
Eur. Phys. J. B (2020) 93: 157
https://doi.org/10.1140/epjb/e2020-10110-x THE EUROPEAN

PHYSICAL JOURNAL B
Regular Article

Influence of anisotropy, tilt and pairing of Weyl nodes:
the Weyl semimetals TaAs, TaP, NbAs and NbP?

Davide Grassano1,2,a,b, Olivia Pulci1,2, Elena Cannuccia1,3, and Friedhelm Bechstedt4

1 Dept. of Physics, University of Rome Tor Vergata, via della Ricerca Scientifica 1, 00133 Rome, Italy
2 Istituto Nazionale di Fisica Nucleare (INFN), Tor Vergata, taly
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UMR CNRS 7345, 13397 Marseille, France
4 Institut für Festkörpertheorie und -optik, Friedrich-Schiller-Universität Jena, Max-Wien-Platz 1, 07743 Jena,

Germany

Received 2 March 2020 / Received in final form 15 June 2020
Published online 17 August 2020
c© The Author(s) 2020. This article is published with open access at Springerlink.com

Abstract. By means of ab initio band structure methods and model Hamiltonians we investigate the
electronic, spin and topological properties of four monopnictides crystallizing in body-centered tetragonal
structure. We show that the Weyl bands around a Weyl point W1 or W2 possess a strong anisotropy
and tilt of the accompanying Dirac cones. These effects are larger for W2 nodes than for W1 ones. The
node tilts and positions in energy space significantly influence the density of states of single-particle Weyl
excitations. The node anisotropies destroy the conventional picture of (anti)parallel spin and wave vector
of a Weyl fermion. This also holds for the Berry curvature around a node, while the monopole charges are
independent as integrated quantities. The pairing of the nodes strongly modifies the spin texture and the
Berry curvature for wave vectors in between the two nodes. Spin components may change their orientation.
Integrals over planes perpendicular to the connection line yield finite Zak phases and winding numbers for
planes between the two nodes, thereby indicating the topological character.

1 Introduction

All fermions discovered in the menagerie of conventional
particles have a finite mass. However, already in 1929
Weyl [1] conjectured that massless relativistic fermions
may exist and can be described by a two-component
spinor in contrast to the four-component Dirac spinor [2].
In a many-electron system, electronic excitations can be
described by quasiparticles [3], where electrons collectively
behave as if they are one elementary particle, for instance
a Weyl fermion. The existence of Weyl fermions as low-
energy electronic excitations was predicted by Herring [4]
in the context of electronic band structures of crystals.
Indeed, such massless quasiparticles have been recently
discovered in the so-called Weyl semimetals [5] of the
TaAs compound family [6–10]. They have been identified
by topological Fermi arcs on the surface, Dirac cones (also
called Weyl cones) formed by bulk linear Bloch bands, and

? Supplementary material in the form of one pdf file avail-
able from the Journal web page at
https://doi.org/10.1140/epjb/e2020-10110-x.

a e-mail: davide.grassano@epfl.ch
b Present address: Theory and Simulation of Materials
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chiral magnetic effects in the bulk [11]. The fine tuning of
their topological properties have been demonstrated, in
particular by angle-resolved photoemission spectroscopy
(ARPES) [12,13].

In such crystals Weyl fermions exist as low-energy exci-
tations in their fully relativistic band structure. Scalar
relativistic mass-Darwin effects in the electron shells of
heavy elements lead to an energetic overlap and an
inverted ordering of s, p, or d orbitals. Strong spin-
orbit coupling (SOC), however, makes the bulk bands to
be gapped in the momentum space except at some iso-
lated linearly crossing points kW , named Weyl points.
In contrast to a Weyl (or Dirac for higher symmetries)
semimetal, in topological insulators SOC opens a finite
gap but keeps the band inversion [14]. The zero-gap
semiconductors HgTe and α-Sn are striking examples for
band inversion due to the scalar-relativistic and spin-orbit
effects [15]. Although such band touching has long been
known [4], its topological nature has been discovered only
recently [16].

The massless fermions discovered as quasiparticles in
crystals, which are characterized by conduction and
valence bands locally forming Dirac cones, are similar to
those found for two-dimensional (2D) graphene [5] and
proximal to the Fermi energy. In three-dimensional (3D)
Dirac semimetals such as Cd3As2 with both inversion
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and time-reversal symmetry, the bands around the Dirac
touching points form 3D Dirac cones [17]. The linear bands
are due to As p orbitals, oriented toward the 3D screw
arrangement of the Cd vacancies. In 3D Weyl semimet-
als, the lower symmetry leads to a lifting of the fourfold
degeneracy at the Dirac points, while the band structure
remains gapless. However, in contrast to the 3D Dirac and
Weyl semimetals, the 2D graphene-like honeycomb crys-
tals show a SOC-induced gap opening between the upper
and lower Dirac cones [18,19].

There is a third distinction between 3D graphene ana-
logues and 2D graphene. In general, the upper and lower
Dirac cones in 3D Dirac and Weyl semimetals are tilted
and anisotropic [5,8,9,17,20–23]. Both deviations from the
ideal Dirac cone picture have consequences, especially for
the physical properties of Weyl semimetals. Crystals host-
ing Weyl fermions decay in two classes, type-I and type-II
ones [24], in dependence on the tilt strength. Such a strong
tilt also breaks the Lorentz invariance of Weyl fermions in
quantum field theory. It may be important also for the
strength of photocurrents for optical excitations between
the lower and upper Dirac cones [25]. The anisotropy of
the Dirac cones touching at a Weyl point influences sev-
eral properties like optical [23], spin texture [13], and
transport [26,27] ones. In a non-centrosymmetric Weyl
semimetal the Weyl nodes appear in pairs of opposite tilt-
ing, rotated anisotropy, and of different chirality, either
left-handed or right-handed. In the symmetric limit they
act as sources and sinks of Berry curvature [16]. There-
fore, such Weyl semimetals give rise to a chiral anomaly
in quantum transport [27], which also leads to fingerprints
in surface spectroscopies [28,29]. The chiral anomaly, the
first known example for a quantum anomaly, refers to
the nonconservation of a chiral current, i.e., a current
imbalance between two distinct species of chiral fermions
and, hence, Weyl nodes in a pair. In the case of real
Weyl semimetals with tilted, anisotropic and paired Dirac
cones, the energy restriction of Weyl fermion excitations
has to be investigated [23].

In this paper we theoretically investigate the anisotropy
and tilt of Dirac cones at Weyl points in non-
centrosymmetric Weyl semimetals by a combination of ab
initio band structure calculations and model Hamiltoni-
ans for each Weyl point, whose parameters are fitted to
the band-structure results. The transition metal monop-
nictides TaAs, TaP, NbAs and NbP crystallizing in a bct
structure are considered as model Weyl systems.

2 Methods

2.1 Ab initio calculations

The structural, electronic and topological properties of the
model monopnictides are investigated in the framework
of the density functional theory (DFT) as implemented in
the Quantum Espresso [30,31] package. Exchange and cor-
relation (XC) are treated within the generalized gradient
approximation of Perdew, Burke, and Ernzerhof [32]. The
electron-ion interaction is described by norm-conserving,
fully relativistic pseudopotentials. The s and p valence

electrons are generally taken into account. For the Ta
and Nb atoms also the partially filled semicore d shells
are considered, for Ta even the filled Ta4f one. More in
detail, we use pseudoatoms with the electronic configura-
tions 4s24p64d35s2 (Nb), 4f145s25p65d36s2 (Ta), 4s24p3

(As), and 3s23p3 (P) down to binding energies of the order
of 40 eV. Relativistic effects are fully taken into account.
Besides the scalar-relativistic mass correction and Darwin
term, the SOC is also included in the pseudopoten-
tials. The details are described in reference [23]. The
correspondingly optimized atomic geometries of the four
bct crystals with the non-symmorphic space group sym-
metry I41md (C1

4v) are used.
Also the same electronic structure calculations are

applied to the electronic bands and wave functions. Since
we focus on the low-energy Weyl fermion excitations
around the Fermi level, we neglect quasiparticle effects
[3], which, in 2D graphene-like crystals, only increase
the Fermi velocities by about 10−20% [18,33]. This ten-
dency should be weakened in 3D semimetals because of
the reduced screening due to higher dimensions and the
presence of free carriers. Consequently, we use the Kohn-
Sham eigenvalues εν(k) and eigenstates |νk〉 of the DFT
for each Bloch state with band index ν and wave vec-
tor k to investigate the electronic structure and related
properties.

2.2 Model Hamiltonian: one tilted anisotropic node

We linearize the k-dispersion εν(k) near a single WP kW
in the bct Brillouin zone (BZ), i.e., in q = k− kW , where
q = 0 defines the valence and conduction band touching
point. Following the ideas of the k · p theory, this allows
us to formulate a stationary Weyl equation for the cor-
responding single Weyl fermion excitations in real space
by

ĤWΨνq(x) = εν(q)Ψνq(x) (1)

with (ν = ±) for the upper (lower) Weyl bands and the
generalized Weyl Hamiltonian [5,6,16,24,34]

ĤW = (v0p)σ̂0 + p (v̂F σ̂) , (2)

where σ̂0 is the 2× 2 unit matrix, σ̂ = (σ̂x, σ̂y, σ̂z) is
the vector of the three 2× 2 Pauli matrices, p is the
quantum-mechanical momentum operator, v0 denotes the
tilt velocity vector, and

v̂F =

(
vxx vxy vxz
vxy vyy vyz
vxz vyz vzz

)
(3)

represents the symmetric matrix of the Fermi velocities,
which characterize the anisotropy of the upper and lower
Dirac cones.
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The eigenvalues of (1) are

εν(q) = T (q)± U(q),
T (q) = }v0q,

U(q) = }

 ∑
j=x,y,z

(vjq)2
 1

2

= }|v̂Fq|
(4)

with vj as a vector representing a column or a row of
the matrix v̂F of Fermi velocities (3). One can assign a
chirality (or chiral charge) c = ±1 to the fermions defined
as c = sgn(vx · (vy ∧vz)) = sgn(det(v̂F )) [16]. Taking into
account the chirality one may generalize the result (4) by
ε±(k − kW ) ⇒ cε±(k − ckW ), thereby relating the Weyl
bands at the paired Weyl points to each other.

The orthonormalized eigenvectors are Weyl-Pauli
spinors of the type

Ψνq(x) =Uνq
1√
V
eiqx,

Uνq =
(
uuνq
ulνq

)
,

(5)

where the upper (lower) part uuνq (ulνq) of the spinor rep-
resents some Bloch factor near q = 0. The plane-wave part
is normalized to the crystal volume V . The Bloch factors
are

uu±q =
1√
2

√
1± f(q)e−iθ(q)/2,

ul±q =± 1√
2

√
1∓ f(q)eiθ(q)/2

(6)

with

f(q) =
(vzq)
U(q)/}

,

θ(q) = arctan
(vyq)
(vxq)

.

(7)

Due to the degeneracy of the two bands ν = +,− at
q = 0, the WP q = 0 is a non-analytical point. The wave
functions and all properties related to matrix elements
depend for q→ 0 on the direction q/q of the wave vector.
Because of the two-component spinors (5) the Weyl parti-
cles are two-component fermions. The only way for them
to disappear is if they meet with another two-component
Weyl fermion in the BZ, with opposite chiral charge. Thus,
they are topological objects. This may happen for the sec-
ond Weyl node at k′W in the pair, which has the opposite
chirality, since the Fermi velocity vectors are reversed [16].

2.3 Model Hamiltonian: pairing of nodes

The electronic properties around a pair of Weyl nodes,
separated along the kx-axis at −kWx and kWx, may

be described within a minimal (without tilting and off-
diagonal elements) two-node model [35–37]

Ĥ2W = vyy(pyσ̂x + pzσ̂y)− 1
2
vxx
kWx

(k2
Wx − p2)σ̂z. (8)

The sign of the second term has been chosen to
approach to (2) for small wave vector deviations from the
right WP in the pair. The eigenvalues and eigenfunctions
of the corresponding Weyl equation (1) are classified by
a wave vector Q = (kx, qy, qz), where kx runs in the sur-
roundings of both Weyl points (±kWx, kWy, kWz) whereas
qy = ky − kWy and qz = kz − kWz represent reduced wave
vectors. Again, we find two Weyl bands

ε±(Q) = ±}

[
v2
yy

(
q2y + q2z

)
+
(

vxx
2kWx

)2

(k2
Wx −Q2)2

] 1
2

(9)

with the same structure of the Weyl-Pauli spinors Ψ±Q(x)
as described in (5) and (6) but with a modification of (7),

θ(Q) = arctan(qz/qy),

f(Q) =
− vxx

2kW x
(k2
Wx −Q2)[(

vxx

2kW x

)2

(k2
Wx −Q2)2 + v2

yy(q2y + q2z)
] 1

2
. (10)

Close to the two Weyl points, with qx = kx − kWx and
qx = kx + kWx, one has

ε±(Q) = ±}
[
v2
yy(q2y + q2z) + v2

xxq
2
x

] 1
2 (11)

and

f(Q) = ± vxxqx[
v2
yy

(
q2y + q2z

)
+ v2

xxq
2
x

] 1
2

(12)

for the WP at +kWx, while the signs have to be reversed
for the WP at −kWx. The results for the right isolated
Weyl point agree with those in (4)–(7) for vanishing
tilt, i.e., v0 = 0, and a diagonal matrix of the Fermi
velocities (3)

v̂F =

(
vxx 0 0
0 vyy 0
0 0 vyy

)
, (13)

characterizing a reduced anisotropy due to the pairing of
WPs. For the left Weyl point the sign of vxx has to be
changed in (13). We have to point out, that compared to
the model for a single node, the local coordinate system
has been changed from Q = (kx, qy, qz) to q = (qx, qy, qz).
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3 Results

3.1 Tilt and anisotropy of Weyl cones

The band structures of the four bct transition metal
monopnictides TaAs, TaP, NbAs, and NbP in Figure SM6
are very similar. The main differences are due to the reduc-
tion of SOC going from TaX to NbX (X = As, P). Four
pairs of W1 Weyl points and eight pairs of W2 ones appear
in the BZ [6]. Their positions can be hardly identified in
the band structures along high-symmetry lines. Some indi-
cations seem to be visible near a Σ point and the Σ′N
high-symmetry line. However, the band crossings near the
ZΣ′ line (near Z) are gapped and, therefore, indicate a
trivial behavior. The corresponding hole pockets do not
give rise to Weyl fermions but support the semimetallic
character.

The k-space location of the 24 Weyl points are deter-
mined by means of extremely dense k-point grids [23]. An
illustration of the distribution of the 12 pairs of WPs is
given in Figure SM1 for TaAs while an indication of the
k-space positions of trivial hole pockets can be found in
Figure SM2. The resulting 24 positions kW are listed in
Table SM1 for the four Weyl semimetals.

Despite their influence on transport and optical mea-
surements, the trivial points, i.e., the positions of hole
(or electron) pockets without band crossing, will be dis-
cussed more indirectly here, because they do not give
rise to Weyl excitations, but influence the Fermi level
position. The high-density k-point sampling of the BZ,
used to find the Weyl points, allows us also to identify
many trivial points at non-high-symmetry positions with
an increasing number from TaAs to NbP. In particular,
the phosphides possess more of such points. We found, at
least, 48 (108, 100, 175) trivial points in the BZ for TaAs
(TaP, NbAs, NbP). They are located in the kx = 0 and
ky = 0 planes, especially near the zone boundaries (for
TaAs see Fig. SM1). Thereby, their kz values vary in the
range of intermediate values measured in terms of the BZ
extent. They form clusters near the four edges of the BZ,
where kx and ky penetrate the BZ surface.

3.2 Weyl excitations

In order to discuss the low-energy Weyl fermions, the
Bloch bands are plotted (see Fig. SM7) around one pair
of Weyl points in an energy range of the order of 100 meV
around the Fermi level. We choose a pair of WP such that
the connection line lies along the kx-direction. Therefore,
the band crossings are visible at kWx and −kWx. However,
not only crossing bands, which can be linearized, but also
trivial parabolic bands nearby (mainly conduction bands
for W1, valence bands for W2) are displayed.

The calculated bands clearly indicate that a linear
behavior is only valid for small energy and wave-vector
intervals around a Weyl point. This holds especially for the
band dispersion between WPs of one pair along the con-
nection line, which characterizes one source of anisotropy.
The small extents of the linear branches are related to
the small k-space splitting 2kWx of the two nodes. How-
ever, the anisotropy of the bands perpendicular to the

connection line, in particular for W1 lines, is clearly vis-
ible. Qualitatively the same band dispersion have been
observed in several ARPES experiments for TaAs and
NbP [8,9,22,38] but also TaP [39].

The positions of the band touching points with respect
to the Fermi level εF , ∆εF1 = −26 (TaAs), −55 (TaP),
−33 (NbAs), and −56 meV (NbP) for W1 as well as
∆εF2 = −13 (TaAs), 21 (TaP), 4 (NbAs), and 26 meV
(NbP) for W2 agree well with similarly calculated results
[20] but also experimental data. In general, the ∆εFj

(j = 1, 2) data indicate electron pockets for W1 and hole
pockets for W2 WPs in TaP, NbAs, and NbP, while in
TaAs only electron pockets occur. Free carriers can also
appear in bands with quadratic wave-vector dispersion e.g.
in the second conduction band of NbAs and NbP near W1
points (Fig. SM7). The presence of hole pockets near triv-
ial points within the BZ (see Fig. SM1) induces difficulties
to extract free carrier densities in Weyl bands near WPs
by means of transport measurements.

3.3 Fermi velocities in tilted cones and semimetal
type

The linearities of the two Weyl bands near the touch-
ing points of W1 and W2 type suggest a fit to the linear
dispersion relations (4). Thereby, the kinetic component
T (q) [24] is dominated by the tilt velocity vector v0. The
so-called potential component of the energy spectrum,
U(q), characterizes the shape of the upper and lower cones
by the matrix v̂F (3). To determine the nine parameters
in the vector v0 and the matrix v̂F we made a tensor fit to
the ab initio calculated Weyl bands in Figure SM7. The
velocities resulting for an extremely narrow region around
the Weyl nodes of one pair separated in kx-direction are
listed in Table 1.

The velocities in Table 1 confirm the picture of almost
2D W1 and 3D W2 Weyl bands (see Fig. SM7).The tilt is
illustrated in Figure 1 for W2 in NbP. The resulting Fermi
and tilt velocities support the picture of highly anisotropic
and strongly tilted Weyl cones. The order of magnitude of
a few 105 m/s for the diagonal elements of the tensor v̂F
agrees with Fermi velocities in 3D but also 2D materials
[17,18], in general. However, they also suggest that our
picture of Weyl fermions has to be generalized, because of
the strong anisotropy and tilt. Whereas the off-diagonal
elements are vanishing small for W1, they are large, even
of the order of magnitude of the diagonal velocities, in the
W2 case. The values in Table 1 indicate a complex Fermi
surface, far away from a spherical shape. It decays into 24
contributions with the highestcomplexity around the W2
Weyl nodes.

The explicit values of the Fermi velocities vij (i, j =
x, y, z) in Table 1 show clear trends and fulfill symmetry
considerations: (i) They exhibit clear chemical trends with
variations smaller than one order of magnitude. Usually
the vxx value is the largest one, except for W2 in TaP.
(ii) For W1 the off-diagonal elements are rather small,
in particular in the case of the Nb compounds. The W2
WPs show a stronger velocity anisotropy because of the
less symmetric positions kW2 (see Tab. SM1). (iii) Since
the kx-axis is chosen parallel to the connection line of

https://epjb.epj.org/
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Table 1. Fits of v̂F and v0 for Weyl nodes on the kx > 0 side of the mirror plane. All velocities are in units of
105 m s−1.

W1+ W2+
TaAs TaP NbAs NbP TaAs TaP NbAs NbP

vxx 3.963 4.354 3.699 4.600 3.220 0.273 2.826 2.696
vyy 2.318 2.592 1.684 2.277 0.291 1.783 1.611 1.629
vzz 0.212 0.233 0.421 0.079 1.659 1.505 2.455 2.378
vxy 0.393 0.405 0.030 0.084 1.127 1.867 0.263 0.221
vxz 0.000 0.000 0.000 0.000 0.661 2.599 0.248 0.210
vyz 0.000 0.000 0.000 0.000 2.464 0.311 1.164 1.201

det(v̂F ) 1.92 2.60 2.62 0.83 −16.56 −13.57 7.23 6.48
v0x −1.603 −1.528 −1.599 −1.228 −0.989 −1.038 −0.521 −0.665
v0y 1.004 1.242 −0.024 0.683 0.944 0.601 0.457 0.023
v0z 0.000 0.000 0.000 0.000 1.409 1.543 1.223 1.105

Fig. 1. Two calculated Weyl bands near a W2 Weyl point for NbP. Three cuts, (a) qx = 0 (kx = kWx), (b) qy = 0, and (c)
qz = 0 plane, are displayed. Left panels: plot of εν(q) (4) using the fit parameter from Table 1. Right panels: plot of εν(q)
computed ab initio.

https://epjb.epj.org/
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two WPs in a pair and because of the Mx symmetry, the
matrix elements of the neighboring WPs change the sign
if they contain at least one x index. Consequently, the
value det(v̂F ) changes also the sign indicating the oppo-
site chiralities of the WPs in the pair, which survive the
anisotropy. (iv) The values of det(v̂F ) are negative for
W2 and the Ta compounds. This is a consequence of the
large off-diagonal elements of TaP. For instance, vxz is
the largest matrix element. All tilt vectors have a large
negative x-component. However, they point in arbitrary
directions, not only along the connection line of the two
WPs in the chosen pair.

The tilt v0 of the anisotropic Dirac cones may lead to
another classification of Weyl nodes. If the tilt is weak
with T (q) < U(q) in (4), the Fermi level εF will cross
either the upper or lower cone, characterizing an electron
or a hole pocket. A conventional type-I Weyl semimetal
appears, where the Fermi surface shrinks into a point as
the Fermi energy crosses the Weyl point [24]. If, for a par-
ticular direction in reciprocal space, T (q) is dominant over
U(q) the tilt becomes large enough to cause a WP where
electron and hole pockets touch, contrary to the standard
case [24]. Indeed, for such a direction q̂, T (q̂) > U(q̂)
holds. Weyl semimetals with such Weyl nodes are called
type-II ones. Such a situation is claimed to be observable
for NbP [40]. Cones at W2 points are indeed strongly tilted
in the kxkz-plane (see Fig. 1). The Fermi and tilt velocities
in Table 1 give for W2 and NbP a maximum T (q̂)/U(q̂)
ratio for q̂ = (0.420 0.000 0.908). However, with the val-
ues from Table 1 this ratio is still smaller than 1. This is
illustrated by three cuts through the two W2 Weyl bands
of NbP, calculated ab initio in Figure 1 for two views. The
anisotropy of the upper and lower 3D Dirac cones are vis-
ible in the right panels. The left panels clearly show the
tilt of these cones. However, there is no energetic overlap
of the upper and lower cones. Consequently, we cannot
confirm that NbP is a type-II semimetal. This is seem-
ingly in contrast with the theoretical findings by [40]. The
discrepancy can be explained by noticing that the region
were the tilting is large takes place where the band lin-
earization, and therefore the Weyl picture, is not valid
anymore. Figure 3c in [40] shows indeed touching points
between electrons and holes, which are however away from
the linear band regime near the Weyl point, i.e., outside
the interpretation of Weyl excitations. Consequently, one
cannot speak about a type-II Weyl semimetal in the sense
of the definition of the linear quantities T and U with
T > U . We are not aware of clear experiments showing
that NbP is a type-II semimetal. Transport measurements
may give an answer, but may be influenced by the pres-
ence of trivial points, which hinders the analysis of the
nodes, and by carriers at higher or lower energies, where
the band linearization, and therefore the Weyl picture, is
not valid anymore.

3.4 Effect of tilting on the density of states

The wave functions (5) do not depend on the tilt v0 of
the Dirac cones. Only the energy eigenvalues (4) are mod-
ified by the tilt. For that reason, matrix elements of the

optical transition or the spin current operator should be
uninfluenced by the tilt. Only the spectral properties may
be directly influenced through the change in eigenvalues.
As an example, the single-particle DOS

D(ε) =
∑
j=1,2

∑
Wj

ˆ
d3q

(2π)2
δ (ε− ε±(q)− ε0j) (14)

around the Fermi level is investigated. Thereby, the energy
ε0j describes the energy displacement of each Weyl node
type Wj (j = 1, 2) with respect to an energy zero. In terms
of the discussed positions of the band touching points
∆εFj with respect to the Fermi level, we have ε0j ≡ ∆εFj .
Moreover, the contributions of each Weyl node have to be
summed up.

In spherical coordinates one integration can be per-
formed applying the Dirac δ-function

D(ε) =
∑
j=1,2

(ε− ε0j)
2 1

}3
∑
Wj

1

(2π)3

2πˆ

0

dϕ

+1ˆ

−1

dξ
sgn(g±(ϕ, ξ))

g3±(ϕ, ξ)

(15)

with

g±(ϕ, ξ) = (v0x cosϕ+ v0y sinϕ)
√

1− ξ2 + v0zξ

±

 ∑
j=x,y,z

[
(vjx cosϕ+ vjy sinϕ)

√
1− ξ2 + vjzξ

]2
1
2

.

The DOS near a Weyl node q = 0 gives rise to a
quadratic energy dependence around the energy of each of
the two band touching energies ε0j . The cone anisotropy
and cone tilt influence the contribution of the two types
of Weyl nodes, but in an averaged manner as indicated
by the angular integration in (15). In general, the angu-
lar integrations can be only carried out numerically. In
Figure 2 the ab initio computed DOS of the four Weyl
semimetals displays the contributions of the W1 and W2
Weyl points. The difference to the total DOS illustrates
the effect of the trivial points but also the contributions
from other BZ regions. Interestingly, the spectra for the
phosphides, as well as the arsenides, exhibit major simi-
larities. For all monopnictides substantial contributions of
the trivial points are visible.

To explicitly discuss the tilt influence we assume
isotropic cones with v̂Fj = sgn(det(v̂F ))vF , and a tilt
along the connection line v0 = (±v0, 0, 0) with the sign
as for the left or right node of a pair of type Wj . Rotating
the local coordinate system appropriately

g±(ϕ, ξ) = ±v0ξ ± vF , (16)

https://epjb.epj.org/
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Fig. 2. Total density of states (red lines) of the four Weyl
semimetals (a) TaAs, (b) TaP, (c) NbAs, and (d) NbP for
small single-particle excitation energies including the trivial
point contributions. Since the W1 and W2 Weyl nodes possess
different absolute positions, the Fermi energy is used as energy
zero. The positions of the Weyl nodes, where there are no states
that contribute to the DOS, are given by εFj (j = 1, 2) and
marked by blue (green) dashed lines for j = 1(2). The W1
(W2) contributions are displayed by blue (green) solid lines.

for type-I semimetals we find

D(ε) =
∑
j=1,2

Nj
1

2π2

1
}3v3

Fj

1[
1−

(
v0j

vF j

)2
]2 (ε− ε0j)2

(17)

with N1 = 8 and N2 = 12. In this highly symmetric case,
in contrast to Table 1, a Weyl node of one type j = 1, 2 is

characterized by the three parameters ε0j , v0j , and vFj .
The tilt v0j , measured in terms of the variation vFj of
the linear bands, significantly increases the DOS, if |v0j |
approaches vFj . However, approaching the situation of a
WP in a type-II Weyl semimetal with large tilt the com-
bination of linear approximation for the bands (4) or (16)
together with the extension of the wave-vector integration
to infinite fails. Rather, the integration in (14) has to be
limited.

3.5 Spin texture in tilted anisotropic Weyl cones

We investigate the expectation value of the spin operator
s = }

2 σ̂ for Bloch states |νk〉,

Sν(k) =
}
2
〈νk|σ̂|νk〉, (18)

using the Bloch solutions of the Kohn-Sham equation.
The results are displayed in Figure 3. Thereby, we restrict
ourselves to the lower Weyl band and wave vectors k
around a Weyl point kW . In terms of the correspond-
ing eigenstates (5) of the model Hamiltonian (2) the spin
expectation value of the lower Weyl band is

S−(q) =
}
2
〈Ψ−q|σ̂|Ψ−q〉. (19)

Using the expressions (5)–(7), one obtains

S−(q) = −}
2

1√ ∑
j=x,y,z

(vjq)2
(vxq,vyq,vzq) = −}

2
v̂Fq
|v̂Fq|

(20)

with the velocity vectors vj (j = x, y, z) defined by
columns or rows of the matrix of the Fermi velocities (3).

The model result (20) is very interesting: (i) The spin
texture of the lowest Weyl band in the surroundings of
a Weyl node does not depend on the tilt of the cones
or the kinetic energy T (q) (4), rather only on the shape
of the cones. (ii) The magnitude of the spin vector (18),
|S(q)| = }

2 , is conserved and independent of the orien-
tation of the wave vector q. (iii) For complete isotropic
cones with Fermi velocities, vij = sgn(det(v̂F ))vF δij , the
spin texture is S(q) = −}2 sgn(det(v̂F )) q

|q| . This is the well-
known fact that the spin of an isotropic Weyl fermion
is parallel or antiparallel to its wave vector [11] and the
spin texture forms a ‘hedgehog’ around a Weyl node [5].
However, in a real Weyl semimetal the Weyl fermions
occur near a WP at kW antiparallel to the wave vec-
tor, q = k − kW , rotated by the matrix v̂F (3) of the
Fermi velocities. This is an obvious generalization of the
Weyl fermion picture in 3D Weyl semimetals due to the
anisotropy of the Dirac cones. Nevertheless, the picture of
strong correlation of spin and wave-vector orientation still
helps to interpret transport measurements [41].

The analytical prediction (20) is compared with results
of ab initio calculations in Figure 3 for the lower Weyl
band and k near kW and k′W . In Figure 3 we display

https://epjb.epj.org/
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Fig. 3. Spin texture S−(k) (18) near a pair of Weyl points at kW and k′W in TaAs calculated ab initio. Both types W1 (a) and
W2 (b) are displayed. The three Cartesian components are indicated by solid black (x component), solid red (y component),
and dashed green (z component).

the spin expectation values (18) versus the wave vector
for TaAs with the largest distance between two Weyl
points in one pair. Actually, we have chosen the W1 pair
at kW = (kWx, kWy, kWz) and k′W = (−kWx, kWy, kWz)
with kWx = 0.0078 2π

a , kWy = 0.5103 2π
a and kWz = 0

and the W2 pair at kW = (kWx, kWy, kWz) with and
k′W = (−kWx, kWy, kWz) with kWx = −0.0198 2π

a , kWy =
0.2818 2π

a , and kWz = 0.5905 2π
c , where the nodes are

separated along the kx-axis.
The comparison demonstrates some similarities but

also contradictions between the ab initio calculations and
the model prediction (20). The general behavior of the
classical Weyl fermion picture is modified due to the wave-
vector rotation by the matrix of the Fermi velocities as
shown in expression (20). Hence the components of the
spin vector are no longer parallel to the momentum around
a WP. This especially holds for its orientation and accom-
panied change in sign. Far away from the Weyl nodes, for
a Cartesian component j along the same component of
the wave vector, it holds Sj(qj) = ±}2 . The finite second
Cartesian component Sj perpendicular of the wave-vector
direction is related to the finite off-diagonal Fermi veloc-
ities in Table 1. Deviations from this simple picture of
anisotropic Weyl fermions along the qz-direction are due
to the fact that all Fermi velocities vjz(j = x, y, z) in
Table 1 are of the same order of magnitude, in contrast
to the components vjx (vjy) of the vectors vx and vy,
respectively, where the diagonal elements are the largest
ones.

The spin texture calculated ab initio for the lower Weyl
band ν = − in Figure 3 is strongly influenced by the
facts that the spin is a non-conserving quantity due to
the SOC and the Weyl nodes appear in pairs with such

a small distance that the picture of isolated Weyl nodes
is hardly valid. The Cartesian components Sx(kx) and
Sy(kx) along the connection line of the pair points exhibit
a similar behavior independent of W1 or W2. Sx(kx) is
almost constant but changing sign crossing a Weyl point.
Sy(kx) varies linearly with a zero value exactly between
the two Weyl points. The different signs are a consequence
of the interchanged chirality of the Weyl point W1 and W2
at kWx. Sz(kx) shows qualitative differences between W1
and W2 pairs. While Sz(kx) = 0 in the W1 case, it shows
a similar behavior as Sy(kx) for W2. The different behav-
ior of the components of the spin expectation value vector
along the pair connection line may be a consequence of the
varying distance of the Weyl nodes in a W2 pair with the
Weyl semimetal (see Tab. SM1) and the 2D band charac-
ter for W1 (see Fig. SM7). Differences between W1 and
W2 are visible in Figure 3 also for the spin component
along the two Cartesian directions qy and qz. Different
signs may be a consequence of the different chiralities
sgn(det(v̂F )) (see Tab. 1) within the chosen geometries.
However, contrary to the model expectation, sign changes
crossing the Weyl node only happen for Sx(qy), Sz(qz)
in the W1, and Sy(qy), Sx(qz) in the W2 case. The pic-
ture of “hedgehogs” with opposite orientation of the spin
expectation values, derived for isotropic and untilted pair
of Weyl nodes, is not valid for a real Weyl semimetal since
a similar behavior is found for the other three materials
TaP, NbAs, and NbP (not displayed in Fig. 3).

3.6 Effect of pairing

Strong deviations from the picture of anisotropic Weyl
fermions, illustrated by formula (20), appear in Figure 3

https://epjb.epj.org/
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(most left panels) for both types of Weyl nodes for wave
vectors kx along the connection line of two WPs forming
a pair. This holds especially for wave vectors |kx| < kWx,
i.e., qx < 0 (right node) and qx > 0 (left node in a pair).
In addition, as a consequence of the chirality change,
the component Sx(kx) changes the sign, and it holds
Sx(±kWx) = 0. This observation cannot be explained in
the approximation of an isolated Weyl point, i.e., the
Hamiltonian ĤW (2).

For the purpose of interpretation of the findings in
the left panels of Figure 3, we apply the minimal two-
node model for a WP pair of a Weyl semimetal [35–37]
described by Hamiltonian Ĥ2W (8). It focuses on the
anisotropy due to Weyl points occurring in pairs but omits
the details of the band structure near points kW and k′W ,
which are not located at high-symmetry lines.

With the eigenvectors (5), (6), and (7) but with the
modification (10) one obtains the model spin texture

S−(Q) =
}
2

1[(
vxx

2kW x

)2

(k2
Wx −Q2)2 + v2

yy(q2y + q2z)
] 1

2

×
(

vxx
2kWx

(k2
Wx −Q2), vyyqy, vyyqz

)
. (21)

Close to the two Weyl points (±kWx, kWy, kWz) one
finds still deformed ‘hedgehogs’ with

S−(Q) = ∓}
2

1[
v2xxq

2
x + v2yy(q2y + q2z)

] 1
2

(vxxqx, vyyqy, vyyqz) ,

(22)

where the wave vector qx = kx − kWx (qx = kx + kWx)
near the right (left) Weyl point has been introduced. The
spin textures point in opposite directions at the two WPs
in the direction of the rotated reduced wave vector. More
in general, the findings (21) for the spin texture exhibit
significant modifications of the x-component of the spin
texture along the connection line of the two Weyl points.
Especially, for vanishing perpendicular components qy =
qz = 0 the component Sx(kx, 0, 0) shows a zero at kx =
kWx and changes its sign, according to sgn(k2

Wx − k2
x),

but remain constant. This fact is in good agreement with
the ab initio calculated results in Figure 3 (left pan-
els). However, also for wave-vector variations along y- or
z-directions, e.g. the component Sx(0, qy, 0) ∼ (k2

Wx− q2y),
it is finite but with varying absolute values and signs.
Qualitatively such a behavior is observed in Figure 3 also
in the spin texture computed ab initio for many compo-
nents and directions. However there are also deviations
which cannot be described by the simple model results
(21).

3.7 Topological properties

Geometrical phases that characterize the topological prop-
erties of Bloch bands play a fundamental role in the band
theory of solids [42]. For a Bloch band ν with the Bloch

Fig. 4. Berry curvature calculated analytically using equa-
tions (25) (red) and (26) (blue) near a W1 (left panels) or W2
(right panels) node for TaAs.

factor Uνk its Berry connection or Berry vector potential
is defined as [43]

Aν(k) = i〈Uνk|∇k|Uνk〉. (23)

The Berry connection corresponds to a gauge field
defined in the k-space, similar to the vector potential of
electromagnetic fields in real space [44]. Its rotation

Ων(k) = ∇k ×Aν(k) = curlAν (k) , (24)

known as Berry curvature, is better defined. It is an intrin-
sic property of the band structure, because it depends only
on the Bloch wave function [45].

Here, we are mainly interested in the topological prop-
erties near a Weyl node kW , i.e., for q = k− kW , of the
lower Weyl band ν = −. The Berry curvature of this band
is illustrated in Figure 4 for a W1 and a W2 Weyl point in
TaAs. Very close to the Weyl point its wave-vector depen-
dence can be illustrated by the model (2). With the Bloch
factors (5) with f(q) and θ(q) given in (7), for the lower
Weyl band ν = − one finds

A(q) = −1
2
f (q) ∇qθ (q) ,

Ω(q) = −1
2

(∇qf(q))× (∇qθ(q)) .
(25)

It remains uninfluenced by the tilt. The quantities for
the upper Weyl band are just the negative ones. The
explicit expressions using the full Fermi-velocity matrix
(3) are rather complex. In the high-symmetry case, with
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a diagonal matrix vij = viiδij one finds

A(q) =
1
2
f(q)

vxxvyy
(vxxqx)2 + (vyyqy)2

(qy,−qx, 0) ,

Ω(q) =
1
2

vxxvyyvzz

[(vxxqx)2 + (vyyqy)2 + (vzzqz)2]
3
2
q.

(26)

In this limit the Berry curvature points into the direc-
tion of the wave vector. In the fully isotropic limit vxx =
vyy = vzz = sgn(det(v̂F ))vF the vector (26) defines a flux
through any surface in q-space, enclosing the Weyl node.
Indeed it forms a ‘hedgehog’ [5].

The gauge-invariant Berry phase γνBerry of a Bloch band
ν is defined as a surface integral of the Berry curvature,
where an arbitrary surface enclosed by the path C in the
parameter space is used. With the Stokes theorem this def-
inition can be rewritten as a path integral in the parameter
space [45], γνBerry =

¸
C dkAν(k), where the wave vector k

is adiabatically rotated anticlockwise along the path C. In
the model case (2), the Berry phase can be easily calcu-
lated studying a small neighborhood of a WP. Choosing a
small circle in the qxqy-plane in a large distance qz from
the Weyl point at q = 0, the approximation (26) yields
γBerry = sgn(det(v̂F ))π for the lower Weyl band. Outside
the Weyl point this band is, therefore, non-trivial, i.e.,
topological [46]. The experimental determination of the
π Berry phase has been performed under quantized con-
ditions of an external magnetic field for TaP and NbP
[47,48].

For more clarity, we display in Figure 4 the Berry cur-
vature of the lower Weyl band near a WP only using
model results derived from the parameters in Table 1 for
TaAs. In the W1 case, the ‘hedgehog’ character is nearly
visible. This is a consequence of the same signs of the
Fermi velocities in Table 1 and the fact that the matrix
v̂F is nearly diagonal. The indicated small anisotropy
is mainly due to the tetragonal symmetry. In the W2
case, stronger deviations from the ‘hedgehog’ behavior
are observable, independently of using the more complex
(25) or the simplified (26) models. This finding suggests
that the Weyl behavior of the low-energy electronic exci-
tations near a W2 Weyl node is more complex. The trivial
(fully isotropic) Weyl picture has to be replaced by a more
complicated behavior of the Berry curvature, even in the
model case (2). While the more reliable description (25) of
a W2 point shows for many q-points a behavior in agree-
ment with det(v̂F ) < 0 (see Tab. 1), the neglect of the
off-diagonal elements of v̂F gives rise to a behavior in
agreement with the approximation det(v̂F ) > 0 used in
(26).

The Berry curvature around a WP allows to define for-
mally a magnetic monopole charge by the Berry curvature
flux threading a closed surface F that encloses the origin
q = 0,

c =
1

2π

‹

F

dF(q)Ω(q). (27)

Expression (26) indicates that using an appropriately
deformed ellipsoid F in (27) leads to

c = sgn (det(v̂F )) . (28)

The sign of the (magnetic) monopole in reciprocal space
is related to its chirality sgn(det v̂F ).

For the other Weyl point in the pair, because of vxx →
−vxx, the opposite sign results from (28). Consequently, it
possesses the opposite chirality. Thus, the total monopole
charge of a pair of Weyl points is zero, in agreement with
the fact that the total magnetic charge in a band structure
must be zero [49,50]. The opposite signs of the monopole
charges describe that the two WPs in one pair act as a
source or sink, respectively, of the Berry curvature.

The results (25) can be generalized to the case of the
two-node model (8). With θ(Q) and f(Q) from (10), one
obtains

Ω(Q) =
v2
yy

(
vxx

2kW x

)
[(

vxx

2kW x

)2

(k2
Wx −Q2)2 + v2

yy(q2y + q2z)
] 3

2

×
(
−1

2
(k2
Wx −Q2)− q2y − q2z , kxqy, kxqz

)
. (29)

Its linearization in qx near one of the two Weyl points
in the pair with kx = ±kWx + qx leads to the result (26)
for vyy = vzz but with opposite signs thereby indicating
opposite signs of the monopole charge and the chirality of
the two WPs in the pair.

The Berry curvature (29) can be used to define a Zak
phase [51] instead of a Berry phase of the lower Weyl band.
It is the Berry phase integrated along a path C in one
plane of the momentum space traversing the connection
line between the two WPs of one pair [52]. Zak phases
have been measured for Bloch bands of one-dimensional
photonic lattices [53]. Applying Stokes theorem and the
two-node model (29) it holds

γZak(kx) =
¨

qyqz−plane

dF(Q)Ω(Q). (30)

One finds for an anticlockwise path in this plane

γZak(kx) = 2πsgn(vxx)θ(kWx − |kx|). (31)

The corresponding winding or Chern number is

CChern(kx) = sgn(vxx)θ(kWx − |kx|). (32)

The net Berry phase accumulated in a qyqz-plane between
a pair of WPs along kx induces a nonzero Chern
number CChern(kx) = sgn(vxx), while its value is zero,
CChern(kx) = 0, for kx < −kWx or kx > kWx. That means
that each 2D slice in momentum space, which does not
contain any Weyl nodes, can be thought of as a Chern
insulator. To be topological for |kx| < kWx means that
at the boundaries of such planes in real space topological
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edge states may occur with wave vectors in the surface BZ
in the kxqy-plane, if the surface normal is chosen parallel
qz. Indeed, such states have been observed by ARPES as
so-called Fermi arc states, mainly for anion-terminated,
as-cleaved surfaces of TaAs [8–10], TaP [12], and NbP
[12,38]. The small values of kWx (see Tab. SM1), together
with the condition kWx > |kx| in (31) and (32) indicate
that low-energy Weyl fermions near the Fermi energy of
bulk NbP are difficult to observe [26,41].

4 Summary and conclusions

By means of ab initio band structure calculations for Weyl
semimetals and model studies for isolated or paired Weyl
nodes we have investigated the influence of tilt, anisotropy
and pairing of these nodes. As examples the bct Weyl
semimetals TaAs, TaP, NbAs, and NbP have been cho-
sen. The ab initio calculations allowed us to determine
the BZ position of each WP, the tilt of its Weyl cones,
and the full symmetric matrix of the Fermi velocities,
which however clearly describes anisotropy, deformation
and particle-antiparticle inequivalence of the cones near
a WP. Together with the computed Fermi levels the pos-
sibility of low-energy Weyl fermion excitations and their
density of states have been analyzed. The discussion of
the pairs of Weyl nodes is completed by that of trivial
points, which give rise to hole pockets but are not pro-
tected by symmetry. Therefore, their number varies with
the different cations and anions.

The one- and two-node models for the electronic struc-
ture of a Weyl pair, in combination with the computed
explicit node parameters, have been applied to the under-
standing of the total DOS, the spin texture, and the
Berry curvature. The single-particle DOS significantly
depends on the tilting and the position of the W1 and
W2 Weyl nodes in energy space, but also on the triv-
ial points. The spin texture is significantly influenced by
the anisotropy of the Dirac cones. The fact that wave
vector and spin are parallel or antiparallel, known from
the isotropic Weyl fermion picture, is violated. The spin
around a WP is rotated by the matrix of the Fermi veloc-
ities. The node pairing destroys the conventional picture,
in particular for wave vectors near the midpoint of the two
nodes, where spin components can change their signs. The
cone anisotropy also strongly influences the Berry curva-
ture around a WP. However, it still defines a monopole
charge of such a node. The pairing of nodes is responsi-
ble for non-vanishing Zak phases and Chern numbers of
planes perpendicular to pair connection line, indicating
the topological character for such wave vectors.
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