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Abstract The mean transverse momentum of produced
particles, [pT], and its event-by-event fluctuations give direct
access to the initial conditions of ultra-relativistic heavy-ion
collisions and help probe the colliding nuclei’s structure. The
[pT] fluctuations can be studied via multi-particle pT corre-
lations; so far, only the lowest four orders have been studied.
Higher-order fluctuations can provide stronger constraints on
the initial conditions and improved sensitivity to the detailed
nuclear structure; however, their direct implementation can
be challenging and is still lacking. In this paper, we apply
a generic recursive algorithm for the genuine multi-particle
pT correlations, which enables the accurate study of higher-
order [pT] fluctuations without heavy computational cost for
the first time. With this algorithm, we will examine the power
of multi-particle pT correlations through Monte Carlo model
studies with different nuclear structures. The impact on the
nuclear structure studies, including the nuclear deformation
and triaxial structure, will be discussed. These results demon-
strate the usefulness of multi-particle pT correlations for
studying nuclear structure in high-energy nuclei collisions
at RHIC and the LHC, which could serve as a complemen-
tary tool to existing low-energy nuclear structure studies.

1 Introduction

The primary goal of the heavy-ion collisions at ultra-
relativistic energies, such as at the Relativistic Heavy Ion
Collider (RHIC) and the Large Hadron Collider (LHC), is
to create a quark-gluon plasma (QGP) and study its proper-
ties in the laboratory [1,2]. Experimental measurements of
anisotropic flow [3,4] and its comparison to hydrodynamic
model calculations [5–7], in particular via global Bayesian
analysis [8,9], provide a powerful approach to constrain
the specific about the specific viscosity of the QGP and its
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time evolution (temperature dependence). This represents
the state-of-the-art understanding of the QGP [10]. How-
ever, the sizable uncertainty of the extracted QGP transport
coefficients originates from poor knowledge about the ini-
tial conditions of heavy-ion collisions. A further reduction
of this uncertainty can be achieved via in-depth investiga-
tions of the initial conditions [8,9]. Among various col-
lective flow observables, the mean transverse momentum,
[pT], and its event-by-event fluctuations trace their origins
to the initial state of the heavy-ion collision [11,12] and are
arguably a more direct way than the approach of anisotropic
flow to study the initial state fluctuations [13]. Several ini-
tial state properties have been proposed as good estimators
of event-by-event mean transverse momentum fluctuations.
These properties include the initial size R and the size fluc-
tuations of the system that were introduced in [11], the trans-
verse area of the overlap region and the initial eccentricity
ε2, introduced as Ae in [14], as well as the initial energy
per unit rapidity at the initial time τ0, Ei [15]. These esti-
mators have been verified using hydrodynamic calculations
that show Ei follows an approximate linear to the [pT] [16].
Essentially, the [pT] and its fluctuations reveal information
about the fluctuations of the energy deposited in the initial
state on an event-by-event basis.

It has been proposed that an improved understanding of the
initial conditions of nuclei collisions leads to a more precise
description of the geometrical shape of the overlapping col-
liding region [17]. In particular, for central collisions where
the two colliding nuclei fully overlap, the spatial shape of the
overlapping region could directly reflect the nuclear struc-
ture that existed before the collision occurred in the case
of body-body collisions. Body-body collisions occur when
the long axes of the nuclei are aligned with the beam direc-
tion, while tip-tip collisions occur when the short axes of the
nuclei are aligned with the beam direction. It has also been
shown that the imprint of the nuclear structure remains in the
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Fig. 1 Illustration of the surface of nuclei with different quadrupole deformation. From left to right: spherical, prolate, triaxial, and oblate

subsequent final state of the collective expansion, i.e., [pT]
fluctuations [18] and anisotropic flow [19], after the dynamic
evolution of nucleus collisions. The study of nuclear struc-
ture is an important research topic in nuclear physics, as it
reveals the fundamental properties and interactions of nucle-
ons and nuclei. These studies allow us to test and improve
the theoretical models and methods that describe the nuclear
many-body problem, which remains a critical challenge from
the low-energy side [17]. The imaging power of high-energy
nucleus collisions provides a complementary approach to the
existing low-energy nuclear structure study [20].

In the initial conditions of heavy-ion collisions, the
nucleon positions are sampled from a modified Woods-Saxon
distribution

ρWS(r) = ρ0

1 + exp
(
r−R(θ,ϕ)

a0

) . (1)

The deformation of the nuclear surface is described by

R(θ, ϕ) = R0
(
1 + β2

[
cos γY20(θ, ϕ) + sin γY22(θ, ϕ)

])
(2)

where R0 is the nuclear radius, Ylm are spherical harmon-
ics, β2 quantifies the strength of the quadrupole deformation,
and the triaxial parameter γ controls the relative order of the
three axes in the intrinsic frame of the nuclei. The impacts
of β2 and γ on the nuclear structure are illustrated in Fig. 1.
Systematic studies of anisotropic flow using multi-particle
azimuthal angle correlations show that several flow observ-
ables are sensitive to the nuclear quadrupole deformation
β2 [19]. However, none of the flow observables (in terms of
azimuthal angle correlations) have the power to distinguish
the triaxial structures [19], suggesting that different choices
of observable may be needed to accomplish this, such as
v2
n-[pT] correlations [21–24], or multi-particle pT correla-

tions [11,13].
This paper will present a generic recursive algorithm for

the genuine multi-particle correlations (cumulants) of pT in
Sect. 2. The Monte Carlo models, introduced in Sect. 3, will

be used to examine the power of multi-particle cumulants
of pT, with the results presented in Sect. 4. Finally, we will
summarize in Sect. 5.

2 Algorithm for multi-particle pT correlations

Multi-particle correlations have been a powerful tool in the
study of heavy-ion collisions [25,26]. One successful exam-
ple is using multi-particle azimuthal angle correlations to
study the final state anisotropic particle expansion, quan-
tified by anisotropic flow vn [27,28]. Systematic studies
of anisotropic flow, flow fluctuations, and flow correlations
show that the selected flow observables are sensitive to the
nuclear quadrupole deformation β2 [19]. Still, none of the
classical flow observables based on the azimuthal angle
correlations has the power to distinguish the triaxial struc-
tures [19]. For the study of multi-particle pT correlations,
the lower orders have been available and used in the inves-
tigations of the initial conditions in heavy-ion collisions and
also explored for their potential in the study of nuclear struc-
ture [18,29]. Meanwhile, when one manually derives the
correlations, it is challenging and computationally demand-
ing for the higher orders. A generic recursive algorithm pro-
vides an ideal solution. It has been successfully developed
for multi-particle azimuthal correlations [28] and used in the
above-mentioned anisotropic flow studies [19]. Following a
similar idea, we propose a generic recursive algorithm for
multi-particle [pT] correlations in this paper.

In a single collision, many particles are produced. The
averaged pT correlation in this event is defined as

[p(m)
T ] =

∑M
k1 �=···�=km wk1 · . . . · wkm pT,k1 · . . . · pT,km∑M

k1 �=···�=km wk1 · . . . · wkm

,

(3)

where M is the number of particles within a certain kine-
matic range in this event and wki is a particle weight correct-
ing for detector inefficiencies. Applying the constraint that
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k1 �= . . . �= km removes any auto-correlations such that the
averaged pT correlation measures the dynamic correlations
due to event-by-event fluctuations and not the statistical cor-
relations due to the finite number of tracks. The notation [pT]
is used for the mean transverse momentum calculated event-
by-event within a certain kinematic range and is distinct
from the mean transverse momentum, 〈pT〉, extrapolated to
pT = 0 from spectra analyses over a large event ensem-
ble [30]. Similar to the Generic Framework for azimuthal
angle correlations [27,28], the numerator and denominator
can be defined as

N 〈m〉pT =
M∑

k1 �=... �=km

wk1 · . . . · wkm pT,k1 · . . . · pT,km ,

(4)

D〈m〉pT =
M∑

k1 �=... �=km

wk1 · . . . · wkm , (5)

so that the averaged m-particle pT correlation can be written
as

[p(m)
T ] = N 〈m〉pT

D〈m〉pT

. (6)

The numerator and denominator in Eqs. (4) and (5), respec-
tively, are calculated by constructing sums of different pow-
ers of the transverse momentum and particle weights

Pk =
M∑
i=1

wk
i p

k
T,i , Wk =

M∑
i=1

wk
i . (7)

Unlike the previously done analyses of azimuthal angle cor-
relations [27,28], the first-order pT correlation does not van-
ish but is simply [pT]. The first few transverse momentum
correlations are given by

[p(1)
T ] = P1

W1
=

∑M
i=1 wi pT,i∑M

i=1 wi
= [pT], (8)

[p(2)
T ] = P2

1 − P2

W 2
1 − W2

, (9)

[p(3)
T ] = P3

1 − 3P2P1 + 2P3

W 3
1 − 3W2W1 + 2W3

(10)

[p(4)
T ] = P4

1 − 6P2P2
1 + 3P2

2 + 8P3P1 − 6P4

W 4
1 − 6W2W 2

1 + 3W 2
2 + 8W3W1 − 6W4

(11)

A general recursive formula can be constructed for Eqs. (4)
and (5), allowing one to calculate a pT correlation of any

order from powers of Pk and Wk

N 〈m〉pT =
m∑

k=1

(−1)k−1N 〈m − k〉pT

(m − 1)!
(m − k)! Pk (12)

D〈m〉pT =
m∑

k=1

(−1)k−1D〈m − k〉pT

(m − 1)!
(m − k)!Wk (13)

where N 〈0〉pT ≡ 1 and D〈0〉pT ≡ 1. Further written out
applications of this recursive formula up to eighth order can
be found in Appendix A.

The event-averaged pT correlations correspond to the raw
sample moments of the pT distribution within some kine-
matic region

〈[p(m)
T ]〉 =

∑
events W

′
m[p(m)

T ]∑
events W

′
m

, (14)

whereW ′
m is an event weight. The choice of this weight here is

W ′
m = D〈m〉pT , which is the number of particle pairs similar

to the weight used in anisotropic flow calculations to mini-
mize the effects of multiplicity fluctuations. The higher-order
moments contain contributions from the lower orders. The pT

cumulants, κm , (calculated from the correlations, 〈[p(m)
T ]〉)

reveal to which degree there exists a genuine pT correlation
amongst many particles (m) which cannot be factorized into
correlations amongst fewer particles. A recursive formula for
the mth-order cumulant [31] is given by

κm = 〈[p(m)
T ]〉 −

m−1∑
k=1

(
m − 1
k − 1

)
〈[p(m−k)

T ]〉κk . (15)

For the multi-particle pT cumulants, considering the fact
that the lower-order pT correlations have been precisely sub-
tracted by construction, they are expected to be insensitive
to the few-particle correlations, such as the nonflow effects
in the anisotropic flow studies, in the heavy-ion collisions.
One can expand this formula by grouping common terms to
get a formula solely dependent on powers of 〈[p(m)

T ]〉. This
has been done in Appendix B up to eighth order. These gen-
uine correlations will be shown to be sensitive to the nuclear
structure of the colliding nuclei.

3 Introduction to the theoretical models

In this paper, we will study the multi-particle transverse
momentum correlations based on the simulations from two
popular Monte Carlo models. The Heavy Ion Jet INteraction
Generator, HIJING [32], is a Monte Carlo event generator for
parton and particle production in high-energy nuclear colli-
sions. Based on QCD-inspired models for multiple jet pro-
duction, it incorporates mechanisms such as multiple mini-jet
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Table 1 Simulated Xe–Xe collisions data sets in AMPT with four dif-
ferent configurations of the 129Xe nuclear structure

Data set # β2 γ a0 # of events

1 0 0 0.57 ∼ 1 M

2 0.18 0 0.57 ∼ 1.5 M

3 0.18 27◦ 0.57 ∼ 2.5 M

4 0.18 60◦ 0.57 ∼ 2 M

production, soft excitation, nuclear shadowing of parton dis-
tribution functions, and jet interactions in dense hadronic
matter. It has been reported that with the proper tuning,
the HIJING model can describe particle production in high-
energy proton-proton, proton-nucleus, and nucleus-nucleus
collisions [32]. However, the HIJING model does not con-
tain the proper mechanism to reproduce the anisotropic flow
results in heavy-ion data [3]. Thus, the HIJING model is
used to provide baseline predictions for the mean transverse
momentum and its event-by-event fluctuations for heavy-ion
collisions at the LHC.

Besides the HIJING model, A Multi-Phase Transport
model, AMPT, is another popular Monte Carlo model that
simulates nuclei collisions at relativistic energies [33]. The
AMPT model run with String Melting consists of four main
parts. First, the initial condition is based on the HIJING
model [32], which describes how the nucleon distributions
are arranged and moved inside the nuclei before they collide.
Second, the Parton Cascade (ZPC) [34] simulates the par-
tonic interactions inside the nuclei during the collision. Third,
the hadronization, which is done via quark-coalescence [35],
converts the partons into hadrons. Last, the hadronic inter-
actions are modeled using the ART model [36]. The AMPT
model can reproduce many experimental measurements from
heavy-ion collisions, such as the production of various par-
ticle types and their collective behavior (the anisotropic
flow). The AMPT model with default settings has difficulty
reproducing the centrality dependence of [pT] measurements
in heavy-ion collisions at the LHC. Nevertheless, one can
implement the nuclear structures in the initial state of the
AMPT model. This allows one to examine if the imprint
of the nuclear structure can be observed in the final state
observables despite undergoing both partonic and hadronic
interactions.

This paper implements four different settings for the 129Xe
structure. The parameters relevant to the nuclear structure
studies are listed in Table 1, where the β2 parameter of 0.18
is taken from [37] and the diffuseness parameter, a0, is taken
from [38]. The other input parameters in the AMPT model are
kept fixed between the data sets. Like many previous AMPT
model studies [19], the Lund string parameters are set to
a = 0.3 and b = 0.15, the screening mass to μ = 2.2814.
The time-step is 0.2 fm, and the number of time steps for the

hadronic interactions within ART is set to 150, which gives
a hadron cascade time of 30 fm/c.

Following the idea established in [29], we consider the
nuclei in a liquid-drop model with a sharp surface potential
and in head-on collisions with a zero impact parameter. The
mean transverse momentum is positively correlated with the
gradient of nucleon density, d⊥, in the overlapping region
between the colliding nuclei

d⊥ = √
Npart/S⊥, (16)

where Npart is the number of nucleons participating in the
collision and S⊥ is the transverse area. Within the liquid-drop
model, the dependence of the central moment of d⊥ on the
nuclear structure parameters can be roughly approximated
by the following relation for a single event [29]

δd⊥
d⊥

=
√

5

16π
β2

(
cos(γ )D2

0,0(�)

+ sin(γ )√
2

[D2
0,2(�) + D2

0,−2(�)]
)

, (17)

where D2
m,m′ are the elements of the Wigner D-matrix and �

represents the Euler angles. The expressions for the higher-
order central moments are obtained by integrating over the
Euler angles

〈(
δd⊥
d⊥

)n〉
= βn

2

(
5

16π

)n/2 ∫ (
cos(γ )D2

0,0

+ sin(γ )√
2

[D2
0,2 + D2

0,−2]
)n d�

8π2 (18)

from which the cumulants can be constructed, and the final
cumulants of n-th order are scaled by 1/2n−1 to account
for the independent orientations of the two nuclei. Table 2
shows the liquid-drop model estimates for the higher-order
cumulants.

4 Results

Figure 2 shows the 〈[pT]〉 in Xe–Xe collisions at
√
sNN =

5.44 TeV as a function of centrality. The top panel shows the
〈[pT]〉 for a spherical, prolate, triaxial, and oblate configura-
tion of 129Xe, and the bottom panel shows the ratio of 〈[pT]〉
in collisions of deformed nuclei against the 〈[pT]〉 calculated
in collisions of spherical nuclei. The different ratios are con-
sistent with unity suggesting that to first order, the transverse
momentum cumulants are not a useful probe of the nuclear
structure as the 〈[pT]〉 does not differ between the spherical
(β2 = 0), prolate (β2 = 0.18), triaxial (β2 = 0.18, γ = 27◦),
and oblate (β2 = 0.18, γ = 60◦) nuclei. This is consistent
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Table 2 The cumulants of d⊥ up to eighth order in a liquid-drop model potential averaged over random orientations. The first three entries are
given in [29]

Final state Cumulant Initial state Cumulant Liquid-drop Model

κ2

〈(
δd⊥
d⊥

)2
〉

1
32π

〈β2
2 〉

κ3

〈(
δd⊥
d⊥

)3
〉 √

5
896π3/2 〈cos(3γ )β3

2 〉

κ4

〈(
δd⊥
d⊥

)4
〉
− 3 ·

〈(
δd⊥
d⊥

)2
〉2

− 3
14336π2 (7〈β2

2 〉2 − 5〈β4
2 〉)

κ5

〈(
δd⊥
d⊥

)5
〉
− 10 ·

〈(
δd⊥
d⊥

)3
〉
·
〈(

δd⊥
d⊥

)2
〉

− 5
√

5
315392π5/2 (11〈cos(3γ )β3

2 〉〈β2
2 〉 − 5〈β5

2 〉)

κ6

〈(
δd⊥
d⊥

)6
〉
− 15 ·

〈(
δd⊥
d⊥

)4
〉
·
〈(

δd⊥
d⊥

)2
〉

5
918412504π3 (42042〈β2

2 〉3 − 5720〈cos(3γ )β3
2 〉2

+30 ·
〈(

δd⊥
d⊥

)2
〉3

− 10 ·
〈(

δd⊥
d⊥

)3
〉2

−45045〈β2
2 〉〈β4

2 〉 + 8575〈β6
2 〉 + 700〈cos(6γ )β6

2 〉)

κ7

〈(
δd⊥
d⊥

)7
〉
− 21 ·

〈(
δd⊥
d⊥

)5
〉
·
〈(

δd⊥
d⊥

)2
〉

− 15
√

5
524812288 (2002〈β2

2 〉2〈cos(3γ )β3
2 〉

+210 ·
〈(

δd⊥
d⊥

)3
〉
·
〈(

δd⊥
d⊥

)2
〉2

+715〈cos(3γ )β3
2 〉〈β4

2 〉

−35 ·
〈(

δd⊥
d⊥

)3
〉
·
〈(

δd⊥
d⊥

)4
〉

+910〈cos(3γ )β5
2 〉〈β2

2 〉 − 175 cos(3γ )β7
2 〉)

κ8

〈(
δd⊥
d⊥

)8
〉
− 28 ·

〈(
δd⊥
d⊥

)6
〉
·
〈(

δd⊥
d⊥

)2
〉

5
142748942336π4 (2144142〈β2

2 〉4 − 3063060〈β2
2 〉2〈β4

2 〉

+420 ·
〈(

δd⊥
d⊥

)4
〉 〈(

δd⊥
d⊥

)2
〉2

−340〈β2
2 〉

(
2288〈cos(3γ )β3

2 〉2 − 35
(
49〈β6

2 〉

−35

〈(
δd⊥
d⊥

)4
〉2

− 630 ·
〈(

δd⊥
d⊥

)2
〉4

+4〈cos(6γ )β6
2 〉)

)
+ 25

(
21879〈β4

2 〉2

+560 ·
〈(

δd⊥
d⊥

)3
〉2

·
〈(

δd⊥
d⊥

)2
〉

+14144〈cos(3γ )β3
2 〉〈cos(3γ )β5

2 〉

−56 ·
〈(

δd⊥
d⊥

)5
〉
·
〈(

δd⊥
d⊥

)3
〉

−35
(
79〈β8

2 〉 + 16〈cos(6γ )β8
2 〉)

)

with the expectation from the liquid-drop model; the integral
in (18) yields zero when evaluated for n = 1.

The centrality dependence of [pT] fluctuations, in the form
of the second-order cumulant or variance, κ2, is shown in
Fig. 3. The κ2 result increases by about 10–15% in the central
collisions for β2 �= 0 compared to the κ2 for spherical nuclei.
However, the results show no distinction between κ2 calcu-
lations from prolate, triaxial, and oblate nuclei. This agrees
with the expectation from the liquid-drop model, which pre-
dicts a positive contribution (an increase) in the second-order
cumulant that is proportional to 〈β2

2 〉 and no sensitivity to
the γ parameter, shown in Table 2. Therefore, we recom-
mend that κ2 should be considered as an additional probe
to the anisotropic flow measurements [37] for constraining
the parameter of 129Xe. In particular, it should be included
in the Bayesian fits on the experimental measurements to
extract reliable deformation parameters from the high-energy
heavy-ion collisions.

The centrality dependence of the third-order cumulant,
κ3, is shown in Fig. 4. The κ3 is negative in the AMPT cal-

culations compared to the positive κ3 measured in exper-
iments [39]. This difference is due to the choice of event
weights introduced in Eq. 14. We used the number of parti-
cle pairs as the event weight in this AMPT calculation. This
gives more significant weight to the events with more pro-
duced particles, typically tip-tip and body-body collisions,
which better reflect the shape of the colliding nuclei. More-
over, applying the number of particle pairs weight is very
helpful in minimizing the statistical uncertainties, as it gives
a heavier weight to the events with more particle pairs [27].
Thus, we expect that this choice of weight enhances the sen-
sitivity to the nuclear structure even though it might show
some discrepancies with respect to the initial state estima-
tions [29]. We have also tested the unit event weight in our
AMPT calculations; it yields a positive κ3 as the experimental
measurements [39] but also leads to sizable statistical uncer-
tainties that prevent us from drawing a confirmed conclusion
of nuclear structure. As shown in Fig. 4, three distinct trends
in central collisions, depending on the triaxiality parameter
γ , are observed. Compared to the calculations from spher-
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Fig. 2 The mean transverse momentum, 〈[pT]〉, in Xe–Xe collisions
at

√
sNN = 5.44 TeV as a function of centrality for four configurations

of the nuclear structure simulated with the AMPT model

Fig. 3 The second-order mean transverse momentum cumulant, κ2, in
Xe–Xe collisions at

√
sNN = 5.44 TeV as a function of centrality for

four configurations of the nuclear structure simulated with the AMPT
model

ical nuclei, the magnitude of κ3 is around 30% larger for
oblate nuclei (γ = 60◦) and around 30% smaller for prolate
nuclei (γ = 0◦) in central collisions albeit with large statis-
tical uncertainties. The triaxial 129Xe (γ = 27◦) leads to a
value of κ3 consistent with the spherical case (β2 = 0) in
the 10% most central collisions. The emergence of the sensi-

Fig. 4 The third-order mean transverse momentum cumulant, κ3, in
Xe–Xe collisions at

√
sNN = 5.44 TeV as a function of centrality for

four configurations of the nuclear structure simulated with the AMPT
model

tivity to the triaxiality in κ3 is unsurprising as triaxiality is a
three-point structure, so a three-particle correlation is needed
to measure it. This also explains why κ2 can distinguish the
overall quadrupole deformation (β2 = 0.18) from the spheri-
cal case but offers no additional information: the two-particle
κ2 can only probe two axes of the nuclei at a time. In addi-
tion, the liquid-drop model predicts a positive contribution
from the γ parameter in the prolate case (cos(3γ ) = 1), zero
contribution from fully triaxial (cos(3γ ) = 0), and nega-
tive contribution from the oblate case (cos(3γ ) = −1). The
AMPT calculations follow the same trend. However, as the
κ3 values are negative, the ordering of the points with differ-
ent γ parameters is inverted in the ratio plot, shown in the
bottom panel of Fig. 4. The above results further underline
the importance of κ3 in exploring triaxial nuclear structure.
It suggests that not only the correlations between pT and v2

2,
which have been widely used [23,40,41] but also the third
order [pT] fluctuations in central collisions should be con-
sidered in the comparisons between model calculations and
experimental measurements from the LHC experiments.

Figure 5 shows the centrality dependence of the fourth-
order cumulant, κ4, and the comparison between the different
nuclear structures. Similar to κ3, κ4 results are also obtained
using the number of particle pair weights; the results can
distinguish between different triaxial shapes in central colli-
sions despite sizable uncertainties. The collisions of oblate
nuclei yield the largest κ4 in central collisions. The κ4 for the
triaxial case is smaller than the oblate case but larger than for
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Fig. 5 The fourth-order mean transverse momentum cumulant, κ4, in
Xe–Xe collisions at

√
sNN = 5.44 TeV as a function of centrality for

four configurations of the nuclear structure simulated with the AMPT
model

spherical nuclei. The prolate nuclei yield the smallest κ4 in
central collisions, almost a 100% difference with respect to
the spherical case. This does not match the prediction from
the simple liquid-drop model, where the fourth-order cumu-
lant is expected to be proportional to some combination of
the moments of β2 only. However, a dependence of the initial
state cumulant (δd⊥/d⊥)4 −3(δd⊥/d⊥)2 on the γ parameter
is also seen in MC-Glauber simulations of various deformed
collision systems [29]. The ordering of the calculations in
the bottom plot of Fig. 5 is similar to that in Fig. 4 (bottom),
but in this case, the ordering is not inverted, suggesting that
γ either has an opposite contribution to κ4 compared to κ3

or that the γ affects the magnitude of the cumulants. That
κ4 is sensitive to the γ parameter is surprising based on the
leading-order approximation of the liquid-drop model, and
it would be interesting to see whether κ4 exhibits similar
sensitivity within hydrodynamic models.

The predictions for the various orders of κn (n ≤ 8)

are given with the HIJING model in Fig. 6. Servicing as
the baseline for the experiments, the unit weight is used
in this HIJING calculation, and no special consideration of
the nuclear structure has been applied. Within the HIJING
model, the fluctuations of the transverse momentum follow
that of a superposition of independent sources, which can be
both short- and long-range in nature [18,42]. The first three
orders of cumulants, κ1 −κ3, are found to be strictly positive
across the centrality range, which qualitatively agrees with
the recent experimental measurements [39]. κ4 is positive

in central collisions, changes sign in semi-central collisions
and then becomes positive again above 30% centrality. The
higher-order cumulants (n > 4) fluctuate around zero in cen-
tral and semi-central collisions, except κ6, which is strictly
negative. The non-zero higher-order cumulants suggest that
the fluctuations of the mean transverse momentum are not
trivial even in heavy-ion collisions viewed as a superposition
of pp collisions.

5 Summary

Multi-particle correlations and cumulants of transverse
momentum constrain the size and size fluctuations in the
initial conditions of heavy-ion collisions, making them an
ideal probe of the nuclear structure of colliding nuclei at
ultra-relativistic colliders. This paper proposes a new generic
algorithm of multi-particle pT correlations that enables an
efficient and precise study of pT fluctuations up to arbitrary
orders. Using the AMPT transport model with various set-
tings of nuclear structure, including spherical, prolate, tri-
axial, and oblate shapes of 129Xe, we investigate the impact
of nuclear structure on the first four orders of [pT] fluctua-
tions. We find that at first order, the pT cumulants are insen-
sitive to the nuclear structure and that at least second order is
required to probe the deformation of the colliding nuclei. The
variance, κ2, shows a β2-dependent increase in central colli-
sions but cannot distinguish between the prolate, triaxial, or
oblate cases consistent with the expectation from the simple
liquid-drop model. The third- and fourth-order cumulants, κ3

and κ4, show a γ -dependent splitting of the calculated val-
ues in the most central collisions with opposite contributions.
The γ -dependence of κ4 is not expected from the liquid-drop
model prediction, suggesting that a more complex model of
the interplay between nuclear structure and size fluctuations
is necessary to understand this effect.

These studies show the impact of nuclear structure on the
[pT] fluctuations and how they can be utilized to probe the
shape of the colliding nuclei at the energy frontier (at the level
of TeV). The pT cumulants are, through their relation to the
size fluctuations, coupled to the moments of the deformation
parameters. Further study of these relations and measure-
ments of the cumulants at experiments such as those at the
LHC can introduce a new avenue for studying nuclear struc-
ture in high-energy heavy-ion collisions, which is comple-
mentary to existing low-energy measurements and can serve
as experimental validation of low-energy theoretical predic-
tions. Furthermore, including the pT cumulants as experi-
mental inputs in Bayesian analyses can provide independent
constraints on the deformation parameters.

The study of nuclear structure with heavy-ion collisions
is an evolving field, and the presented method and observ-
ables can provide a useful approach in potential future runs
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Fig. 6 The cumulants of the mean transverse momentum, κn (n ≤ 8), in Xe–Xe collisions at
√
sNN = 5.44 TeV as a function of centrality simulated

with the HIJING model

of deformed nuclei species at the LHC to constrain the shape
of nuclei across the nuclide chart.

Acknowledgements We thank Chunjian Zhang for his help on the
AMPT code and Anna Ingmer Boye for her initial contributions to
the work. The authors are funded by the European Union (ERC, Initial-
Conditions), VILLUM FONDEN (Grant Number 00025462), and Dan-
marks Frie Forskningsfond (Independent Research Fund Denmark).
We thank the participants of the EMMI Rapid Reaction Task Force
“Nuclear Physics Confronts Relativistic Collisions of Isobars” and the
ESNT workshop “Deciphering Nuclear Phenomenology across Energy
Scales” for fruitful discussions.

Funding Open access funding provided by Copenhagen University.

Data Availability Statement The manuscript has associated data in
a data repository [Authors’ comment: [Authors’ comment: Data are
available upon request].

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

Appendix A: Multi-particle pT correlations
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Appendix B: Multi-particle pT cumulants

κ1 = 〈[pT]〉 (B.9)
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