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Abstract Recent analysis of the viability of solid state-
based relic neutrino detectors has revealed the fundamental
necessity for the use of heavy, A > 100, β-decayers as neu-
trino targets. Of all heavy isotopes, 171Tm and 151Sm stand
out for their sufficiently low decay energies, reasonable half-
life times and stable daughter nuclei. However, the crucial bit
of information, that is the soft neutrino capture cross-section
is missing for both isotopes. The main reason for that is a
particular type of β-decay, which precludes a simple link
between the isotope’s half-life time and the neutrino capture
rate. In light of the necessity for a reliable estimate of the
capture rate – unimpeded by potentially devastating theoret-
ical uncertainties – prior to using the isotope in a full-scale
experiment, we propose an experimental method to bypass
this difficulty and obtain the capture cross-section of a soft
neutrino by a given isotope from the isotope’s β-spectrum.

1 Introduction

The ambitious goal of detection [1] and the measurement of
the mass [2] of the relic neutrino relies on the precise experi-
mental knowledge of the β-spectrum of radioactive elements
[3,4]. Relic neutrinos, which fill the totality of space in the
form of an almost ideal gas of temperature Tν ≈ 1.95 K,
are expected to manifest themselves in rare neutrino cap-
ture events. Such events involving cosmic neutrinos of mass
mν and a sample of radioactive atoms characterized by the
β-decay energy Q would produce an extremely faint peak
at the energy Q + mνc2 in the β-spectrum of the sample.
We recall that for all radioactive elements the overwhelming
bulk of the β-spectrum arises from spontaneous β-decay and
forms a continuum with the upper cutoff energy Q − m0

νc
2

where m0
ν is the mass of the lightest neutrino. For this reason

one expects the neutrino capture peak to be separated from
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the end of the spontaneous β-spectrum by an energy gap of at
least one neutrino mass and for that reason to be discernible
at least in principle.

Despite the simplicity of its theoretical premise, a neu-
trino capture experiment establishing the existence of relic
neutrinos has not yet materialized. The reason for this is the
weakness of the neutrino-matter interaction, which makes it
difficult to achieve the sufficient number of capture events in
a reasonably sized radioactive sample. The requirement of
a large neutrino capture cross-section combined with other
important considerations such as the manageable half-life
time and the stability of the daughter isotope turn out to be
so restrictive that only a handful of atoms can be viewed as
viable candidates for the CνB detection experiment. From
this perspective, Tritium has long been regarded as the best
candidate β-emitter [4–11], even though it was found that the
workable sample of gaseous molecular Tritium falls short of
the required activity levels by six orders of magnitude. Cur-
rently, the only viable alternative to the gas phase experiment
is a solid state based architecture where the atomic tritium is
adsorbed on a substrate [4].

The low event rate is not the only hindrance in the way
of relic neutrino detection. The upper bounds on the neu-
trino mass [12] show that the energy gap between the signal
from neutrino capture and the background is extremely small
mν/Q � 1, therefore the detection of the CνB requires
extraordinary energy resolution. It has been demonstrated
that the electromagnetic guidance system and the calorime-
try module of the detection apparatus can be built to such
stringent specifications [4]. However, solid-state interactions
introduce additional complications [13–17]. In particular, it
has been shown in [13] that deposition of β-emitters on a
solid-state substrate produces a new fundamental limitation
on the experimental resolution originating in the zero-point
motion of the emitter’s centre of mass. For Tritium on solid
surfaces, the best theoretical resolution is ΔE ∼ 0.5 eV
which is an order of magnitude worse than what is required
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in order to see the relic neutrino peak. Furthermore, it was
shown [13] that the main factor that determines this value is
the ratio of the β-decay energy Q to the mass of the emitter
nucleus mnucl, namely γ = [Q2me/m3

nucl]1/4. This finding
opens a new avenue to search for a possible alternative for
Tritium that would have both a sufficient event rate and low
enough energy uncertainty. In the same work [13], it was
found that the two promising candidates that have low enough
γ -values are Thulium (171Tm) and Samarium (151Sm) with
γ3H/γ171Tm = 0.11 and γ3H/γ151Sm = 0.1 respectively.
This means that the intrinsic energy uncertainty for these iso-
topes is an order of magnitude smaller than that of Tritium.
This value approaches the upper bound for the neutrino mass
and therefore could, in principle, provide sufficient energy
resolution for its detection.

The γ -value introduced in the previous paragraph is
defined in terms of the simple intrinsic characteristics of a
nucleus such as its mass and Q-value and therefore is straight-
forward to calculate. In contrast, the neutrino capture cross-
section has not been calculated for every isotope. In particu-
lar, it is not known for either of the isotopes of interest, 171Tm
and 151Sm.

The reason for this emanates from the complexity of the
nuclear structure [18–20]. The n ↔ p conversion changes
the nuclear state, introducing some unknown amplitudes
of transition between the initial and final nuclear wave-
functions. For some isotopes, there is a single dominant tran-
sition. This allows to extract the corresponding matrix ele-
ment solely on the basis of the nucleus lifetime τ of weak
decay. Other isotopes undergo the so-called non-unique for-
bidden transition, which, as the name suggests, involves mul-
tiple possible configurations of the final nucleus with inde-
pendent transition amplitudes. In this case, the direct link
between the observed half-life time and the neutrino capture
rate is generally absent.

A possible way to confront this difficulty relies on per-
forming theoretical computations of the nuclear matrix ele-
ments. The list of nuclear models includes but is not limited
to Nuclear Shell Model [21] and Interacting Boson-Fermion
model [22,23]. These have been employed in the work [24]
to evaluate the relic neutrino capture cross-section for iso-
topes 171Tm, 151Sm, and 210Pb after the completion of this
work.

The goal of the present paper is to show how the neutrino
capture cross section can be extracted from the experimen-
tally accessible β-spectrum for a given radioactive isotope
decaying through non-unique forbidden transitions.

2 Quantum mechanics of β-interaction and crude
estimate of neutrino capture

Neutrino capture and β-decay are the same processes driven
by the weak interaction; they differ only in whether the
(anti)neutrino is in the initial or final state. To establish the
exact connection between their respective rates, we start from
briefly reminding the main concepts of β-decay theory. We
consider the sibling processes of β-decay and neutrino cap-
ture by a generic nucleus

(A, Z) → (A, Z + 1) + e− + ν̄e

νe + (A, Z) → (A, Z + 1) + e−. (1)

which are driven by the same weak β-decay Hamiltonian

H β = Gβ√
2
ψ̄eγ

μ(1 − γ5)ψν p̄γμ(gV + gAγ5)n + h.c.,

(2)

where Gβ = GF cos θC and θC is Cabbibo angle, ψe, ψν

are electron and neutrino fields and p, n being the proton
and neutron fields respectively. The vector gV and axial gA
coupling constants are renormalized by strong interactions
with |gA/gV | ≈ 1.27 [25,26].

The differential β-decay rate dΓβ and the capture cross-
section for spin-averaged neutrino are given by the Fermi
Golden Rule and can be written as:1

dΓβ = 1

2π3 × pνEν peEedEe × Wβ(pe, pν)

(σv)ν = lim
pν→0

1

π
× peEe × Wν(pe, pν), (3)

where pe(ν) and Ee(ν) are the momenta and energies of the
leptons, Wβ(pe, pν) is the average transition rate for the
decay of an atom into two lepton plane waves with momenta
pe, pν, and Wν(pe, pν) is the average transition rate for the
capture of a neutrino having the momentum pν and the emis-
sion of an electron with momentum pe.

The average transition rates are expressed in terms of tran-
sition amplitudes by

Wβ,ν(pe, pν) =
∫

dΩe

4π

dΩν

4π

∑
|M β,ν

if (pe,pν)|2. (4)

Here Mif is the quantum transition amplitude between the
initial and the final state induced by the reduced weak inter-
action Hamiltonian [19,20,27]

Mif = Gβ√
2

∫
ψ̄e(r)γ μ(1 − γ5)ψν(r)J

μ
nuclear(r) d r, (5)

1 Here we use the fact that absorption of antineutrino with momentum
pν is equivalent to emission of neutrino with momentum −pν .
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which encapsulates all information about the changes in
the internal nuclear structure in a function Jμ

nuclear(r). This
function cannot be calculated from first principles. However,
its transformation properties under the symmetry group of
space are known for each transition. The summation symbol
in Eq. (4) is a shorthand for the sum over the spin quantum
numbers of the out-states as well as averaging over the spins
of the in-states. The averaging over the directions of pe and
pν is shown explicitly. Two important remarks are in order

1 For an overwhelming part of the β-spectrum one can con-
sider the neutrino as a massless (Weyl) particle in both
the energy conservation law and the wave functions enter-
ing the transition amplitudes. There exists a tiny energy
window on the order of mν near the high-energy end of
the β-spectrum where the neutrino mass plays a role.
However, the resolution required for the observation of
the β-spectrum inside that window is by far beyond the
reach of the existing experimental technique. Since the
existing β-decay experiment cannot distinguish between
the massive and massless cases, we shall throughout
this note discuss the function Wβ(pe, pν) assuming
the mν → 0 limit.

2 Our main focus is on neutrino capture processes involving
the cosmic neutrino background. Relic neutrinos are non-
relativistic pν � mν, which is the opposite of the ultra-
relativistic limit discussed in item 1. It is straightfoward
to see that:

Wν(pe, 0) = 1

2
lim
pν→0

Wβ(pe, pν) (6)

for a left-handed particle with a Majorana mass term.
Indeed, in the pν → 0 limit the incoming massive neu-
trino is a superposition of a left-handed Weyl particle and
a right-handed Weyl anti-particle

|Majorana〉 = (|ν〉 + |ν̄〉)/√2.

In a process where an electron is created, the operator (5)
only picks one term of the two, hence the corresponding
transition rate is one half of the transition rate Wβ of a
Weyl neutrino.

2.1 Crude estimate of neutrino capture

In this subsection, we want to provide a simple order-of-
magnitude estimate for neutrino capture cross-section. To
this end, we assume that the matrix element has no depen-
dence on the lepton energy and reduces to a constant encoding
the information about the initial and final nuclear states∑

|M β
if (pe, pν)|2 = const. (7)

Table 1 Neutrino capture cross-sections for different isotopes from [6].
Note that (σv)ν differ from those of [6] by a factor two due to neutrino
spin averaging, as pointed out in [11]. One can see that the parameter δ

defined by Eq. (10) varies only by a factor of two from the identity that
signals that Eq. (9) gives a good approximation for the capture rates of
the given isotopes

Isotope Q, keV τ , year (σv)ν , 10−46 cm2 δ

3H 18.591 17.8 39.2 0.86
63Ni 66.945 145 6.9 · 10−2 0.57
93Zr 60.63 2.27 · 106 1.20 · 10−5 1.15
106Ru 39.4 1.48 29.4 0.51
107Pd 33 9.38 · 106 1.29 · 10−5 0.83
187Re 2.646 6.28 · 1010 2.16 · 10−6 0.48
171Tm 96.5 1.92 2.1 × δ –
151Sm 76.6 90 0.091 × δ –

Such an approximation neglects the Coulomb interaction
between the emitted electron and the nucleus.

In this case, all the structural information about the nuclei
gets absorbed into a constant numerical factor, therefore
the ratio of the β decay and the neutrino capture rates,
Eq. (3), is completely determined by the phase volume fac-
tors p2

ν peEe and peEe accordingly. Using Eq. (6), this gives
rise to the following relationship between the capture cross-
section (σv)ν , the total lifetime τ = (

∫
dΓβ)−1 of a β-

decaying isotope, and the total kinetic energy Q released in
the reaction:

(σv)ν = τ−1 (2π)−1 peEe

(2π3)−1
∫ me+Q
me

E ′
e p

′
e(Q − T ′

e)
2 dE ′

e

, (8)

with Te = Ee − me being the kinetic energy of the electron,
and neutrino momentum in β decay is pν = Q − Te. In
the particular case of nonrelativistic electron Q � me, this
relation gives the following simple scaling:

(σv)est. = 5.3 · 10−46 cm2 × 1 year

τ
×

(
100 keV

Q

)3

. (9)

In order to quantify the error introduced by the simplifying
assumptions leading up to Eq. (7), we introduce a correction
factor δ such that the actual cross-section is given by

(σv)ν = δ × (σv)est. (10)

The values of δ for a number of elements where the exact
results for the neutrino capture cross-section are known [6]
are given in Table 1. One can see that in all those cases δ is
reasonably close to unity.

We are interested in neutrino capture by possible can-
didates for solid-state based CνB detection experiments —
171Tm and 151Sm. For these isotopes, the parameterization
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(10) reads

(σv)171Tm = 2.1 · 10−46 cm2 × δ171Tm

≈ 0.054 (σv)3H × δ171Tm (11)

(σv)151Sm = 9.1 · 10−48 cm2 × δ151Sm

≈ 0.0023 (σv)3H × δ151Sm. (12)

However, unlike the isotopes listed in Table 1, the theoretical
values of the δ factors for 171Tm and 151Sm are not known.
This is because both isotopes have a rather peculiar struc-
ture of the matrix element (5), as explained in the following
paragraph.

We follow the general formalism presented in [28,29],
see also [30] for a modern review. For purely illustrative
purposes, we neglect the effect of the Coulomb attraction
between the β-electron and the daughter nucleus, bearing in
mind that in practice such an approximation may result in
significant inaccuracy. We recall that the function Jμ

nuclear(r)
is mainly localized inside the nucleus r < R, and decays
rapidly with increasing r for r > R, where R = A1/3 ×
1.2 ×10−13 cm is the radius of the nucleus. Since the typical
lepton momentum is of the order 1 MeV � R−1, one can
expand the matrix elements and the sum

∑ |Mif|2 as a series
in small parameters pe/νR � 12

∑
|Mif|2 = c0 + c1 · peR + c2 · pνR + · · · (13)

The constants ci in this expression are in essence combi-
nations of the spherical multipole moments of Jμ

nuclear(r)
containing structural information about the many-body wave
functions of the parent and daughter nuclei. The simplifying
approximation (7) amounts to keeping only the leading-order
term c0 in the expansion (13), which in many cases is well
justified. For some isotopes, however, electroweak selection
rules demand that c0 = 0. Indeed, if the mother and daugh-
ter isotopes have different spin and parity, at least one of
the leptons is required to carry a non-vanishing orbital angu-
lar momentum. Since a lepton’s wave function correspond-
ing to the orbital angular momentum l has the asymptotic
form (pr)l at small r, the matrix element of such a transi-
tion, Eq. (5), will necessarily contain terms proportional to
(peR)l (pνR)l

′
with l + l ′ > 0. The worst case scenario,

known as a forbidden non-unique transition, is when the
selection rules admit for the presence of several commensu-
rate leading-order terms on the right hand side of the asymp-
totic expansion Eq. (13). For such a transition the matrix
element (13) contains several unknown constants ci , each

2 If Coulomb attraction is taken into account, the constants in this
expansion get multiplied by correction factors Fi (pe), which do not
depend on unknown nuclear physics and can be computed explicitly.

multiplying its own unique function of energy. If that hap-
pens, the cancellation of the unknown constants, such as the
one seen in Eq. (8), does not occur and the neutrino capture
cross-section cannot be inferred from the isotope’s life time.

This conclusion may be relieved for heavy isotopes by
the Coulomb attraction, which introduces two modifications.
Firstly, the electronic wave-function are distorted by the
presence of a “point charge”, resulting in additional known
energy-dependent coefficients in the expansion (13). Sec-
ondly, the account for the non-zero size of the charge adds
another dimensionless parameter ξ · R ≡ αZ/R · R to pe,νR
in (13). For heavy nuclei one can expect this parameter to
be dominant if ξ/Q � 1. This motivates the so-called ξ -
approximation, in which one keeps only expansion in the
parameter αZ and is left with a single nuclear constant. In
this case, the spectrum of isotopes that undergo non-unique
transitions has the allowed shape, and the usual technique
of relating the neutrino capture cross-section to the half-life
time of the isotope may be used.

The theoretical motivation of the ξ -approximation does
not guarantee that the associated nuclear constant is not sup-
pressed. This can abate the dominance of the corresponding
term and break down the approximation. Such a situation
requires some degree of fine-tuning, similar to the case of
isotopes whose spectra deviate from the expected allowed
shape due to the suppression of the leading order term. While
it may seem unlikely, it further reinforces the necessity of a
method that can establish the neutrino capture cross-section
in a more direct way.

Given the high stakes of the PTOLEMY experiment, we
require a method to estimate the neutrino cross-section with-
out relying on the assumption of no-cancellation. At the same
time, for the purposes of this paper, we do not seek high
accuracy of the result. It is important to note that, if the ξ -
approximation is experimentally established to be accurate
for a particular isotope, the relation of the cross-section to
the half-life time may give much more precise results.

3 Experimental determination of the neutrino capture
rate from the end of the β decay spectrum

We have established that for isotopes such as 171Tm and
151Sm the knowledge of the lifetime and the Q-value is
insufficient in order to predict the neutrino capture cross-
section. Here, we discuss how the required cross-section can
be inferred directly from the experimentally measured β-
spectrum. Our approach is based on two key observations.
Firstly, both the emission and capture processes are governed
by the same unknown structure function Wβ(pe, pν), albeit
taken at different values of arguments. Specifically, a capture
process corresponds to the limit pν → 0 and

pe =
√

(Q + me)2 − m2
e,
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whilst in a spontaneous β-decay process

pe =
√

(Q + me − pν)2 − m2
e,

where pν can take any value between 0 and Q, resulting in
a broad β-spectrum. Secondly, the function Wβ(pe, pν) is
an analytic function of both arguments near the end point
pν = 0 of the β-spectrum. We recall that in our discussion
Wβ(pe, pν) is the rate involving transitions with massless
neutrino states (see discussion at the end of Sect. 2).

Using the analyticity of Wβ(pe, pν) and making use of
equations (3) and (6) we write the following expansion3 for
the observable β-spectrum near the edge pν = 0

π2

p2
ν

dΓβ

dEe
= (σv)ν ×

[
1 + α1 pν/Q + O(p2

ν/Q
2)

]
(14)

where α1 is a constant. The characteristic energy scale where
the linear approximation is applicable can be estimated from
the microscopic theory of β decay. For the purposes of the
present work, we notice that the physics of β decay of heavy
nuclei involves three important energy scales, that are Q,me,

and 1/R. The smallest of the three defines the energy range
where the expansion (14) works well. For 171Tm and 151Sm
the smallest energy scale is Q.

Now we are in position to discuss the experimental proce-
dure. We assume a finite energy resolution ΔE of the exper-
iment (say, 1 keV). We propose a way to deduce the neutrino
capture rate of the 171Tm and 151Sm from the end of their
experimentally measured β spectra:

1. Define some experimentally accessible energy resolution
ΔE � Q and measure the number of β decay events N in
several energy bins4 Te ∈ [Q−(n+1)ΔE, Q−nΔE] as a
function of the electron energy residue εn = ΔE(n+1/2)

2. We assume that all the decay events are detected. In
this case, one can check whether the experimental points
N (εn)×(εn in keV)−2 fit the linear curve. If so, continue
the obtained fit up till the value εn = 0.

3. Assuming that the time of the measurement is Tm � τ

and there are Nat decaying atoms, the neutrino capture

3 Such a linear behaviour can be seen in the spectra generated by the
BetaShape software, which predicts (σv)ν = 1.2 · 10−46 cm2(171Tm),
4.8 · 10−48 cm2(151Sm) and α1 = 0.25(171Tm), 0.21(151Sm). For fur-
ther discussion see Sect. 4 and our accompanying paper.
4 We note that the spectrum itself behaves as dΓ/dEe ∼ p2

ν and,
therefore, events within a single bin are not uniformly distributed. Most
of the events occur near the left side of a bin, which may introduce an
additional systematic uncertainty. A possible way to avoid this problem
and is to measure the integral number of events N (pν) = ∫ Q

Q−pν

dN
dTe

dTe
and consider the function N (pν) · p−3

ν . This can be also fitted by a
linear function and therefore used to extract (σv)ν . In addition, this
method allows to collect more statistics compared to the one with bins
for sufficiently large pν .

rate can be estimated as

(σv)ν = 7.0 · 10−37 cm2

(Tm in hours)(ΔE in keV)

× 1

Nat

(
N (εn)

(εn in keV)2

) ∣∣∣∣
εn=0

(15)

A remark should be made concerning the generality
of (15). Until now we neglected possible contributions to
the electron spectrum due to β-decay into excited states of
daughter nuclear or/and electronic shell of the atom. Let us
comment on these contributions:

1. Excited nuclear states have typical energies Eex ∼
10 keV, for instance, 66.7 keV for 171Yb [31] (daughter
isotope for 171Tm) and 21.5 keV of 151Eu [32] (daughter
isotope of 151Sm). They do not contribute to the spectrum
near the endpoint for Te > Q − Eex. Therefore, they are
not relevant for the measurement of the spectrum high-
energy tail with resolution of order 1 keV.

2. Atomic excitations start to contribute to the spectrum
from ∼ 1 eV and are expected to be too small to be
resolved with a typical energy resolution of an experi-
ment. If this is the case, Eq. (15) includes all these tran-
sitions and overestimates the actual cross-section. For
Z ∼ 60, the probability to excite the electronic config-
uration is expected to be less than 30% [33,34], which
translates into the same possible error in the value of the
cross-section. The account for this effect may be done
with the use of the atomic mismatch correction [35,36].

The corrections discussed above may only introduce a dif-
ference by a prefactor of order one and therefore are beyond
our considerations.

4 Conclusion and discussion

The most promising route towards the relic neutrino detec-
tion is currently through the use of solid state based detec-
tors where the β emitters are adsorbed on a substrate. Such
a design has the potential to achieve sufficient density of
emitters in a controllable way (such that electron scattering
remains suppressed), and hence get a sufficient number of
capture events. However, any β decay experiment that uses
bound emitters (either in molecular form or adsorbed on a
substrate) suffers from an irreducible intrinsic energy uncer-
tainty due to the emitter’s zero-point motion. It was shown in
[13] that such an uncertainty is proportional to the dimension-
less parameter γ = [Q2me/m3

nucl]1/4, Q being the energy
released in the β decay, me,mnucl - masses of the electron
and nucleus respectively. It was also shown that this parame-
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ter is too large for 3H, therefore Tritium-based detectors are
unable to achieve the required energy resolution. Instead, the
most promising candidates are 171Tm and 151Sm as they have
the intrinsic energy uncertainty that is an order of magnitude
lower than that of 3H.

However, contrary to the case of 3H for which the neu-
trino cross section is known [6,10], theoretical calculation of
(σv)ν for 171Tm and 151Sm poses a challenge. The quantum
numbers (spin and parity) of the parent and daughter nuclei
for these isotopes differ, hence the leptons are required to
have a non-zero total orbital momentum. The latter can be
composed in a non-unique way, which results in several dif-
ferent unknown nuclear constants entering the matrix ele-
ment (5) that do not factor out.

We propose a way to estimate the relic neutrino capture
cross section. Our proposal relies on the experimental mea-
surement of the spectrum of β-decay near the endpoint. We
show, that the extraction of the relic neutrino cross section
can be achieved using the experimental data (via Eq. (15))
even if the energy resolution ΔE of the experiment that is
much larger than neutrino mass ΔE � mν .

Finally, to get a rough idea of the feasibility of the
relic neutrino capture experiment based on 171Tm (Q =
96.5 keV, τ = 2.77 years) or 151Sm (Q = 76.6 keV, τ =
130 years), we estimate the corresponding cross-sections
using the β-decay spectra computed in BetaShape [30,37].
For non-unique transitions, this software assumes that the ξ -
approximation holds and evaluates the electromagnetic cor-
rections to the spectrum.

(σv)ν

{
1.2 × 10−46 cm2 171Tm

4.8 × 10−48 cm2, 151Sm
(16)

The corresponding neutrino capture rates per single atom
Γν = ην(σv)ν are:

Γcapture

y−1 = ην

〈ην〉

{
12.7 (6.4) × 10−27 171Tm

5.1 (2.5) × 10−28, 151Sm
(17)

for Majorana (Dirac) neutrino, where ην is the local cosmic
number density of one neutrino species. This density could be
significantly larger than the average over the universe 〈ην〉 ∼
56 cm−3 due to gravitational clustering. The corresponding
cross-sections are in agreement with the crude estimate (δ ≈
0.5).

Since the emitters in the solid-state based experiments
are attached to the substrate atom by atom, the single
event exposure based on the estimate (17) corresponds to
2 ·1027 atoms ·year for 151Sm or 1026 atoms ·year for 171Tm.
For comparison, the same number of events can be achieved
with 2 · 1024 atoms · year for 3H. According to this, using
171Tm as β emitter in a full size CνB experiment is promis-

ing since it can provide with both sufficient event rate and
energy resolution for the relic neutrino detection.

The estimates of the neutrino capture cross-section for
171Tm and 151Sm have been performed by two other theo-
retical groups after the completion of this work. In [38], the
computation relies on the ξ -approximation accounting for
possible deviations. In [24], the nuclear properties have been
evaluated theoretically for 171Tm, 151Sm, and another poten-
tial candidate isotope 210Pb. The latter was first analyzed in
[39] with the method, proposed in this work. The results of all
studies agree with each other. However, contrary to our O(1)

precision, the results in [24,38] are potentially more precise,
with the claimed uncertainties of the percent and 10% level,
respectively.
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