlm

Apnim just like A (x) is a scalar random field. Apart from
the distribution function of A, its simplest statistics are
described by the mean value and two-point covariance func-
tion, and the latter is defined by (Aum A}, /). Here ()
means the ensemble average which equals the spatial aver-
age according to the ergodic theorem [7].

The homogeneity of S3(a) implies for any pair of scalar ran-
dom fields A and B

(AX)B*(x)) = (A(x + R)B*(x' + R)). (38)
(R is an arbitrary 3-vector in R3.) Thus (A (x)B*(x')) must
be just a function of x — x’. This implies that

(AnlmA:/]/m/> O 8 117 Sy - (39

It means that A,,;;,, and A,,/;7,,,y are uncorrelated random fields
for different indices (indeed it results from the homogeneity
of the universe). The homogeneity also implies that the coef-
ficient of proportionality in Eq. (39) is just a function of n
ie.

(Antim Aypr) = PR (1) Sy 811 S (40)
Pg (n) is a power spectrum or spectral density of A (the
superscript “0” over P states corresponding to the spin of
the random field) which depends on the distribution function
governing A. Moreover, we have
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(Anim Bjyir) = P8 (1) S 811 Sum (41)
in which Pg’ g (n) is a joint power (cross-correlation) spec-
trum of A and B [28,29]. One may define the correlation
coefficient between A and B:

Pg’ 5 (M)
VP (n) P (n)

—1 < Aa p (n) < 1andthe two extreme values A4 p (n) =
+1 and A4 p(n) = —1 correspond, respectively, to full
correlation and full anti-correlation [29].

Finally, let us define the spectral index of the random field
A as

App(n) = (42)

n  dPY(n)

MNa =4+
4 PQ(n) dn

(43)

Now we prove that the homogeneity of the universe yields
Eq. (41). First, let us calculate (A(x) B*(x'))

(A (x) B*(x))
= Z Z AumB ’l’m/ YVnim (X) Y /l/m’(x)
nlm n'l'!m’
= Z PX,B (1) Yoim (X) Yoy (X))
nlm

20+1 ) .
= Z . Py p () T (x) T () Pr(X.X). (44)

On the other hand, according to the addition formula of
Gegenbauer polynomials (Fock harmonics) [30] we have

. 3 n—1

sinny _ R
— Z QL+ DTy GO T (XY PR X)), (45)
siny
where cosy = cos x cos x” + sin x sin x’ (X.%). Conse-
quently

(A(x) B*(x)) =

e smy ZnPA g (n)ysinny, (46)

which is obviously invariant under the following transforma-
tions:

p=q
p=¢
qi—>g0/+8’ 0—>0+4, 0="0 47
¢ e t+d 0 >0 45 X—>x+4
X' — x'+3
Moreover, one can show that
1 N2 1 72
cosy:l—i(cosx—cosx) —§|x—x|. (48)
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This shows for x = x/, that the cosy is a function of
|x — x|, and thus we conclude that Eq. (41) depends merely
on |[x — x'|. Now let us turn to the vector mode.

3.2 Vector perturbations and vector random fields

In order to investigate the vector perturbation we should find
the vector spherical harmonics on S>(«) first. They are solu-
tions of the following equation:

V3V, =YV, ViVi=0 (49)
The transversality condition is added as a constraint, because
every vector perturbation in cosmology (C;, G;, l'IlV) is

divergenceless. It can be shown that the vector spectrum of
$3(a) is [22-25]

, n=2,3, .. (50)

and there are two independent eigenfunctions, which in
pseudo-spherical coordinates are

VO nim =0,

(VS )im = — e sin ( Ty (1) s i
JITF+T) sinf d¢

V3 nim = — 2L sin Xy (x) sin@ O ) (5D
Ta+0) 30

and the other

GYEEH D T (X)

n sin x

a
W[(l + 1) cos x I (x)

. Y
=7 = (D sin XM GO1—2%,

a
m[(z + 1) cos x I (x)

. 3Yim
—y/n? = ( + 1)?sin x4 (x)]?- (52)

One can show that

(Vle)nlm = Yim (0, ¢),

(Vze)nlm =

(V3e)nlm =

/ A’ (V) nim (VY

$3(a)
= / dﬂgij(vie)nlm(vje):/l/m/ = S 811/ Sy (53)
$3(a)
and
27V nim (V) wim = 0. (54)

These vector harmonics constitute a complete orthonormal
set for the expansion of any transverse vector field on S°(a).
Thus, for the vector perturbation A; (Xx) we can write

Ai (%) =Y 1AL, (VOnim + Ay (Vnim], (55)

nilm

where A7, and Ay, = are two random fields and like scalar
perturbations we have

<AU A% ) = PX (1) Sy 811 Smm’ »

nlm*“*n'l'm’
<AftlmAleq>’kl’m’> = P,i (1) 8811 Smim »
(At A ) = PR (1) Sp 8117 Sy -

It yields

(Aix)AT(x) = Z[PZ(H)(V,'O(X))nlm(V,'O*(X))nlm
nlm
+ P,Z (”)(Vie(x))nlm(vie*(x))nlm
+ Pge (n)(Vio(X))nlm(Vie* (X))nim
+ Pze (”)(V,'E(X))nlm(vio* (X)nim]- (56)

On the other hand, (Ai(x)Ajf(x)) must not change under a
parity transformation, because the probability distribution
function is invariant under a spatial inversion, and we have
P4¢(n) = 0. Furthermore,

P{(n) = P5(n) = P (n). (57)

Because the power spectrum just depends on the probability
distribution function it cannot be a function of parity. Thus,

(AL AT = (AL, A = P )8 S1Spm— (58)

nlm**nim nlm**nim

(A Apim) = 0. (59)

nlm**nlm

The last relation means that A7, and A7, = are statistically
independent random fields; however, they have the same
spectrum.

3.3 Tensor perturbations and tensor random fields

Every symmetric, traceless, and transverse covariant tensor
of rank 2 on S3(a) can be expanded in terms of 7 tensor
spherical harmonics [22]. These harmonics can be classified
into two groups.
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Odd parity

(Tlol )nlm = 07
2

a
T nim = —
(T2 V202 = DI -1 I+ D) (I +2)
x sin x [({ +2) cos x I, (x)
— = @ D2 sin g M (o129,
sin 6
a2

(T303)nlm

2 nia- D+ +)
x sin x [({ +2) cos x I, (x)

_ \/msin X1 GOl

x sin 6 Xy (6, @) ,

I—Dd+2
(T]02)nlm=_a2\/2( )( + )

(n2—1)1(1+1)

1 Y
H a
* T GO sinf dp
I-DI+2)
T nim = a*
(T{3)nim = a \/2(n2_ )1 +1)
. aYlm
l—I 6 9
x Iy (x) sin 20
2
a
(T203)nlm =
S22 =n1a-na+na+2)
x sin x[(I 4+ 2) cos xI,;; (x)
—y/n? =+ D?sin x4t (0]
x sin Wy, (8, @), (60)
where
32Y1m 0Yim
Xim (0, ) =2 —cotd—— |, (61)
909¢ dep
82y,
Im
Wim (0, 9) =2 592 +IA+1) Y (0, 0). (62)
Even parity
a> [1d—1DA+1)A+2) My (x)
T¢ - Y (0
( 11)nlm 2(}12—1) sinzx m (0, ¢),

(Tzez)nlm = -

2 1A= d+D d+2
a \/( VUADUED ) Yim 6, 0)

n 2(m2—1)

a2

+
ny2m* = DI -1+ 1) +2)

X Gni () Wi (0, @) ,
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(T3e3)nlm = -

a> 1A= (I+1Dd+2)
2n 22 — 1)
x Ty (x) sin® 0¥y, (6, @)

a2

20— DIA—D A+ D +2)

X Gt (x) Sin® O Wi (6, @) ,

B a? | I-D(I+2)
T aV2m2=DId+ D)
x [(I + 1) cot x T, (x)

Y
—/n2 =+ 1)y (x)]#,
a | (-1Hi+2)
n\2m2—-DII+1)

x [(I + 1) cot x I (x)

0Y,
—/n? =+ 1D (x)]a—“",
(2

a2

ny2m2 = DIAd =D A+ 1) ([ +2)

X G (X) Xim (0, ¢) (63)

(Tle2)nlm

(T1e3)nlm =

(T283)nlm =

where

G (x) = (I +2) cos® x Ty (x) — (n* — 1) sin® x Ty (x)

+%(l—1)(1+2>nnl(x)—\/n2—<l+1)2

x sin y €os x Mur1 (x)- (64)

It is also possible to express the tensor spherical harmonics
in terms of the Chebyshev polynomials of the first kind [31].
It can be shown that

2o _ 3- n’ 0 _
Vv (T,‘j)nlm = T(Tij)nlma n=3,4,.. (65)

V2(T ) wim = 3=n? e =34 66
ijInlm = ) (,‘j)nlm7 n=>5+4,.. (66)

and also

/dﬂgikgjl(n?)nlm(Tk(}):/l/m/

$3(a)

_ / g™ & T utm Ty = Sun St St (67)
83(a)
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The set {(7}‘1’.),1[,,1, (Tij.)nlm} constitutes a complete orthonor-
mal basis for the expansion of any symmetric traceless-
divergence-free covariant tensor field of rank 2 on s3 (a).
On the other hand, the tensor mode is completely character-
ized by two traceless-transverse symmetric tensors D;; (¢, X)
and l'IiTj(t, x). We can expand them in terms of t— tensor
spherical harmonics on § 3a):

Dij () =Y [DY, (T nim + Dty (T nim]- (68)

nlm

There is a similar expansion for I'IiTj (t, x). (Note that we drop
t here, because all quantities are considered at a fixed instant.)
Dy, and Dy, justlike D;;(t, X) are two random fields, so

0 0% _ e ex
( nlmDn’l’m/> = nlmDn’l’m/>

= P2 (1) 811 Sy (69)

where Pg 2 (n) is the power spectrum of the gravitational
wave D;; [32]. The probability distribution is independent of
parity, so we cannot expect (D7, Dyy, ) and (Dy, D¢, )
to have different values. In addition, because the scalar, vec-
tor, and tensor modes are independent, their joint power

spectra vanish.

4 The gauge problem

In this section, we investigate the behavior of the perturba-
tions under the gauge transformations. The equations derived
in Sect. 2 may have physically equivalent solutions. This
problem is called gauge freedom. Similar to the Einstein
field equations this gauge freedom may be fixed by choos-
ing a coordinate system. For this purpose, let us consider a
spacetime coordinate transformation,

xt = x* = x* e (x), (70)

with small €/ (x) in the same sense as that &, and the other
perturbations are small. In cosmology, we call Eq. (70) a
gauge transformation if it affects only the field perturbations
and preserves the unperturbed metric [2,33]. Under such a
gauge transformation, the metric of the spacetime changes
as

;o dxP ax*
Buv (X) = g, (x) = S 9 Sk (x), (71)
equivalently
ax'P ax”
guv (¥) = Tl aa S0 (x+e). (72)

It yields

Guv (X) + Ry (X) = (87 + 8,€”) (8 + Bue™) x
X[gpx (x +€) + Iy (0)]. (73)

After simplification we have

Ry (%) = hyy (x) = € (038un) — 8ur(Bv€™) — Zua (Bue).
(74)

Thus

Ahyy (x) = h;w (x) = hy (x) ==V, —Vyey, (75)

where V, is the covariant derivative corresponding to g, .
Consequently

Ahgy = —2€y, (76)

Ahig = Ahg = —é; — di€g +2¢;, (77)
a

Ahjj = =Vj€ej — V€ + 2aagijeo, (78)

where V; is the covariant derivative respect to g;;.
Similarly we can derive the effect of gauge transformation
Eq. (70) on the energy-momentum tensor:

AGBTy) = —€* (. Tyuw) — Tpn(dv€™) — Toa(du€™),  (79)

or in more detail

A (8Too) = 2p€0 + p €o, (80)
_a . _

A (8Ti0) = A (8Toi) = 2P;6i — péi + po;eo, 81)
_ d -

AGTy) = ~p(Vie; + Vje) + 7 (@ )gijeo. (82)

In order to derive the gauge transformations of the scalar,
vector, and tensor parts of 4y, and T}, it is necessary to
decompose the spatial part of €/ as follows:

¢ =VieS+ef, Vel =o. (83)

Now with substitution of Eq. (83) into Egs. (76), (77), (78),
(80), (81), and (82), we find

AA =2%¢), AB= —ZéS,

AE =2, AF =1(-&5—¢ +2%65),

ACi =—%e!, AG =1 (-¢' +24¢).

i a
(84)
AD;; =0, AIS=AI) = Anfj =0,

ASu = —ey, Adu) =0,

Adp = ,560, Adp = ﬁeo.

@ Springer
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Obviously I15, Hl.V, I"IiTj, D;j and Sul.v are gauge invariant
quantities. Besides, one can construct more gauge invariant
quantities by combination of the perturbative quantities, e.g.

¢ = % — H‘STP (H = g), which is known as the curvature

perturbation on the uniform density slices [34,35]. Note in
particular that ¢ is a pivotal quantity in cosmology, which
is related to the fluctuations of inflation as well as the CMB
angular power spectrum [32,36] and consequently connects
the primordial perturbations to the present observational data.
All of the tensor quantities are gauge invariant and as a result
gauge fixing is not required. On the other hand, for the vector
mode, we can fix a gauge by choosing eiV so that either C;
or G; vanishes. For the scalar perturbations, fixing a gauge
means choosing € and €, so there are several ways to fix a
gauge [5], but here we concentrate on a special gauge which
was introduced by Mukhanov et al. [37] and is known as
the Newtonian gauge. In this gauge we choose g and €3 by
setting B = F = 0. It is convenient to write E and A in this
gauge as

A= -2U. (85)

@ and WV are known as Bardeen’s potentials [34]. This gauge
eliminates the gauge freedom completely, in contrast to the
synchronous gauge [2,38], which was introduced by Lifshitz
[3]. In the Newtonian gauge the line element of the universe
takes the form

ds? = — (1 +2®@) dr* + a*g;j (1 — 2W) dx'dx, (86)

and the gravitational field and conservation equations become

4 L. . .
— SV 4+ 6HY + ¥ +2BH* + H)d+ HO — V*W
a

=47 G(=8p + 8p + a>V*11%), (87)
U — d =87Ga’Il5, (88)
U+ H® =—47G (5 + p)du, (89)
30 + 6HY +3HD + V2d + 6(H> + H)®

=47 G 8p + 38p + a>V2115), (90)

3(p+p) V= %+3H(8,0+6p)
+ V2[(p + p)du + a*HITY] 91)
(p+p) ®=—pdu—(p+p) 853—[“—3p—a2V21'[S—2HS.
92)

In the next section we shall show that this system of equations
has two independent adiabatic solutions.
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5 Adiabatic modes in a spatially closed universe

In this section, we want to generalize the Weinberg theorem
[2,39], which has been proved for a spatially flat universe to
the spatially closed case. According to this theorem whatever
the contents of the universe, the perturbative field equations
have two independent adiabatic solutions in the time inter-
vals when the perturbation scales are often very longer than
the Hubble horizon of the universe. These two solutions in
the Newtonian gauge are

t
U (t,x) =D (1,X) = (X) [%]a(r)dr -1,
0]
) _ D _ sy (1,x) = —@fla (v)dt &9
p P ' 5 ’
18 (¢,x) = 0,
and
W(t,x)=d@x)=xxZ,
PN — X — gy (1, x) = — L2 (94)
o P ' a’
1% (¢, x) =0,

in which ¢ (x) is the curvature perturbation on the uniform
density slices when the perturbations are outside of the Hub-
ble horizon or equivalently the conformal factor of §3 and
X (X) is an arbitrary function of position.

In order to prove this, initially we put ITS = 0, because the
cosmic fluid is approximately perfect; thus, from Eq. (88) we
have

v =, 95)

Now take the gauge transformation
= x4 et (x), (96)

which converts the present Newtonian gauge to another
Newtonian gauge. Consequently

Ahgyp = —2ég = AD = &y, o7
Ahjp =0 = —¢é — djep + 2%6,- =0, (98)
Ahij = =2a*§;; AV = —Vie; — V€ + 2aag;jeo

= —2a°§;; AWV. (99)
Equation (98) results in

t

a. )
€ (1,x) = —a2/ 0D )

az—(r) (100)

0]
in which 79 and 7; (x), respectively, are arbitrary time and

an arbitrary 3-vector field on $3. Substituting Eq. (100) into
Eq. (99) yields
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t
Hiiep (t,X)
2/”—d —(Vin; +V;n;)

a? (1)

fo

+2Hgijeo (1, X) = —28;; AW, (101)

Now suppose that 7; (x) is a conformal Killing vector of 3

Vinj + Vini =2y (%) &j. (102)
where y (X) = %V,- n' is a function on S3, the so-called con-
formal factor of S [40]. Note that S3 has no homothetic
Killing vector [40,41], but due to its conformal symmetry,
it has a conformal Killing vector. Indeed in [42] it has been
proved that $3 has a four-gradient conformal Killing vector.
For instance, n; = §™;(m = 1, 2, 3) is a conformal Killing
vector of $3 with conformal factor —x™:

Vis"; + V8" = =2x"g;;.

On the other hand, on the super-Hubble scales we can
ignore the first term on the left side of Eq. (101), because
2 ftt Hijo(. X)dr is of the order of 2 ftf) Vzeo (t,x)drt, soits

a?(t)
t 1—n2
Fourier transform has same order of 2 f 1on®

10 aZ(e) Ontm (r)dr,
which is negligible for super-Hubble scales. Thus Eq. (101),
on the time intervals when the perturbation scales are very
longer than the Hubble horizon, turns to

—(Vin; + Vjni) + 2Hgijeo(t, X) = —2g;; AV,

or

AV =y (x) — Heg (2, X) . (103)
Besides, in the Newtonian gauge both W and W + AW are
solutions, so that it results from the linearity of equations that
AW is another solution of the Newtonian field equations too.
It is also true for other perturbations. Consequently, we have

a set of solutions of the Newtonian gauge field equations:

VU =yx — He(t,x), (104)
D= ¢y (1, %), (105)
80 = peo(t,x), (106)
8p = peo(t,x), (107)
du = —eq (1,X). (108)
Furthermore,

[=-V— H‘S—p =—y (). (109)

0

It can be concluded from Eq. (109) that ¢ is conserved i.e. it
does not depend on the time, so that the above solutions are

appropriate for a period when the perturbations are outside of
the Hubble horizon. In order to see the conservation of ¢ on
the super-Hubbles scales, it is sufficient to write the Fourier
transformation of Eq. (24),

38 1 —n?
9%Pn | .
Jat a

3 . 1 B .
+5(p+p)An+5(p+p><1—n2)Bn

[—a (B + p) Fun + (B + P) Sun + aall3]

P
+ 3; (8pn +8pn) = 0; (110)
for simplicity we drop / and m indices. On the super-Hubble
scales (n << aH) we can approximate this equation as
follows:

o 3 _  _ . a
+ 2 (5 + ) An +3% (800 +8pa) = 0. (111)
ot 2 a
On the other hand, we have
2 4
Ay =2g, — =2 (112)
3p+p

By substituting Eq. (112) in Eq. (111) and using the con-
servation law of energy in an unperturbed universe we can
write

b= PO = PP (113)
3(0+p)

Thus for adiabatic perturbations for which ‘SLf_" = ‘Slz nwe

have ’ !

& =0. (114)

Consequently, if the perturbations are adiabatic!, ¢ is con-

served of course in the epoch when the wavelength of most
perturbations are very much longer than the Hubble radius.
Indeed, the conservation of ¢ is a general theorem in cos-
mology which has been proved even for a nonlinear general-
ization of ¢ [43]. Note that ignoring the first term of the left
hand side of Eq. (101) causes ¢ to be independent of time,
which is equivalent to going outside of the Hubble horizon.
From the combination of Egs. (95), (104), (105), and also
Eq. (109) we may write
€ (t,X) + Hep (1,X) = —¢ (X). (115)
Equation (115) is a first order differential equation for
€o (t,x) and we solve it in two different cases: First we
assume ¢ (x) # 0, and consequently, Eq. (115) results in

Spa _ Spp
P p
stand for every two different species of cosmic fluid elements whereas

the condition 6" L= 8" “ is known as the generalized adiabatic condi-

I Strictly speaking, the adiabatic condition is £ where  and 8

tion.
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t
€ (1, %) = —&/a(f)dr.

(116)
a
1o
By inserting Eq. (116) in Egs. (104)—(108) we have
t
H
v (t,x) = (1,x) = ¢ (X) —fa(t)dr—l ,  (117)
a J
Lot
8p (1, %) = —¢ (X)B/a(r)dr, (118)
a J
.ot
op (t,x) = —¢ (x) L f a(r)dr, (119)
a ;
t
Su (t,x) = &/a (r)dr. (120)
a ]
On the other hand, if we take { = 0 Eq. (115) gives
€o (1, x) = —X(X), (121)
a

where x (x) is an arbitrary function on the $3(a). Note that in
this case 1; is a Killing vector of S3. By substituting Eq. (121)
in Egs. (104)—(108) we derive the second set of solutions as
follows:

(X)) =d @1 x) = x (%) g (122)
5

dp (1,x) = —x (x) pr (123)
p

dp (t,x) = —x (X) Py (124)

Su(1,x) = Xc(zX)' (125)

Unlike the first solution, this solution is a decaying mode, so it
can be neglected at late times and its existence is significant
just for counting of adiabatic solutions. In both solutions
% = L;’X), which means they are adiabatic solutions.

In general, S3 has four independent gradient conformal
Killing vectors and six independent Killing vectors, however,
we have totally two independent solutions for perturbations
equations in super-Hubble scales.

It can be shown that whatever would happen during infla-
tion, if the universe subsequently spends sufficient time in a
state of local thermal equilibrium with conserved quantities,
then the perturbations become adiabatic and they remain adi-
abatic, even when the conditions of local thermal equilibrium
are no longer satisfied [44].

@ Springer

6 Conclusion and summary

The de Sitter background is maximally extended and also
maximally symmetric if and only if K = 1, i.e. its spatial
section is closed. For this purpose, we obtained the required
linear perturbation field equations and then proved the exis-
tence of two independent adiabatic solutions for these equa-
tions in the time interval when perturbations scales go outside
of the Hubble horizon. We showed the curvature perturbation
on the uniform density slices in a spatially closed universe
is proportional to the divergence of the conformal Killing
vector of S°. This indicates some perturbative cosmologi-
cal potentials in the time intervals when the scales of the
majority of perturbative modes become longer than the Hub-
ble horizon and reduce to the geometrical properties of the
background. In comparison with the adiabatic solutions in
the spatially flat background, it seems that the curvature has
no direct role when a H >> 1, but the dependence of £ (x) on
the background geometry manifests itself even outside the
horizon where the curvature is significant. We also investi-
gate the stochastic properties of the perturbation fields in a
spatially closed background and show that their spectra are
discrete due to the compactness of S 3a).
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