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Abstract. We illustrate the algorithmic advantages of the recently introduced single-boson exchange (SBE)
formulation for the one-loop functional renormalization group (fRG), by applying it to the two-dimensional
Hubbard model on a square lattice. We present a detailed analysis of the fermion-boson Yukawa couplings
and of the corresponding physical susceptibilities by studying their evolution with temperature and inter-
action strength, both at half filling and finite doping. The comparison with the conventional fermionic
fRG decomposition shows that the rest functions of the SBE algorithm, which describe correlation effects
beyond the SBE processes, play a negligible role in the weak-coupling regime above the pseudo-critical
temperature, in contrast to the rest functions of the conventional fRG. Remarkably, they remain finite
also at the pseudo-critical transition, whereas the corresponding rest functions of the conventional fRG
implementation diverge. As a result, the SBE formulation of the fRG flow allows for a substantial reduction
of the numerical effort in the treatment of the two-particle vertex function, paving a promising route for
future multiboson and multiloop extensions.

1 Introduction

In the theoretical treatment of the two-particle inter-
action in strongly correlated electron systems, the
recently introduced single-boson exchange (SBE) dec-
omposition [1] represents a promising route for a com-
putationally more efficient parametrization of the two-
particle vertex [2,3], whose numerical treatment often
represents one of the main bottlenecks for advanced
quantum many-body approaches. Differently to the
well-known parquet decomposition [4–12], the SBE
classification is not based on the reducibility of two-
particle vertex diagrams with respect to the cut of
two fermionic propagators, but of the bare interac-
tion U . As the electronic interaction is a two-particle
operator, formal similarities can be found between
the parquet and the SBE classifications of diagrams.
For instance, a direct correspondence between the
reducible classes (e.g., spin/charge particle-hole, and

Kilian Fraboulet and Sarah Heinzelmann have
contributed equally to this work

.
a e-mail: kilian.fraboulet@gmail.com

(corresponding author)

singlet/triplet particle-particle) diagrams of the two
schemes can be easily identified. Therefore, similarly
as in the parquet formalism, the diagrammatic struc-
ture of the SBE scheme includes the high-frequency
asymptotic properties [9,13,14] of the corresponding
irreducible diagrams. At the same time, the diagram-
matic content of the respective reducible classes is quite
different in the two descriptions. For this reason, the
SBE classification of diagrams circumvents the problem
of the multiple divergences of two-particle irreducible
vertices that ubiquitously affects [15–24] the theoretical
description of many-electron models at intermediate-to-
strong coupling, challenging, in particular, the applica-
bility of parquet-based approaches in the nonperturba-
tive regime.

For the functional renormalization group (fRG)1, sev-
eral bosonization procedures have been already pro-
posed [27–34]. The application of the SBE formalism
to the fRG put forward in Ref. [35] relies on the par-
tial bosonization of the vertex function [32,36,37], sim-
ilarly to its use in the channel decomposition [38–46]
(as well as for parquet solvers [2,47–51]). In addition to
the screened interaction, a fermion-boson Yukawa cou-

1 See Refs. [25] and [26] for reviews.
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pling [52,53] (or Hedin vertex [54]) is determined from
the vertex asymptotics, in analogy to the construction
of the kernel functions describing the high-frequency
asymptotics [14]. Through their relation, the flow equa-
tions of the screened interaction and Yukawa coupling
in the SBE representation can be obtained in a straight-
forward way.

Here, we provide a systematic analysis of the two-
dimensional (2D) Hubbard model2 at weak coupling. In
particular, we investigate the quality of the approxima-
tions that can arise from this decomposition in differ-
ent parameter regimes, notably by comparing with the
conventional fermionic formalism. An important result
is that the divergent behavior arising in proximity of
the pseudo-critical temperature, affects exclusively the
screened interaction while the Yukawa couplings and
the rest functions, which describe correlation effects
beyond the SBE processes, remain finite. Differently
than in the conventional fermionic fRG implementa-
tion, the SBE rest functions turn out to play a negligi-
ble role in the weak-coupling regime above the pseudo-
critical transition. Beyond this remarkable numerical
advantage, the SBE decomposition also provides a more
natural description of the underlying physical content,
allowing for a clear physical identification of the rele-
vant degrees of freedom.

The paper is organized as follows. In Sect. 2 we intro-
duce the Hubbard model and briefly review the SBE
decomposition together with its fRG implementation.
We then present the results, at half filling in Sect. 3
and at finite doping in Sect. 4, for (i) the most impor-
tant quantities inherent to the SBE formalism, (i.e. the
Yukawa couplings); (ii) the physical observables (i.e. the
susceptibilities); (iii) the rest functions, which encom-
pass the corrections beyond the SBE contributions.
Analysing their relevance in the different parameter
regimes we illustrate the advantages of the SBE-based
fRG as compared to the conventional fermionic imple-
mentation of the fRG based on the parquet decompo-
sition and high-frequency asymptotics. We finally con-
clude with a summary and an outlook in Sect. 5.

2 Model and method

2.1 Hubbard model

We consider the single-band Hubbard model in 2D,

H =
∑

i�=j,σ

tijc
†
iσcjσ + U

∑

i

ni↑ni↓ − μ
∑

i,σ

niσ, (1)

where ciσ (c†
iσ) annihilates (creates) an electron with

spin σ at the lattice site i (niσ = c†
iσciσ), tij = −t is the

hopping between nearest-neighbor sites, tij = −t′ the

2 See Ref. [55] for a recent overview of computational results
for the 2D Hubbard model.

hopping between next-nearest-neighbor sites, U the on-
site Coulomb interaction, and μ the chemical potential.

In the following we use t ≡ 1 as the energy unit.

2.2 Single-boson exchange decomposition

We here briefly review the SBE decomposition and its
application to the fRG [35], providing the (one-loop)
flow equations.

In a translationally invariant system with U(1)-
charge and SU(2)-spin symmetries, the two-particle ver-
tex can be expressed as [9]

Vσ1σ2σ3σ4(k1, k2, k3, k4) = V (k1, k2, k3)δσ1σ3δσ2σ4

−V (k2, k1, k3)δσ1σ4δσ2σ3 ,

(2)

with k4 = k1 + k2 − k3 due to energy and momentum
conservation. σi represents the spin quantum number
and ki = (ki, νi) includes both the momentum and
Matsubara frequency. According to the SBE decompo-
sition, Eq. (2) can be expressed through

V (k1, k2, k3) = IUirr(k1, k2, k3) + ∇M
k1k3

(k2 − k3)

+
1

2

[
∇M

k1k4
(k3 − k1) + ∇D

k1k4
(k3 − k1)

]

+∇SC
k1k3

(k1 + k2) − 2U, (3)

where IUirr accounts for the fully U -irreducible dia-
grams with respect to the removal of a bare inter-
action vertex that cuts the diagram into two discon-
nected parts. Among the U -reducible diagrams, we can
identify three different channels, depending on how the
fermionic legs are connected to the removed interac-
tion U : ∇M includes all U -reducible diagrams in the
particle-hole-crossed, (∇M+∇D)/2 in the particle-hole,
and ∇SC in the particle-particle channel (the last con-
tribution of −2U in Eq. (3) compensates for the double
counting of the bare interaction already included in the
U -reducible channels). The functions ∇X, with X = M,
D and SC corresponding to the magnetic, density and
superconducting channels respectively, depend on two
fermionic variables (in the indices) and a bosonic one
(in the brackets). These effective interactions between
two fermions mediated by the exchange of a boson can
be expressed by

∇X
kk′(Q) ≡ λX

k (Q)wX(Q) λ̄X
k′(Q), (4)

where their dependence on the fermionic arguments has
been factorized. The bosonic arguments are indicated
by capital letters in the following, with Q = (Q,Ω).
The screened interaction w, which plays the role of an
effective bosonic propagator, is related to the physical
susceptibility [1,56] by

wX(Q) = U − (sgnX)U2χX(Q), (5)
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where sgn M = −1, and sgn D = sgn SC = 1 for the
magnetic, density, and superconducting susceptibilities
respectively. λ (λ̄) is the left(right)-sided Yukawa cou-
pling. Using the symmetries under the simultaneous
exchange of the ingoing and outgoing variables, as well
as under the simultaneous exchange of the two ingoing
variables with the two outcoming ones, one can show
that λ = λ̄ for the convention introduced in Eq. (3).

Finally, the corresponding rest functions MX con-
taining the multiboson exchange contributions (which
can not be represented in terms of λ and w alone) are
identified by the U -irreducible contribution to the two-
particle reducible channel

IUirr(k1, k2, k3) = I(k1, k2, k3) − U + MM
k1k3(k2 − k3)

+
1

2

[
MM

k1k4(k3 − k1) + MD
k1k4(k3 − k1)

]

+ MSC
k1k3(k1 + k2), (6)

where I is the fully two-particle irreducible vertex.
Note that for transfer momentum Q = 0, all two-
particle reducible diagrams in the particle-particle
channel that exhibit a d-wave symmetry in the sec-
ondary momentum dependence on k and k′ are in
fact U -irreducible (see also Sect. 2.4). As a con-
sequence, at Q = 0 the d-wave superconducting
channel consists only of the rest function MSC,d.

The asymptotic high-frequency behavior is charac-
terized by

lim
Ω→∞

wX(Q,Ω) = U, (7a)

lim
Ω→∞

λX
k (Q,Ω) = 1, (7b)

lim
Ω→∞

MX
kk′(Q,Ω) = 0, (7c)

for the bosonic frequency, whereas for large fermionic
frequencies holds

lim
ν→∞ λX

(k,ν)(Q) = 1, (8a)

lim
ν→∞ MX

(k,ν),k′(Q) = lim
ν′→∞

MX
k,(k′,ν′)(Q) = 0. (8b)

2.3 Single-boson exchange fRG

The fRG implementation [25] relies on the truncation of
the infinite hierarchy of flow equations for the n-particle
irreducible vertex functions at the two-particle level.
Neglecting the renormalization of three- and higher-
order particle vertices yields approximate one-loop flow
equations for the self-energy and two-particle vertex3.
The underlying approximations are devised for the
weak to moderate coupling regimes.

In the SBE decomposition, the one-loop flow equa-
tions [35] for the screened interactions, Yukawa cou-
plings, and rest functions, which we report here for

3 More strongly correlated parameter regimes become
accessible by exploiting the dynamical mean-field theory as
starting point for the fRG flow [43,57].

completeness, read

∂ΛwX(Q) =
[
wX(Q)

]2
∫

p

λX
p (Q)

[
∂̃ΛΠX

p (Q)
]
λX

p (Q),

(9a)

∂ΛλX
k (Q) =

∫

p

IX
kp(Q)

[
∂̃ΛΠX

p (Q)
]
λX

p (Q), (9b)

∂ΛMX
kk′(Q) =

∫

p

IX
kp(Q)

[
∂̃ΛΠX

p (Q)
]
IX

pk′(Q), (9c)

where the explicit dependence on the RG scale Λ of the
various functions is omitted for simplicity. The symbol∫

p
= T

∑
ν

∫
B.Z.

d2p
(2π)2 denotes the sum over fermionic

Matsubara frequencies and a momentum integration
over the Brillouin zone. The bubbles are defined by

ΠM
k (Q) = −G(k)G(k + Q), (10a)

ΠD
k (Q) = G(k)G(k + Q), (10b)

ΠSC
k (Q) = −G(k)G(Q − k), (10c)

where the inverse propagator including the self-energy
Σ is determined by the Dyson equation

G−1(k) =
(

ΘΛ(k)
iν − εk + μ

)−1

− Σ(k). (11)

The symbol ∂̃Λ denotes the derivative with respect to
the explicit RG scale dependence of the propagator
introduced by the cutoff function ΘΛ(k). The functions

IX
kk′(Q) = IX

kk′(Q) − λX
k (Q)wX(Q)λX

k′(Q), (12)

with

IM
kk′(Q) = V (k′, k, k + Q), (13a)

ID
kk′(Q) = 2V (k, k′, k + Q) − V (k′, k, k + Q),

(13b)

ISC
kk′(Q) = V (k,Q − k, k′), (13c)

on the right-hand side of Eqs. (9) determine the flow of
the Yukawa couplings as well as of the rest functions.
The initial conditions at Λ = Λini read

wX
ini(Q) = U, (14a)

λX
ini,k(Q) = 1, (14b)

MX
ini,kk′(Q) = 0, (14c)

which, by comparing with Eq. (3), is equivalent to
imposing Vini = U .

Neglecting the rest function, as explored in the results
section, amounts to neglecting its flow in Eqs. (9). This
is not to be confused with the approximation put for-
ward in Ref. [58], where the rest functions are set to
zero prior to derivation of the flow equations. The latter
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Table 1 Specific parameters used for the technical imple-
mentation of our fRG calculations

T n kx px

0.1 8 18 90
0.15 8 16 80
0.2–0.4 6 16 80

The integer n is the number of positive fermionic frequen-
cies for which the two-particle vertex is evaluated. The
screened interactions wX are computed for 128n+1 frequen-
cies, whereas the Yukawa couplings λX for (4n + 1) × 2n
ones. The SBE rest functions are determined for 4n + 1
bosonic and (2n)2 fermionic frequencies, with a total of
(4n + 1) × (2n)2. Furthermore, the fermionic frequency
dependence of the self-energy is accounted for by 8n fre-
quencies. For the dependence on the bosonic momentum Q,
the grid for the screened interactions, Yukawa couplings, and
rest functions contains (kx × kx) momenta in the Brillouin
zone, with a refinement of N refine

k = 24 additional points
around Q = (π, π) to resolve the antiferromagnetic peak.
The fermionic momentum dependence is accounted for by
a form factor expansion, where we consider the (local) s-
wave and at finite doping additionally the d-wave contribu-
tion. The momentum grid of the self-energies also spans over
(kx × kx) momenta. Finally internal Green’s function sums
in the bubble and flow of the self-energy are performed on
the finer grid with (px × px) momenta

leads to simpler flow equations omitting entire classes of
diagrams for the screened interactions and Yukawa cou-
plings. The differences between these related approxi-
mations are detailed in the Appendix A.

The above Eqs. (9) are supplemented by the self-
energy flow

∂ΛΣ(k) =
∫

p

[2V (k, k, p) − V (p, k, k)] S(p), (15)

with the single-scale propagator S = ∂ΛG|Σ=const and
the initial condition Σini = 0.

We here use a frequency cutoff [39,59] in the bare
propagator GΛ

0 (k, ν) = ΘΛ(ν)G0(k, ν), with ΘΛ(ν) =
ν2/(ν2 + Λ2). For the parametrization of the two-
particle vertex, we combine the truncated-unity fRG
[39,40,60] using the channel decomposition in conjunc-
tion with a form factor expansion for the momen-
tum dependence with the full frequency treatment [41],
which includes the high-frequency asymptotics [9,14].
The flow equations in the form factor expansion are
given in the Appendix B. For the details of the algo-
rithmic implementation we refer to Refs. [42,45], the
technical parameters are reported in Table 1.

2.4 Relation to the conventional fermionic
formalism

As shown in Ref. [35], the SBE formalism is related
to the channel asymptotics [14] based on the parquet
decomposition since they both rely on a similar classifi-

cation of the diagrams contributing to the two-particle
reducible vertex functions.

For the screened interactions we obtain

wX(Q) = U + K(1)X(Q). (16)

The function K(1)X is defined by [14]

K(1)X(Q) = lim
ν,ν′→∞

φX
(k,ν),(k′,ν′)(Q), (17)

where φX is the sum of all two-particle reducible dia-
grams in the M, D or SC channel.

Similarly, the Yukawa coupling is related to K(2)X by

λX
k (Q) = 1 +

K(2)X
k (Q)
wX(Q)

, (18)

with

K(2)X
k (Q) = lim

ν′→∞
φX

k,(k′,ν′)(Q) − K(1)X(Q). (19)

Up to here, the SBE decomposition seems to offer
no substantial computational gain as compared to the
channel asymptotics, except for the situation where
K(1)X and K(2)X acquire large values, i.e. in the vicin-
ity of a pseudo-critical transition4. In the SBE scheme,
this occurs only for wX, while the Yukawa coupling
always remains finite at weak coupling. However, the
most important difference is visible in the rest func-
tions: the SBE and the asymptotic rest functions are
related by [62]

MX
kk′ (Q) = RX

kk′ (Q) − [λX
k (Q) − 1]wX(Q)[λX

k′ (Q) − 1], (20)

with

RX
kk′ (Q) = φX

kk′ (Q) − K(1)X(Q) − K(2)X
k (Q) − K(2)X

k′ (Q),

(21)

or, equivalently,

MX
kk′(Q) = φX

kk′(Q) − λX
k (Q)wX(Q)λX

k′(Q) + U.

(22)

Its inversion illustrates the relation between the parquet
decomposition characteristic for the fermionic formula-
tion and the SBE framework:

φX
kk′(Q) = ∇X

kk′(Q) + MX
kk′(Q) − U. (23)

In particular, the d-wave superconducting contribu-
tion to the effective interaction ∇SC,d

kk′ (Q) vanishes for

4 Note that since the Mermin-Wagner theorem is not ful-
filled in the one-loop approximation [42,61], an AF transi-
tion is observed at a finite value of the interaction or tem-
perature.
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transfer momentum Q = 0 [63]. This implies that
for the d-wave superconducting channel MSC

kk′(0,Ω) =
RSC

kk′(0,Ω).
We finally note that, when including the flow of the

rest functions, the SBE implementation is equivalent
to the one based on the conventional fermionic fRG.
The advantage lies in the substantial reduction of the
numerical effort provided by the SBE formulation, as
discussed below.

3 Results at half filling

To illustrate the potential of the SBE implementation
for the fRG, we first consider the half-filled Hubbard
model for t′ = 0, where the physical behavior is domi-
nated by antiferromagnetic (AF) fluctuations. For this
reason we include only the s-wave form factor to study
the momentum and frequency as well as the tempera-
ture and interaction strength dependence of the Yukawa
couplings and the susceptibilities in the different chan-
nels (in presence of d-wave form factors considered at
finite doping, the corresponding components will be
specified by an additional superscript). In particular, we
will assess the importance of the rest functions for the
accurate computation of physical observables (i.e. the
susceptibilities and self-energies) and compare to data
obtained using the conventional fermionic formulation,
see also Sect. 2.3. To make the comparison between the
SBE and the conventional implementation more trans-
parent, the parameter sets used in both cases include
the same number of frequencies and momenta for each
of the corresponding quantities (K(1)X and the screened
interactions wX and K(2)X and the Yukawa couplings
λX) which has been considered.

3.1 Yukawa couplings

We start by considering the quantities inherent to
the SBE formulation. Since the screened interactions
are directly related to the physical susceptibilities by
Eq. (5) that will be discussed in the next section, we
here consider the Yukawa couplings λX. In this study,
we analyse the accuracy of the SBE representation of
the effective interaction when neglecting the flow of the
rest functions (MX = 0). Since the screened interac-
tions and Yukawa couplings depend on less arguments
than the full vertex, this allows for a significant gain
both in memory cost as well as computational time
with respect to the conventional fermionic formalism.
By comparing the results obtained with and without
the inclusion of the rest function, we investigate to what
extent the approximation of neglecting its flow is justi-
fied in different parameter regimes.

The results for the Yukawa couplings λX (see also
Refs. [46,56,64,65]) are shown in Figs. 1, 2 and 3
for U = 2 and different values of the temperature.
More specifically, Figs. 1 and 2 display the (bosonic)
momentum and frequency dependence of the real parts

Fig. 1 Momentum dependence of the static Yukawa cou-
plings for the magnetic λM

ν=πT (Q, 0), density λD
ν=πT (Q, 0),

and s-wave superconducting λSC
ν=πT (Q, 0) channels as

obtained from the SBE formulation of the fRG with (blue
symbols) and without rest function (red symbols), for U = 2
and different values of the temperature (t′ = 0, μ = 0). The
deviations increase at lower temperatures, with the relative
difference between the results with and without rest func-
tion below 2.1% for T ≥ 0.2 and reaching about 5% for
T = 0.1 in the density and superconducting channels, for
the magnetic one see Fig. 3

in the magnetic, density, and superconducting chan-
nels respectively. Note that at half filling λSC

ν (Q,Ω) =
λD

ν (Q+(π, π),Ω) for the s-wave components. The over-
all reduction with respect to the bare initial value
of the Yukawa couplings due to Kanamori screening
[2] shows that their flow can not be neglected (see
Appendix C for the effects of the approximation λX =
1). The observed structures become increasingly sharp
at low temperature, where also the difference between
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Fig. 2 Frequency dependence of the Yukawa couplings for
the magnetic λM

ν=πT ((π, π), Ω), density λD
ν=πT ((0, 0), Ω), and

s-wave superconducting λSC
ν=πT ((0, 0), Ω) channels for the

same parameters as in Fig. 1

the results obtained with and without rest function
becomes larger. On a quantitative level, the relative
error amounts to 5.2% at T = 0.1, but does not exceed
2.1% for T ≥ 0.2 in the reported momentum and fre-
quency ranges. The overall agreement in both Figs. 1
and 2 is very good, demonstrating that the contribu-
tion of the rest functions to the Yukawa couplings is
minimal in all channels for the smallest fermionic fre-
quency ν = πT . We now address the question whether
this observation holds also for larger frequencies, see
Fig. 3 where we focus on the dominant magnetic chan-
nel. The results for the static (i.e. evaluated at Ω = 0)
Yukawa couplings at the different temperatures exhibit
a moderate dependence on the fermionic frequency ν,
featuring an overall slight suppression of the asymptotic
value λX ∼ 1. Such a reduction is due to the metallic

screening effects [66,67] in the proximity of the Fermi
level. This behavior is observed also in the other chan-
nels (not shown). Moreover, Fig. 3 also shows that the
contribution of the rest function remains negligible even
for ν > πT .

We therefore conclude that neglecting the rest func-
tions leads to quantitatively marginal differences in the
Yukawa couplings, for the considered parameter regime
at half filling. We will now investigate if it is the case
also for the computation of physical observables.

3.2 Susceptibilities

We here study the impact of the rest functions MX

on our numerical results for the physical observables,
more specifically for the susceptibilities χX (results for
the self-energy are provided in the Appendix C). We
start by presenting their evolution with the tempera-
ture, displayed in Fig. 4 for U = 2. As for the previous
figures, the static susceptibilities, evaluated at the rel-
evant momentum values Q in the magnetic, density,
and s-wave superconducting channels, are compared to
the ones obtained without the SBE rest functions MX.
From the relative difference shown in the insets, we see
that the contribution of the rest function increases with
the inverse temperature. At the same time, the absolute
values are very small leading to a marginal effect of the
rest functions except for the magnetic susceptibility at
T = 0.1. Before discussing this point, we remark that
in the density and superconducting channels the impor-
tance of the rest function is significantly smaller than
in the dominant magnetic channel. A similar behav-
ior is observed also for the interaction dependence of
the susceptibilities (see Fig. 15 in the Appendix C). As
expected, the contribution of the rest function increases
with U , but remains marginal in all channels for T >
0.1. We also note that the susceptibility of the dominant
magnetic channel χM, which is mostly driven by vertex
corrections, significantly increases with the interaction,
whereas the bubble dominated subleading susceptibili-
ties, whose largest contribution originates from the bub-
ble term, decrease with U since the growing AF fluctu-
ations lead to stronger damping via the electronic self-
energy. The increase at lower temperatures is due to the
growing AF fluctuations for the magnetic channel and a
Fermi-liquid like behavior for the subleading channels.

We now turn to the large contribution of the rest
function obtained for the magnetic channel at low tem-
peratures, with a deviation of Δ > 50% between the
results with and without rest function. In the inverse
susceptibility displayed in the upper main panel of
Fig. 4 this is not so clearly visible because of the small
absolute values. At the same time, the almost vanish-
ing inverse susceptibility at T = 0.1 indicates the prox-
imity to a divergence in the magnetic channel5. The
diverging one-loop flow in correspondence of a finite

5 To access temperatures below the pseudo-critical tem-
perature, one needs to allow for the formation of an order
parameter in the system and therefore to include anomalous
components of the vertices [25].

123



Eur. Phys. J. B (2022) 95 :202 Page 7 of 22 202

Fig. 3 Magnetic channel of the static Yukawa coupling λM
ν (Q, 0) for the same parameters as in Fig. 1 and different

fermionic frequencies. The relative difference Δ between the results with and without rest function is shown in the insets

temperature (or interaction) marks the pseudo-critical
transition towards a magnetic instability. Including
higher loop orders within the multiloop fRG extension
[42,45,61,68] would reduce the strong AF fluctuations
due to the stronger channel interference. In particular,
the resummation to infinite loop order in the parquet
approximation would recover the Mermin-Wagner the-
orem. Here, we observe that sizable differences for the
computation with and without the rest functions MX

arise only in the dominant magnetic susceptibility close
to the pseudo-critical AF transition. Away from it, the
tiny differences justify the approximation to neglect the
rest function.

The appearance of the pseudo-critical transition
characteristic of the one-loop fRG approximation is fur-
ther illustrated in Fig. 5, more specifically in the inset of
the panel reporting the magnetic susceptibility. In this
figure, we show the momentum dependence of the static
magnetic, density, and s-wave superconducting suscep-
tibilities as obtained from the inversion of Eq. (5) for
the screened interactions, for U = 2 and different tem-
peratures (the corresponding results for the frequency
dependence are provided in the Appendix C). The mag-
netic susceptibility exhibits a pronounced peak around
momentum Q = (π, π) indicating strong AF fluctua-
tions. Except for χM(Q, 0) at T = 0.1, the results of the
computation with and without the rest function for the

dominating magnetic channel as well as for the sublead-
ing channels related by χSC(Q,Ω) = χD(Q+ (π, π),Ω)
at particle-hole symmetry present an excellent quanti-
tative agreement, with the largest deviation in corre-
spondence of the AF wave vector. The relative differ-
ence for χM(Q, 0) is below 1% (except for T = 0.1)
and as a consequence, the inclusion of the rest function
only sightly affects the pseudo-critical temperature [35].
For χD(Q, 0) and χSC(Q, 0), the relative difference is
even smaller, below 0.1% for all values of the tempera-
ture.

T = 0.1 is very close to the pseudo-critical transition
temperature. We note that the associated divergence
in the susceptibility is reflected in the corresponding
screened interaction but not in the Yukawa coupling,
see Figs. 1, 2 and 3. The multiboson exchange pro-
cesses associated to spin fluctuations at low tempera-
tures, appear to induce only a marginal increase of the
Yukawa couplings. While the rest function MM too does
not diverge (see Fig. 7), its influence on χM may become
nonnegligible. This has to be contrasted to the con-
ventional fermionic fRG formulation, where all objects
diverge in proximity of the pseudo-critical transition.
Since resolving divergent structures is computationally
expensive, the latter requires a higher numerical effort
with respect to the SBE implementation.
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Fig. 4 Magnetic χM((π, π), 0), density χD((0, 0), 0), and s-
wave superconducting χSC((0, 0), 0) static susceptibilities as
obtained from the SBE formulation of the fRG with and
without rest function as a function of T , for U = 2 (t′ = 0,
μ = 0). The relative difference Δ between results with and
without rest function displayed in the insets is below 1%
except for T < 0.2 in the magnetic channel. The correspond-
ing results as a function of U for T = 0.15 are reported in
Fig. 15 in the Appendix C

The convenience of the SBE formulation emerges also
from the direct comparison with data obtained from
the conventional fermionic fRG. Figure 6 provides the
results for the leading magnetic susceptibility as a func-
tion of both the (bosonic) momentum and frequency, for
U = 2 and T = 0.15. At the maximum at Q = (π, π)
and Ω = 0, the relative difference between the results
with and without rest function reported in the insets is
about 10 times smaller in the SBE decomposition with

Fig. 5 Magnetic χM(Q, 0), density χD(Q, 0), and s-wave
superconducting χSC(Q, 0) static susceptibilities for U = 2
and different values of the temperature (t′ = 0, μ = 0). The
results for T = 0.1 are shown in the insets. The relative dif-
ferences between the results with and without rest function
is below 1% (see also the insets of Fig. 4), with the exception
of the magnetic channel for T = 0.1

respect to the one in the conventional fermionic formu-
lation, while away from it the contribution of both (SBE
and conventional fermionic fRG) rest functions rapidly
decays. In particular, the effect of the SBE rest func-
tion is marginal in the whole momentum and frequency
range, in contrast to the conventional fRG implementa-
tion. In the following, we will provide an explanation for
this discrepancy by analysing the respective rest func-
tions in more detail.
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Fig. 6 Bosonic momentum and frequency dependence of
the magnetic susceptibility χM as obtained from the SBE
and conventional fermionic fRG formulations with and with-
out rest function, for U = 2 and T = 0.15 (t′ = 0, μ = 0).
The insets show the relative difference Δ between results
with and without rest function

3.3 Rest functions

Figure 7 shows the fermionic frequency dependence of
the rest functions MM and RM in the magnetic chan-
nel, evaluated at Q = (π, π) and Ω = 0 for T = 0.15 as
well as T = 0.1 in proximity of the AF pseudo-critical
transition (plots including also the density and super-
conducting channels are provided in Figs. 20 and 21
in the Appendix C). It highlights a key feature of the
rest function: its characteristic decay to zero at large
frequencies (which is particularly pronounced for larger
values of the interaction [35]). This implies that the
high-frequency asymptotics of the two-particle vertex
functions is fully captured by the screened interactions
wX and the Yukawa couplings λX.

We also illustrate from Fig. 7 a basic symmetry prop-
erty of both SBE and conventional fermionic rest func-
tions, which is not inherent to the magnetic channel.
Namely, the rest functions can be decomposed as

MX
kk′(Q) = M+,X

kk′ (Q) + M−,X
kk′ (Q), (24)

with M+/−,X being symmetric/antisymmetric with
respect to the inversion of a single fermionic frequency,
i.e.

M
±,X
(k,ν)(k′,ν′)(Q) =

1

2

[
M

X
(k,ν)(k′,ν′)(Q) ± M

X
(k,−ν)(k′,ν′)(Q)

]
.

(25)

In most situations, M+,X is the dominant contribution,
which is clearly the case for MM in Fig. 7.

Comparing the results for the SBE and the conven-
tional fermionic decompositions, we observe a marked
difference in the absolute values of the rest functions.
For T = 0.15 the SBE rest function is almost an
order of magnitude smaller, with Mνν′((π, π), 0) �
Rνν′((π, π), 0) for the maximal values. As seen in Fig. 6,
it is in fact essential to include the contribution of the
rest function in the conventional fermionic fRG, while
in the SBE formulation it leads only to minor correc-
tions. This discrepancy is further enhanced as we lower
the temperature down to T = 0.1, due to the dramatic
increase of RM in proximity of the pseudo-critical tran-
sition (in contrast, MM is of the same order as for
T = 0.15, see Appendix C). The difference between
MM and RM can be traced back to the (magnetic)
screened interaction: according to Eq. (20), the increase
of RM

νν′((π, π), 0) is absorbed by its U -reducible part,
specifically by the growing screened interaction, while
the SBE rest function stays small even in the vicinity
of the pseudo-critical transition. Also this regime can
thus be reliably described by the SBE scheme without
rest function, which significantly reduces the numeri-
cal effort of the fRG flow. For the considered parame-
ter regime, the gain in the run times for the computa-
tion without SBE rest function is parameter dependent
(∼ 3 − 4 for T = 0.1 − 0.15), but most importantly
the lower number of required momentum and frequency
variables entails a better scaling.

Summarizing, we have shown that in the SBE for-
mulation of the fRG the contribution of the rest func-
tion is marginal as long as the one-loop flow does not
diverge. In proximity of the divergence, it becomes rel-
evant on a quantitative level, but does not qualita-
tively affect the physics. Differently to the conventional
fermionic fRG implementation, the screened interac-
tions appear to effectively absorb the divergence. Thus,
the U -reducible part of the two-particle vertex captures
the physically relevant information near the pseudo-
critical transition. The physical susceptibilities (as well
as the self-energy, see Appendix C) can hence be reli-
ably determined by the flow of the screened interactions
and Yukawa couplings, without including the rest func-
tion. This puts forward the SBE-based fRG as a com-
putationally more efficient alternative to the conven-
tional fermionic description. In the following section we
will examine whether this is also the case at finite dop-
ing, where superconducting correlations are expected to
play a more prominent role.
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Fig. 7 Rest functions MM
νν′((π, π), 0) (upper panels) and RM

νν′((π, π), 0) (lower panels) in the magnetic channel, as obtained
respectively from the SBE and the conventional fermionic fRG formulations, with n and n′ labeling the fermionic Matsubara
frequencies according to ν(′) = (2n(′) + 1)πT , for U = 2 and T = 0.1 and T = 0.15 (t′ = 0, μ = 0). Note that the SBE rest
function almost vanishes in comparison (for the absolute values see Figs. 20 and 21 provided in the Appendix C, where also
the contributions of the other channels are displayed)

4 Results at finite doping

To illustrate the validity of the SBE formulation in
a physically more relevant parameter regime than the
perfect particle-hole symmetric case, we present also
fRG results at finite doping. Specifically, we consider a
next-nearest neighbor hopping close to van Hove filling
at μ = 4t′ (due to the flow of the self-energy, the initial
value of the chemical potential is renormalized during
the flow), for which we expect the magnetic fluctuations
to be suppressed in favor of superconducting correla-
tions. These are taken into account by the flow of the
d-wave components (and their interplay with the s-wave
components) in the different channels. As in Sect. 3,
we will analyse the effects of the rest functions on the
Yukawa couplings and physical susceptibilities, includ-
ing also a comparison to the conventional fermionic for-
mulation.

4.1 Yukawa couplings

The results for the Yukawa couplings in all relevant
channels are shown in Figs. 8 and 9, illustrating the
(bosonic) momentum and frequency dependence of the
real parts evaluated at the lowest fermionic Matsub-
ara frequency ν = πT , for U = 2, t′ = −0.2, and dif-
ferent temperatures. The general shapes in the mag-
netic, density and s-wave superconducting channels

resemble those of Figs. 1 and 2 at half filling. For the
momentum dependence, λM and λD are suppressed in
correspondence of the magnetic ordering wavevector
Q = (π, π), whereas λSC,s falls off near the Γ-point.
For the frequency dependence, the reduction in the
low-frequency regime results from the electronic screen-
ing. Lowering the temperature, these features become
sharper.

An important difference to the previous study at half
filling consists in the finite d-wave component λSC,d,
which exhibits a slight dip between the Γ- and X-
points (see Fig. 8). We further note that λSC,d(Q =
0,Ω) = 0 for all bosonic frequencies due to the van-
ishing of all mixed form-factor bubbles at the Γ-point
in a framework involving only s- and d-wave form
factors [63]. This can be understood diagrammati-
cally: the U -reducible part of the two-particle vertex in
the d-wave superconducting channel involves the prod-
uct
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Fig. 8 Momentum dependence of the static Yukawa couplings for the magnetic λM
ν=πT (Q, 0), density λD

ν=πT (Q, 0), and

both λSC,s
ν=πT (Q, 0) and λSC,d

ν=πT (Q, 0) superconducting channels as obtained from the SBE formulation of the fRG with (blue
symbols) and without rest function (red symbols), for U = 2, t′ = −0.2, μ = 4t′, and different values of the temperature.
At the end of the flow, the filling equals 0.44 for all temperatures (with 0.5 corresponding to half filling), with or without
rest function

λSC,d (26)

between the Yukawa coupling λSC,d and the screened
interaction wSC. Since the latter has only s-wave com-
ponents, all contributions to (26) contain mixed bubbles
with at least one propagator connecting different form
factors, such as

d

d

s
(27)

where the form factor indices are indicated explicitly
and the fermionic propagators G(k) are represented
by solid lines. The reason why these mixed bubbles

vanish exactly at the Γ-point (Q = 0) can be illus-
trated through the bare superconducting susceptibility

[
χSC

0

]
mn

(Q, iΩ) =
∑

iν

∫
dkf∗

n(k)fm(k)G(k, iν)

×G(Q − k, iΩ − iν), (28)

with m and n form factor indices. This simplest mixed
bubble of interest for m = 0 and n = 1 �= m reads (for
Ω = 0)

[
χSC

0

]
01

(Q, 0) =
∑

iν

∫
dk(cos(kx) − cos(ky))G(k, iν)

×G(Q − k,−iν), (29)

where the s-wave f0(k) = 1 and d-wave f1(k) =
cos(kx) − cos(ky) form factors have been inserted. At
Q = 0, the momentum integral in Eq. (29) vanishes
exactly. This reasoning can be straightforwardly gen-
eralized to all mixed bubbles involving s- and d-wave
form factors, such as that of (27).

Concerning the contribution of the rest function to
our results for the Yukawa couplings at finite doping,
the relative difference between the results with and
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Fig. 9 Frequency dependence of the Yukawa couplings
for the magnetic λM

ν=πT ((π, π), Ω), density λD
ν=πT ((0, 0), Ω),

and s-wave superconducting λSC,s
ν=πT ((0, 0), Ω) channels for

the same parameters as in Fig. 8. Note that λSC,d(Q =
0, Ω) = 0

without rest function in the magnetic, density and s-
wave superconducting channels is below 2.3% in both
Figs. 8 and 9. Because of the zeros of ReλSC,d

ν=πT (Q, 0),
for the d-wave superconducting channel we consider the
absolute difference, which does not exceed 5 · 10−5 for
all temperatures. Hence, the overall contribution of the
rest function to the Yukawa couplings is still negligible
in all channels.

4.2 Susceptibilities

We now analyse the physical susceptibilities. The
results for the magnetic χM, density χD, and s-
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Fig. 10 Magnetic χM(Q, 0), density χD(Q, 0), and s-
wave superconducting χSC,s(Q, 0) static susceptibilities as
obtained from the SBE formulation of the fRG with and
without rest function, for the same parameters as in Fig. 8.
The relative difference between the results with and with-
out rest function is below 1% for all temperatures in the
magnetic, density and s-wave superconducting channels

wave superconducting χSC,s static susceptibilities along
the Γ-X-M-Γ path in the Brillouin zone are shown
in Fig. 10, for the same parameters used for the
Yukawa couplings (the corresponding results for the fre-
quency dependent susceptibilities are provided in the
Appendix C). The AF peak in the magnetic suscepti-
bility appears reduced with respect to half filling, while
the subleading density and s-wave superconducting sus-
ceptibilities exhibit a rather weak momentum depen-
dence. The agreement of the results with and without

123



Eur. Phys. J. B (2022) 95 :202 Page 13 of 22 202

Γ X M Γ

0.2

0.4

0.6

χ
SC

,d
(Q

,0
)

T = 0.2 w.o. M

T = 0.3 w.o. M

T = 0.4 w.o. M

χ0, T = 0.2 with M

T = 0.2 with M

T = 0.3 with M

T = 0.4 with M

Fig. 11 Momentum dependence of the d-wave super-
conducting susceptibility χSC,d, determined from post-
processing with and without rest function, for the same
parameters as in Fig. 8. The relative difference between the
results with and without rest function is below 1% for all
temperatures. Additionally, results for the bare bubble con-
tribution χ0 are provided for T = 0.2. There, the relative
difference between the full d-wave superconducting suscep-
tibility and its bare bubble contribution reaches 5% at the
Γ-point (with or without rest function), which decreases for
larger temperatures

rest function is very good also at finite doping (the devi-
ations are below 1% for all temperatures considered
here), justifying the application of the SBE approxi-
mation.

The corresponding d-wave superconducting χSC,d

susceptibility displayed in Fig. 11 can not be deter-
mined from the (s-wave) screened interaction as above
and is obtained by post-processing6. We note that for
the s-wave susceptibilities, the differences to the post-
processing results that arise at the one-loop level are the
same as the ones observed in the conventional fermionic
fRG [42]. For the considered parameters at U = 2,
the d-wave superconducting susceptibility appears to
be well described by the bare bubble contribution χ0,
shown for the lowest temperature T = 0.2. Compar-
ing to the results from the full computation, the vertex
corrections turn out to be very small (and consequently
also the ones due to inclusion of the rest function), with
an appreciable contribution only around the Γ-point.
Moreover, the absolute values of χSC,d are not very
large with respect to the dominating magnetic chan-
nel of Fig. 10, but we expect the peak at Q = 0 to
increase and become more pronounced for larger values
of U as well as at lower temperatures.

6 Results for χSC,d from the flow can be obtained by com-
puting the flow of the respective response vertex [42,69].

In Fig. 12 we present the results for the most relevant
magnetic and d-wave superconducting susceptibilities
as a function of momentum for U = 3 and in addition
to a next-nearest neighbor hopping of t′ = −0.2 also for
t′ = −0.25 (at van Hove filling). In particular, we assess
the importance of the rest function both within the SBE
and the conventional fermionic formulation of the fRG.
Comparing to the results for U = 2 (for t′ = −0.2), we
detect an enhanced tendency towards magnetic order-
ing. At the same time, changing the value of the next-
nearest neighbor hopping to t′ = −0.25 induces a reduc-
tion of the AF peak. We observe also a trend towards
an incommensurate peak, as expected for larger dop-
ings [25,69–71]. In contrast, the d-wave pairing suscep-
tibility is almost invariant under these changes. The
considered parameter regime is still far away from any
instability and we expect the d-wave pairing suscepti-
bility to increase only at lower temperatures. Due to
the increasing computational cost, the superconduct-
ing transition temperature is currently not accessible.
Including the flow of the fermionic rest functions MX

(for which the SBE approach is equivalent to the con-
ventional fRG formalism based on the 1PI vertex func-
tion), leads to slightly larger corrections as for U = 2,
but still below 4%. In particular, the contribution of
the d-wave superconducting channel which at Q = 0 is
dominated by the rest function turns out to be negligi-
ble also for U = 3, consistently with Figs. 22 and 23 in
the Appendix C. In contrast, neglecting the rest func-
tion in the conventional fermionic formulation induces
sizable deviations in the leading channel.

The small differences between the results with and
without rest function in the d-wave superconduct-
ing susceptibilities demonstrate that the SBE effec-
tive interactions correctly account for the vertex cor-
rections. These can be inferred from the difference to
the respective bubble contribution χ0, reaching a rela-
tive difference of 15% (13%) at the Γ-point for t′ = −0.2
(t′ = −0.25). In this parameter regime, the vertex cor-
rections originate in the s-wave contributions. In fact,
the computation with only a s-wave form factor yields
no visible difference in the results (not shown). A more
detailed analysis may be obtained from a fluctuation
diagnostics [72–74], which however goes beyond the
scope of the present work. We finally remark that in
contrast to the d-wave superconducting susceptibility,
for the magnetic susceptibility the vertex corrections
dominating the physical behavior exceed by far the bub-
ble contribution [63]).

We thus conclude that in the entire weak- to inter-
mediate coupling regime, the susceptibilities obtained
without MX correctly describe the physical behavior,
confirming the reliability of a description in terms of
the SBE effective interactions. On a practical level,
this means that the momentum and frequency depen-
dence of the two-particle vertex can be efficiently
parametrized by ∇X, i.e. through the screened inter-
actions and Yukawa couplings (with the exception of
the pseudo-critical transition, where the weak-coupling
approximation breaks down and quantitatively accu-
rate results are not feasible even by taking into account
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Fig. 12 Magnetic χM(Q, 0) and d-wave superconducting χSC,d(Q, 0) static susceptibilities including both the results
obtained from the SBE and the conventional fermionic formulations of the fRG with and without rest function, for U = 3
and t′ = −0.2 (left panels) and t′ = −0.25 (right panels), with μ = 4t′, and T = 0.2. At the end of the flow, the filling equals
0.45 and 0.44 at t′ = −0.2 and t′ = −0.25 respectively, for both the SBE and conventional fermionic decompositions, with
or without rest function. We note that χM(Q, 0) is determined from the screened interaction, whereas χSC,d(Q, 0) from
post-processing. The relative difference between the data with and without rest function is always below 4% for the SBE
decomposition. For the conventional fermionic fRG, however, this relative difference reaches 20% (10%) in the magnetic
and 6% (6%) in the superconducting channel for t′ = −0.2 (t′ = −0.25). Results for the bare bubble contribution χ0 to the
susceptibilities are shown as well

the rest function). However, in more strongly cor-
related regimes where the d-wave rest function has
to be taken into account to describe pairing fluctua-
tions, this simplification does not apply any more and
requires the computation of the multiboson contribu-
tions MSC,d.

To simplify the treatment of those multiboson con-
tributions that have a vanishing SBE term, such as
the d-wave pairing channel, one can devise an alter-
native strategy to bosonize them. One can write, for
example

MX
νν′(Q) = λX

ν (Q)wX(Q)λX
ν′(Q) + δMX

νν′(Q), (30)

where the dependence on the secondary momenta k
and k′ has been projected onto some form factors.
The Yukawa coupling and screened interaction can be
defined as

wX(Q) =
MX

ν0ν0
(Q) ± MX

ν0,−ν0
(Q)

2
, (31a)

λX
ν (Q) =

MX
νν0

(Q) ± MX
ν,−ν0

(Q)
2wX(Q)

, (31b)

where ν0 is a fixed, finite, and eventually Q-dependent,
Matsubara frequency. By doing that, one is able to sim-
plify the numerical treatment and identify the collec-
tive bosonic fluctuations of those channels exhibiting
only multiboson terms. Some examples of these chan-
nels are d-wave pairing, “Pomeranchuk density fluctua-
tions” (for which one must choose the “+” sign above),
or odd-frequency pairing (for which the “−” sign in
Eqs. (31) holds). The technique described above can be
applied to all channels that do not have a contribution
stemming from the bare interaction, that is, within the
Hubbard model, all but the s-wave channels. We remark
that the quantity on the left-hand side of Eq. (31a) can-
not be easily related to the susceptibility in its chan-
nel, differently than the SBE screened interaction where
Eq. (16) applies.
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5 Conclusions

We have applied the recently introduced SBE repre-
sentation, which relies on a diagrammatic decompo-
sition in contributions mediated by the exchange of
a single boson in the different channels, to the fRG
analysis of the 2D Hubbard model at weak coupling.
Specifically, the (one-loop) flow equations for the two-
particle vertex are recast into SBE contributions and
a residual four-point fermion vertex. The SBE repre-
sentation provides a valuable alternative to the widely-
used parquet and asymptotic decompositions in the
conventional fermionic fRG. In particular, the divergent
behavior arising in proximity of the pseudo-critical tem-
perature, affects only the screened interaction while the
Yukawa couplings and the SBE rest functions, which
depend on more frequency and momentum variables,
remain finite. In contrast, in the conventional fermionic
formulation of the fRG, all objects grow very large in
the RG flow by approaching the pseudo-critical instabil-
ity. Moreover, the characteristic picture of bosons medi-
ating effective interactions offers not only interpretative
advantages for identifying the relevant degrees of free-
dom, but remains valid even at strong coupling [65,75].

The quality of our SBE-based approximation to the
fRG flow has been tested by performing calculations
with and without the inclusion of the flow for MX

and by comparing the obtained results. We have found
that for the computation of the physical susceptibili-
ties in the different channels, the SBE rest function can
be safely neglected in the weak-coupling regime, both
at half filling and finite doping. This allows to signif-
icantly reduce the computational effort and hence to
devise more efficient algorithmic implementations of the
fRG flow. At larger couplings and lower temperatures,
where the d-wave pairing correlations are expected to
become more relevant, the rest function should however
be included.

The numerical speed-up of the fRG algorithm offered
by the SBE formalism will most likely play a pivotal
role in all the extensions of the fRG approach beyond
the ”conventional” one-loop truncation considered in
our study. Indeed, the range of current and near-future
foreseeable promising developments of the fRG-based
approaches is quite broad. These include the multiloop
extension [42,45,61,76] of the fRG, for which the corre-
sponding flow equations have been derived in Ref. [58],
as well as the systematic inclusion of multiboson con-
tributions. In particular, the SBE formulation paves a
promising route for the multiloop extension of the com-
bination with the dynamical mean-field theory (DMFT)
[77,78] in the so-called DMF2RG [43,57]. This would

allow to more easily access the nonperturbative regime
on a quantitative level by means of the DMF2RG. Here,
the reduced numerical effort offered by the SBE decom-
position greatly facilitates both the description of the
initial DMFT vertex function [9] and the application
of the DMF2RG. Further, the SBE formulation offers
the possibility to study mixed boson-fermion systems
in presence of additional bosonic fields and the combi-
nation with recent advancements in the description of
symmetry-broken phases [62,71,79,80].
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Fig. 13 Bosonic momentum and frequency dependence of
the magnetic susceptibility χM as obtained from the SBE
and conventional fermionic fRG formulations with and with-
out rest function, for U = 2 and T = 0.15 (t′ = 0, μ = 0).
For the SBE formulation, results are either obtained by dis-
carding the flow of M from the SBEa and SBEb approxima-
tions (see text for their definitions) or by calculating explic-
itly the flow of the rest function M . We stress also that the
results labeled “SBEa” in the main panels are identical to
those associated to the legend “SBE w.o. M” in Fig. 6. The
insets show the relative difference Δ between results with
and without rest function

A Implementation of the SBE approximation
in the fRG framework

We here discuss an alternative approximation based on com-
pletely neglecting the rest function together with its impli-
cations on the flow of the screened interactions and Yukawa
couplings: Instead of deriving the flow equations and then
setting the flow of the rest function to zero, as in our analy-
sis, in Ref. [58] the authors suggest neglecting the rest func-
tion prior to the derivation of flow equations. In the follow-

ing, these approximations will be referred to as SBE approx-
imation after (SBEa) and before (SBEb) taking the deriva-
tive respectively. The resulting flow equations for SBEb are
structurally simpler than the corresponding Eqs. (9):

∂λwX(Q) =
[
wX(Q)

]2
∫

p

(
2λX

p (Q) − 1
) [

∂̃ΛΠX
p (Q)

]
1,

(32a)

∂ΛλX
k (Q) =

∫

p

IX
kp(Q)

[
∂̃ΛΠX

p (Q)
]
1, (32b)

where we exploited λ = λ̄ to obtain

λX
p (Q)

[
∂̃ΛΠX

p (Q)
]
1 + 1

[
∂̃ΛΠX

p (Q)
]
λ̄X

p (Q)

−1
[
∂̃ΛΠX

p (Q)
]
1 = (2λX

p (Q) − 1)
[
∂̃ΛΠX

p (Q)
]
1, (33)

and the factor 1 has to be replaced by the s-wave projection
of the bubble in a form factor expansion (see Appendix B).
In fact, the SBEb appears to be a more severe approxima-
tion, as can be seen in Fig. 13. The results for the SBEa
and SBEb approximations are compared through their rel-
ative difference with respect to the corresponding data
obtained without neglecting the rest function M . While the
SBEa approximation provides quantitatively correct results
above the pseudo-critical temperature in the weak coupling
regime, the same cannot be concluded for the SBEb which
underestimates the AF peak.

Both the SBEa and SBEb approximations are based on
the assumption that the relevant physics is well captured by
the exchange of a single boson, and that the multiboson pro-
cesses of the rest function can therefore be neglected. The
observed discrepancy is due to the omission of all rest func-
tion like contributions in the Yukawa couplings and bosonic
propagators in the self-consistent SBEb. Here the Yukawa
coupling contributions are restricted to the eye diagrams as
IX does not contain any diagrams of the rest function in
the channel X. In contrast, the SBEa flow equations for the
Yukawa couplings generate all diagrams at least partially
(although with less complete derivatives as when the rest
function is included). We note that IX is not structurally
different in SBEa and SBEb but, as λ appears on the right-
hand side of the flow equation, rest function like contribu-
tions are generated, see the lowest order diagrams shown
in Fig. 14. It turns out that these diagrams are relevant to
capture the physical behavior and that their partial treat-
ment in the SBEa is sufficient for the considered parameter
regimes. This is also true at stronger couplings, where the
nonlocal corrections to the rest functions have been shown
to play a negligible role [35].
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SBEb SBEa SBE with M

11 11 11

11 11 11

11 11 11 11

...
...

Fig. 14 Comparison of the derivatives included during the flow of ∂ΛλX
k (Q) via Eq. (9b) vs (32b). The left red box

represents IX
kp(Q), the central green ∂̃ΛΠX

p (Q), and the right blue λX
k (Q) (which might reduce to 1 depending on the

approximation). The diagrams in the first row are generated during the first step of the solver, those of the second and
third are added in the second and third steps respectively. While the replacement of λX

k (Q) by 1 in the SBEb approximation
limits the derivative to the eye diagrams, all diagrams are constructed during the flow of the SBEa albeit with derivatives
less complete than for the SBE including M

B Flow equations in form factor notation

We here explicitly report the flow Eqs. (9) in the form factor
expansion. They are given by

∂ΛwX(Q, iΩ) =
[
wX(Q, iΩ)

]2 ∑
iν,m,m′

λX,m(Q, iΩ, iν)

×
[
∂̃ΛΠX,mm′

(Q, iΩ, iν)
]
λX,m′

(Q, iΩ, iν), (34a)

∂ΛλX,n(Q, iΩ, iν) =
∑

iν′,m,m′
IX,n,m(Q, iΩ, iν, iν′)

×
[
∂̃ΛΠX,mm′

(Q, iΩ, iν′)
]
λX,m′

(Q, iΩ, iν′), (34b)

∂ΛMX,nn′
(Q, iΩ, iν, iν′) =

∑
iν′′,m,m′

IX,n,m(Q, iΩ, iν, iν′′)

×
[
∂̃ΛΠX,mm′

(Q, iΩ, iν′′)
]
IX,m′,n′

(Q, iΩ, iν′′, iν′).

(34c)

For the SBEb approximation (see Appendix A), the right
λX,n(Q, iΩ, ν) is replaced by δn,s yielding

∂ΛwX(Q, iΩ) =
[
wX(Q, iΩ)

]2

×
∑
iν,m

(2λX,m(Q, iΩ, iν) − δm,s)

×
[
∂̃ΛΠX,ms(Q, iΩ, iν)

]
, (35a)

∂ΛλX,n(Q, iΩ, iν) =
∑

iν′,m

IX,n,m(Q, iΩ, iν, iν′)

×
[
∂̃ΛΠX,ms(Q, iΩ, iν′)

]
, (35b)

corresponding to Eqs. (32).

C: Additional results at half filling and finite
doping

C.1: Susceptibilities

In Fig. 15 we show the evolution of the magnetic, density,
and s-wave superconducting susceptibilities with U , in anal-
ogy to Fig. 4 for the temperature. The magnetic suscep-
tibility is strongly enhanced with the interaction, due to
the increasing AF fluctuations. In contrast, in the sublead-
ing channels the correlation effects are weaker. We observe
a slight suppression of the uniform density and s-wave
superconducting static susceptibilities induced by the inter-
play with their complementary channels. Also here, for the
description of the physical susceptibilities the rest function
can be safely neglected.

We report also the effects of the approximation λX = 1,
i.e. of neglecting the flow of the Yukawa couplings. Fig-
ure 16 displays the obtained results for the (static) suscep-
tibilities in the different channels, for the same parameters
as in Fig. 5. We observe that this additional approxima-
tion, somewhat similar to the one made in the TRILEX
approach [81] and GW [54,82], leads to considerable devia-
tions in the considered parameter regime [83]: the assump-
tion λX = 1 leads to overestimate the value of the Yukawa
couplings, in particular in correspondence of the maxima,
see Fig. 1, which is then reflected in an enhancement of the
corresponding susceptibilities. In particular, since imposing
λX = 1 overestimates the AF susceptibility by 165%, dis-
carding the flow of the Yukawa couplings does not represent
a viable approximation for the problem under investigation.

We finally report the (bosonic) frequency dependence in
Figs. 17 and 18, corresponding to the Yukawa couplings of
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Fig. 15 Magnetic χM((π, π), 0), density χD((0, 0), 0), and
s-wave superconducting χSC((0, 0), 0) static susceptibilities
as obtained from the SBE formulation of the fRG with and
without rest function as a function of U , for T = 0.15 (t′ =
0, μ = 0). The relative difference between the results with
and without rest function is below 0.1% in the density and
0.5% in the superconducting channel, while it reaches 1.4%
in the magnetic one (for U = 2)

Figs. 2 and 9 respectively. The density channel is omitted in
these two figures since χD(Q, Ω) vanishes at finite frequency
Ω at Q = 0, consistently [84] with the conservation of the
total charge of the system.

C.2: Self-energy

The results for the self-energy, as obtained from the SBE
formulation, are displayed in Fig. 19 for the representative
parameters of U = 2 and T = 0.15 (at half filling). The fre-
quency dependence of the imaginary part presents a typical
Fermi-liquid behavior at small frequencies, both at the node

Fig. 16 Magnetic χM(Q, 0), density χD(Q, 0), and s-
wave superconducting χSC(Q, 0) static susceptibilities as
obtained from the SBE formulation of the fRG (with rest
functions), where the flow of the Yukawa couplings has been
discarded, i.e. by fixing λX = 1 throughout the flow, for
U = 2 and T = 0.2 (t′ = 0, μ = 0), see also Fig. 5 for com-
parison. The relative difference between the results obtained
with and without imposing this condition reaches 9% in
both the density and superconducting channels, and 165%
in the magnetic one

k = (π/2, π/2) in the upper and at the antinode k = (π, 0)
in the lower panel. For these parameters, the resulting self-
energy does not develop a momentum-selective gap. The
computation without rest functions MX almost perfectly
reproduces the full one including the rest function. The devi-
ations of the order of a few per cent are maximal for the
lowest Matsubara frequency Ω = πT and decrease for larger
frequencies. On a quantitative level, in the full Green’s func-
tion G(k, iν) the differences between the computation with
and without rest function are almost negligible due to the
large iν contribution of the bare Green’s function.
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Fig. 17 Bosonic frequency dependence of the magnetic
χM and superconducting χSC susceptibilities for the same
parameters as in Fig. 1. The relative difference Δ between
the results with and without rest function does not exceed
0.8%, except for the magnetic channel at T = 0.1 where Δ
reaches 58%

C.3: Rest functions

In Figs. 20 and 21 we show the rest functions in all chan-
nels, for T = 0.15 as well as for T = 0.1 (at half filling).
While the absolute values for the density and supercon-
ducting channels are similar for the SBE and the conven-
tional fermionic decomposition, the magnetic channel dif-
fers by an order of magnitude for T = 0.15 (see Fig. 20).
In proximity of the pseudo-critical transition, this effect is
even more pronounced for T = 0.1 (see Fig. 21). The mag-
netic channel becomes very large, whereas the other chan-
nels are only slightly enhanced with respect to the results
for T = 0.1.

We note that the frequency range, over which the rest
function in the dominant magnetic channel extends, appears
to be slightly smaller for the SBE than for the conventional
fermionic representation. We expect this effect to be more
pronounced for larger values of the interaction [35]. There,
the SBE-based formulation leads to a substantial reduction
of the numerical effort, since the corresponding rest function
is significantly localized in frequency space. This allows one
to significantly restrict the total number of frequencies taken
into account in the fRG flow, facilitating the applicability
of the fRG and DMF2RG to the most interesting regime of
intermediate to strong correlations and/or low temperatures
[35].

0.0
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T = 0.4 w.o. M

T = 0.2 with M

T = 0.3 with M

T = 0.4 with M

−10 −5 0 5 10
Ω

0.00

0.05

0.10

0.15

0.20

χ
SC

,s
(0
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Fig. 18 Bosonic frequency dependence of the magnetic
χM and s-wave superconducting χSC,s susceptibilities for
the same parameters as in Fig. 8. The relative difference
between the results with and without rest function is always
below 4% in both the magnetic and s-wave superconducting
channels

Fig. 19 Imaginary part of the self-energy Σ(k, ν) at the
node k = (π/2, π/2) and antinode k = (π, 0) for U = 2 and
T = 0.15 (t′ = 0, μ = 0)

We finally include also data for the rest function at finite
doping. In Figs. 22 and 23 we show the d-wave contribution
to the rest function for U = 2 and U = 3 (and t′ = -0.2)
respectively. We observe a considerable increase with the
interaction, despite the overall small values in both cases.
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Fig. 20 Rest functions for the magnetic MM
νν′((π, π), 0), density MD

νν′((0, 0), 0), and s-wave superconducting MSC
νν′((0, 0), 0)

channels as obtained from the SBE (upper panels) and the conventional fermionic (lower panels) fRG formulations with n

and n′ labeling the fermionic Matsubara frequencies according to ν(′) = (2n(′) + 1)πT , for U = 2 and T = 0.15 (t′ = 0,
μ = 0). Note the different orders of magnitude in the z-axis for the magnetic channel
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This explains the small effect of the rest function observed
in the (d-wave) superconducting susceptibility, see Figs. 11
and 12.
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667 (1999)
53. M.V. Sadovskii, Diagrammatics, 2nd edn. (World Scien-

tific, Singapore, 2019)
54. L. Hedin, Phys. Rev. 139, A796 (1965)
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