
Eur. Phys. J. A (2021) 57:336
https://doi.org/10.1140/epja/s10050-021-00641-2

Regular Article - Theoretical Physics

A simple alternative to the relativistic Breit–Wigner distribution

Francesco Giacosa1,2, Anna Okopińska1, Vanamali Shastry1,a
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Abstract First, we discuss the conditions under which the
non-relativistic and relativistic types of the Breit–Wigner
energy distributions are obtained. Then, upon insisting on the
correct normalization of the energy distribution, we intro-
duce a Flatté-like relativistic distribution -denominated as
Sill distribution- that (i) contains left-threshold effects, (ii) is
properly normalized for any decay width, (iii) can be obtained
as an appropriate limit in which the decay width is a constant,
(iv) is easily generalized to the multi-channel case (v) as well
as to a convoluted form in case of a decay chain and - last
but not least - (vi) is simple to deal with. We compare the Sill
distribution to spectral functions derived within specific QFT
models and show that it fairs well in concrete examples that
involve a fit to experimental data for the ρ, a1(1260), and
K ∗(982) mesons as well as the Δ(1232) baryon. We also
present a study of the f2(1270) which has more than one
possible decay channels. Finally, we discuss the limitations
of the Sill distribution using the a0(980)-a0(1450) and the
K ∗

0 (700)-K ∗
0 (1430) resonances as examples.

1 Introduction

The parametrization of the energy distribution (or spectral
functions) of resonances is an important topic of both Quan-
tum Mechanics (QM) and Quantum Field Theory (QFT).
Namely, new resonances are often obtained by fits involving
the line-shape of unstable states, see e.g. the Particle Data
Group (PDG) [1], and the activities in various ongoing and
planned experiments [2–10].

The very well known Breit–Wigner (BW) distribution
[11–13]:

dS(E) = dBW
S (E) = Γ

2π

1

(E − M)2 + Γ 2

4

, (1)

a e-mail: vanamalishastry@gmail.com (corresponding author)

where M is the energy (or mass) of the unstable state and
Γ the decay width (the lifetime being simply 1/Γ in natural
units), has been widely used in countless applications. Quite
remarkably, the BW distribution has no low-energy threshold
and the corresponding decay law is exactly exponential. It is
correctly normalized,

∫ +∞
−∞ dEdBW

S (E) = 1, allowing for the
standard interpretation of dS(E)dE as the probability that the
unstable state possesses an energy (or mass) between E and
E + dE. It may be regarded as a very good approximation in
most cases, especially in the context of QM when Γ � M.

In general, Γ is itself a function of energy and is interpreted
as the imaginary part of the self-energy of the one-particle
unstable state; the BW function naturally arises as the lim-
iting case in which the coupling of the unstable state to the
final decay products is energy independent.

In the relativistic case, the Breit–Wigner formula (rBW)
for an unstable state S reads [1,14–16] (see later on for
details):

drBW
S (E) = 2E

π

MΓ

(E2 − M2)2 + (MΓ )2 θ(E) , (2)

where, for relativistic particles, the variable E represents
the particle running mass and must be non-negative. The
normalization of the spectral function, necessary for its
probabilistic energy interpretation, is not fulfilled since∫ ∞

0 dEdrBW
S (E) < 1. The loss of normalization, even if

small for narrow states, is due to the fact the limiting process
that works in the QM case does not apply in the relativistic
case. Technically speaking, when the imaginary part of the
self-energy is a constant for E ≥ 0, the real part of it is not
a simple constant that can be subtracted.

In this work we aim to show that a rather simple spectral
function can be obtained as a natural limit of the relativistic
context. First, we introduce the threshold Eth associated with
a certain unstable state (for a two-body decay it is simply
Eth = m1 +m2, where m1 and m2 are the rest masses of the
produced particle). We then introduce a Flatté-like spectral
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function [17,18] that we call “Sill” (Sill stands for threshold
and for the form of the function close to it):

dSill
S (E) = 2E

π

√
E2 − E2

thΓ̃

(E2 − M2)2 + (

√
E2 − E2

thΓ̃ )2
θ(E − Eth) ,

(3)

where the rescaled width Γ̃ is given by Γ̃ = Γ M/

√
M2 − E2

th
(for a nonrelativistic Flatté-like parameterization, see Refs.
[19–21]).

The function dSill
S (E) is always normalized to 1 (

∫ ∞
Eth

dE

dSill
S (E) = 1) for any M and Γ . The form dSill

S (E) is very
similar to the relativistic BW distribution(s) when Γ � M,

but is utterly different when Γ/M is sizable. Moreover,
the constraints of complex analysis are correctly taken into
account (details of its derivation and properties are in the
paper): the function can be seen as the proper limit of a dis-
tribution in which the decay width is a constant (the real part
of the self-energy vanishes). Quite importantly, dSill

S (E) is a
continuous function for any value of E .

We therefore argue that a fit to data using the function in
Eq. (3) may be advantageous. If BW or rBW work well,
then the Sill also does: it simply delivers similar results. Yet,
whenever a threshold is close enough to the mass of the unsta-
ble state, dSill

S (E) fairs better, as we shall show with some
concrete examples.

Indeed, Eq. (3) is closely reminiscent of the Flatté dis-
tribution [17] employed for the resonance a0(980) meson
decaying into two channels, K̄ K and πη, where however
typically only the K K̄ channel is treated as energy depen-
dent, while the πη decay channel is treated as a constant, see
e.g. Ref. [18]. In the context of the resonance a0(980), the
K̄ K channel is very close to the nominal mass, hence the
peculiar shape of the spectral function can be described.

Our claim is that Eq. (3) -as well as multi-channel and /or
convoluted extensions of it- can be also used independently
on the location of threshold(s). In addition, the Sill distribu-
tion can be applied as it stands to the case in which the decay
product consists of particles of different masses without any
loss of normalization of the spectral function1. Summarizing,
it may be regarded as a useful phenomenological approxima-
tion able to capture in first approximation some essential (but
of course not all) features needed to properly describe var-
ious physical resonances. In this respect, it must be seen as
a valid alternative to the rBW function because it contains
threshold effect(s) and is mathematically consistent. Surely,

1 As it shall be clear later on, in the case of decay products with different
masses, the decay width proportional to the three-momentum k (which
is in some cases used in the context of Flatté approach) breaks the
normalization of the spectral function.

it is not an alternative to a detailed study of a given reso-
nance, in which the proper coupling to the decay products
is taken into account. Yet, it can be used for both standard
and non-standard mesons (such as the a0(980) mentioned
above), since it is not dependent on the internal structure of
hadrons

In Fig. 1 we compare the plots of the BW, rBW, and Sill
distributions for the ρ and a1(1260) mesons using the param-
eters of the PDG. This picture serves a first illustration of the
differences of these functions, which are evident for broad
resonances (right plot). In the following, for these two reso-
nances as well as for the narrow K ∗(892) we shall perform
a fit to data. We shall see that the Sill fairs better than BW
and rBW for the ρ and especially for the a1(1260), for which
the threshold effects are important, but there is basically no
difference for the narrow K ∗(892), since then Sill reduces to
rBW in the small-width limit.

The paper is organized as follows: in Sect. 2 we discuss
the non-relativistic case by using the propagator formalism
and derive the standard BW spectral function; in Sect. 3 we
introduce the relativistic propagator, the standard relativistic
approximations as well as the decay of a scalar QFT (note,
Sects. 2 and 3 contain known results which are useful for the
comparison with the Sill distribution); in Sect. 4 we intro-
duce the Sill distribution, compare it to the results of Sect. 3
and extend it to the multi-channel and convoluted cases; in
Sect. 5 we discuss various numerical examples, that include
fit of the BW, rBW, and the Sill to experimental data for
the resonances ρ, a1(1260), and K ∗(982) mesons and the
Δ(1232) baryon. Moreover, we shall study the f2(1270) as
an example of multi-channel decays. We present the a0(980)
and κ as examples of non-conventional states, and present
the limitations of our approach. We discuss the domain of
applicability of the Sill and give a empirical condition when
the use of Sill will be favorable. Finally, in Sect. 6 we present
our conclusions

2 Brief review of the non-relativistic case

In this section we recall the derivation of the non-relativistic
BW function. To this end, we start from the propagator of an
unstable quantum state |S〉 as function of the energy E :

GS(E) = 1

E − M + Π(E) + iε
, (4)

where the self-energy function Π(E) for complex E can be
expressed via the dispersion relation

Π(E) = −
∫ ∞

Eth

1

π

Im Π(E ′)
E − E ′ + iε

dE ′, (5)
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Fig. 1 Illustrative comparison of the four distributions discussed in the paper. Left panel, peak far away from the threshold (ρ(770), M =
0.775 GeV, Γ = 0.1478 GeV, and Eth = 2mπ ); right panel, peak near the threshold (a1(1260), M = 1.230 GeV, Γ = 0.5 GeV, and Eth =
mρ + mπ )

with Eth being the lowest energy threshold for the decay
of the unstable state. (For a well defined theoretical setup in
which the above equations can be defined, we refer to the Lee
(or Friedrichs) model, see Refs. [22–31] and refs. therein).

The function

Γ (E) = 2 Im Π(E) (6)

is the so-called decay width function, whose specific form
depends on the details of the interaction. A possible definition
of the mass of the unstable state S is obtained via

Mr − M + Re Π(Mr ) = 0 , (7)

which shows that quantum fluctuations may shift the bare
mass M . Of course, with a suitable subtraction, one can
impose that Re Π(M) = 0, thus Mr = M. We shall
adopt this choice, thus M can be regarded as the nominal
energy/mass of the state. The on-shell decay width is obtained
by setting Γ = Γ (M). Alternatively, a commonly used defi-
nition is the pole energy/mass z pole obtained by the equation

z pole − M + ΠI I (z pole) = 0 , (8)

where I I refers to the second Riemann sheet. Then:

z pole = Mpole − i
Γpole

2
. (9)

If more poles are present, typically the one(s) closest to the
real axis is (are) the most important, but exceptions are pos-
sible. The position of the pole, being independent of the par-
ticular reaction needed to form the unstable state, is regarded
as a stable feature of a given resonance.

The spectral function is obtained as the imaginary part of
the propagator

dS(E) = − 1

π
Im[GS(E)]

= 1

π

Im Π(E)

(E − M + Re Π(E))2 + (Im Π(E))2 , (10)

or conversely

GS(E) =
∫ ∞

Eth

dS(E ′)
E − E ′ + iε

dE′ (11)

in agreement with the interpretation of dE dS(E) as a
mass/energy probability between E and E + dE [15,16,32].
Namely, the full propagator has been expressed as the ‘sum’
of free propagtors with mass/energy E ′, each one weighted
by dS(E ′).

The function dS(E) is correctly normalized to unity as
long as limE→∞ |Π(E)| /E = 0 (see Refs. [29,33]):

∫ ∞

Eth

dEdS(E) = 1 . (12)

In fact, one may consider the state |S〉 as the eigenstate
of the unperturbed Hamiltonian H0 which fulfills the nor-
malization condition 〈S|S〉 = 1. The full set of eigenstates
of the Hamiltonian H reads {|E〉} with H |E〉 = E |E〉 and
E ≥ Eth . Expressing |S〉 in terms of |E〉 implies

|S〉 =
∫ ∞

Eth

dEaS(E) |E〉 . (13)

The quantity dS(E) = |aS(E)|2 is the ‘spectral function’
which is evaluated in this work as the imaginary part of the
propagator (see also Ref. [30] for a more detailed discussion
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of these relations). It naturally follows that

1 = 〈S|S〉 =
∫ ∞

Eth

dEdS(E) . (14)

The survival probability amplitude as function of time
reads:

aS(t) = i

2π

∫ +∞

−∞
dEGS(E)e−i Et =

∫ +∞

Eth

dEdS(E)e−i Et .

(15)

In general, the decay is not exponential, see Refs. [25–27,34–
37] for a description of this issue. Quite interestingly, also in
presence of deviations from the exponential decay, the pole
contribution implies that

aS(t) = Ze−i z polet + ..., (16)

where the exponential contribution turns out to be dominant
for intermediate times.

The Breit-Wigner limit is obtained in two steps. First, let
us consider Γ (E) = Γ = const and introduce a maximal
energy Λ:

Π(E) = −
∫ +Λ

Eth

dE′

2π

Γ

E − E ′ + iε
= Γ

2π

[
ln(E ′ − E)

]Λ
Eth

= Γ

2π
ln

Λ − E

Eth − E
. (17)

It follows that

Im Π(E) =
{

Γ
2 for E ∈ (Eth,Λ)

0 otherwise
; (18)

Re Π(E) = Γ

2π
ln

∣
∣
∣
∣

Λ − E

Eth − E

∣
∣
∣
∣ . (19)

Next, one considers the limit Eth → −∞ and Λ →
∞ together with the constraint Eth/Λ = −1. Clearly,
Im Π(E) = Γ/2 for each E . On the other hand:

Re Π(E) = Γ

2π
ln |1| = 0 ; (20)

(another choice for the Eth/Λ ratio could be re-absorbed
in the definition of M.) Hence, the Breit-Wigner propagator
reads

GBW
S (E) = 1

E − M + iΓ/2 + iε
, (21)

whose pole is simply given by

zBW
pole = M − iΓ/2 . (22)

The spectral function in this case takes the very well known
Breit–Wigner form

dS(E) = dBW
S (E) = Γ

2π

1

(E − M)2 + Γ 2

4

. (23)

The survival probability amplitude is in this case exactly an
exponential:

aS(t) = aBW
S (t) = e−iMt−Γ t/2. (24)

The normalization

∫ +∞

−∞
dBW
S (E)dE = 1 (25)

is clearly fulfilled.
Yet, the Breit–Wigner distribution can be only considered

as a useful but unphysical limit, the most clear drawback
being the lack of the left energy threshold (the energy is
unbounded from below). Yet, it is very good close to the peak
for sufficiently narrow (alias long-lived) quantum states.

3 Brief review of the relativistic case

In this section we present how the previous formalism can
be generalized to the relativistic case. We shall describe the
series of approximations leading to the relativistic BW dis-
tribution. Moreover, we shall also discuss a scalar QFT as a
notable example.

3.1 Propagator and spectral function

The relativistic case can be easily obtained by replacing the
variable E with the variable s = E2 into Eq. (4), hence the
propagator (as function of s) takes the form (see e.g. [38,39])

GS(s) = 1

s − M2 + Π(s) + iε
. (26)

It is clear from the very beginning that s ≥ 0, hence in a
relativistic framework a left threshold is built in. The self-
energy reads [40]

Π(s) = −
∫ ∞

sth

1

π

Im Π(s′)
s − s′ + iε

ds′, (27)

with sth = E2
th ≥ 0 is the low energy threshold. In this case,

the imaginary part takes the form

Im Π(s) = √
sΓ (s) . (28)
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The mass is obtained by

M2
r − M2 + Re Π(M2

r ) = 0 . (29)

Also in this case, a suitable subtraction can be made to assure
that Re Π(M2) = 0, and hence, Mr = M. The correspond-
ing on-shell decay width is then Γ = Γ (M), see below.

Alternatively, the pole position spole is such that

spole − M2 + ΠI I (spole) = 0 (30)

and leads to the pole mass and decay width defined as:

√
spole = Mpole − i

Γpole

2
. (31)

The spectral function as function of s is obtained as the
imaginary part of the propagator

dS(s) = − 1

π
Im[GS(s)]

= 1

π

Im Π(s)

(s − M2 + Re Π(s))2 + (Im Π(s))2 , (32)

then

GS(s) =
∫ ∞

sth

dS(s′)
s − s′ + iε

ds′ (33)

is the Källen–Lehmann representation in QFT, e.g. Ref. [38].
As function of the energy E one obtains2

dS(E) = 2E

π

Im Π(E2)

(E2 − M2 + Re Π(E2))2 + (Im Π(E2))2 .

(34)

Just as in the non-relativstic QM case

∫ ∞

sth
dS(s)ds = 1 ,

∫ ∞

Eth

dS(E)dE = 1 (35)

as long as lims→∞ |Π(s)| /s = 0.
In general, the function Π(s = E2) depends on the

employed model. The imaginary part Im Π(s = E2) can
be calculated in the framework of a given QFT. In the eas-
iest case, it is evaluated at tree-level, see e.g. Ref. [32] and
Sect. 3.3 for a concrete example. Higher orders can also be
evaluated but are technically more involved, even though in
general the correction with respect to the tree-level result is
small [41].

2 Note, this is a slightly incorrect notation. More correctly, one should
write dS(s)ds = d̃S(E)dE, thus naming the spectral function as func-
tion of E differently. Yet, in order not to overburden the notation, we
replace d̃S(E) → dS(E).

The time evolution of the state in QFT reads [30,34,35]

aS(t) = i

2π

∫ +∞

−∞
GS(s)e

−i
√
st ds =

∫ ∞

sth
dS(s)e

−i
√
st ds .

(36)

Note, the first integral extends from −∞ to +∞, i.e. it
includes also unphysical values of the variable s.

3.2 Standard relativistic approximation

In order to obtain possible expressions for the relativistic BW
distribution, let us consider

Im Π(s) = MΓ θ(s) , (37)

which closely resembles the BW case of Sect. 2 by including
a lowest threshold at zero. Of course, Im Π(s) = MΓ θ(s) is
itself not physical, but—as we shall see—additional approx-
imations are needed to obtain the standard relativistic BW
distribution.

The loop function takes the form (detailed studies of the
structure of the loops have been carried out before on a case
by case basis, see, e.g, [42]):

Π(s) = −
∫ Λ2

0

ds′

π

MΓ

s − s′ + iε
= MΓ

π

[
ln(s′ − s)

]Λ2

0

= MΓ

π
ln

s − Λ2

s
= MΓ

π
ln

−Λ2

s
. (38)

By including a subtraction constant C = −MΓ
π

ln M2

Λ2 and by
taking Λ → ∞ we get:

Π(s) = MΓ

π
ln

−Λ2

s
− C = MΓ

π
ln

−Λ2

s
+ MΓ

π
ln

M2

Λ2

= MΓ

π
ln

−M2

s
, (39)

which assures that Re Π(s = M2) = 0, thus the mass is
still M even after including the one-particle self-energy. The
important point is that the real part of the loop Re Π(s) =
MΓ
π

ln M2

s is not a simple constant.
The propagator reads

GS(s) = 1

s − M2 + MΓ
π

ln M2

s + iMΓ θ(s) + iε
. (40)

Note, the pole has no simple algebraic solution. The corre-
sponding spectral function takes the form
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dS(s) = − 1

π
Im[GS(s)]

= 1

π

MΓ

(s − M2 + MΓ
π

ln M2

s )2 + (MΓ )2
θ(s) , (41)

which is correctly normalized to 1, as it should.
The propagator for the relativistic BW approximation is

obtained by approximating the previous propagator upon set-
ting the real part of the loop artificially to zero, thus finding:

GS(s) = GBW
S (s) = 1

s − M2 + iMΓ + iε
, (42)

whose corresponding pole is

spole = M2 − iMΓ → (43)
√
spole = √

M
√
M − iΓ

=
√

M

2

√

M +
√
M2 + Γ 2

− i

√
M

2

√

−M +
√
M2 + Γ 2 (44)

Indeed, the form of Eq. (42) is directly used in many applica-
tions, e.g. Refs. [43–46] and refs. therein. The rBW spectral
function as function of s reads

drBW
S (s) = 1

π

MΓ

(s − M2)2 + (MΓ )2 θ(s) , (45)

to be understood for s ≥ 0, hence the step function has been
added. The related spectral function, as a function of the
energy E takes the form

dS(E) = drBW
S (E) = 2E

π

MΓ

(E2 − M2)2 + (MΓ )2 θ(E) ,

(46)

that contains an unphysical jump at E = 0. We refer e.g.
Refs. [47–50] for a practical use of this function3 This distri-
bution function is in fact an approximation where, the factor
of EΓ in the numerator has been replaced4 by MΓ .

The normalization to 1 is lost due to the employed approx-
imation: the real part is not a constant and therefore cannot
be completely subtracted. Of course, one may normalize the
distribution of Eq. (46) by “ brute force ” upon considering

drBW-norm
S (E) = 1

1
2 + 1

π
arctan M

Γ

3 In some cases the step function is not explicitly introduced, but is
always implicitly present, since in a relativistic framework E < 0 is
meaningless.
4 For the analysis of the resonances without this approximation, see
Appendix A.

× 2E

π

MΓ

(E2 − M2)2 + (MΓ )2 θ(E) , (47)

but this step is not mathematically consistent. Curiously, as
we shall show in Sect. 5, the rBW fits to the data in a similar
way as the BW. As shown in the numerical examples, the two
plots are not discernible to the naked eye. However, the pole
positions and the decay widths are marginally different.

3.3 A scalar QFT

In this context it is worth reminding the results for the QFT
case in which a scalar particle decays into two (pseudo)
scalars. The corresponding interacting part of the Lagrangian
takes the form [32]

Lint = gSϕ2, (48)

out of which (at one-loop):

Im Π(s) = g2

√
s
4 − m2

4π
√
s

θ(s − 4m2) . (49)

The on-shell decay width is given by

Γ = g2

√
M2

4 − m2

4πM2 . (50)

The loop takes the form

Π(s) = −g2
∫ Λ2

4m2

ds′

π

√
s′
4 −m2

4π
√
s′

s − s′ + iε
(51)

= g2 −√
4m2 − s

4π2
√
s

arctan

(
Λ

√
s√

Λ2 + m2
√

4m2 − s

)

− g2

4π2 log

(
m

Λ + √
Λ2 + m2

)

. (52)

Let us then take the limit Λ → ∞ and introduce a sub-
traction constant in such a way that Re[Π(M2)] = 0. Upon

employing arctan (z) = 1
2i log

(
i−i z
i+i z

)
one has:

Π(s) = g2

√
s
4 − m2

4π2
√
s

× log

(√
s − 4m2 − √

s√
s − 4m2 + √

s

√
M2 − 4m2 + M

M − √
M2 − 4m2

)

.

(53)

Then, the propagator is perfectly defined and the spectral
function is correctly normalized. On the other hand, the real
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part of the loop is a nontrivial function with a cusp at 4m2,

which is nonzero above threshold [32].
The present model has a great advantage with respect to the

BW and rBW cases, since it correctly implements the lowest
energy threshold and it arises from a—albeit simple—QFT
approach. Yet, it would be awkward to use such a function
in fitting experimental data for various reasons:

1) the QFT model of Eq. (48) can be only considered as a
first approximation for physical resonances.

2) Even in the simplest decays of a scalar particles into
two (pseudo)scalar ones there can be additional terms, such
as S∂μϕ∂μϕ [40,51–54]. For instance, this is the case for
the spectral function of the resonances a0(980), a0(1450),

K ∗
0 (700), and K ∗

0 (700).
3) Decaying particles (especially hadrons) involve also

particle with spins. For the use of spectral functions for vari-
ous vector particles, see for instance Ref. [55] for the vector
field ψ(3770), Ref. [56–62] for the X (3872), Ref. [63] for
the state ψ(4040), Ref. [64] for Y (4260), and Ref. [65] for
the ψ(4660).

4) Typically, when derivative and/or higher spin are con-
sidered, the divergence of the loop integral is not just log-
arithmic, hence additional subtractions or cutoff functions
are needed (note, one may also use explicit form factors,
which however corresponds to nonlocal Lagrangians, see e.g.
Ref. [66–70] and refs. therein).

5) Quite interestingly, the form of Eq. (49) has been used
in a variety of applications, see for instance the recent paper
by the ALICE collaboration [71] (but the coprresponding real
part has been neglected).

4 A useful relativistic Flatté-like spectral function: the
Sill

In this section we present a relativistic spectral function that
properly includes the threshold (with no unphysical jump)
and is always correctly normalized for both equal or unequal
masses in the final state. Moreover, it is easily extendable to
the multichannel case and to decay chains.

4.1 Definition and properties

Let us consider a certain decay whose threshold is sth = E2
th .

For a two-body decay, one has Eth = m1 +m2 = √
sth . We

then assume the following simple imaginary part of the loop
function

Im Π(s) = √
s − sthΓ̃ θ(s − st h) , (54)

where Γ̃ is a rescaled width linked to the standard decay

width Γ via the relation Γ M = Γ̃

√
M2 − E2

th, see below.

Notice that in this context the function Γ (s) is actually not a
constant. In fact, from

Im Π(s) = √
sΓ (s) (55)

it follows that (for s ≥ st h)

Γ (s) =
√
s − sth√

s
Γ̃ , (56)

which on-shell reduces to

Γ = Γ (s = M2) = Γ̃

√
M2 − E2

th

M
. (57)

Yet, even if not a constant, the width Γ (s) saturates for large
s to a constant equal to Γ̃ . For M sufficiently larger than Eth,

it follows that Γ � Γ̃ .

The loop takes the form

Π(s) = −
∫ Λ2

sth

ds′

π

√
s − sthΓ̃

s − s′ + iε
(58)

= 2

π
Γ̃

(√
Λ2 − sth

+
√
s − sth

2
ln

√
s − sth − √

Λ2 − sth√
s − sth + √

Λ2 − sth

)

(59)

By taking the limit Λ → ∞ together with one subtraction,
the loop function reduces to

Π(s) = i Γ̃
√
s − sth (60)

which is then only imaginary for s ≥ sth (conversely, it is
only real below threshold).

Note, the function Π(s) for complex values of the variable
s is a multivalued function with two Riemann sheets (RS);
the branch cut is taken for s ≥ sth ≥ 0. The expression above
is therefore on the I RS, while the expression on the II RS
is simply given by ΠI I (s) = −Π(s). For real s < sth the
function Π(s) is real, thus the Schwarz reflection principle is
fulfilled. The spectral representation of Π(s) (obtained with
one subtraction) takes the form:

Π(s) = − s − sth
π

∫ ∞

sth
ds′ 1√

s′ − sth

1

s − s′ + iε
(61)

valid for any s besides the cut (sth,∞).

The propagator takes the form

GS(s) = 1

s − M2 + i Γ̃
√
s − sth + iε

, (62)
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whose relevant pole (on the II RS)is

spole = M2 − Γ̃ 2

2
− i

√

(M2 − sth)Γ̃ 2 + Γ̃ 4

4
. (63)

Note, for Γ̃ 2 sufficiently smaller than M2 − sth, the pole of
s can be approximated as

spole � M2 − i
√

(M2 − sth)Γ̃ = M2 − iMΓ , (64)

just as in the rBW case.
Next, the spectral function reads

dS(s) = − 1

π
Im

1

s − M2 + i Γ̃
√
s − sth + iε

= 1

π

√
s − sthΓ̃

(s − M2)2 + (
√
s − sthΓ̃ )2

θ(s − sth) . (65)

or, as function of the energy E , as:

dS(E) = d Sill
S (E)

= 2E

π

√
E2 − E2

thΓ̃

(E2 − M2)2 +
(√

E2 − E2
thΓ̃

)2 θ(E − Eth) .

(66)

The normalization

∫ +∞

Eth

dEdSill
S (E) = 1 (67)

for any Eth, M , and Γ̃ is a consequence of the proper treat-
ment of the real part of the loop according to the general proof
reported in Refs. [29,33]. Of course, it can be also directly
proven for the specific spectral function dSill

S (E).

Some comments are in order:
1) The Sill distribution correctly reduces to the rBW,

dsill
S (E) → drBW

S (E), upon substituting

√
E2 − E2

thΓ̃ �
√
M2 − E2

thΓ̃ = MΓ (68)

both in the numerator and denominator. This is allowed when
the width is small. It is also interesting to notice that dSill

S (E)

scales for large E as E−2, just as in the BW case (and not as
E−3 as in the rBW of Eq. (2)).

2) A comparison with the QFT case of Sect. 3.2 is useful.
In that case, one had

Im Π(s) = g2

√
E2

4 − m2

4πE
= g2

√
E2 − E2

th

8πE
, (69)

hence the difference is clear: the additional energy depen-
dence in the denominator does not allow for a constant real
part. Yet, the numerator is the same of the Sill distribution in
the case of equal masses. The QFT case of Sect. 3.3 translates
into the Sill form upon the substitution

E → M in the denominator, (70)

a step which is necessary to get a vanishing real part of the
self-energy. Here, it must be stressed that the modification of
the high-energy tail does not constitute a drawback for the
Sill5, since the high-energy region has a small influence on
the behavior of the distribution close to the peak.

On the other hand, the fact that for the Sill Γ (s → ∞) =
Γ̃ (i.e. it is a constant for high energies) implies that in this
respect the Sill closely resembles (r)BW. Also, for the Sill
the real part of the self-energy vanishes, in agreement with
BW (but not with rBW). Colloquially speaking, we might
say that the Sill is “ closer” to the BW than rBW itself, and it
achieves that by properly taking into account the threshold.

3) Next, let us consider the case of the QFT decays in
two distinct particles with different mass. The correspond-
ing scalar QFT Lagrangianes is Lint = gSϕ1ϕ2, then the
imaginary part reads

Im Π(s) = g2 k(E)

8πE
, (71)

with

k(E) = 1

2

√
E4 + (m2

1 − m2
2)

2 − 2(m2
1 + m2

2)E
2

E2 . (72)

Thus, the Sill distribution proposed in Eq. (3) amounts to:

k(E) →
√
E2 − E2

th in the numerator with Eth = m1 + m2;
(73)

E → M in the denominator. (74)

Indeed, the behaviors of the functions k(E) and
√
E2 − E2

th
are quite similar for E > Eth, but the latter is easier to imple-
ment. Moreover, in the case of unequal masses, the choice
of Im Π(s) as proportional to k(E) does not lead to a prop-
erly normalized spectral function (even when substituting
the factor E in the denominator with a constant M). Since
this requirement is central to our approach, the choice imple-
mented in the Sill is both simpler and theoretically favoured.

5 Actually, the imaginary part of the loop should vanish for large ener-
gies, a fact which is not described by either the simple QFT in Sect. 3.2
or the Sill.
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4) Finally, it should be noticed that in some cases also
the generalized form involving the angular momentum l is
introduced as

Im Π(s) = g2 k(E)2l+1

4πE
, (75)

yet for l > 0 the divergence of the loop function is too severe
and the normalization of the spectral function is lost. This
aspect shows that some sort of cutoff function is needed for a
proper treatment of the problem and for a meaningful prob-
abilistic interpretation of the mass/energy distribution. This
is why we do not attempt to include l into the proposed phe-
nomenological description introduced in Eq. (54) and to the
spectral function dSill

S (E) of Eq. (3). As we shall see later
on in concrete examples, the Sill fairs well also when higher
values of the angular momentum l are actually involved.

4.2 Extension to the multi-channel case

In many cases unstable resonances decay in more than a sin-
gle decay channel [1]. We consider as an illustrative example
the case of an unstable state S with two open decay channels
with rescaled partial decay widths Γ̃1 and Γ̃2 (linked to the

partial decay width via Γk = Γ̃k

√
M2 − E2

k,th/M) as well
as the two thresholds s1,th and s2,th ≥ s1,th . The propagator
is:

GS(s) = 1

s − M2 + i Γ̃1
√
s − s1,th + i Γ̃2

√
s − s2,th + iε

,

(76)

Care is needed when deriving the spectral function, since
different regions emerge:

dS(s) = − 1

π
Im[GS(s)]

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1
π

Γ̃1
√
s−s1,th+Γ̃2

√
s−s2,th

(s−M2)
2+(Γ̃1

√
s−s1,th+Γ̃2

√
s−s2,th)

2
for s > s2,th

1
π

Γ̃1
√
s−s1,th

(
s−M2−Γ̃2

√
s−s2,th

)2+(Γ̃1
√
s−s1,th)

2
for s1,th ≤ s ≤ s2,th

0 for s < s1,th

. (77)

Clearly, the normalization still holds from the lowest
threshold:

∫ ∞
s1,th

dS(s)ds = 1.This is a consequence of unitar-
ity, which is a necessary feature of the unstable state S. Thus,
the present generalization of the Sill is a simple, straightfor-
ward extension to the case of multiple decay channels that
is both consistent and sufficient for our purposes. However,
we stress that the present multichannel extension refers only
to the shape of the spectral function of the unstable state in
the framework of the used approximation(s), but not to the
whole multichannel scattering problem that involve scatter-
ing amplitudes, see for instance [62].

The extension to the N channels is straightforward:

GS(s) = 1

s − M2 + i
∑N

k=1 Γ̃k
√
s − sk,th + iε

(78)

with

Γ̃k = Γk
M

√
M2 − E2

k,th

and

s1,th = E2
1,th ≤ s2,th ≤ ... ≤N ,th= E2

N ,th . (79)

The spectral function is

dS(s) = − 1

π
Im[GS(s)] , (80)

which takes the explicit form for e.g. sQ,th ≤ s ≤ sQ+1,th :

dS(s) = 1

π

∑Q
k=1 Γ̃k

√
s − sk,th

(
s − M2 − ∑N

k=Q+1 Γ̃k
√
s − sk,th

)2 +
(∑Q

k=1 Γ̃k
√
s − sk,th

)2 (81)

with Q = 1, ..., N . The normalization is fulfilled also in
this general case. Note, in other intervals of s one should
carefully check which pieces appear in the numerator and
which ones affect the mass.

Within this context it is also useful to introduce the partial
i-th spectral function as
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d(i)
S (s) = 1

π
Γi

√
s − si,thθ(s − si,th)|GS(s)|2 . (82)

The latter reads explicitly (for sQ,th ≤ s ≤ sQ+1,th):

d(i)
S (s) = 1

π

Γ̃i
√
s − si,th

(
s − M2 − ∑N

k=Q+1 Γ̃k
√
s − sk,th

)2 +
(∑Q

k=1 Γ̃k
√
s − sk,th

)2 , (83)

where only the i-th channel is present in the numerator (the
denominator being unchanged). The quantity d(i)

S (s)ds may
be interpreted as the probability that the unstable state has
a squared energy between s and s + ds and decays subse-
quently in the i-th channel. As a consequence the integral

∫ ∞

si,th
d(i)
S (s)ds (84)

can be seen as the branching ratio for the decay in the i-th
channel. Of course, the sum of all branching ratios is one.

In Sec. 5 we shall apply the multichannel Sill to the reso-
nances f2(1270) and a0(980).

4.3 Convolution of the sill

Quite often, decay chains take place. As an example, let us
consider the unstable state S decaying into

S → ϕ1ϕ2 , (85)

where ϕ1 is stable but the field ϕ2 is itself unstable and decays
into

ϕ2 → ϕ3ϕ4 . (86)

The spectral function of the state ϕ2 reads (using the Sill for
consistency, for other approaches see Refs. [72–74])

dϕ2(s) = − 1

π
Im

1

s − m2
2 + i Γ̃2

√
s − (m3 + m4)2 + iε

,

(87)

then the convoluted spectral function of the state S takes this
aspect into account. Next, we consider

d̃S(s, s
′) = − 1

π
Im

1

s − M2 + i Γ̃
√
s − (m1 + √

s′)2 + iε
,

(88)

in which the mass of the field ϕ2 is taken as the running
quantity

√
s′. Then the convoluted Sill reads

dconv-sill
S (s) =

∫ ∞

(m3+m4)2
ds′dϕ2(s

′)d̃S(s, s′) . (89)

Intuitively, we are taking the average of all possible masses of
the unstable field ϕ2 weighted by dϕ2(s

′). Note, for Γ̃2 → 0
one has dϕ2(s) = δ(s−m2

2), thus one reobtains the expected
spectral function. The normalization of the convoluted Sill is
also straightforward:

∫ ∞

(m1+m2+m3)2
dsdconv-sill

S (s)

=
∫ ∞

(m1+m2+m3)2
ds

∫ ∞

(m3+m4)2
ds′dϕ2(s

′)d̃S(s, s′) (90)

=
∫ ∞

(m3+m4)2
ds′dϕ2(s

′)
∫ ∞

(m1+m2+m3)2
dsd̃S(s, s

′) (91)

=
∫ ∞

(m3+m4)2
ds′dϕ2(s

′) = 1 , (92)

where we used that

∫ ∞

(m1+m2+m3)2
dsd̃S(s, s

′) =
∫ ∞

(m1+
√
s′)2

dsd̃S(s, s
′) = 1 .

(93)

Of course, one can also generalize the study of decay
chains to the case of multiple decays. For specific exam-
ples, see the discussion about the resonances a1(1260) and
f2(1270) in Sect. 5.

In general, the convoluted Sill distribution is more
involved and requires more efforts to be used in a fit than
the plain Sill and it can be usually omitted in first approx-
imation. Nevertheless, in presence of precise data it can be
an additional tool in some selected cases since it represents
a straightforward, self-contained, and normalized extension
of the Sill distribution.

5 Numerical examples

The spectral functions studied in the previous sections (BW,
rBW, and Sill) enter the relation

Fth = g dS(E) + b , (94)
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Table 1 Parameters used to calculate the spectral function as given in Eq. (94) of the text

Distribution gρ (MeV) bρ ga1 (MeV) ba1 gK ∗ (MeV) bK ∗ gΔ (MeV)

Nonrelativistic BW 622.9 0.012 473.7 0.233 39.1 × 106 107742.2 139.2

Relativistic BW 622.3 0.019 479.5 0.234 73.5 × 106 109122.0 139.3

Sill 597.8 0.038 757.9 0.037 39.0 × 106 108217.0 147.7

Fig. 2 The spectral function
for the ρ(770). Experimental
data corresponds to the vector
channel of the τ → ππντ decay
reported in [77]

whereFth represents the theoretical quantity that can be com-
pared to data, g is a scaling factor (typically a coupling con-
stant, but that depends on the considered experiment), and
b is the background. Since g is often an important physical
quantity, it is evident that the correct normalization of the
spectral function dS(E) is relevant.

The values of these coefficients used in the present work
are listed in Table 1. Indeed, for the ρ and the a1 cases,
the coupling constants can be seen as physical couplings,
as explained in Ref. [77]. On the other hand, for the K ∗, the
experimental value refer to row counts. The parameters listed
in the subsequent tables were estimated by minimizing the
χ2 defined as

χ2 =
∑ (Fth − Fexpt

ΔFexpt

)2

. (95)

for the respective distributions. The errors in the parameters
were calculated using the Hesse matrix method as explained
in Appendix B.

We stress that the examples that we shall present are illus-
trative and aim to show the utility of the Sill distribution as
a useful function to fit data in first approximation. Yet, for
each of the presented resonances, more detailed and advanced
studies have been performed (e.g, see [75,76] for a review of
various methods as well as the PDG review on Resonances

[1]). The Sill is not a substitute of such advanced studies,
but a simple useful tool to study resonances by taking into
account threshold effects.

5.1 The ρ meson

The three functions F for the ρ(770), fitted using the three
distribution functions (BW, rBW, Sill), along with the exper-
imental data [77] are given in Fig. 2. The mass and the width
used to fit the data, their error estimates, and the pole position
are listed in Table 2. We see that the BW and rBW distribu-
tions fit the data poorly (as indicated by the higher value of
the reduced χ2), compared to the Sill. There is also a marked
difference between the mass and the width of the ρ(770)

estimated by the Sill distribution compared to the other dis-
tributions. The difference between the three distributions is
not so large close to the peak because the 2π threshold is
far away. Yet, as expected, the Sill fits the left tail clearly
better. This behavior plays an important role in the case of
resonances with the poles closer to the threshold (e.g. the
a1(1260) discussed next).

We notice that the Sill can describe the ρ spectral function
relatively well even though the correct angular momentum is
not properly taken into account. Namely, for the ρ, one has
actually the scaling k(E)3. As the detailed study of Ref. [78]
shows, a proper implementation of the angular momentum is
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Table 2 Mass and widths of
ρ(770) fitted using the three
distributions discussed in the
text, their error estimates, and
the poles

Distribution M (MeV) Γ (MeV) χ2/d.o.f
√
spole(MeV)

Nonrelativistic BW 761.64 ± 0.32 144.6 ± 1.3 10.16 761.6 − i 72.3

Relativistic BW 758.1 ± 0.33 145.2 ± 1.3 9.42 761.5 − i 72.3

Sill 755.82 ± 0.33 137.3 ± 1.1 3.52 751.7 − i 68.6

Table 3 Mass and width of
a1(1260) fitted using the three
distributions discussed in the
text, their error estimates, and
the poles (as described in the
text)

Distribution M (MeV) Γ (MeV) χ2/d.o.f
√
spole(MeV)

Nonrelativistic BW 1165.6 ± 1.2 415 ± 15 4.31 1166 − i 208

Relativistic BW 1146.5 ± 1.6 424 ± 16 4.25 1165 − i 209

Sill 1181.3 ± 3.4 539 ± 27 3.52 1046 − i 250

Fig. 3 The spectral function
for the a1(1260). Experimental
data corresponds to the spectral
function of the τ → πππντ

decay reported in [77]. It is
visible that the Sill fares better
than the (r)BW distribution

important for an accurate description of data. Yet, the effects
of the threshold are -in the first approximation- more relevant
than the angular momentum ones.

The study in Ref. [78] shows another important point. In
that work, the real part of the loop was evaluated by includ-
ing two subtractions to guarantee convergence of the one-
loop function. The treatment is more involved and definitely
preferable whenever accurate data are available. On the other
hand, the Sill distribution discussed here is much simpler
since the real part can be (consistently) set to zero.

In conclusions, the Sill does not represent a substitute to
a detailed study of a given resonance, but represents a sim-
ple function to start with, especially if some thresholds are
close. It seems therefore that the role of the left energy thresh-
old is enough for a fair description of data. These are good
news, since the neglect (in first approximation) of the angu-
lar momentum renders the treatment of line shapes easier
and systematically possible within the Sill function presented
here.

5.2 The a1(1260) meson

As discussed before, the non-relativistic BW distribution is
ill-equipped to handle resonances lying close to the threshold.
On the other hand, even though the relativistic BW distribu-
tion can be modified to include a threshold, the latter has to
be artificially imposed. This limitation of the BW distribu-
tions appear stark in case of resonances like the a1(1260) as
well as for the later discussed a0(980).

The plots of the fits of the three distributions (BW, rBW,
and Sill) discussed in the text for the ALEPH data for the
a1(1260) are shown in Fig. 3 along with the experimental data
[77]. The fitted mass and the width of thea1(1260), their error
estimates, and the pole position are listed in Table 3. The table
shows that both the BW distributions— relativistic and non-
relativistic, over-estimate the position of the peak compared
to the experimental data. As indicated by the reduced χ2,
the Sill distribution estimates the peak and the width of the
spectral function better than the BW distributions.
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Fig. 4 Comparison of the
convoluted Sill and the plain Sill
with the experimental data. It
must be stressed that the
convoluted Sill is not fitted to
data (see text for details) and
hence, the plain Sill fairs better
in the high energy region. Yet,
the convoluted Sill shows that
events below the ρπ threshold
are possible

The spectral function of a1(1260) poses a special problem
as the peak is close to the ρπ threshold. In the region close to
the threshold, the BW and the rBW distributions overestimate
the spectral function. As in the case of the ρ, the Sill can
describe data fairly well even if it neglects the proper angular
momentum. This fact confirms that the the inclusion of this
effect, while surely relevant for a detailed description that
goes beyond the simple Sill, is subleading w.r.t the threshold
effect.

The Sill distribution cannot reproduce the data close to
threshold, because of the imposed threshold mρ + mπ . This
drawback can be overcome by convoluting the spectral func-
tion of the a1(1260) with the spectral function of the ρ(770),
see Sec. 4.3 for details. The plot comparing the convoluted
Sill and the plain Sill with the experimental data are shown
in Fig. 4. It is visible that the convoluted Sill can qualita-
tively reproduce the behavior of the spectral function near the
threshold while still roughly fitting the data elsewhere. Note,
however, that in this case the convoluted Sill has not been fit-
ted to the experimental data and instead the parameters have
been adjusted to fit the data points. The new values of the
relevant parameters are: ga1 = 1.48 MeV, Γa1 = 625 MeV,
Γρ = 130 MeV. The rest of the parameters take the values
given in Tables 1, 2 and 3. In the future, it would be advisable
to fit directly the convoluted Sill to data, as this would allow
to describe the data points close to the mρ + mπ as well as
close to the peak. Here, we did not include a possible direct
3-pion decay of the a1 meson.

5.3 The K ∗(892)

The plot involving the spectral functions BW, rBW and Sill
for the meson K ∗(892), fitted using the experimental data

[79] (similar experimental data can be found in [80,81])
is given in Fig. 5. The mass and the width used to fit the
data, their error estimates, and the pole position are listed in
Table 4. All three distributions fit the data with acceptable
(and similar) accuracy. As mentioned earlier, the difference
between Sill and BW and rBW distributions is negligible
when Γ � M . This feature is evident in the case of K ∗(892),
in which the Kπ threshold is sufficiently far away from the
peak to have a sizable impact on it.

5.4 Baryonic resonances: the Δ(1232)

We now provide the example of the Δ(1232) resonance to
demonstrate the applicability of the Sill distribution to the
baryonic resonances. The Δ(1232) is the lightest baryonic
resonances with isospin 3/2. It has been studied extensively
in the photoproduction (Nγ ) and π -p scattering experi-
ments. Its dominant mode of decay is into a nucleon and a
pion. The PDG lists the mass and width of these resonance as
1232 MeV and 117 MeV respectively, and the Breit-Wigner
pole at

√
s = (1210 − i50) MeV.

The BW, rBW, and Sill distributions were fitted to the
spectral function of the Δ(1232) extracted from the πp scat-
tering cross section [82]. The plots of the distributions are
shown in Fig. 6, and the values of the parameters are listed in
Table 5. The experimental data plotted in Fig. 6 corresponds
to sin2(δ(E)), where δ(E) is the πp scattering phase shift
and this quantity is proportional to the spectral function. The
error involved in this calculation has not been reported, hence
we have taken the lowest value to be the estimate of the error.
In addition, some remarks of caution are in order: the πp scat-
tering process in this energy region and angular momentum -
isospin channel (P33) gets a significant background from the
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Table 4 Mass and width of
K ∗(892) fitted using the three
distributions discussed in the
text, their error estimates, and
the poles (as described in the
text)

Distribution M (MeV) Γ (MeV) χ2/d.o.f
√
spole(MeV)

Nonrelativistic BW 889.37 ± 0.43 50.1 ± 1.6 1.78 889.4 − i 25.0

Relativistic BW 889.01 ± 0.43 50.1 ± 1.6 1.78 890.1 − i 24.9

Sill 889.06 ± 0.43 49.9 ± 1.6 2.08 888.0 − i 25.0

Fig. 5 The spectral function for
the K ∗(892). Experimental data
(counts) from [80]. All three
functions fair similarly well

Δ(1600) which has a mass of around 1510 MeV, and width
270 MeV for which Nπ is a possible decay channel. The
presence of this background can cause the spectral function
to become asymmetric. We have not modelled this non-trivial
background. Further, there exist non-resonant background
effects which we have not taken into account (see Refs. [83–
85] for some details).

The mass of the Δ(1232) is close to the πp threshold.
However, since the width of the Δ(1232) resonance is small,
the threshold does not overlap significantly with the reso-
nance, contrary to the case of the a1(1260). Thus, the effects
of the threshold are less pronounced on the Δ(1232) reso-
nance compared to the a1(1260). Yet, tt can be seen from the
Table 5 that the Sill fits better than the BW and the rBW to
the data. The mass, width and the position of the pole esti-
mated by the BW, rBW, and the Sill distributions are nearly
the same. However, the Sill estimation is more accurate than
the (r)BW estimate as shown by the χ2/d.o.f. Also, an inspec-
tion of the plots given in Fig. 6 shows that although the three
distributions fare identically around the peak, the Sill fits the
data better closer to the threshold.

5.5 The multi-channel sill distribution: the f2(1270)

The multi-channel Sill distribution was discussed in Sect. 4.2.
Here, we demonstrate the usefulness of the Sill distribution
taking the case of f2(1270) as an example.

The well-known resonance f2(1270) decays mostly into
ππ , K̄ K , and 4π states. Here, we aim to study it using the Sill
in order to show how to deal with multichannel decay as well
as with the convolution leading to the four-pion decay mode.
This resonance is often understood as a standard quark-
antiquark state belonging to a nonet of ground-state tensor
mesons (yet other interpretations are possible, see Ref. [86]).

The ππ channel is the dominant channel and accounts
for nearly 84.2% of the decays [1]. We assume that the 4π

decay proceeds through intermediate ρρ i.e, f2(1270) →
ρρ → 4π . This is a suppressed process because the sum of
the masses of the intermediate ρ mesons is larger than the
mass of the f2(1270).

Out of the two observed 4π decays, the 2π+2π−, which
within our framework arises from the ρ0ρ0 decay, is a factor
two smaller than the π+π−2π0 decay, which comes from
2ρ+ρ− (this is a consequence of isospin counting). We do
not distinguish between the two channels, but we note that
the experimental result is consistent with our assumptions.
The fraction of the 4π decay is the sum of the fractions of
the two possible 4π decay channels and is ∼ 10.5%. With
this simplification, the 4π channel becomes the second most
favored channel for the decay of f2(1270).

The last channel we have considered is the K̄ K chan-
nel. This channel is also suppressed because of the high K̄ K
threshold of ∼ 980MeV. The plot of the (convoluted) Sill
distribution and the different channels is shown in Fig. 7.
The list of the employed parameters is given in Table 6. The
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Fig. 6 The spectral function
for the Δ(1232). Experimental
data from [82]. It is visible that
the Sill fairs marginally better
than the (r)BW distributions

Table 5 Mass and width of
Δ(1232) fitted using the three
distributions discussed in the
text, their error estimates, and
the poles (as described in the
text)

Distribution M (MeV) Γ (MeV) χ2/d.o.f
√
spole(MeV)

Nonrelativistic BW 1234.6 ± 1.3 83.6 ± 4.1 2.92 1234.7 − i 41.8

Relativistic BW 1233.9 ± 1.2 83.7 ± 4.2 2.92 1234.7 − i 41.8

Sill 1236.2 ± 1.5 90.4 ± 4.9 1.53 1235.4 − i 45.2

values of Γ̃i are calculated using Eq. (57) with the partial
decay widths calculated from the branching ratios. For the
4π channel, the 2ρ threshold is higher than the mass of the
f2(1270). Hence, Eq. (57) cannot be used. Instead, we use a
value such that the branching ratio after convolution matches
the value given in PDG [1]. The convoluted 4π channel (inset,
Fig. 7) stands out because of the difference in the position
of the maximum. The peak of the ρρ mediated 4π channel
appears at ∼ 1.62 GeV, in contrast with the mass of f2 which
is ∼ 1.275 GeV. However, the effect of this channel is less
pronounced as its contribution is small. Further, the convo-
lution pushes the peak of the f2 to a slightly higher value of
1.283 GeV. The pole and the branching ratios extracted from
the convoluted sill are listed in Table 7. The values branching
ratios listed here are in good agreement with the PDG.

In conclusion, the multi-channel treatment of the f2(1270)

via the Sill offers an interesting, albeit simple, description
which is valid in first approximation. Of course, a more
detailed and correct treatment needs to make use of the cor-
rect QFT involving tensor mesons.

5.6 Further examples and limitations

In this subsection, we present some additional examples
which show the limitations of the Sill.

Table 6 Parameters of the Sill for f2(1270): the mass of f2(1270) and
the (rescaled) partial widths of the three channels used in plotting Fig. 7

Mass, M (MeV) Γ̃ππ (MeV) Γ̃K̄ K (MeV) Γ̃4π (MeV)

1275.5 161.1 135.7 21.8

5.6.1 The a0(980)

The resonance a0(980) is peculiar, since it was used to intro-
duce for the first time the well-known Flatté distribution,
which is generalized by the Sill in this work. Moreover, the
kaon-kaon mode of this resonance opens just at the mass of
this resonance, thus making it an interesting case for a mul-
tichannel study. On the other hand, care is needed, since the
resonance a0(980) has been studied in a variety of works as a
exotic meson candidate (e.g. in the form of a molecular state
or a companion pole) (e.g, [75,87–90], for a review on the
status of exotic hadrons, see [91]).

We thus proceed as follows. First, we discuss the a0(980)

as a single normalized state, ignoring its nontrivial nature,
and later on we include modification/extension due to its
non-conventional origin.

The a0(980) decays predominantly into the ηπ and the
K̄ K channels. As discussed in Ref. [92], the ηπ channel is
the dominant decay channel for a0(980). The K̄ K channel is
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Fig. 7 The convoluted Sill
distribution of the f2(1270). The
four channels considered are the
ππ channel, the K̄ K channel,
and the two 4π channels. The
convoluted 4π channel, whose
peak is shifted to higher
energies, is shown in the inset

Table 7 The pole and the branching ratios of the three decay channels
of f2(1270) extracted from the Sill distribution
√
spole (MeV) BR(ππ) BR(K̄ K ) BR(4π)

1271.2 − i 92.7 84.8% 4.65% 10.6%

Table 8 Parameters of the Sill for a0(980): the mass and the rescaled
partial widths of the ηπ and K̄ K channels used in plotting Fig. 8

Mass, M (MeV) Γ̃ηπ (MeV) Γ̃K̄ K (MeV)

980.0 91.2 44.0

special here, as the mass of the resonance lies very close to
the K̄ K threshold. The branching ratios of the decay B0 →
ψa0(980) → K̄ K is very much sensitive to the mass of the
a0(980) [93].

The multi-channel Sill is capable of explaining some of
the peculiar features of the shape of its spectral function.
As numerical inputs, we use the branching ratios and the
width at half-maximum given in the PDG [1] to estimate the
parameters listed in Table 8 employed for plotting Fig. 8.
While this study should be only regarded only as heuristic, it
represents a useful demonstration of a channel opening right
at the threshold. In fact, this threshold effect is visible in the
spectral function as well as in both the decay channels at√
s = 2mK . For the parameters given in Tabe 8, the pole

occurs at
√
spole = 973 − i36 MeV.

Yet, as mentioned above, thea0(980) is nowadays regarded
as a non-conventional dynamically generated mesonic state.
In this context, the state associated with a0(980) does not
need to be normalized to unity (as naively done in Fig. 8), as
approaches in which this state is interpreted a kaon-antikaon
bound state show [89]. Moreover, a similar conclusion is
obtained in Refs. [40,95,96], in which a0(980) is described

as a companion pole of the predominantly quark-antiquark
state a0(1450). In both pictures, the normalization of a0(980)

amounts to a number Z < 1.
In this respect, the question is how to modify the Sill in

order to take into account the more complicated nature of
both resonances a0(980) and a0(1450). We thus write down
a normalized two-Sill as a simple model for two-state system
in which one is a companion pole of the other as:

da0
S (E) = Z dlowS (E) + (1 − Z)dhighS (E) , (96)

where the superscripts low and high refer to the a0(980) and
the a0(1450) respectively and where Z (with 0 ≤ Z ≤ 1) is
a weight factor. Thus, the two-Sill is a simple parametriza-
tion aimed to capture some of the features of rather complex
phenomenon that involve hadronic loops. More specifically,
in the large-Nc limit one expects a unique quark-antiquark
state |q̄q〉, whose mass is about 1.3 GeV and corresponds
(roughly) with a0(1450). Then, the interaction of the origi-
nal seed state with other mesons induces a mixing that adds
new components to the Fock space that are proportional to∣
∣K̄ K

〉
and |πη〉. Thus, the original state is a mixture of both

quark-antiquark and meson-meson component. This mecha-
nism is quite general and takes place also for standard reso-
nances, such as the already mentioned ρ-meson. In the spe-
cific case of the a0-system, the mixing can be strong enough
to generate an additional pole that is identified to a0(980)

(the κ − K ∗
0 (1430) system is also similar, as discussed in the

next subsection), which, as a consequence, can be seen as
predominantly a meson-meson state.

In Fig. 9, we plot the two-Sill distribution for the poles
given by Tornqvist and Roos (TR) [94], Boglione and Pen-
nington (BP) [40], and Wolkanowski et al (WGR) [95], in
which the corresponding loop calculations were performed.
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Fig. 8 The Sill distribution of
the a0(980) and the ηπ and K̄ K
channels. The non-BW form due
to the KK threshold is evident

Fig. 9 The Sill distribution of
the a0(980) and the a0(1450).
For the details on the legend, see
text

The values of these poles for a0(980) are:

√
spole = 1094 − i145 MeV (TR)√
spole = 970 − i45 MeV (WGR)

and for the a0(1450):

√
spole = 1592 − i284 MeV (TR)√
spole = 1456 − i134 MeV (WGR)

Note, BP provide the pole mass and pole width as Mpole =
1082 MeV and Γpole = 309 MeV. For the a0(1450), we have
used the BW mass and width given in the PDG [1].

The constant Z is taken to be 0.6, 0.5, and 0.7 for the
TR, WGR, and the BP curves respectively, in such a way to

mimic those corresponding calculations (see the plots for all
3 cases in Ref. [95]).

The two-Sill distributions in Fig. 9 are actually pretty sim-
ilar to those of TR, BP, and WGR, showing that a qualita-
tive agreement is offered by our simple approach. Clearly, it
must be stressed again that the two-Sill does not represent a
substitute of a full loop calculation, but it shows that the pre-
sented modification of the Sill offers a potentially useful way
to study, in the first approximation, some non-conventional
resonances.

As a final remark, we underline that the companion pole
scenario presented above is only one framework among the
possibilities to understand the dynamically generated states.
Other relevant approaches exist, for instance the already
mentioned molecular picture for the a0(980) of Ref. [89],
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which is based on the compositeness condition [97,98]. Quite
interestingly, in Ref. [89] the integral over the spectral
function between 2mK − 0.05 GeV and 2mK + 0.05 GeV
ranges between 0.2 and 0.5. For comparison, a standard BW
spectral function with a width of 50 MeV would deliver
(2/π) arctan(2) ∼ 0.7. The fact that obtained value (0.2–0.5)
is smaller than 0.7 was interpreted as a sign of an important
molecular component in this state (an even smaller value is
found for the f0(980)). A similar integral for the three curves
of Fig. 9 delivers the values 0.05 (TR), 0.1 (BP), and 0.25
(WGR), the last of which is consistent with [89]. Surely, this
result is built-in by the form of Eq. (96), which is inspired
by previous works on the subject. Nevertheless, as a gen-
eral remark, the lack of normalization of a certain resonance
around its peak can be seen as a hint of its non-standard
nature.

5.6.2 The κ and K ∗
0 (1430)

The next question is if the description mentioned above
for the a0(980) can be applied also to the resonance κ , which
does not even show a peak in the cross-section data.

Indeed, also here the normalization of κ is not a require-
ment, since this state is also (predominantly) not quark–
antiquark mesons, see e.g. Refs. [53,99].

As an exercise, we try to apply the two-Sill to this case as
well. We thus consider κ as the companion pole of K ∗

0 (1430)

and write down:

d
K ∗

0
S (E) = Z dlows (E) + (1 − Z)dhighs (E) , (97)

where in this case low refers to κ and high to K ∗
0 (1430).

The pole of the κ is listed by the PDG as
√
spole = (630−

730)− i(260 − 340) MeV. We adjust the mass and the width
of the dlows (E) to get the pole at

√
spole ≈ 700 − i295 MeV.

The PDG does not list a value for the pole of K ∗
0 (1430).

We thus adjusted the mass and width of the K ∗
0 (1430) to

obtain the peak seen in the data, which leads to a pole at√
spole = 1345 − i88 MeV. The weight factor Z takes the

value 0.5.
The masses and widths so obtained were used to calculate

the effective distribution similar to in Eq. 96 and the resultant
curve is plotted in Fig. 10, along with the data from the πK
scattering experiment [100]. The plotted experimental values
correspond to sin2(δπK (E)), where δπK (E) is the πK scat-
tering phase shift. Also plotted in the Fig. 10 is the spectral
function of the κ .

It is visible that the two-Sill is peaked at about 1.3 GeV
and the light κ represents only an enhancement, as more
advanced model show. Yet, it is not possible to get a qualita-
tive agreement if we impose that the pole of the light κ agrees
with the PDG range. (A better agreement could be obtained

at the price of a pole at higher values, but this is in conflict
with many works on the subject).

We thus encounter a clear quantitative limitation of the
double-Sill for this specific case. This is somewhat expected:
the light κ is a pole that is caused by pion-kaon loop effects,
and the (double-)Sill is not capable of reproducing the details
of this system.

For what concerns the f0(500), the Sill that corresponds
to the pole quoted by the PDG has a similar form as that of
the light κ reported in Fig. 10, but is even more elongated.
This is in agreement with the non-conventional nature of this
state. A more detailed study of this sector would necessitate
even more than two resonances, but the situation is at least as
complex as the light κ: one does not expect to get a correct
description of data for such a non-perturbative system using
the Sill.

5.7 Applicability of the sill

In this subsection, we discuss under which conditions one
may expect the proposed Sill distribution to be -in first
approximation- useful.

An important feature of the Sill distribution is its (simple
but consistent) treatment of the thresholds. As the various
examples in Sec. 5 have shown, the Sill works better than
(r)BW when dealing with the states/resonances lying close
to the threshold. In particular, denoting by Δm as the distance
to a certain threshold, we expect some advantage of using the
Sill when Γ ∼ Δm. This condition is indeed fulfilled for the
a1-meson with Γ ∼ 300 MeV and Δm ∼ 300 MeV and for
the Δ-baryon with Γ = 117 MeV and Δm = 157 MeV. Even
in the case of the ρ-meson, for which Γ ∼ 150 MeV is three
times smaller than Δm ∼ 500 MeV (thus Γ/Δm ∼ 1/3) the
fit with the Sill is favored. On the other hand, for K ∗(892)

(for which Γ ∼ 50 MeV and Δm ∼ 250 MeV, resulting in
a value Γ/Δm ∼ 1/5) the Sill and the (r)BW deliver very
similar results, thus in this case the use of the Sill does not
provide additional advantages. Out of these considerations,
it seems that a ratio Γ/Δm � 1/3 is required for the Sill to
be advantageous. For values smaller than this ratio we do not
expect the Sill to be better than (r)BW.

Interestingly, states that have masses lying close to sig-
nificant thresholds appear quite often. Some of such states
have been listed in Tables 9 and 10 along with their masses,
decay widths, prominent decay channels whose threshold is
close to the mass of the parent, the distance to the thresh-
old, branching ratios (when known), and the 3-momentum
carried by the decay products.

In the meson sector, notable examples are the four heavy
mesons ψ(3770), ψ(4040), χc1(4140), and Υ (4S). For
instance, the ψ(3770) and the Υ (4S) are very close to the
DD̄ and the B B̄ threshold respectively [1]. As one can see
from the Table 9, the difference between the masses of the
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Fig. 10 The Sill distribution of
the κ and the K ∗

0 (1430).
Experimental data from [100]

Table 9 Illustrative list of some
mesonic resonances near the
respective thresholds. Δm is the
difference between the masses
of the initial and final states

Meson Mass (MeV) Width (MeV) Channel Δm (MeV) BR (%) k (MeV)

π1(1600) 1661 240 b1π 296 seen 357

ψ(3770) 3774 27 DD̄ 34 93+8
−9 287

ψ(4040) 4039 80 D∗ D̄∗ 25 seen 226

χc1(4140) 4147 22+8
−7 J/ψφ 30 seen 217

Υ (4S) 10580 20.5 B̄ B 22 > 96 326

Table 10 Illustrative list of
some baryonic resonances near
the respective thresholds. Δm is
the difference between the
masses of the initial and final
states. The masses mentioned in
the table are the Breit–Wigner
masses

Baryon Mass (MeV) Width (MeV) Channel Δm (MeV) BR (%) k (MeV)

N (1535) 1515 − 1545 125 − 175 Nπ 440 − 470 32 − 52 464

1515 − 1545 125 − 175 Nη 27 − 57 30 − 55 176

Δ(1600) 1500 − 1640 200 − 300 Δπ 133 − 273 73 − 83 276

Λ(1600) 1570 − 1630 150 − 250 N K̄ 136 − 196 15 − 30 343

1570 − 1630 150 − 250 Σπ 246 − 306 10 − 60 338

N (1720) 1680 − 1750 150 − 400 Nω (−42) − 28 12 − 40 −1

parent and the decay products is less than or very close to the
decay widths of the parent states. In this Table, we include
also the hybrid candidate π1(1600) (note, as an hybrid, this
state is not dynamically generated, but a confined state that
survives in the large-Nc limit). For this resonance, the lat-
tice calculations show that the b1π channel is the dominant
channel [101].

Also among baryons there are resonances which have one
of the dominant modes of decay as sub-threshold. One such
example is the N (1720). The N (1720) is a 3/2+ baryon
with the two dominant decay channels: Nππ and Nω. Of
these, the Nω decay channel is sub-threshold with the mass
difference between−42 MeV and 28 MeV. Other resonances,
like the Δ(1600), the Λ(1600), and the N (1535) lie very
close to the thresholds of their dominant decay channels, as
displayed in Table 10.

The closeness of these states to their respective thresholds
is expected to alter their line shapes, making the Sill as a
valid alternative to the conventional relativistic Breit–Wigner
distribution functions. Of course, the Sill is a quite general
parametrization with some specific interesting features, that
however does not represent a substitute to more complete
studies that take into account the properties related to the
specific quantum numbers as well a more advanced inclusion
of loop effects of a given state.

The resonances listed in the Tables can be interpreted
as conventional quark-antiquark mesons or three-quark
baryons (with the exception of the already mentioned hybrid
π1(1600) resonance). In case of dynamically generated
states, care is needed, as we discuss in detail in Sec. 5.6. One
may still use the Sill -e.g. in the framework of the companion
pole scenario- but the results can be at best qualitative.
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Summarizing, the Tables 9 and 10 should be seen as illus-
trative examples (beyond Sect. 5) that show that threshold
effects are pretty common. Yet, for those states, that are anal-
ogous to the resonances discussed in Sec. 5, we may expect
the Sill to be useful. In the future, whenever a certain reso-
nance sufficiently close to a threshold is found, together with
the usual (r)BW, we think that a fitting via the Sill could be
advisable.

As a final remark, we mention also that the Sill can be
employed as toy model. The fact that the normalization of the
spectral function is fulfilled also for broad states close to the
thresholds, make it an interesting tool for testing its properties
that appear in certain hadronic models, for instance, when
calculating decays by taking into account finite width effects
or as an intermediate state in three-body decay.

6 Conclusions

In this work, after a brief recall of the non-relativistic and
relativistic Breit–Wigner functions and their justifications
as certain limiting cases, we have presented a relativistic
and properly normalized distribution -called Sill distribution-
which models the presence of energy threshold(s). It can be
in principle applied to any unstable state, but the realm of
hadrons seems the best place to use such a spectral function,
since hadrons are often quite broad and various thresholds are
present. Indeed, the form of the Sill is inspired by the way the
kaon-kaon decay mode was included in the so-called Flatté
distribution for the resonance a0(980). The form of the self-
energy is applied to any decay channel (even if the masses of
the decay products are different), regardless of the particular
angular momenta involved in the decay.

The determination of the pole is also straightforward
within the Sill distribution. Moreover, the extension to a the
multichannel case and to a convolution suitable for decay
chains have been also developed.

A direct comparison with a scalar QFT shows under which
conditions the Sill function emerges. Moreover, a direct
application of the Sill to the well-known resonances ρ and
a1(1260) shows that, despite its simplicity, it works pretty
well. This is especially evident for the latter case, due to the
fact that a1(1260) is quite broad. A similar, even if less pro-
nounced, improvement has been achieved for the baryonic
state Δ(1232), showing that the Sill can be also applied to
baryonic resonances. On the other hand, for the relatively
narrow resonance such as K ∗(892), the Sill distribution fairs
as well as the standard BW and rBW functions. We have
also shown a direct implementation of the multichannel and
convoluted sill for the well established resonances f2(1270).

Next, we have also discussed the example of noncon-
ventional mesons, such as the resonance a0(980). A pos-
sible simple description is to extend the Sill to describe the

a0(980)-a0(1450) system. Yet, in doing so we have encoun-
tered also limitations of the Sill, that -as expected- become
evident also in the case of the very broad and unconventional
light κ meson.

In conclusion, we have presented a simple and general dis-
tribution that can be applied for various resonances, including
broad ones affected by threshold effect(s). Since the expected
effort of using such a distribution in fits to data w.r.t. the
standard relativistic Breit-Wigner seems comparable and in
consideration of the relative simplicity and theoretical foun-
dation of behind it, which includes the normalization neces-
sary for a probability distribution, we regard the Sill as an
additional useful tool to describe some resonances.
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A Alternative relativistic Breit–Wigner distribution

In this appendix we discuss a relativistic by keeping in which
we keep the energy dependence in the numerator. The corre-
sponding function, denoted as rBWE, reads:

drBWE
S (E) = 2E

π

EΓ

(E2 − M2)2 + (EΓ )2 θ(E) . (98)

This expression differs from the one given in Eq. (45) in the
numerator and the denominator. This alters the form of the
distribution slightly. For the purpose of demonstration, we
fit Eq. (98) to the spectral function of the a1(1260). The χ2

fit returns us the following parameters: ga1 = 646.9 MeV,
M = 1157.7 ± 1.2 MeV, Γ = 475.0 ± 12.7 MeV, and
ba1 = 0.091, with a χ2/d.o.f of 4.25. The pole appears at√
spole = 1181−i233 MeV. These values are to be compared

with the values given in Table 3. We see that, the mass of the
a1(1260) estimated by rBWE is significantly larger than that
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Fig. 11 The spectral function
for the a1(1260). The rBWE and
rBW have been labeled as
rBWE and rBW respectively

Fig. 12 The spectral function
for the ρ(770). The rBWE and
rBW have been labeled as
rBWE and rBW respectively

estimated by rBW and smaller than the value estimated by
the Sill. The real part of the pole is larger than that estimated
by rBW and the Sill, and the imaginary part lies in between
the values estimated by the rBW and the Sill. We display in
Fig. 11 the plots of the fits of rBWE along with all the other
forms the distribution functions discussed in the text and the
experimental data from ALEPH [77].

From the plots and the parameters, we see that the two
versions of the rBW distributions provide very similar fits
to the data, and estimated values of the mass and width are
close to those estimated by the nonrelativistic BW. The fits
themselves are better than that of the nonrelativistic BW as
evidenced by the χ2/d.o.f value but worse than the fit of the
Sill distribution.

On the other hand, the spectral function of the ρ(770), as
estimated by the 4 distributions appear similar, as shown in
Fig. 12. However, the mass, width, and the pole positions
estimated by the rBWE are signifcantly different from that
estimated by the rBW or the Sill. The rBWE estimates for
these quantities are: M = 756.1 ± 0.30 MeV, Γ = 139.0 ±
1.2 MeV, and

√
spole = 759.2 − i69.2 MeV, with a χ2/d.o.f

of 9.42. The mass and width are closer to the values estimated
by the Sill, but the position of the pole is closer to the value
estimated by rBW. This estimate is as accurate as the rBW
estimate as per the value of χ2/d.o.f. Since the ρ(770) peak is
far away from the 2π threshold, one cannot expect the Sill to
show a large deviation from the rBW or the rBWE. However,
according to the statistics, the Sill fits the resonance better
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than the rBW (or the rBWE). In general, we may notice that
there is not a unique rBW form.

B Hesse matrix and error estimation

The errors in the parameters have been calculated using
the Hesse matrix. Here, we provide a brief description of
the Hesse matrix and error estimation. Consider a set of
data that is expected to be described by some theoretical
functions fi , each of them depending on the N parameters
{x1, x2, . . . , xN }. The goodness of the fit can be measured
using the χ2 defined as:

χ2(x1, x2, . . . , xN ) =
m∑

i=1

(
fi (x1, x2, . . . , xN ) − fexp,i

δ fexp,i

)2
,

(99)

where the fexp,i are the measured values of the function fi
and the δ fexp,i are the error in the measurements. The param-
eters can be estimated by demanding that the value of χ2 is
minimum. The Hesse matrix (H ) is defined as the matrix of
the second derivatives of the χ2,

Hi j =
(

1

2

∂2χ2(x1, x2, . . . , xN )

∂xi∂x j

)

P

(100)

where P represents the values of the parameters for which χ2

is at its minimum. With this definition of the Hesse matrix,
the errors in the parameters are given by

δxi =
√
H−1
i i . (101)
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