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Abstract In split-family SUSY, one can use a U (2)3 sym-
metry to protect flavour observables in the quark sector from
SUSY contributions. However, attempts to extend this proce-
dure to the lepton sector by using an analogous U (2)5 sym-
metry fail to reproduce the neutrino data without introducing
some form of fine-tuning. In this work, we solve this problem
by shifting the U (2)2 symmetry acting on leptons towards the
second and third generations. This allows neutrino data to be
reproduced without much difficulties, as well as protecting
the leptonic flavour observables from SUSY. Key signatures
are a μ → eγ branching ratio possibly observable in the near
future, as well as having selectrons as the lightest sleptons.

1 Introduction

The first run of the LHC has already been completed, with no
signs of any kind of new physics. Although this puts signifi-
cant pressure on most types of physics beyond the Standard
Model, models based on low-energy supersymmetry (SUSY)
seem to be at the heart of most discussions. The reason for this
is the apparent difficulty of the latter to completely remove
fine-tuning in the Higgs sector [1,2].

The question of what amount of tuning is acceptable, if any
at all, is still unresolved. However, it is generally acknowl-
edged that to minimise the problem one requires light stops,
light higgsinos and not too heavy gluinos [3] (see [4,5] for
alternative approaches). This, combined with current LHC
bounds on SUSY masses [6,7], suggests a departure from
simple SUSY models. In particular, if first generation squark
masses are pushed to higher values, it might be necessary to
introduce a split-family spectrum for sfermions [8–13].

Demanding such a spectrum raises a new issue regarding
flavour. Generally, in order to suppress SUSY contributions
to flavoured processes, the minimal flavour violation (MFV)
ansatz is invoked [14]. This, however, might not be accept-
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able any more in a split-family scenario, as MFV naturally
requires all sfermions to have equal masses, with family split-
ting appearing at first order in the spurion expansion. In order
to obtain non-degenerate masses, one requires a cancellation
between the leading two contributions to the third generation
soft masses.1 This suggests that split-family SUSY cannot be
combined with MFV without recurring to some amount of
fine-tuning in the flavour sector.

An alternative ansatz without this problem was found
in [15], for quarks. Here, instead of the U (3)3 flavour sym-
metry of MFV, a U (2)3 symmetry was imposed, acting on
the first two generations. This would allow the separation of
the (light) soft mass of the third generation squarks from
that of the (heavy) first two, simultaneously suppressing
SUSY flavour effects to a sufficient level. This work was
followed by further phenomenological studies in the quark
sector [16–18], as well as studies of perturbations due to RGE
effects [19].

To have a full understanding of this ansatz, it is necessary
to apply it also on the lepton sector. It was shown in [20] that
this is not straightforward, leading to a somewhat different
approach. Here, the starting point was set to be U (3)5 (i.e.
MFV), with a breaking of the symmetry to U (2)5 on the
Yukawa sector, and to O(3)L on the neutrino sector. Although
this approach allowed the construction of the same Yukawa
matrices as in U (2)5, along with a satisfactory reproduction
of the neutrino oscillation parameters, it was found that the
soft terms suffered from the same problem as MFV: in order
to obtain a split-family sfermion spectrum, one requires a
cancellation.

In this work, we build an alternative framework to that
of [20], such that no cancellation is needed to split the
sfermion generations, neutrino data is easily reproduced, and
flavour is still protected from large SUSY contributions. The

1 Of course, RGE effects also introduce further splitting, up to a certain
degree.

123



2772 Page 2 of 9 Eur. Phys. J. C (2014) 74:2772

method is based on shifting the U (2)2 symmetries acting on
leptons towards the second and third generations.

To understand our motivation, let us briefly review what
we know of flavour in the leptonic sector. The mixing of lep-
tons is observed in neutrino oscillation experiments, which
have measured three mixing angles [21]:

s2
12 = 0.306+0.012

−0.012, s2
13 = 0.0229+0.0020

−0.0019,

s2
23 = 0.446+0.007

−0.007 ⊕ 0.587+0.032
−0.037. (1)

These are very different from those of quarks, with the
smallest lepton mixing angle having a size similar to the
largest one for quarks.

Neutrino experiments have also measured two mass
squared differences, although the sign of one of them has
yet to be determined. In the so-called normal hierarchy, the
mass differences are

�m2
atm = (2.417+0.013

−0.013) × 10−3 eV2,

�m2
sol = (7.45+0.19

−0.16) × 10−5 eV2, (2)

from which we can extract a small parameter:

ζ 2 = �m2
sol/�m2

atm. (3)

On the basis where the charged lepton Yukawa is diagonal,
neutrino masses and mixing can be extracted from the Majo-
rana neutrino mass matrix mν , appearing in the dimension-
five effective operator. Still in the normal hierarchy, on the
limit where ζ 2 → 0 and s2

13 → 0, we find

(m†
νmν)n.h. → m2

light ·
⎛
⎝

1 0 0
0 1 0
0 0 1

⎞
⎠

+�m2
atm

⎛
⎝

0 0 0
0 s2

23 s23c23

0 s23c23 c2
23

⎞
⎠ , (4)

where mlight is the lightest neutrino mass.
This equation gives a very important hint on how to treat

neutrinos. On one hand, for large mlight, we find data prefers
degenerate neutrino masses, and thus disfavours the appli-
cation of any U (2) symmetry. This motivated the approach
used in [20], where U (3)L was broken to O(3)L for neutrinos
only.

However, for vanishing mlight, we can see that neutrinos
require a connection between the second and third genera-
tions, not between the first and second. It is this fact that
motivates this work.

In the following, we build a framework based on U (2)5

flavour symmetries, in such a way that it acts on the first
two generations in the quark sector, and on the last two in
the lepton sector. The setup is described in Sect. 2, where
we also show how this is applied on the quark sector. The

lepton and slepton sectors are addressed in Sects. 3 and 4,
respectively. Also in Sect. 4, we study lepton flavour viola-
tion (LFV) processes, and show that flavoured observables
are indeed protected from large SUSY contributions. The
neutrino sector is described in more detail in Appendices A
and B. We conclude in Sect. 5.

2 Setup and quark sector

The flavour symmetry acting on the MSSM Lagrangian shall
be U (2)5 ⊗ U (1)d ⊗ U (1)L ⊗ U (1)e. Apart from the Higgs
doublets, Hu and Hd , which do not transform under any
flavour symmetry, we consider the matter content shown in
Table 1. These correspond to the MSSM quark and lepton
superfields, with the φ f transforming as doublets under some
U (2) f symmetry. The ρ f are U (2)5 singlets, some of them
transforming under one of the three U (1) f .

In the limit of exact symmetry, the only term with quark
superfields allowed in the superpotential is

W = yt ρQ ρu Hu, (5)

where yt is an O (1) parameter. Thus, the superfield ρQ cor-
responds to the third generation QL , and ρu corresponds to
the third generation uc

R .
Reproducing the Yukawa couplings of the quark sector

is straightforward. We proceed by adding spurions with the
following transformation properties under the flavour sym-
metries:

�Yu → (2, 2, 1, 1, 1)(0,0,0), �Yd → (2, 1, 2, 1, 1)(0,0,0),

Vq → (2, 1, 1, 1, 1)(0,0,0), yb → (1, 1, 1, 1, 1)(−β1,0,0),

(6)

where the (a, b, c) subindices refer to the charges under
U (1)d , U (1)L and U (1)e, respectively. These lead to the fol-
lowing terms in the superpotential, invariant under the flavour
symmetry:

δW = (φQ Vq ρu + φQ �Yu φu)Hu

+(yb ρQ ρd + yb φQ Vq ρd + φQ �Yd φd)Hd , (7)

where we have neglected O (1) constants. The spurions thus
give rise to the Yukawa couplings of [15], namely:

Yu =
(

�Yu xt Vq

0 yt

)
, Yd =

(
�Yd xb Vq yb

0 yb

)
, (8)

where x f are complex O (1) constants that cannot be
removed by spurion redefinition. Here, everything to the left
of the vertical line has two columns, and everything above
the horizontal line has two rows. One then identifies φQ , φu

and φd with the first two families of QL , uc
R and dc

R . Notice
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Table 1 Symmetries and SM superparticle content. For U (1) symmetries, we show the actual charge of the field

φQ ρQ φu ρu φd ρd φL ρL φe ρe

SU (3)C 3 3 3̄ 3̄ 3̄ 3̄ 1 1 1 1

SU (2)L 2 2 1 1 1 1 2 2 1 1

U (1)Y 1/6 1/6 −2/3 −2/3 1/3 1/3 −1/2 −1/2 1 1

U (2)Q 2 1 1 1 1 1 1 1 1 1

U (2)u 1 1 2 1 1 1 1 1 1 1

U (2)d 1 1 1 1 2 1 1 1 1 1

U (2)L 1 1 1 1 1 1 2 1 1 1

U (2)e 1 1 1 1 1 1 1 1 2 1

U (1)d 0 0 0 0 0 β1 0 0 0 0

U (1)L 0 0 0 0 0 0 0 β2 0 0

U (1)e 0 0 0 0 0 0 0 0 0 β3

that the yb spurion plays the role of providing a justification
for the difference between the top and bottom quark masses.

Once we have the Yukawas built in this manner, the anal-
ysis and conclusions are analogous to those of the original
U (2)3 framework, for both the quark and the squark sec-
tors [15–18]. In particular, we can keep the parametrisation

�Y f =
(

c f s f eiα f

−s f e−iα f c f

)
�Y d

f , Vq =
(

0
1

)
ε, (9)

where ε ∼ λ2
CKM, and �Y d

f means that the matrix has been
diagonalised. If we choose su � sd ∼ λCKM, we reproduce
the CKM mixing matrix.

3 Lepton sector

For the lepton sector, we introduce spurions with transfor-
mation properties analogous to those for quarks:

�Ye → (1, 1, 1, 2, 2)(0,0,0), Ve → (1, 1, 1, 2, 1)(0,0,0),

λL → (1, 1, 1, 1, 1)(0,−β2,0), λe → (1, 1, 1, 1, 1)(0,0,−β3),

(10)

from which we build the charged lepton Yukawa matrix.
The key assumption used to shift the U (2) f symmetries

to the second and third generations lies on taking (λLλe) =
ye, i.e. the first generation Yukawa coupling. This gives the
charged lepton Yukawa a different structure. When ordering
the states in terms of ascending eigenvalues, and re-defining
the spurions in order to absorb the O (1) parameters, we find

Ye =
(

ye 0

Ve λe �Ye

)
. (11)

In this case, everything to the right of the double vertical lines
has two columns, and everything under the double horizontal
lines has two rows. Thus, the small value of the λL λe spurion
combination shifts the U (2)L ⊗U (2)e symmetry in the lepton
sector towards the second and third generations.

For the neutrino sector, we build the effective Majorana
mass matrix using the same spurions as for the Yukawas. We
find it necessary to introduce an additional spurion:

�L → (1, 1, 1, 3, 1)(0,0,0), (12)

such that the matrix in the dimension-five operator becomes

mν =
(

r1 λ2
L r2 λL V T

e

r2 λL Ve �L + Ve V T
e

)
κν . (13)

with r1 and r2 being the only O (1) complex couplings that
cannot be re-absorbed into the spurions. The spurion κν acts
as a complex parameter with mass dimension, breaking lep-
ton number.

For the lepton sector, we find it more useful to use a differ-
ent parametrisation from that for quarks. We keep �Ye fully
diagonal from the start, such that Ve is unaligned:

�Ye =
(

yμ 0
0 yτ

)
, Ve =

(
se

ce

)
ε. (14)

Here we take the suppression in Ve equal to that in Vq ,
with se (ce) being the sine (cosine) of an undetermined mix-
ing angle θe. As there is only one leptonic Yukawa, we find
it possible to remove all phases from Ye. The resulting struc-
tures are

Ye =
⎛
⎝

ye 0 0
se ε λe yμ 0
ce ε λe 0 yτ

⎞
⎠ , (15)
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mν =
(

r1λ
2
L r2seλLε r2ceλLε

r2seλLε U T
φ D Uφ r2ceλLε

)
κν (16)

where we have parametrised the �L + VeV T
e combination

using:

D =
(

d1 eiω1 0
0 d2 eiω2

)
ε2, (17)

Uφ =
(

cφ sφ eiω3

−sφ e−iω3 cφ

)
. (18)

The di , sφ and ωi parameters are functions of se and the
elements of �L . We fix our parametrisation such that d1 <

d2. Given the suppression of VeV T
e , we expect d2 to be at

least of O (1).
The study of the parameter space is non-trivial, and is

carried out in more detail on Appendices A and B. We find it
possible to reproduce the neutrino parameters for both normal
and inverted hierarchies. However, the latter requires a strong
connection between λL and d2, which are not related by any
symmetry. Thus, we conclude that this framework favours
the normal hierarchy, and shall present results valid only in
this scenario.

As in leptonic MFV [22], the charged lepton and neutrino
data are used to obtain information as regards the spurion
structure and suppression, to be used later for estimating new
physics contributions to flavoured processes. To this end, the
following parameters are relevant:

λL = 10−2, (19)

λe = ye 102, (20)

�L = O(ε2), (21)

se = (unconstrained). (22)

Although the neutrino data does not put any bounds on
se, a comparison with the quark sector suggests that taking
se ∼ O (

10−1
)

is reasonable.
The choice of parameters that best describes neutrino data

also has implications on the lightest neutrino mass. We find
an upper bound mlight � 10−2 eV, meaning that we expect no
observation of neutrinoless double beta decay [23], as well
as no constraints from cosmology [24].

4 Slepton sector

Following the same philosophy as MFV, the spurions in the
Superpotential also appear in the soft mass matrices and tri-
linear terms. This leads to the following structure for the soft
mass matrices, at leading order and neglecting O (1) cou-
plings:

m2
L̃

m2
h

=
(

m2
l /m2

h λ∗
L V T

e

λL V ∗
e I + �Y ∗

e �Y T
e + V ∗

e V T
e + �∗

L�L

)
δs

(23)
m2

ẽc
R

m2
h

=
(

m2
l /m2

h λ∗
e V †

e �Ye

λe �Y †
e Ve I + �Y †

e �Ye

)
δs (24)

Here, m2
l and m2

h are SUSY-breaking terms. As usual,
we assume that the SUSY-breaking term associated to the
U (2)5 doublets is much heavier than the one for singlets (i.e.
m2

h � m2
l ). This can be achieved in principle through specific

SUSY-breaking mechanisms, such as [25,26]. Notice that, in
contrast to the squark sector, where the stops and sbottoms
are expected to be light, here it is the selectron, and not the
stau, the one which becomes the lightest slepton.2

The parameter δs contains all possible spurion combina-
tions that can form singlets, such as

δs = 1 +
∑

n

cn(λLλ∗
L)n +

∑
n

c′
n(λeλ

∗
e)

n + · · · . (25)

For simplicity, we shall absorb δs ≈ 1 into m2
h .

In the following, we neglect the �∗
L�L contribution, as

we expect it to be of order ε4. We also expect the size of
L R-mixing effects to be O (me/mh), such that the left and
right sectors do not mix. This means we can treat L L and
R R mixing separately.

For L L mixing, we neglect the contribution coming from
the diagonalisation of Ye Y †

e . As mentioned in Appendix A,
for low enough values of λe, the matrices that diagonalise
Ye Y †

e are nearly diagonal. Thus, if we have RL†m2
L̃
RL =

(m2
L̃
)diag, the mixing matrix has the form

RL ∼

⎛
⎜⎜⎝

1 seλLε ceλLε

−seλLε 1 sece
ε2

y2
τ

−ceλLε −sece
ε2

y2
τ

1

⎞
⎟⎟⎠ , (26)

where we have neglected some real O (1) couplings. Notice
that due to the near degeneracy of the smuon and stau, the
sleptonic 2−3 mixing is not small. However, this should not
be a problem for LFV processes, as the latter are expected to
be very heavy.

For R R mixing, notice the off-diagonal terms of m2
ẽc

R
are

highly suppressed. However, in contrast to the L L sector, the
diagonalisation of Y †

e Ye does give a non-negligible contri-
bution to the mixing. Taking these effects into account, we
find

RR ∼
⎛
⎝

1 −seλeε/yμ −ceλeε/yτ

seλeε/yμ 1 0
ceλeε/yτ 0 1

⎞
⎠ . (27)

2 For concreteness, we neglect possible RGE effects.

123



Eur. Phys. J. C (2014) 74:2772 Page 5 of 9 2772

For the 1 − 2 sector, taking into account that ye/yμ ∼
O (0.1 ε), we find that, contrary to leptonic MFV, here R R
mixing is about 50 times larger than L L mixing. For the 1−3
sector, both types of mixing are comparable.

4.1 Lepton flavour violation

We consider two types of physical processes where slep-
ton flavour mixing plays a role: high-energy and low-energy
LFV.

For high-energy LFV, we are interested in selectron decay
into a neutralino plus a muon or tau lepton. These are possible
both at the LHC and linear e+e− colliders (for recent studies,
see [27,28]).

The plausibility of observing high-energy LFV can be
described using ratios of branching ratios. For simplicity, we
shall only consider the decay of ẽL , which can be produced
either directly, or from (wino-like) chargino decay. Given the
values for the parameters favoured by neutrino data, we find

B(ẽL → μ˜χ0)

B(ẽL → e˜χ0)
≈ s2

e λ2
Lε2 ∼ 10−7s2

e , (28)

B(ẽL → τ˜χ0)

B(ẽL → e˜χ0)
≈ c2

eλ
2
Lε2 ∼ 10−7c2

e , (29)

where we have neglected lepton masses. Thus, the observa-
tion of LFV in selectron decays is unforeseeable in the near
future.

The presence of light selectrons, along with the lack of
significant mixing effects, means we would only expect elec-
trons in final states when performing slepton or chargino
searches at colliders. This fact could modify current LHC
bounds on slepton or chargino masses, as such searches gen-
erally consider degenerate smuons and selectrons [29,30].

On the other hand, low-energy LFV takes into account
radiative, leptonic and semileptonic LFV decays, such as
μ → eγ , τ → 3e and τ → μη, as well as μ − e con-
version in nuclei. In SUSY, it is well known that radiative
LFV decays give the strongest bounds on slepton mixing
(see [31] for a recent review).

For the latter, given the size of the mixings and the strength
of the different couplings, we find that μ → eγ and τ → μγ

are dominated by the neutralino R R contribution, while the
main contribution to τ → eγ is given by charginos with L L
mixing. For the first two, it is useful to compare the dominant
contributions:

B(μ → eγ )

B(τ → μγ )
≈
(

mμ

mτ

)5
�τ

�μ

∣∣∣∣∣
RR

21RR∗
11

RR
31RR∗

21

∣∣∣∣∣
2

∼ 5.1
1

c2
eλ

2
eε

2 y2
τ . (30)

This result implies that the branching ration of τ → μγ

is suppressed by a factor O (
10−7

)
compared to that of μ →

eγ . Considering the current bound on the latter by the MEG
experiment [32], this means that τ → μγ shall be impossible
to measure at Belle-II [33].

For τ → eγ , given the different chargino and neutralino
masses and mixings, and taking into account the different
loop functions, one cannot come up with a similar, reliable
approximation.

In order to compare our results with those of [20], we fol-
low an identical scan: we fix tan β = 10, μ = 600 GeV,
M2 = 500 GeV, and set M1 = 0.5M2. The complete 6 × 6
slepton mass matrix and the 3 × 3 sneutrino mass matrix are
diagonalised on the basis where Ye is diagonal. We take m2

�

in the range (200)–(1,000 GeV)2 and m2
h between 52 and

1002 times heavier. The A0 parameter is assumed to be pro-
portional to the heavy sfermion mass with a proportionality
constant in the range [−3, 3].

In our numerical simulation, we include both chargino-
and neutralino-mediated contributions to the three radiative
LFV decays. Results are shown in Fig. 1. In blue, we fix
se = sd = 0.2, similar to what was done in [20]. In red, we
vary se > 0.1.

On the left panel of the figure, we show the branching
ratio of τ → μγ versus that for μ → eγ . As expected,
the former is very strongly suppressed. For the latter, we
see that the current bounds of MEG already rule out some
points, especially those for larger values of se. This implies
a lower bound for the lightest selectron of about 700 GeV.
Nevertheless, there are still many points left, which can be
almost fully probed by the future MEG upgrade [34]. This

Fig. 1 Branching ratios for
radiative LFV. Left τ → μγ vs
μ → eγ , Right τ → eγ vs.
μ → eγ . On all panels, blue
points correspond to se = 0.2,
while red points indicate
se > 0.1. Gray region is
excluded by MEG, and dashed
line indicates the reach of the
future MEG upgrade
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has the capacity of ruling out selectrons with masses up to
1.1 TeV.

On the right panel, we show the correlation between the
τ → eγ and μ → eγ branching ratios. We find their order of
magnitude to be similar. Thus, as for τ → μγ , the branching
ratio of τ → eγ is expected to be too low to be measured at
Belle-II.

With this, we confirm that this framework protects most
flavoured processes in the lepton sector from SUSY contribu-
tions, to a sufficient degree. Without any doubts, the best way
to probe our ansatz is through μ → eγ decay, and through
the detection of selectrons as the lightest sleptons at the
LHC.

5 Conclusions

In this work we have explored an MFV-like ansatz based on
U (2)5 flavour symmetry, compatible with split-family SUSY.
On its original version, this symmetry acted on the first two
generation superfields, leaving the third generation as a sin-
glet.

The main difference of this framework in comparison to
the ones studied in [15,20] is the inclusion of three U (1) f

symmetries. While the U (1)d symmetry provides a justifi-
cation for the difference between the top and bottom quark
masses, the other two symmetries, acting on the lepton sec-
tor, provide a much stronger suppression. In fact, after order-
ing the charged lepton Yukawa matrix in terms of increas-
ing eigenvalue, the U (2) singlets become the first generation
superfields, thus shifting the U (2)2 symmetry towards the
second and third generation.

The shifting of U (2)2 allows the reproduction of the neu-
trino observables without any fine-tuning. In addition, the
sfermion sector can have family splitting with no need of
special cancellations. The consequence of this is a SUSY
spectrum consisting at least of light stops, sbottoms and selec-
trons.

We find that the use of U (2)5 symmetries protects
flavoured processes very efficiently from SUSY contribu-
tions. This is done to the point of leaving μ → eγ as the
only flavour observable in the lepton sector that could be
observed in the near future. In fact, the current bound by
the MEG experiment already excludes selectrons of mass
lower than 700 GeV. If the future upgrade does not observe
any signal, it would be able to rule out masses lower than
∼ 1, 100 GeV.

Acknowledgments I would like to thank Alberto Gago, Alvaro
Ballón and especially Claudia Hagedorn for useful discussions, and
Lorenzo Calibbi and Robert Ziegler for comments on the draft. I would
also like to thank the University of Padua for the hospitality during
his visit, and acknowledge support from the grants Generalitat Valen-

ciana VALi+d, Spanish MINECO FPA 2011-23596 and the Generalitat
Valenciana PROMETEO—2008/004.

Open Access This article is distributed under the terms of the Creative
Commons Attribution License which permits any use, distribution, and
reproduction in any medium, provided the original author(s) and the
source are credited.
Funded by SCOAP3 / License Version CC BY 4.0.

Appendix A: Normal hierarchy

The neutrino PMNS matrix can be obtained by diagonalising
the neutrino mass matrix on the basis where Ye is diagonal.
Thus, before addressing mν , we shall first discuss the need
to include information from the diagonalisation of Ye.

Inspection of Eq. (15) shows that the main suppression
parameters for the off-diagonal terms are λe and ε. For large
enough λe and low tan β, one finds that the diagonalisation
of Ye can significantly modify the muon Yukawa eigenvalue,
leading to fine-tuning in order to correctly describe the muon
mass.

To avoid this fine-tuning, one needs to impose upper
bounds on λe. We find that, for tan β = 10, we need
λe � 5 × 10−2 if we want to keep the modification of the
muon Yukawa lower than 1%. Moreover, for such values of
λe, we find that the mixing angles diagonalising Ye Y †

e are
at most (O10−3). Thus, we can ignore the contribution from
the charged lepton sector when calculating the PMNS mixing
angles.

We now turn to mν . Given that current neutrino data pro-
vides only three mixing angles and two mass squared differ-
ences, we find this framework to have too many parameters
in order to make any prediction on that sector. Thus, we use
neutrino data as constraints on our parameters.

We find that taking the λL → 0, d1 → 0 limit repro-
duces neutrino data on the limit of Eq. (4), with the lightest
neutrino mass also vanishing. If we keep λL = 0 but take
non-vanishing d1, we find

ζ 2 = d2
1

d2
2

, s2
23 = s2

φ, (31)

with all other mixing angles equal to zero. The observed ζ 2

indicates the need of a hierarchy between d1 and d2.
When takingλL 
= 0, we generate the other mixing angles,

and find that the above relations are disturbed. Nevertheless,
this contribution is small, and ζ 2 can obtain its correct value
by adjusting d1 = xd ζexp d2, with xd of O (1).

On Fig. 2, we show the regions that satisfy the 3σ con-
straints on neutrino oscillation parameters on the xd −λL and
se − sφ planes. Other parameters are fixed, and no phases are
taken into account. On the left panel, we see that s2

12 and ζ 2

show opposite behaviours on the xd −λL plane, such that they
intersect only on a specific region. This region can be made
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Fig. 2 Results for normal
hierarchy. Left Regions on the
xd − λL plane satisfying 3σ

constraints on oscillation
parameters. Here we have
se = 0 and sφ = 0.63. Right The
same on the se − sφ plane. We
set xd = 0.6 and
λL = 9 × 10−3. On all panels,
blue, brown, purple and green
regions satisfy s2

23, s2
12, s2

13 and
ζ 2, respectively

to coincide with the one reproducing the correct s2
13. The fig-

ure suggests taking λL = 10−2, with deviations being taken
into account by the O (1) parameters appearing in Eq. (16).

By setting λL at this value, and adjusting d1 to reproduce
the observed hierarchy, one can do a more detailed analysis
of s2

13 and s2
12, taking into account the variation of all param-

eters. For instance, s2
13 depends on the framework parameters

through:

s13 ≈ r2

d2

λL

ε
|cecφ − eiω3 sesφ |. (32)

This explains the correlation between se and sφ , seen on
the right panel of Fig. 2. All parameters, with the exception
of s2

23, shall present a similar behaviour with respect to these
angles.

In principle, Eq. (32) can be used to determine which
values of λL/d2 reproduce best the reactor angle. How-
ever, we find that for d2 larger than O (1), corresponding to
λL > 10−2, the intersection of regions for s2

12 and ζ 2 become
much smaller. Thus, we shall set d2 as an O (1) parameter,
which justifies our choice of λL = 10−2. This means that the
elements of �L can be at most of order ε2.

The equation for s2
12 is quite complicated. On the CP-

conserving scenario, one finds:

1

2
tan 2θ12 ≈ r2

d2

λL

ε

(secφ + cesφ)

d2
1ε2 − r2

1 λ2
L/ε2

·
(

d1 d2 ε2 + r1d2λ
2
L − r2

2

(
cecφ − sesφ

)2)
, (33)

with all terms being relevant for the determination of the solar
mixing angle.

To summarise, the charged lepton and neutrino sector
demand the following constraints on the framework param-
eters:

λL = 10−2, λe = ye 102, (34)

d1 = xd ζexpd2, s2
φ ∈ [0.36, 0.67] . (35)

The rest of the parameters must have values such that s2
12

and s2
13, determined through Eqs. (33) and (32), follow the

experimental observations.

Appendix B: Inverted hierarchy

For the inverted hierarchy, if one takes the s2
13 → 0 and

�m2
sol → 0 limit, an equation similar to Eq. (4) is obtained:

(M2
ν )i.h. → m2

light ·
⎛
⎜⎝

1 0 0

0 1 0

0 0 1

⎞
⎟⎠

+�m2
atm

⎛
⎜⎜⎝

1 0 0

0 c2
23 −s23c23

0 −s23c23 s2
23

⎞
⎟⎟⎠ . (36)

To reach this limit, we require d2 → λ2
L/ε2, d1 → 0 and

ε → 0. Although this limit imposes only one more condi-
tion on our parameters, this new condition relates d2 and λL ,
which are associated to different symmetries of the frame-
work. This suggests that the inverted hierarchy might require
some tuning.

To generate �m2
sol, we need to take deviations of d2, i.e.

we set d2 = xλλ
2
L/ε2. For instance, if the value of xλ > 1,

we get

|ζ 2| = x2
λ − 1

x2
λ

. (37)

Thus, xλ cannot be much more different from unity.
Variations of d1 do not affect much our results. We set

d1 = yλλ
2
L/ε2, where we assume yλ is small. For xλ > 1,

this implies

|ζ 2| = x2
λ − 1

x2
λ − y2

λ

. (38)
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Fig. 3 Results for inverted
hierarchy. Left Regions on the
x ′
λ − ε plane satisfying 3σ

constraints on oscillation
parameters. Here we have
se = 0.73 and sφ = 0.65. Right
The same on the se − sφ plane.
We set xλ = 1.013 and
ε = 3.25 × 10−2. On all panels,
blue, brown, purple and green
regions satisfy s2

23, s2
12, s2

13 and
ζ 2, respectively

We see that yλ does not have to be vanishingly small, and
we have checked that values as large as 10−1 do not disturb
numerical results. Still, xλ must remain close to unity, mean-
ing that non-vanishing d1 does not make the situation any
more flexible.

As one increases ε from zero, one generates non-zero s2
12

and s2
13. Moreover, for very large ε (∼ λ2

CKM), its contri-
butions spoil the value of ζ 2. Thus, similarly to the normal
hierarchy, we need to modify our previous equations. In the
following, we shall explore the following relation:

d2 = x ′
λ

λ2
L

ε2

√√√√1 − ζ 2
exp y2

λ

1 − ζ 2
exp

, (39)

which corresponds to our previous limit for xλ > 1 when
x ′
λ = 1.

For our numerical analysis, we set λL = λCKM, yλ = 0,
and no CP phases. We show results in Fig. 3. On the left panel,
we fix sφ = 0.65 and se = 0.73, and plot the 3σ confidence
intervals on the x ′

λ −ε plane. We find a small region that does
satisfy all parameters. Nevertheless, its area is very small, as
s2

12 has a very small acceptable region.
The fine-tuning of the inverted hierarchy is also made evi-

dent on the right panel of the figure, where we show the
se−sφ parameter space, for xλ = 1.013 and ε = 3.25×10−2.
Clearly, both s2

12 and ζ 2 require very specific values of se,
sφ and x ′

λ to be properly reproduced. In fact, throughout the
parameter space, the values of both oscillation parameters are
generally much larger than the ones required, which makes
this particular scenario very unattractive.

On the previous analysis, we have taken λL = λCKM.
Smaller values of λL require smaller values of ε, meaning
that the inverted hierarchy does not allow us to follow the
assumption of ε ∼ λ2

CKM. This is not a problem, but it does
not bring any improvement in the analysis.

One could also be tempted to use λL = 1 by removing the
U (1)L symmetry. This would require the �L spurion not to

be suppressed, which would bring issues with the perturba-
tive expansion in the slepton sector.

To conclude, although the inverted hierarchy can provide
regions in the parameter space that reproduce the 3σ observed
values, these regions seem strongly fine-tuned. Apparently,
we require two tunings, one between λL and d2, and another
one between sφ and se. The former tuning is the most dis-
turbing, as it relates two parameters that have no symmetry
connection between them.
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