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Abstract We investigate the fermionic condensate and the
vacuum expectation value (VEV) of the energy-momentum
tensor for a charged massive fermionic field in the geometry
of a cosmic string compactified along its axis. In addition,
we assume the presence of two types of magnetic fluxes: a
flux running along the cosmic string and another enclosed by
the compact dimension. These fluxes give rise to Aharanov–
Bohm-like effects on the VEVs. The VEVs are decomposed
into two parts corresponding to the geometry of a straight cos-
mic string without compactification plus a topological part
induced by the compactification of the string axis. Both con-
tributions are even periodic functions of the magnetic fluxes
with period equal to the flux quantum. The vacuum energy
density is equal to the radial stress for the parts corresponding
to the straight cosmic string and the topological one. More-
over, the axial stress is equal to the energy density for the
parts corresponding to the straight cosmic string; however,
for massive fermionic fields this does not occur for the topo-
logical contributions. With respect to the dependence on the
magnetic fluxes, both the fermionic condensate and the vac-
uum energy density, can be either positive or negative. More-
over, for points near the string, the main contribution to the
VEVs comes from the straight cosmic string part, whereas at
large distances the topological ones dominate. In addition to
the local characteristics of the vacuum state, we also evalu-
ate the part in the topological Casimir energy induced by the
string.

1 Introduction

Topological and geometrical concepts are of great signif-
icance in recent developments of many areas of physics,
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including condensed matter physics, gauge field theories, and
cosmology. In particular, the global properties of the space-
time manifold play an important role in quantum field theory.
Several interesting quantum effects arise from the nontrivial
topological structure of the background spacetime. A well-
known example of such quantum phenomena is the topo-
logical Casimir effect (for reviews see [1–5]). This effect
is among the most striking macroscopic manifestations of
the quantum properties of the vacuum state. The periodic-
ity conditions imposed on a quantum field due to a nontrivial
topology lead to a modification of the spectrum of zero-point
fluctuations and result in shifting of the vacuum expectation
values (VEVs) for physical quantities. In Kaluza–Klein type
models, the dependence of the vacuum energy on the lengths
of the extra dimensions can serve as a mechanism for the
stabilization of the moduli fields. More recently, the topo-
logical Casimir effect has also been considered as a model
for dark energy driving the accelerated expansion of the
Universe [6–14]. The topological Casimir effect in cylindri-
cal and toroidal carbon nanotubes is investigated in [15,16]
within the framework of a Dirac-like theory for the elec-
tronic states in graphene. In the present paper we investigate
the interplay of quantum topological effects for a charged
massive fermionic field coming from two different sources:
from the conical geometry of a cosmic string spacetime and
from the compactification of the string axis. Fermionic cur-
rents in this geometry, induced by magnetic fluxes, have been
recently studied in [17]. The topological Casimir densities
for a scalar field in compactified cosmic string spacetime are
discussed in [18]. In this way, the present paper is a natural
extension of the investigations started in these references.

Cosmic strings are linear topological defects which play
an important role in cosmology. In the context of most unified
particle physics models, these objects may have been cre-
ated by phase transitions in the very early Universe [19,20].
Topological defects of similar structure arise in a number
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of condensed matter systems. Among the most important
gravitational effects of cosmic strings is the generation of a
scale-invariant spectrum of cosmological perturbations and,
initially, cosmic strings have been considered as an alterna-
tive to inflation for generating primordial density perturba-
tions from which galaxies grew. Though the observational
evidence for acoustic oscillations in the angular power spec-
trum of cosmic microwave background has ruled out cosmic
strings as the dominant source for primordial density per-
turbations, they are still candidates for the generation of a
number of interesting physical effects such as gamma ray
bursts [21], gravitational waves [22], and high-energy cos-
mic rays [23]. Moreover, fundamental string theory predicts
the existence of macroscopic defects such as cosmic strings
[24–27].

At large distances from the cosmic string core, the space-
time geometry for an infinite straight cosmic string has a
conical topology with a planar angle deficit proportional to
the linear mass density. The vacuum polarization effects in
quantum field theory induced by this conical structure have
been considered in a large number of papers. In the spe-
cific analysis for the VEV of the energy-momentum tensor,
explicit calculations have been developed associated with
scalar, fermionic, and electromagnetic fields [28–46]. The
Casimir–Polder forces acting on a polarizable microparticle
in the geometry of a cosmic string have been investigated
in [47–49]. For charged fields, considering the presence of a
magnetic flux running along the cosmic strings, there appear
additional contributions to the corresponding vacuum polar-
ization effects [32,50–55]. The magnetic flux along the cos-
mic string also induces vacuum current densities. This phe-
nomenon has been investigated for scalar fields in [56,57].
The analysis of the induced fermionic currents in higher-
dimensional cosmic string spacetime in the presence of a
magnetic flux has been developed in [58]. In this analysis the
authors have shown that induced vacuum current densities
along the azimuthal direction appear if the ratio of the mag-
netic flux by the quantum one has a nonzero fractional part.
Moreover, the fermionic current induced by a magnetic flux
in a (2 + 1)-dimensional conical spacetime and in the pres-
ence of a circular boundary has also been analyzed in [59]
(for the combined effects of topology and boundaries on the
quantum vacuum for scalar, electromagnetic, and fermionic
fields in the geometry of a cosmic string see [60–71]).

The main objective of this paper is to investigate the com-
bined effects of the planar angle deficit and of the compactifi-
cation of the cosmic string axis on the fermionic condensate
(FC) and on the VEV of the energy-momentum tensor. We
assume the presence of a magnetic flux running along the
string axis and the magnetic flux enclosed by the compact
dimension. Although the corresponding operators are local,
due to the global nature of the vacuum state, these VEVs
carry important information as regards the global properties

of the background spacetime. The FC plays an important role
in models of dynamical breaking of the chiral symmetry. The
VEV of the energy-momentum tensor acts as a source in the
quasiclassical Einstein equations and is of key importance
in modeling self-consistent dynamics involving fermionic
fields.

The paper is organized as follows. In the next section we
present the background geometry associated with the space-
time under consideration and provide the complete set of
normalized positive- and negative-energy fermionic wave
functions obeying quasiperiodic boundary condition along
the string axis. By using the mode-summation procedure,
we evaluate the FC. The condensate is decomposed into
two terms: the first one corresponds to the geometry of a
straight cosmic string with magnetic flux and the second
term is induced by the compactification of the string axis.
The latter is an even function of the magnetic fluxes, i.e., the
flux along the string axis and the one enclosed by the string
axis. We have provided closed expressions for both contribu-
tions. In Sect. 3, by using the mode-summation procedure,
and we evaluate the VEVs for all components of the energy-
momentum tensor. Similar to the case of the FC, we provide
a decomposition of these VEVs into the sum of a straight
cosmic string and topological parts. Combined expressions
for the components of the vacuum energy-momentum tensor
and their asymptotics are presented in Sect. 4. In this section
we also consider the part in the topological Casimir energy
induced by the cosmic string and the magnetic flux. The most
relevant conclusions of the paper are summarized in Sect. 5.
Throughout the paper we use units with G = h̄ = c = 1.

2 Fermionic condensate

2.1 Mode functions

In the presence of an external electromagnetic field with vec-
tor potential Aμ, the quantum dynamics of a massive charged
spinor field in curved spacetime is governed by the Dirac
equation,

iγ μDμψ − mψ = 0 , Dμ = ∂μ + �μ + ieAμ, (2.1)

where γ μ are the Dirac matrices in curved spacetime and �μ
is the spin connection. Both matrices are given in terms of
the flat spacetime Dirac matrices, γ (a), by the relations

γ μ = eμ(a)γ
(a) , �μ = 1

4
γ (a)γ (b)eν(a)e(b)ν;μ. (2.2)

In (2.2), eμ(a) represents the tetrad basis satisfying the relation

eμ(a)e
ν
(b)η

ab = gμν , with ηab being the Minkowski spacetime
metric tensor.
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The four-dimensional spacetime corresponding to an ide-
alized cosmic string along the z-axis, can be written, by using
cylindrical coordinates, by the line element:

ds2 = dt2 − dr2 − r2dφ2 − dz2. (2.3)

Here the coordinates take values in the ranges r � 0, 0 �
φ � φ0 = 2π/q, −∞ < t < +∞. The parameter q, greater
than unity, is related to the linear mass density of the string,
μ0, by q−1 = 1 − 4μ0. In the geometry described by (2.3)
the gamma matrices can be taken in the form [17]

γ 0 = γ (0) =
(

1 0
0 −1

)
, γ l =

(
0 σ l

−σ l 0

)
, (2.4)

where for the 2 × 2 matrices σ l , l = (r, φ, z), one has

σ r =
(

0 e−iqφ

eiqφ 0

)
, σφ = − i

r

(
0 e−iqφ

−eiqφ 0

)
,

σ z =
(

1 0
0 −1

)
. (2.5)

It is easy to check that with this choice the matrices (2.4)
obey the Clifford algebra with the metric tensor from (2.3).

In the analysis that we want to develop, it will be assumed
that the direction along the z-axis is compactified to a circle
with length L: 0 � z � L . Along the compact dimension we
impose the quasiperiodicity condition,

ψ(t, r, φ, z + L) = e2π iβψ(t, r, φ, z) , (2.6)

with a constant phase β, 0 � β � 1. In addition, we shall
admit the existence of a gauge field with the constant vector
potential

Aμ = (0, 0, Aφ, Az). (2.7)

The component Aφ is related to an infinitesimally thin
magnetic flux, �φ , running along the string by Aφ =
−q�φ/(2π) (note that Aφ and Az are the covariant compo-
nents of the 4-vector Aμ = (0,−A) with A being the corre-
sponding 3-vector). Similarly, the axial component Az can be
given in terms of the magnetic flux�z enclosed by the z-axis
as Az = −�z/L . Though the magnetic field strength corre-
sponding to (2.7) vanishes, the nontrivial topology of the
background geometry leads to Aharonov–Bohm-like effects
on the VEVs of physical observables.

In the present paper we are interested in the effects of
the string compactification along its axis on the fermionic
condensate (FC) and on the VEV of the energy-momentum
tensor. For the evaluation of these VEVs, a complete set of
fermionic mode functions is needed. In Ref. [17], we have
shown that the positive- and negative-energy fermionic mode

functions are uniquely specified by the set of quantum num-
ber σ = (λ, k, j, s). These functions can be written in the
form

ψ
(±)
σ (x) = C (±)

σ e∓i Et+kz+iq( j−1/2)φ

×

⎛
⎜⎜⎜⎜⎜⎝

Jβ j (λr)
s Jβ j +ε j (λr)eiqφ

± k̃l−isε jλ

E±m Jβ j (λr)

∓s
k̃l−isλε j

E±m Jβ j +ε j (λr)eiqφ

⎞
⎟⎟⎟⎟⎟⎠
,

(2.8)

where Jν(x) is the Bessel function, s = ±1, λ ≥ 0, and

β j = q| j + α| − ε j/2 , α = eAφ/q = −�φ/�0, (2.9)

with ε j = sgn( j + α) and with �0 = 2π/e being the flux
quantum. The mode functions (2.8) are eigenfunctions for
the projection of the total angular momentum operator along
the cosmic string,

Ĵ3ψ
(±)
σ =

(
−i∂φ + i

q

2
γ (1)γ (2)

)
ψ(±)σ = q jψ(±)σ , (2.10)

with eigenvalues j = ±1/2,±3/2, . . .. The eigenvalues of
the axial quantum number k are determined by the periodicity
condition (2.6),

k = kl = 2π(l + β)/L , l = 0,±1,±2 , . . . . (2.11)

The energy is expressed in terms of λ and l by the relation

E =
√
λ2 + k̃2

l + m2 , k̃l = 2π(l + β̃)/L , (2.12)

where

β̃ = β + eAz L/(2π) = β −�z/�0. (2.13)

Note that, in order to simplify the representation of the mode
functions, in the negative-energy modes we have changed the
signs of the quantum numbers (k, j, s), as compared with
Ref. [17].

The constants C (±)
σ in (2.8) are determined from the

orthonormalization condition
∫

d3x
√
γ (ψ(r)σ )†ψ

(r ′)
σ ′ = δσσ ′ δrr ′ , r, r ′ = +,−, (2.14)

where γ is the determinant of the spatial metric tensor. The
delta symbol on the right-hand side is understood as the Dirac
delta function for continuous quantum numbers (λ) and the
Kronecker delta for discrete ones (k, j, s, r ). From (2.14) one
finds

|C (±)
σ |2 = qλ(E ± m)

8πL E
. (2.15)
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In deriving the mode functions (2.8) we have imposed the
regularity condition on the string axis. A discussion of the
contribution from irregular modes is given in [17].

The VEVs of physical observables will depend on β and
�z in the combination given by (2.13). This result could
be seen directly by making use of the gauge transforma-
tion Aμ = A′

μ + ∂μ�(x), ψ(x) = ψ ′(x)e−ie�(x) with
the function �(x) = Azz. The new function ψ ′(x) obeys
the Dirac equation with A′

z = 0 and the periodicity condi-

tion ψ ′(t, r, φ, z + L) = e2π i β̃ψ ′(t, r, φ, z). The VEVs are
not changed under this gauge transformation and in the new
gauge a single parameter β̃ appears instead of β and Az .

Having the complete set of wave functions we are in a
position to evaluate the FC induced by the compactification
of the string along its axis and also by the magnetic fluxes.
The FC is defined as the VEV 〈0|ψ̄ψ |0〉 ≡ 〈ψ̄ψ〉, where
|0〉 corresponds to the vacuum state, and ψ̄ = ψ†γ (0) is
the Dirac adjoint. Expanding the field operator in terms of
the complete set {ψ(+)σ , ψ

(−)
σ } and by using the standard

anticommutation relations for the annihilation and creation
operators, the following formula for the FC is obtained:

〈ψ̄ψ〉 =
∑
σ

ψ̄(−)σ ψ(−)σ , (2.16)

where we use the compact notation defined by

∑
σ

=
∞∫

0

dλ
+∞∑

l=−∞

∑
s=±1

∑
j=±1/2,...

. (2.17)

This VEV is a periodic function of the fluxes�φ and�z with
period equal to the flux quantum. In particular, if we write
the parameter α in (2.9) in the form

α = n0 + α0, |α0| < 1/2, (2.18)

where n0 is an integer number, the FC will depend on α0

only. Note that, for the boundary condition at the cone apex
used in [59], there are no square integrable irregular modes
for |α0| � (1 − 1/q)/2.

Substituting the wave function (2.8) into (2.16), we can
see that the terms with s = 1 and s = −1 give the same
contribution and one gets

〈ψ̄ψ〉=− qm

2πL

+∞∑
l=−∞

∑
j

∞∫
0

dλ
λ

E

[
J 2
β j
(λr)+ J 2

β j +ε j
(λr)

]
.

(2.19)

In what follows we shall use the notation∑
j

=
∑

j=±1/2,...

. (2.20)

Of course, the expression in the right-hand side of (2.19) is
divergent and a regularization is necessary. Here we assume
the presence of a cutoff function without writing it explic-
itly. As we shall see, the specific form of this function is
not relevant in the discussion below. By taking into account
the expression (2.12) for the energy, the summation over the
quantum number l can be developed by using the Abel–Plana
summation formula in the form [72]1

2π

L

∞∑
l=−∞

f (|k̃l |)

= 2

∞∫
0

dk f (k)+ i

∞∫
0

dk
∑
δ=±1

f (ik)− f (−ik)

eLk+2π iδβ̃ − 1
, (2.21)

taking f (k) = (k2 + λ2 + m2)−1/2. Consequently the FC
can be written in the decomposed form

〈ψ̄ψ〉 = 〈ψ̄ψ〉s + 〈ψ̄ψ〉c, (2.22)

where 〈ψ̄ψ〉s is the contribution due to the first integral in
the right-hand side of (2.21) and corresponds to the FC in
the geometry of the cosmic string spacetime in the absence
of compactification. As to the term 〈ψ̄ψ〉c, it vanishes in
the limit L → ∞ and this contribution is induced by the
compactification of the string along its axis.

In the absence of magnetic flux, corresponding to α0 = 0,
a closed analytic expression for 〈ψ̄ψ〉s is provided in [71].
In this special case an alternative integral representation is
derived in [63]. The FC in a (2 + 1)-dimensional conical
spacetime in the presence of a magnetic flux has been evalu-
ated in [67] for a massive field obeying the MIT bag boundary
condition on a circular boundary. To our knowledge, a closed
expression for the FC in a four-dimensional cosmic string
spacetime in the presence of magnetic flux running along the
string has not been obtained yet. So in order to fulfill this
blank, we shall include this calculation in this paper.

2.2 FC in the geometry of straight cosmic string

Combining (2.19) and (2.21), for the FC in the geometry of
a straight cosmic string we get the integral representation

〈ψ̄ψ〉s = − qm

2π2

∞∫
0

dλλ

∞∫
0

dk
1√

k2 + λ2 + m2

×
∑

j

[J 2
β j
(λr)+ J 2

β j +ε j
(λr)]. (2.23)

1 For generalizations of the Abel-Plana formula see [73].
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For the further transformation, we use the relation

1√
k2 + λ2 + m2

= 2√
π

∞∫
0

ds e−(k2+λ2+m2)s2
. (2.24)

Substituting this into (2.23), we can easily integrate over
the variable k. For the integral over λ, we use the integral
involving the square of the Bessel function from [74] with
the result

∞∫
0

dλ λe−s2λ2
[

J 2
β j
(λr)+ J 2

β j +ε j
(λr)

]

= e−y

2s2 [Iβ j (y)+ Iβ j +ε j (y)] , (2.25)

with y = r2/(2s2) and with Iν(z) being the modified Bessel
function. As a result, the FC is represented in the form

〈ψ̄ψ〉s = − qm

(2πr)2

∞∫
0

dy e−y−m2r2/(2y)J (q, α0, y),

(2.26)

where we have defined the function

J (q, α0, y) = I(q, α0, y)+ I(q,−α0, y), (2.27)

with I(q, α0, y) = ∑
j Iβ j (y) and I(q,−α0, y) = ∑

j
Iβ j +ε j (y).

An integral representation for the function I(q, α0, y),
suitable for the extraction of the divergent part in the FC, is
derived in [59]. By using that representation, for the function
(2.27) one finds the following formula:

J (q, α0, y)

= 2

q
ey + 4

π

∞∫
0

dx
h(q, α0, x) sinh x

cosh(2qx)− cos(qπ)
e−y cosh(2x)

+ 4

q

p∑
k=1

(−1)k cos(πk/q) cos(2πkα0)e
y cos(2πk/q),

(2.28)

where p is an integer defined by 2p � q < 2p + 2 and for
1 � q < 2 the last term on the right-hand side is absent. The
function in the integrand of (2.28) is given by the expression

h(q, α0, x) = cos [qπ (1/2 + α0)] sinh [(1 − 2α0) qx]

+ cos [qπ (1/2 − α0)] sinh [(1 + 2α0) qx] .

(2.29)

Note that J (q, α0, y) is an even function of α0.

In the case of integer values of q and for

α0 = 1

2
− n + 1/2

q
, (2.30)

with an integer n, one has h(q, α0, x) = 0. From the con-
dition |α0| < 1/2 we find 0 � n < q − 1/2. In this case a
simpler expression for the function J (q, α0, y) is obtained:

J (q, α0, y)

= 2

q

q−1∑
k=0

cos(πk/q) cos((2n + 1)πk/q)ey cos(2πk/q).

(2.31)

We see that the first term on the right-hand side of (2.28)
provides a contribution to FC independent of α0 and q. It cor-
responds to the FC in Minkowski spacetime in the absence of
magnetic flux. This term provides FC with a divergent result.
Because the geometry of the cosmic string is flat outside the
string core, the renormalization for 〈ψ̄ψ〉s reduces; from this
expression the Minkowski spacetime part is subtracted. So
we discard the exponential term in (2.28). The other terms
provide contributions to the FC due to the magnetic flux and
nontrivial topology of the straight cosmic string. These terms
are finite and do not require any renormalization procedure.
So the cutoff function, assumed implicitly before, can be
safely removed. Substituting (2.28) into (2.26), the integrals
over the variable y are evaluated with the help of the for-
mula from [74], and the final result for the renormalized FC
is written as

〈ψ̄ψ〉ren
s = −2m3

π2

[ p∑
k=1

(−1)k cos(πk/q) cos(2πkα0) f1(2mrsk)

+ q

π

∞∫
0

dx
h(q, α0, x) sinh x

cosh(2qx)−cos(qπ)
f1(2mr cosh x)

⎤
⎦.

(2.32)

Here we have introduced the notation

fν(x) = Kν(x)/xν, sk = sin(πk/q), (2.33)

with Kν(z) being the Macdonald function. In the absence of
the magnetic flux one has α0 = 0 and, hence, h(q, 0, x) =
2 cos(qπ/2) sinh(qx). In this case the formula (2.32) is
reduced to the one derived in [71]. For q = 1, Eq. (2.32)
gives the FC induced by the magnetic flux in Minkowski
spacetime. For the special case mentioned in (2.30), the inte-
gral term vanishes and the renormalized value for the FC is
expressed by

〈ψ̄ψ〉ren
s =−m3

π2

q−1∑
k=1

cos(πk/q) cos((2n+1)πk/q) f1(2mrsk).

(2.34)
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Fig. 1 FC in the geometry of a straight cosmic string, 〈ψ̄ψ〉ren
s /m3,

versus the distance from the string and the parameter α0. For the param-
eter describing the planar angle deficit we have taken q = 2.5

Let us consider some limiting cases. First of all, by using
the asymptotic

fν(x) ∼ 2ν−1�(ν)x−2ν, x → 0, (2.35)

we see that the FC vanishes for a massless field. At large dis-
tances from the string, mr � 1, the FC is suppressed by the
factor e−2mr for 1 � q � 2 and by the factor e−2mr sin(π/q)

for q > 2. Finally, on the string, r → 0, the FC diverges as
1/r2.

In Fig. 1 we have plotted the FC in the geometry of a
straight cosmic string, 〈ψ̄ψ〉ren

s /m3, as a function of the dis-
tance from the string and of the parameter α0 characterizing
the magnetic flux along the string. For the parameter describ-
ing the planar angle deficit we have taken the value q = 2.5.
As we see, in dependence of the flux, the FC can be either
positive or negative. In the absence of magnetic flux the FC
is positive.

2.3 Topological part

Let us now develop the calculation for the contribution to the
FC induced by the compactification. This part comes from
the second integral in (2.21) and is presented in the form

〈ψ̄ψ〉c = − qm

2π2

∑
j

∞∫
0

dλ λ

∞∫
√
λ2+m2

dk

×
J 2
β j
(λr)+ J 2

β j +ε j
(λr)

√
k2 − λ2 − m2

∑
δ=±1

1

eLk+2δπ i β̃ − 1
.

(2.36)

To continue the calculation, in the integrand of (2.36) we use
the series expansion

(
eu − 1

)−1 =
∞∑

l=1

e−lu . (2.37)

The integral over k is expressed in terms of the function
K0(x) and the above expression becomes

〈ψ̄ψ〉c = −qm

π2

∞∑
l=1

cos(2πlβ̃)

∞∫
0

dλλK0(l L
√
λ2 + m2)

×
∑

j

[
J 2
β j
(λr)+ J 2

β j +ε j
(λr)

]
. (2.38)

By making use of the integral representation for the Mac-
donald function,

Kν(x) = 1

2

( x

2

)ν ∞∫
0

dt
e−t−x2/(4t)

tν+1 , (2.39)

we see that the integral over λ becomes of the form (2.25).
Defining the new variable y = 2tr2/(l2L2), the above
expression is written as

〈ψ̄ψ〉c = − qm

2π2r2

∞∑
l=1

cos(2πlβ̃)

∞∫
0

dy

×e−y[1+l2 L2/(2r2)]−m2r2/(2y)J (q, α0, y). (2.40)

The integrand in this expression is nonnegative and, hence,
the topological part in the FC is always negative for β̃ = 0.
In this case |〈ψ̄ψ〉c| is a monotonically decreasing function
of L . Substituting the expression (2.28) into (2.40) and inte-
grating over y we get the expression

〈ψ̄ψ〉c = −4m3

π2

∞∑
l=1

cos(2πlβ̃)

×
[ p∑′

k=0

(−1)k cos(πk/q) cos(2πkα0) f1(mL
√

l2 + ρ2
k )

+ q

π

∞∫
0

dx
h(q, α0, x) sinh x

cosh(2qx)− cos(qπ)
f1(mL

√
l2 + η2(x))

⎤
⎦,

(2.41)

where we have introduced the notation

ρk = 2r

L
sin(πk/q), η(x) = 2r

L
cosh x . (2.42)

In (2.41), the prime on the summation over k means that the
term with k = 0 should be taken with the weight 1/2. For
a massless field the topological part vanishes. In the special
case defined by (2.30), the topological part in the FC reads

〈ψ̄ψ〉c = −2m3

π2

∞∑
l=1

cos(2πlβ̃)
q−1∑
k=0

cos (πk/q)

× cos((2n + 1) πk/q) f1(mL
√

l2 + ρ2
k ). (2.43)
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In the absence of a cosmic string and of flux along the
z-axis one has q = 1, α0 = 0, and in (2.41) the term k = 0
survives only, with the result

〈ψ̄ψ〉(0)c = −2m3

π2

∞∑
l=1

cos(2πlβ̃) f1(mLl). (2.44)

This quantity corresponds to the FC in Minkowski spacetime
with spatial topology R2 × S1 and with the length of the
compact dimension L . The FC for a more general case of
spatial topology R p ×(S1)D−p has been investigated in [15].
The topological part ( 2.41) is finite on the string:

〈ψ̄ψ〉c = [1 + 2s0(q, α0)]〈ψ̄ψ〉(0)c , r = 0, (2.45)

with 〈ψ̄ψ〉(0)c given by (2.44) and with the notation

sn(q, α0) =
p∑

k=1

(−1)k

sn
k

cos(πk/q) cos(2πkα0)

+ q

π

∞∫
0

dx
h(q, α0, x) sinh x cosh−n x

cosh(2qx)− cos(qπ)
. (2.46)

Hence, near the string the FC is dominated by the part 〈ψ̄ψ〉s .
In the absence of magnetic flux, for the function ( 2.46) we
have

s0(q, 0) = −1

2
, s2(q, 0) = 1 − q2

12
,

s4(q, 0) = 1 − q2

720
(7q2 + 17).

(2.47)

Now from (2.45) we see that in the absence of the magnetic
flux the topological part in the FC vanishes on the string axis.

Combining the expressions (2.32) and (2.41), the total FC
is written in the form

〈ψ̄ψ〉 = 〈ψ̄ψ〉(0)c − 4m3

π2

∞∑′

l=0

cos(2πlβ̃)

×
[ p∑

k=1

(−1)k cos(πk/q) cos(2πkα0) f1(mL
√

l2 + ρ2
k )

+ q

π

∞∫
0

dx
h(q, α0, x) sinh x

cosh(2qx)− cos(qπ)
f1(mL

√
l2 + η2(x))

⎤
⎦.

(2.48)

Here also, the prime means that the term with l = 0 should
be taken with the factor 1/2. The latter represents the part
〈ψ̄ψ〉ren

s . The second term in the right-hand side of this
formula encodes the effects from the string and from the
flux running along its axis. At large distances from the
string, mr � 1, these effects are suppressed by the fac-
tor e−2mr sin(π/q) for q > 2 and by the factor e−2mr for
1 � q � 2, and one has 〈ψ̄ψ〉 ≈ 〈ψ̄ψ〉(0)c .

In the limit mL � 1, the asymptotic behavior of the topo-
logical part in the FC depends crucially on the parameter β̃,
if it is zero or not. For mL � 1, the dominant contribution in
the second term of the right-hand side in (2.48) comes from
large values of l and we can replace the summation over l by
the integration. By using the integration formula from [74],
for the corresponding integral we find

∞∫
0

dl cos(al) f1(
√

l2c2 + b2) = π

2bc
e−b

√
(a/c)2+1. (2.49)

For β̃ = 0 this gives

〈ψ̄ψ〉 ≈ 〈ψ̄ψ〉(0)c + 2

L
〈ψ̄ψ〉(D=2)

s . (2.50)

where

〈ψ̄ψ〉(D=2)
s = − m

2πr

[ p∑
k=1

(−1)k cos(πk/q)

ske2mrsk
cos(2πkα0)

+ q

π

∞∫
0

dx
h(q, α0, x) sinh x

cosh(2qx)− cos(qπ)

e−2mr cosh x

cosh x

⎤
⎦

(2.51)

is the FC in a (2+1)-dimensional conical spacetime (D = 2)
[67]. An additional coefficient 2 in (2.50) is related to the
fact that the number of spinor components in D = 2 is two
instead of four as in the case that D = 3. For β̃ �= 0, in
(2.48) the part induced by the string is suppressed by the
factor exp[−4πβ̃r sin(π/q)/L] for q > 2 and by the factor
exp(−4πβ̃r/L) for 1 � q � 2.

Figure 2 shows the quantity 〈ψ̄ψ〉/m3 as a function of
the parameters α0 and β̃ for mr = 0.25, mL = 0.5 in the
geometry of the cosmic string with q = 2.5. As from the

0.5

0.0

0.5
0.0

0.5

1.0

2

1

0

Fig. 2 FC as a function of the parameters α0 and β̃ for mr = 0.25,
mL = 0.5 in the geometry of the cosmic string with q = 2.5
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1.5

2.0

mL

0.5

0.0
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1.0

Fig. 3 FC as a function of the distance from the string and of the length
of the compactification for α0 = β̃ = 0.5 and q = 2.5

previous analysis, the dependence of FC on the parameters
can provide positive or negative values.

The dependence of the FC on the distance from the string
and on the length of the compactification is displayed in Fig. 3
for the special values α0 = β̃ = 0.5 and for q = 2.5.

3 Energy–momentum tensor

In this section we analyze another important characteristic
of the fermionic vacuum, the VEV of the energy-momentum
tensor. For a charged fermionic field, in the presence of an
electromagnetic field, the operator of the energy-momentum
tensor is expressed as

Tμν = i

2

[
ψ̄γ(μDν)ψ − (D(μψ̄)γν)ψ

]
, (3.1)

where Dμψ̄ = ∂μψ̄−ieAμψ̄−ψ̄�μ, and the brackets in the
index expression mean the symmetrization over the enclosed
indices. Similar to the case of the FC, the VEV of the energy-
momentum tensor, 〈0|Tμν |0〉 ≡ 〈Tμν〉, can be evaluated by
using the mode-sum formula

〈Tμν〉 = i

2

∑
σ

[
ψ̄(−)σ γ(μDν)ψ

(−)
σ − (D(μψ̄σ )γν)ψ

(−)
σ

]
,

(3.2)

with the notation (2.17). As in the case of the FC, we assume
the presence of a cutoff function. We shall evaluate separately
all components of the energy-momentum tensor.

In the geometry under consideration, the VEV of the
energy-momentum tensor can be decomposed as

〈T νμ 〉 = 〈T νμ 〉s + 〈T νμ 〉c, (3.3)

where the term 〈T νμ 〉s is the VEV for the geometry of an
infinite straight cosmic string, and 〈T νμ 〉c is the contribu-

tion coming from the compactification of the string along
its axis. An important point to be mentioned here is that the
compactification does not change the local geometry and,
hence, the divergences in the VEVs of 〈T νμ 〉 and 〈T νμ 〉s are
the same. Thus, by the decomposition (3.3), the renormaliza-
tion of 〈T νμ 〉 is reduced to the one for 〈T νμ 〉s . As in the case
of the FC, an explicit decomposition of the form (3.3) can be
obtained by using the summation formula (2.21).

3.1 Energy density

Let us first consider the energy density, 〈T 0
0 〉. By taking into

account that A0 and �0 vanish and ∂tψ
(−)
σ = i Eψ(−)σ , we

can see that the contributions of the terms s = 1 and s = −1
are the same. After the summation over s the mode-sum (3.2)
for the energy density is reduced to

〈T 0
0 〉 = − q

2πL

∑
j

+∞∑
l=−∞

∞∫
0

dλ λE[J 2
β j
(λr)+ J 2

β j +ε j
(λr)].

(3.4)

The summation over the quantum number l can be developed
by using the formula (2.21) with f (k) = (k2 + λ2 + m2)1/2.
The parts in the VEV of the energy density 〈T 0

0 〉s and 〈T 0
0 〉c

correspond to the first and second terms in the right-hand
side of (2.21), respectively.

We start with the evaluation of 〈T 0
0 〉s . It is written in the

form

〈T 0
0 〉s = − q

2π2

∑
j

∫ ∞
0 dλ λ

∞∫
0

dk
√

k2 + λ2 + m2

×
[

J 2
β j
(λr)+ J 2

β j +ε j
(λr)

]
.

(3.5)

To represent this expression in a form more suitable for the
renormalization and for numerical calculations of the renor-
malized part, we use the relation

√
k2 + λ2 + m2 = − 2√

π

∞∫
0

ds ∂s2 e−(k2+λ2+m2)s2
. (3.6)

After the substitution of (3.6) into (3.5), the integration over
k is elementary and the integral over λ is evaluated by using
(2.25). As a result, the VEV of the energy density is written
as

〈T 0
0 〉s =− q

2π2r4

∞∫
0

dy y1/2∂y[y3/2e−y−m2r2/(2y)J (q, α0, y)],

(3.7)
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where the expression for J (q, α0, y) is given by (2.28). The
first term in the right-hand side of (2.28), 2ey/q , provides the
divergent part of the VEV. This contribution corresponds to
the VEV of the energy density in Minkowski spacetime and
in the absence of magnetic fluxes. The well-defined physi-
cal result for the energy density is obtained by applying the
renormalization procedure, which is reduced to the subtrac-
tion of the Minkoswskian counterpart.

So, by making use of (2.28), after the integration over y,
the renormalized energy density is expressed as

〈T 0
0 〉ren

s = 2m4

π2

[ p∑
k=1

(−1)kcos(πk/q)cos(2πkα0) f2(2mrsk)

+ q

π

∞∫
0

dx
h(q, α0, x) sinh x

cosh(2qx)−cos(qπ)
f2(2mr cosh x)

⎤
⎦,

(3.8)

with the notation (2.33). For the special case defined in (2.30),
this expression is reduced to

〈T 0
0 〉ren

s = m4

π2

q−1∑
k=1

cos(πk/q) cos((2n+1)πk/q) f2(2mrsk).

(3.9)

Now we turn to the part in the VEV of the energy density
induced by the compactification. This part is given by the
second integral in the right-hand side of (2.21). By using the
expansion (2.37), after the integration over k we can write
the topological part in the form

〈T 0
0 〉c = q

π2L

∞∑
l=1

cos(2πlβ̃)

l

∑
j

∞∫
0

dλ λ
√
λ2 + m2

×K1(l L
√
λ2 + m2)

[
J 2
β j
(λr)+ J 2

β j +ε j
(λr)

]
.

(3.10)

By taking into account K1(x) = −K ′
0(x) and using the inte-

gral representation (2.39), the integral over λ is evaluated
with the help of (2.25). This leads to the representation

〈T 0
0 〉c = q

π2r2

∞∑
l=1

cos(2πlβ̃)

l2L2

∞∫
0

dy e−yl2 L2/(2r2)−r2m2/(2y)

×
(
∂y + r2m2

2y2

)
ye−yJ (q, α0, y). (3.11)

In the part of the integral with ∂y we integrate by parts with
the result

〈T 0
0 〉c = q

2π2r4

∞∑
l=1

cos(2πlβ̃)

×
∞∫

0

dy ye−y[1+l2 L2/(2r2)]−r2m2/(2y)J (q, α0, y).

(3.12)

From this it follows that for β̃ = 0 the topological part in
the VEV of the energy density is a monotonically decreasing
positive function with respect to both L and m. Now, by
using (2.28), after the integration over y we arrive at the final
expression:

〈T 0
0 〉c = 4m4

π2

∞∑
l=1

cos(2πlβ̃)

×
[ p∑′

k=0

(−1)k cos(πk/q) cos(2πkα0) f2(mL
√

l2 + ρ2
k )

+ q

π

∞∫
0

dx
h(q, α0, x) sinh x

cosh(2qx)− cos(qπ)
f2(mL

√
l2 + η2(x))

⎤
⎦,

(3.13)

where ρk and η(z) are defined in (2.42). In the special case
defined in (2.30), we obtain

〈T 0
0 〉c = 2m4

π2

∞∑
l=1

cos(2πlβ̃)
q−1∑
k=0

cos [(2πk/q)(n + 1/2)]

× cos(πk/q) f2(mL
√

l2 + ρ2
k ). (3.14)

3.2 Radial stress

Our next step is the evaluation of the radial stress, 〈T r
r 〉.

In order to proceed, we take Ar = �r = 0 in the general
definition of the covariant derivative of the fermionic field.
In this way, we can write

〈T r
r 〉= i

2

∑
σ

[
ψ̄(−)σ γ r (∂rψ

(−)
σ )−(∂r ψ̄

(−)
σ )γ rψ(−)σ

]
.

(3.15)

Substituting the mode functions from (2.8) into the above
expression, after some intermediate steps, we arrive at

〈T r
r 〉 = − q

4πL

∑
σ

ε jλ
3

E
[J ′
β j
(λr)Jβ j +ε j (λr)

−Jβ j (λr)J ′
β j +ε j

(λr)] , (3.16)

where the prime means the derivative with respect to the
argument of the function. By using the recurrent relations for
the Bessel functions, after the summation over s, we write
the VEV in the form
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〈T r
r 〉 = q

2πL

+∞∑
l=−∞

∞∫
0

dλ
λ3

E
S(λr), (3.17)

with the function

S(x)=
∑

j

[
J 2
β j
(x)+ J 2

β j+ε j
(x)− 2β j + ε j

x
Jβ j (x)Jβ j +ε j (x)

]
.

(3.18)

After the application of the summation formula (2.21) to the
series over l in (3.17), the radial stress is decomposed into
the parts 〈T r

r 〉s and 〈T r
r 〉c.

We start with the calculation of the part corresponding to
the geometry of a straight cosmic string:

〈T r
r 〉s = 2q

(2π)2

∞∫
0

dλ λ3

∞∫
0

dk
S(λr)√

k2 + λ2 + m2
. (3.19)

Using the relation (2.24) we can develop the integration over
k. After that we can write the above expression in the form

〈T r
r 〉s = 2q

(2π)2

∞∫
0

ds
e−m2s2

s

∞∫
0

dλ λ3e−λ2s2
S(λr). (3.20)

Compared with the case of the energy density, the integral
over λ is more delicate. Below we present the main steps:

∞∫
0

dλ λ3e−λ2s2
S(λr) =

∑
j

∞∫
0

dλ λ3e−λ2s2

×
[

J 2
β j
(λr)+ J 2

β j +ε j
(λr)

]

−
∑

j

2β j + ε j

r

∞∫
0

dλ λ2e−λ2s2
Jβ j (λr)Jβ j +ε j (λr). (3.21)

The first integral on the right-hand side of (3.21) can be devel-
oped taking the derivative −∂s2 on the integral in the left-hand
side of (2.25). As to the second integral, by using the relation

Jβ j (λr)Jβ j +ε j (λr) = 1

2λ

(−ε j∂r + 2β j/r
)

J 2
β j
(λr),

we can show that

∞∫
0

dλλ2e−λ2s2
Jβ j (λr)Jβ j +ε j (λr)

= rε j e−y

4s4 [Iβ j (y)− Iβ j +ε j (y)] , (3.22)

with y = r2/(2s2). Further, we use the relation

(1 + 2ε jβ j )[Iβ j (y)− Iβ j +ε j (y)]
= 2

(
y∂y − y + 1/2

) [Iβ j (y)+ Iβ j +ε j (y] (3.23)

to express the term on the right-hand side of (3.22) as the
sum of the modified Bessel functions. Combining all these
results, for the VEV of the radial stress we obtain

〈T r
r 〉s = q

4π2r4

∞∫
0

dy ye−y−m2r2/(2y)J (q, α0, y)]. (3.24)

By the direct substitution of (2.28) into (3.24), we can see
that the divergent part coming from the first term in the right-
hand side of (2.28) represents the corresponding quantity on
the topologically trivial Minkowski spacetime in the absence
of fluxes. Applying again the standard renormalization pro-
cedure, we see that the renormalized expression for the radial
stress has the same structure as that obtained from (3.7) after
integration by parts. Consequently, we conclude that

〈T r
r 〉ren

s = 〈T 0
0 〉ren

s . (3.25)

Now we pass to the evaluation of the part 〈T r
r 〉c. This con-

tribution comes from the second integral on the right-hand
side of the summation formula (2.21). By using the expan-
sion (2.37), the integral over k is expressed in terms of the
function K0(l L

√
m2 + λ2). With the help of the integral rep-

resentation (2.39) for the Macdonald function, the expression
for the topological part becomes

〈T r
r 〉c = q

2π2

∞∑
l=1

cos(2πlβ̃)

∞∫
0

dt
e−t−l2 L2m2/(4t)

t

×
∞∫

0

dλλ3e−l2 L2λ2/(4t)S(λr). (3.26)

The integral over λ is in the form (3.21). So the result is

∞∫
0

dλλ3e−l2 L2λ2/(4t)S(λr)

= y2

r4 e−y
∑

j

[Iβ j (y)+ Iβ j +ε j (y)], (3.27)

with the notation y = 2r2t/(l2L2). Finally we arrive at the
expression which coincides with (3.12). Hence, for the topo-
logical parts as well we have the relation

〈T r
r 〉c = 〈T 0

0 〉c. (3.28)
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Note that, for a scalar field with general curvature coupling
parameter, the VEVs of the radial stress and the energy den-
sity are different [18].

3.3 Azimuthal stress

In the evaluation of the VEV for the azimuthal stress, 〈T φφ 〉,
we have to take into account, Aφ = qα/e and

�φ = 1 − q

2
γ (1)γ (2) = − i

2
(1 − q)�(3),

�(3) = diag(σ3, σ3), (3.29)

σ3 being a Pauli matrix. Thus, this component reads

〈T φφ 〉 = i

2

∑
σ

[
ψ̄(−)σ γ φDφψ

(−)
σ − (Dφψ̄

(−)
σ )γ φψ(−)σ

]
.

(3.30)

In the development of the term inside the bracket, it is con-
venient to express the angular derivative in terms of the total
angular momentum operator: ∂φ = i Ĵ3 − i(q/2)�(3). More-
over, we can observe that the anticommutator, {γ φ,�(3)},
which appears in the development, vanishes. Therefore, after
some steps, we get

〈T φφ 〉 = q
∑
σ

( j + α)ψ̄(−)σ γ φψ(−)σ . (3.31)

Now substituting the Dirac matrix γ φ and the expression for
the negative-energy wave function, we obtain

〈T φφ 〉 = q2

2πLr

∑
σ

ε j ( j + α)
λ2

E
Jβ j (λr)Jβ j +ε j (λr). (3.32)

The summation over s provides the factor 2 and for the sum-
mation over l we use again (2.21). In this way, we have for
the azimuthal stress the decomposition (3.3).

Let us start with the part corresponding to the straight
cosmic string:

〈T φφ 〉s = q2

π2r

∑
j

ε j ( j + α)

∞∫
0

dλ λ2

×
∞∫

0

dk
Jβ j (λr)Jβ j +ε j (λr)√

k2 + λ2 + m2
. (3.33)

Using again the relation (2.24), we can develop the integral
over k. For the integral over λwe use (3.22). Finally defining
the new variable y = r2/(2s2) we get

〈T φφ 〉s = q2

2π2r4

∑
j

( j + α)

×
∞∫

0

dy ye−y−m2r2/(2y) [Iβ j (y)− Iβ j +ε j (y)
]
.(3.34)

By taking into account that q( j +α) = ε jβ j +1/2 and using
the relation (3.23), we represent (3.34) in the form

〈T φφ 〉s = q

2π2r4

×
∞∫

0

dy ye−m2r2/(2y) (y∂y +1/2
)

e−yJ (q, α0, y)].

(3.35)

Comparing this expression with (3.24) one can see that the
following relation holds:

〈T φφ 〉s = (r∂r + 1) 〈T r
r 〉s . (3.36)

Combining (3.36) with the expression for 〈T r
r 〉s and by

using the relations

f ′
ν(x) = −x fν+1(x), x2 fν+1(x) = 2ν fν(x)+ fν−1(x),

(3.37)

for the renormalized VEV of the azimuthal stress we find the
following result:

〈T φφ 〉ren
s = 2m4

π2

[ p∑
k=1

(−1)k cos(πk/q) cos(2πkα0)F
(0)
φ (2mrsk)

+ q

π

∞∫
0

dx
h(q, α0, x) sinh x

cosh(2qx)− cos(qπ)
F (0)φ (2mr cosh x)

⎤
⎦,

(3.38)

with the notation

F (0)φ (x)=∂x [x f2(x)]= f2(x)−x2 f3(x)=− f1(x)−3 f2(x).

(3.39)

Now we start the evaluation of the contribution to the
azimuthal stress due to the compactification. This term is
given by the substitution of the second integral in (2.21) into
(3.32). By using the expansion (2.37), the integral over k pro-
vides us with K0(l L

√
m2 + λ2). On the base of the integral

representation (2.39) we can rewrite the above expression as
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〈T φφ 〉c = q2

π2r

∞∑
l=1

cos(2πlβ̃)

∞∫
0

dt
e−t−l2 L2m2/(4t)

t

×
∑

j

ε j ( j + α)

×
∞∫

0

dλ λ2e−l2 L2λ2/(4t) Jβ j (λr)Jβ j +ε j (λr).

(3.40)

The integral over λ can be obtained by using the previous
result (3.22). Defining a new variable y = 2r2t/(l2L2), the
expression obtained is given in terms of q( j + α)[Iβ j (y) −
Iβ j +ε j (y)]. To continue the development, we use again (3.23)
and get

〈T φφ 〉c = q

π2r4

∞∑
l=1

cos(2πlβ̃)

×
∞∫

0

dy y e−y[1+l2 L2/(2r2)]−m2r2/(2y)

×(y∂y − y + 1/2)J (q, α0, y)]. (3.41)

By using the same trick as for the case of 〈T φφ 〉s , we can see
that from (3.41) the following relation is obtained:

〈T φφ 〉c = (r∂r + 1) 〈T r
r 〉c. (3.42)

Now combining this with the expression for 〈T r
r 〉c, one gets

the final expression for the topological part in the azimuthal
stress:

〈T φφ 〉c = 4m4

π2

∞∑
l=1

cos(2πlβ̃)

×
[ p∑′

k=0

(−1)k cos(πk/q) cos(2πkα0)F
(l)
φ (mL

√
l2 + ρ2

k )

+ q

π

∞∫
0

dx
h(q, α0, x) sinh x

cosh(2qx)− cos(qπ)
F (l)φ (mL

√
l2 + η2(x))

⎤
⎦,
(3.43)

with the function

F (l)φ (x) =
(

m2L2l2 − x2
)

f3(x)+ f2(x). (3.44)

Note that for l = 0 this function coincides with (3.39).

3.4 Axial stress

In the calculation of the axial stress, we have to consider
Az = −�z/L in the covariant derivative of the field operator.
Thus, we have Dzψ

(−)
σ = i k̃lψ

(−)
σ . In addition, the matrix γ z

coincides with the standard expression for the Dirac matrix
in flat spacetime. For this component, we have

〈T z
z 〉 = −

∑
σ

k̃lψ̄
(−)
σ γ zψ(−)σ . (3.45)

Substituting the expression for the negative-energy mode
function into the above expression, one obtains

〈T z
z 〉 = − q

2πL

∑
j

∞∫
0

dλ λ

×
+∞∑

l=−∞

k̃2
l

E
[J 2
β j
(λr)+ J 2

β j +ε j
(λr)]. (3.46)

For the summation over l, we use the Abel–Plana summa-
tion formula, Eq. ( 2.21), taking f (k) = k2(k2 + λ2 +
m2)−1/2. This allows us to decompose the axial stress
in accordance with (3.3). The contribution to the axial
stress corresponding to the geometry of a straight cosmic
string is given by the first term on the right-hand side of
(2.21):

〈T z
z 〉s = q

2π2

∑
j

∞∫
0

dλ λ

∞∫
0

dk k2
J 2
β j
(λr)+ J 2

β j +ε j
(λr)

√
m2 + λ2 + k2

.

(3.47)

Using the relation (2.24), the evaluation of the integral over
k can be promptly obtained. For the integral over λ we use
again the result (2.25). Finally, we get

〈T z
z 〉s = q

4π2r4

∞∫
0

dy y e−y−m2r2/(2y)J (q, α0, y)]. (3.48)

This result coincides with (3.24); consequently we conclude
that

〈T z
z 〉ren

s = 〈T 0
0 〉ren

s . (3.49)

Also, this property directly follows from the invariance of the
problem with respect to a boost along the axis of the string.

The topological part in the axial stress is given by sub-
stituting the second integral on the right-hand side of (2.21)
into (3.46):

〈T z
z 〉c = − q

π2

∞∑
l=1

cos(2πlβ̃)

∞∫
0

dλ λ

∞∫
√
λ2+m2

dk

× k2e−l Lk

√
k2 − λ2 − m2

∑
j

[
J 2
β j
(λr)+ J 2

β j +ε j
(λr)

]
.

(3.50)
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Writing k2e−l Lk = l−2∂2
Le−l Lk and changing the order of

the differentiation and the integration over k, the integral
is expressed in terms of the function K0(l L

√
m2 + λ2). By

using the integral representation (2.39) for the latter we get

〈T z
z 〉c = − q

2π2r2 ∂
2
L

∞∑
l=1

cos(2πlβ̃)

l2

×
∞∫

0

dy e−y[1+l2 L2/(2r2)]−m2r2/(2y)J (q, α0, y).

(3.51)

After differentiation one obtains

〈T z
z 〉c = q

2π2r4

∞∑
l=1

cos(2πlβ̃)

∞∫
0

dy y
(

1 − yl2 L2/r2
)

×e−y
(
1+l2 L2/(2r2)

)−m2r2/(2y)J (q, α0, y). (3.52)

By using the representation (2.28), after the integration over
y, we arrive at the final expression

〈T z
z 〉c = 4m4

π2

∞∑
l=1

cos(2πlβ̃)

×
[ p∑′

k=0

(−1)k cos(πk/q) cos(2πkα0)F
(l)
z (mL

√
l2 + ρ2

k )

+ q

π

∞∫
0

dx
h(q, α0, x) sinh x

cosh(2qx)− cos(qπ)
F (l)z (mL

√
l2 + η2(x))

⎤
⎦,
(3.53)

with the notation

F (l)z (x) = f2(x)− l2 L2m2 f3(x). (3.54)

Note that the relation 〈T z
z 〉ren

c = 〈T 0
0 〉ren

c takes place only for
a massless field.

4 Properties of the energy-momentum tensor
and the vacuum energy

In this section we investigate the properties and the asymp-
totic behavior of the VEVs found in the previous section. We
can check that both contributions to the VEV of the energy-
momentum tensor obey the trace relation:

〈Tμμ 〉ren
s = m〈ψ̄ψ〉ren

s , 〈Tμμ 〉c = m〈ψ̄ψ〉c. (4.1)

In particular, for a massless field the vacuum energy-
momentum tensor is traceless. Because the cosmic string
spacetime is locally flat for r > 0, the trace anomaly
is zero. Another important property obeyed by the VEV
of the energy-momentum tensor is its covariant conserva-
tion: ∇μ〈Tμν 〉 = 0. For the problem under consideration

this equation is reduced to a single differential equation,
∂r (r〈T r

r 〉) = 〈T φφ 〉. We have already proved this relation for
a separate straight cosmic string and for the topological parts
during the calculation of the corresponding VEVs in the pre-
vious section (see (3.36) and (3.42)).

Combining the formulas obtained above, the part in the
VEV of the energy-momentum tensor corresponding to the
geometry of a straight cosmic string is represented by (no
summation over μ)

〈Tμμ 〉ren
s = 2m4

π2

[ p∑
k=1

(−1)kcos(πk/q)cos(2πkα0)F
(0)
μ (2mrsk)

+ q

π

∞∫
0

dx
h(q, α0, x) sinh x

cosh(2qx)− cos(qπ)
F (0)μ (2mr cosh x)

⎤
⎦,

(4.2)

where F (0)μ (x) = f2(x) for μ = 0, r, z, and the function

F (0)φ (x) is defined by the relation (3.39). In the absence of
magnetic flux along the string axis one has α0 = 0, and (4.2)
is reduced to the expression given in [71]. In this special case
an alternative integral representation for 〈Tμμ 〉ren

s is derived
in [63]. The case q < 2, α0 = 0 was considered in [46]. For
a massless field and for α0 = 0, the renormalized VEV for
the energy-momentum tensor was found in [30–32].

For the special case (2.30) with an integer q, the integral
term in (4.2) vanishes and we get the simple expression

〈Tμμ 〉ren
s = m4

π2

q−1∑
k=1

cos(πk/q) cos((2n+1)πk/q)F (0)μ (2mrsk).

(4.3)

Another simplification is possible for a massless field. In this
case, by using (2.35), from (4.2) we find (no summation over
μ)

〈Tμμ 〉ren
s = δμ

s4(q, α0)

4π2r4 , (4.4)

where

δμ = 1 for μ = 0, r, z, δφ = −3, (4.5)

and the function sn(q, α0) is defined in (2.46). Note that, by
taking into account (2.47), for α0 = 0, Eq. (4.4) is reduced to
the result given in [30–32]. For a massive field, the expression
in the right-hand side of (4.4) gives the leading term in the
asymptotic expansion of 〈T 0

0 〉ren
s for points near the string,

mr � 1.
At large distance from the string, for q > 2 the dominant

contribution in ( 4.2) comes from the term k = 1 and, in the
leading order, we find
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Fig. 4 Quantity r4〈T 0
0 〉ren

s for a massless fermionic field as a function
of α0 for different values of q (numbers near the curves)

〈T 0
0 〉ren

s ≈ −m4e−2mr sin(π/q)

4π3/2

cos(π/q)cos(2πα0)

[mr sin(π/q)]5/2
,

〈T φφ 〉ren
s ≈ −2mr sin(π/q)〈T 0

0 〉ren
s .

(4.6)

For 1 � q � 2 the sum over k in the right-hand side of ( 4.2)
is absent and the integral term is suppressed by the factor
e−2mr . In both cases |〈T 0

0 〉ren
s |/|〈T φφ 〉ren

s | ∼ (mr)−1 � 1.
In Fig. 4 we have plotted the energy density for a mass-

less fermionic field, multiplied by r4, as a function of the
parameters α0 for different values of q (numbers near the
curves). As is seen, with dependence of the magnetic flux,
the vacuum energy density can be either positive or negative.
In particular, the energy density is negative in the absence
of the magnetic flux. The maximal (positive) value of the
energy density is obtained for �φ = �0/2. For some values
of α0 the VEV of the energy-momentum tensor vanishes. For
these values, the effects induced by the topology of the cos-
mic string spacetime and by the magnetic flux compensate
each other.

Now we turn to the investigation of the topological parts
in the VEVs for the components of the energy-momentum
tensor. The k = 0 terms in these parts represent the VEVs
in Minkowski spacetime with spatial topology R2 × S1 in
the absence of the cosmic string and of flux along the z-axis
(q = 1 , α0 = 0). Denoting the corresponding VEV by
〈Tμμ 〉(0)c , from the formulas given above we have (no summa-
tion over μ)

〈Tμμ 〉(0)c = 2m4

π2

∞∑
l=1

cos(2πlβ̃)F (l)μ (mLl) , (4.7)

with the functions

F (l)0 (x) = F (l)r (x) = f2(x),

F (l)φ (x) =
(

m2L2l2 − x2
)

f3(x)+ f2(x), (4.8)

F (l)z (x) = f2(x)− l2L2m2 f3(x).

The corresponding results for a more general topology
R p × (S1)D−p are given in [15]. Now, combining the formu-
las obtained before for separate components of the energy-
momentum tensor, we can see that the total VEV is written
in the form (no summation over μ)

〈Tμμ 〉 = 〈Tμμ 〉(0)c + 4m4

π2

∞∑′

l=0

cos(2πlβ̃)

×
[ p∑

k=1

(−1)k cos(πk/q) cos(2πkα0)F
(l)
μ (mL

√
l2 + ρ2

k )

+ q

π

∞∫
0

dx
h(q, α0, x) sinh x

cosh(2qx)− cos(qπ)
F (l)μ (mL

√
l2 + η2(x))

⎤
⎦,

(4.9)

where the prime on the sum over l, as before, means that the
term with l = 0 should be taken with the coefficient 1/2. The
latter coincides with 〈Tμμ 〉s and the l �= 0 terms come from the
compactification of the string along its axis. The VEV (4.9)
is an even periodic function of β̃ and α0 with period equal to
1. It is symmetric under the replacement β̃ → 1 − β̃.

Simpler expressions for the VEVs are obtained in two
particular cases. For integer values of the parameter q and
for α0 given by (2.30) one has h(q, α0, x) = 0 and (4.9) is
reduced to

〈Tμμ 〉 = 〈Tμμ 〉(0)c + 2m4

π2

q−1∑
k=1

cos(πk/q) cos((2n + 1)πk/q)

×
∞∑′

l=0

cos(2πlβ̃)F (l)μ (mL
√

l2 + ρ2
k ). (4.10)

For a massless field, by using the asymptotic expression
(2.35), one gets (no summation over μ)

〈Tμμ 〉 = 〈Tμμ 〉(0)c + 8δμ
π2L4

×
⎡
⎣ p∑

k=1

(−1)k cos(πk/q) cos(2πkα0)C(β̃, ρk)

+ q

π

∞∫
0

dx
h(q, α0, x)C(β̃, η(x)) sinh x

cosh(2qx)− cos(qπ)

⎤
⎦, (4.11)

where δμ is given by (4.5) and we have defined the function

C(β̃, x) =
∞∑′

l=0

cos(2πlβ̃)(
l2 + x2

)2 . (4.12)

For the series (4.12) one has [75]

C(β̃, x) = π2 cosh(2πβ̃x)

4x2 sinh2(πx)

+π cosh[π(1 − 2β̃)x] + 2πβ̃x sinh[π(1 − 2β̃)x]
4x3 sinh(πx)

,

(4.13)
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with 0 � β̃ � 1. In this case, the Minkowskian part reads

〈Tμμ 〉(0)c = 4δμ
π2 L4 lim

x→0

[
C(β̃, x)− 1

2x4

]

= 4π2δμ

3L4

[
1

30
− β̃2(1 − β̃)2

]
. (4.14)

Now we consider the asymptotics of the topological part
in the VEV of the energy-momentum tensor near the string
and at large distances. The topological part is finite on the
string:

〈Tμμ 〉c|r=0 = [1 + 2s0(q, α0)]〈Tμμ 〉(0)c , (4.15)

where 〈Tμμ 〉(0)c is given by expressions (4.7) and (4.14) for
massive and massless fields, respectively. In the absence of
magnetic flux along the string axis,α0 = 0, and in accordance
with (2.47) the topological part vanishes on the string. The
part 〈Tμμ 〉s diverges on the string and, hence, it dominates in
the total VEV for points near the string, r � L . In the oppo-
site limit, r � L , and for a massless field, in (4.11 ) the argu-
ment of the function C(β̃, x) is large, x � 1. In this case we
use the asymptotic formula C(β̃, x) ≈ π2σe−2πσ x/(2x2),
with σ = min(β̃, 1 − β̃) and 0 < β̃ < 1. For β̃ = 0 one has
C(0, x) ≈ π/(4x3), x � 1. For q > 2 and 0 < β̃ < 1, the
dominant contribution to the second term in the right-hand
side of (4.11) comes from the k = 1 term and we have

〈Tμμ 〉 ≈ 〈Tμμ 〉(0)c − δμσ cos(π/q) cos(2πα0)

L2r2 sin2(π/q)
e−4πσr sin(π/q)/L .

(4.16)

For q � 2, in (4.11) the sum over k is absent and the contribu-
tion of the integral term is suppressed by the factor e−4πσr/L .
Hence, in the case q � 2 the suppression of the effects
induced by the string at large distances is stronger. For β̃ = 0
we have the asymptotic formula

〈Tμμ 〉 ≈ 〈Tμμ 〉(0)c + δμs3(q, α0)

4πLr3 , (4.17)

with the function sn(q, α0) defined in (2.46).
In Fig. 5 we have presented the quantity L4〈T 0

0 〉 for a
massless fermionic field as a function of the parameters α0

and β̃ for the fixed values q = 2.5 and r/L = 0.25. The
dependence of the same function on the distance from the
string is displayed in Fig. 6 for α0 = β̃ = 0.5. The numbers
near the curves correspond to the value of the parameter q.

From the discussion given above it follows that we can
decompose the VEV of the energy density as

〈T 0
0 〉 = 〈T 0

0 〉(0)c + 〈T 0
0 〉ren

s + 〈T 0
0 〉(s)c , (4.18)

where the last term is the contribution of the cosmic string to
the topological part to the energy density. The distribution of
the energy density 〈T 0

0 〉(0)c , corresponding to the Minkowski

0.5
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1.0
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5

Fig. 5 Energy density, L4〈T 0
0 〉, for a massless fermionic field as a

function of α0 and β̃ for fixed values q = 2.5 and r/L = 0.25

1
2

3

0.0 0.2 0.4 0.6 0.8 1.0

2.0

1.5

1.0

0.5

0.0

r L

L
4

T
00

Fig. 6 Energy density, L4〈T 0
0 〉, for a massless fermionic field as a

function of the distance from the string for α0 = β̃ = 0.5. The numbers
near the curves correspond to the value of the parameter q

spacetime compactified along the z-direction, is uniform. The
part 〈T 0

0 〉ren
s behaves near the string as 1/r4 and, hence, the

corresponding contribution to the vacuum energy is diver-
gent. We can evaluate the total vacuum energy (per unit length
of the string) induced by the straight string in the region
r � r0 > 0:

Es,r�r0 = φ0

∞∫
r0

dr r〈T 0
0 〉ren

s . (4.19)

By using the formula
∫ ∞

a dx x fν(x) = fν−1(a) and (4.2),
one gets

Es,r�r0 = m2

π2

[
π

q

p∑
k=1

(−1)k

s2
k

cos(πk/q)cos(2πkα0) f1(2mr0sk)

+
∞∫

0

dx
h(q, α0, x) sinh x

cosh(2qx)− cos(qπ)

f1(2mr0 cosh x)

cosh2 x

⎤
⎦.

(4.20)
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For a massless field this expression is written as

Es,r�r0 = s4(q, α0)

4π2r2
0

. (4.21)

In the absence of magnetic flux, α0 = 0, this formula is
further simplified by using (2.47).

The last term in (4.18) is given by the part in (4.9) with
l �= 0. For the corresponding contribution to the total vacuum
energy one has

Es
c =

L∫
0

dz

φ0∫
0

dφ

∞∫
0

dr r〈T 0
0 〉(s)c = 2s2(q, α0)

πq L
F(β̃,mL) ,

(4.22)

where the function sn(q, α0) is given by the expression (2.46)
and we have defined the function

F(β̃, x) = x
∞∑

l=1

cos(2πlβ̃)

l
K1(lx). (4.23)

For a massless field the expression for Es
c is obtained from

(4.22), by taking into account that F(β̃, 0) = π2(1/6+ β̃2 −
β̃). In the absence of magnetic flux along the axis of the string
one has α0 = 0 and, by using (2.47), one finds

Es
c = 1 − q2

6πq L
F(β̃,mL). (4.24)

In particular, in the absence of magnetic flux enclosed by the
compact dimension, �z = 0, this energy is negative for an
untwisted fermionic field (β = 0) and positive for twisted
field (β = 1/2).

5 Conclusion

In this paper we have investigated the FC and the VEV of
the energy-momentum tensor for a charged massive fermion
field in the compactified cosmic string spacetime consider-
ing the presence of a constant vector potential. Though the
magnetic field strength is zero, the nontrivial spatial topology
gives arise to Aharonov–Bohm-like effects on the VEVs. We
have assumed that the field operator obeys a quasiperiodic-
ity condition along the z-axis with the period L , exhibited
in (2.6). The phase under this condition and the component
of the gauge field along the string axis are related through a
gauge transformation and the VEVs depend on the combina-
tion (2.13). By applying the Abel–Plana summation formula
to the series over the quantum number corresponding to the
compact dimension, we have explicitly extracted from the
VEVs the contributions corresponding to the geometry of a

straight cosmic string. The compactification does not change
the local geometry, so the renormalization of the VEVs is
reduced to the one for the straight cosmic string spacetime
part. Outside the string core the background geometry is flat
and for the renormalization we need just to subtract the parts
corresponding to the topologically trivial Minkowski space-
time in the absence of magnetic fluxes. The application of the
formula (2.28) allowed us to explicitly separate these parts.
In this way, we have provided closed analytic expressions
for both renormalized straight cosmic string and topological
parts as functions of the planar angle deficit and two kinds
of magnetic fluxes: flux running along the string axis and
flux enclosed by the compact dimension. In particular, both
FC and the vacuum energy-momentum tensor are even peri-
odic functions of these fluxes with period equal to the flux
quantum.

The renormalized FC in the geometry of a straight cos-
mic string is given by the expression (2.32). With respect
to the dependence on the magnetic flux running along the
string axis, the FC can be either positive or negative for a
massive field and it vanishes for a massless field. In partic-
ular, in the absence of magnetic flux the FC is positive. The
straight cosmic string part in the FC diverges on the string
as 1/r2. At distances from the string larger than the Comp-
ton wavelength of the fermionic particle, it decays as e−2mr

for 1 � q � 2 and as e−2mr sin(π/q) for q > 2. The part in
the FC induced by the compactification of the cosmic string
axis is given by (2.41) (an alternative expression is provided
by (2.40)). The k = 0 term in this expression, see (2.44),
corresponds to the FC in Minkowski spacetime with spatial
topology R2 × S1, denoted as 〈ψ̄ψ〉(0)c . The topological part
is finite on the string and vanishes in the absence of magnetic
flux along the string axis. For points near the string, the domi-
nant contribution to the total FC comes from the straight cos-
mic string part, 〈ψ̄ψ〉ren

s . On the other hand, at large distances
the effects induced by the string decay exponentially and the
FC tends to the limiting value which coincides with 〈ψ̄ψ〉(0)c .
For small values of the length of the compact dimension, the
asymptotic behavior of the topological part in the FC cru-
cially depends on the values of the parameter β̃ describing
the magnetic flux enclosed by the compact dimension, i.e.
whether it is zero or not. For 0 < β̃ < 1, the effects of the
cosmic string in the topological part of the FC are suppressed
by the factor exp[−4πβ̃r sin(π/q)/L] for q > 2 and by the
factor exp(−4πβ̃r/L) for 1 � q � 2. In the case β̃ = 0 and
for small values of L , the asymptotic expression for the FC
is given by (2.50), where 〈ψ̄ψ〉(D=2)

s is the FC in a (2 + 1)-
dimensional conical spacetime. The numerical calculations
have shown that, at a given point, both the sign and the abso-
lute value of the FC can be effectively tuned by changing the
magnetic fluxes.

Another important characteristic of the fermionic vacuum
is the VEV of the energy-momentum tensor. The main steps
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of the evaluation for the separate components of this ten-
sor are presented in Sect. 3. Combined expressions for both
straight cosmic string and topological parts and also their
properties are presented in Sect. 4; in this way we have explic-
itly shown that these parts obey, separately, the trace relation
(4.1) and covariant conservation equation. In particular, the
vacuum energy-momentum tensor is traceless for a mass-
less fermionic field. The renormalized VEV of the energy-
momentum tensor in the geometry of a straight cosmic string
is given in a general form by (4.2). This expression includes
various special cases previously described in the literature.
The radial and axial stresses are equal to the energy density.
For the axial stress this result could be directly obtained from
the boost invariance along the string axis. For a massless field
the general formula is simplified to (4.4). In the absence of
magnetic flux we recover the well-known result derived in
[30–32]. In the general case of a massive field, near the string
the straight cosmic string part behaves as 1/r4, and it dom-
inates in the total VEV of the energy-momentum tensor. At
large distances from the string, mr � 1, the leading terms in
the corresponding asymptotic expansions are given by (4.6).
Note that in this limit |〈T 0

0 〉ren
s | � |〈T φφ 〉ren

s |. As illustrated in
Fig. 4, with a dependence on the magnetic flux, the vacuum
energy density in the geometry of a straight cosmic string
can be either positive or negative. In particular, the energy
density is negative in the absence of magnetic flux.

In the compactified cosmic string spacetime, the total VEV
of the energy-momentum tensor is given by (4.9). The term
l = 0 in this expression corresponds to the VEV for the
geometry of a straight cosmic string and the remaining part
is induced by the compactification of the string axis. The term
〈Tμμ 〉(0)c , defined in (4.7), represents the VEV in Minkowski
spacetime with spatial topology R2×S1 in the absence of the
cosmic string and flux along the z-axis. Alternative expres-
sions for the topological parts in the VEVs are given by
(3.12), (3.41), and (3.52). As in the case of the straight cosmic
string geometry, the radial stress is equal to the energy den-
sity. However, the compactification breaks the boost invari-
ance along the string axis and the axial stress differs from
the energy density. Simpler expressions are obtained for two
special cases. For integer values of the parameter q and for
α0 given by (2.30), the integral term vanishes, and we get
the expression (4.10). For a massless field the VEV of the
energy-momentum tensor is reduced to (4.11). In this spe-
cial case, the axial stress is equal to the energy density. The
topological part in the VEV of the energy-momentum ten-
sor is finite on the string with the limiting value given by
(4.15). In the absence of magnetic flux along the string axis
the topological part vanishes on the string. At large distances
from the string and for a massless field, the part in the VEV
of the energy-momentum tensor induced by the string is sup-
pressed by the factor e−4πσr sin(π/q)/L (see (4.16)) for q > 2
and by e−4πσr/L for q � 2 with 0 < β̃ < 1 and σ =

min(β̃, 1 − β̃). For β̃ = 0 we have a power-law decay given
by (4.17).

In addition to the local characteristics of the vacuum state,
we have also evaluated the part in the topological Casimir
energy induced by the string. The latter is given by the simple
formula (4.22). In the absence of magnetic flux along the axis
of the string this formula is further simplified to (4.24). If, in
addition, there is no magnetic flux enclosed by the compact
dimension, the corresponding energy is negative/positive for
untwisted/twisted fermionic fields. The sign of the vacuum
energy can be controlled by tuning the values of the magnetic
fluxes.
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