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Abstract We propose a scheme of lattice twisted-mass
fermion regularization which is particularly convenient for
application to isospin breaking (IB) QCD and QED calcula-
tions, based in particular on the so called RM123 approach, in
which the IB terms of the action are treated as a perturbation.
The main, practical advantage of this scheme is that it allows
the calculation of IB effects on some mesonic observables,
like e.g. the π+ −π0 mass splitting, using lattice correlation
functions in which the quark and antiquark fields in the meson
are regularized with opposite values of the Wilson parame-
ter r . These correlation functions are found to be affected
by much smaller statistical fluctuations, with respect to the
analogous functions in which quark and antiquark fields are
regularized with the same value of r . Two numerical applica-
tion of this scheme, that we call rotated twisted-mass, within
pure QCD and QCD + QED respectively, are also provided
for illustration.

1 Introduction

The evaluation of isospin breaking (IB) effects in hadronic
observables has become, in recent years, an important goal
of lattice QCD and QED calculations in flavor physics [1].
The reason is that, while the breaking of isospin symme-
try in Nature, which is due to both the mass and electric
charge difference of the up and down quarks, is expected to
be small, i.e. at the level of 1%, the remarkable improving
of the experimental and theoretical precision is such that, for
several phenomenological quantities of interest, IB effects
are no longer negligible. As an example, we mention here
the determination of the CKM matrix elements Vud and Vus
from leptonic and semileptonic kaon and pion decays. For
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these processes, an accuracy at the level of few per mille has
been reached by both the experimental measurements of the
relevant decay rates and by the lattice determinations of the
corresponding hadronic parameters in the isospin symmetric
limit, namely the ratio of leptonic decay constant fK / fπ and
the semileptonic form factor f Kπ+ (0) [1]. It is then clear that,
for these processes, IB effects have to be taken into account
in lattice calculations.

Among the various lattice regularization which are com-
monly employed in lattice simulations, we are concerned in
this paper with the twisted-mass (TM) regularization of the
fermionic action [2,3]. The main advantage of TM fermions
is that O(a)-improvement is automatically guaranteed for
parity-conserving physical observables [3], while the numer-
ical cost of the simulation remains relatively small. In the
original TM action for lattice QCD [2], the Wilson term has
a Dirac structure proportional to γ5, in the so called physical
basis. Moreover, the up and down quarks are regularized with
opposite values of the Wilson parameter, i.e. ru = +1 and
rd = −1, that is the Wilson term is proportional to matrix τ3

in the isospin space.
The issue of how to include IB effects in lattice QCD

calculations has been addressed by the lattice community
using a variety of different methods, and remarkably accu-
rate results, using different lattice discretizations, have been
obtained (see e.g. Refs. [4–12]). In particular, the TM regu-
larization has been largely applied in the last years to the cal-
culation of several observables, including hadronic masses
[13–15], leptonic decay rates [16–19] and the hadronic vac-
uum polarization contribution to the muon anomalous mag-
netic moment aμ [20–22]. In all these calculations, IB effects
have been evaluated using the so called RM123 approach
introduced in Refs. [13,14]. The basic idea of this method is
that the IB term in the QCD action, which is proportional to
up-down quark mass difference �m = md − mu , as well as
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the QED interaction term of quarks, which is proportional to
the electromagnetic coupling αem , are treated as small per-
turbations and expanded to the desired order. In most cases
of interest, keeping only the leading terms in the expansion,
i.e. terms of O(�m) and O(αem), is by far sufficient, since
the corrections are expected to be of �m/�QCD ∼ 1% and
αem ∼ 1%. For this reason, all phenomenological applica-
tions so far have been limited to this case. In this paper,
however, we will present as a numerical application, for the
first time, a calculation of the strong IB effect at O(�m2).

The aim of the present paper is to discuss a scheme for TM
regularization of lattice QCD, that we call rotated twisted-
mass (RTM), which is particularly convenient for lattice
calculations of IB effects, in particular within the RM123
approach discussed above. The main, practical advantage of
this scheme is that it allows the calculation of IB effects on
some mesonic observables, like e.g. the π+ −π0 mass split-
ting, using lattice correlation functions in which the quark
and antiquark fields in the meson are regularized, in the TM
setup, with opposite values of the Wilson parameter r , i.e.
r = ±1. This is at variance with the standard TM regular-
ization for light quarks, in which, for instance, the 2-point
function of the neutral pion, being the meson composed by
a quark and an antiquark with the same flavor, either u or
d, is regularized with the same value of the Wilson param-
eter r . We will show in this paper that mesonic correlation
functions in which quark and antiquark fields are regularized
with opposite values of the Wilson parameter are affected by
substantially smaller statistical fluctuations, with respect to
the corresponding functions in which quark and antiquark
fields are regularized with the same value of r . This advan-
tage turns out to be especially relevant in the calculation of
disconnected quark diagrams, which are known to be partic-
ularly noisy from the statistical point of view and, therefore,
computationally very expensive.

In order to illustrate the advantage of RTM scheme, we
will present in this paper two numerical applications, namely
the calculations of the π+−π0 mass splitting in pure QCD, at
O(�m2), and in QCD + QED, at O(αem). These two exam-
ple are particularly suitable for the illustration of the RTM
scheme, because they both involve the calculation of a con-
nected and a disconnected quark diagram. On the other hand,
since these examples are only provided here for illustrative
purposes, we will present numerical results obtained only at
a fixed value of quark masses and lattice spacing, and post-
pone the more complete and phenomenologically interesting
calculations to future studies.

The plan of the remaining of this paper is the following.
In Sect. 1, we will consider the case of pure QCD and, after
summarizing the basic ingredients of the RM123 approach
for the calculations of IB effects, extended up to the sec-
ond order in �m, we will illustrate our proposal of the RTM
scheme, and present a numerical application to the calcula-

tion of the π+ −π0 mass splitting. In Sect. 2, we will extend
the RTM scheme to QED, and present its application to the
calculation of the π+ − π0 mass splitting at O(αem). We
end this paper by presenting some final considerations in the
Conclusions.

2 RTM scheme and QCD isospin breaking corrections

In this section, we illustrate the RTM scheme by considering
its implementation in pure QCD, applied to the study of IB
effects induced by the quark mass difference �m = md−mu .
The extension of the RTM scheme to QED and the calculation
of electromagnetic IB corrections will be addressed in the
next section.

We start the discussion by reviewing the basic ingredients
of the RM123 approach for evaluating IB corrections in pure
QCD [13], that we extend here up to the second order in �m.

By having in mind the application of the method with
different choices of the lattice regularization, specifically
either standard or rotated TM, we do not specify the reg-
ularization from the very beginning, and adopt for the QCD
fermionic action a simple continuum notation. We are assum-
ing, implicitly, that some kind of lattice regularization has
been implemented for the quark fields. In addition, through-
out this paper, we will only limit the discussion to the theory
with the u and d quarks only, since the extension of the RTM
regularization to other quark doublets is just straightforward.

The RM123 approach relies on treating the IB term in
the QCD action, which is proportional to the mass differ-
ence �m = md − mu , as a small perturbation. The QCD
Lagrangian for the up and down quarks has the form

LQCD = Lkin + Lm , (1)

where Lkin is the kinetic term for massless quark,

Lkin = ū γμDμu + d̄ γμDμd

= Q̄ γμDμQ , (2)

with Q = (u, d), and Lm is the quark mass term. The latter
can be written as the sum of a term which is SU (2) symmetric
plus a term which violates the isospin symmetry:

Lm = mu ūu + md d̄d

= mu + md

2
(ūu + d̄d)

− md − mu

2
(ūu − d̄d)

= m (ūu + d̄d) − �m (ūu − d̄d)

= m Q̄Q − �m Q̄τ3Q , (3)
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where m and �m are given by

m = 1

2
(mu + md),

�m = 1

2
(md − mu). (4)

For later discussion, we find convenient to rewrite the
Lagrangian (1) as the sum of the isospin symmetric part L0

and the IB contribution LI B , i.e.

LQCD = L0 + LI B , (5)

where

L0 = Q̄
(
γμDμ + m

)
Q (6)

and

LI B = −�m Q̄τ3Q . (7)

Consequently, the only IB term in the action is SI B =
−�m Ŝ where Ŝ is the isospin diagonal scalar operator

Ŝ =
∑

x

(Q̄τ3Q)(x)

=
∑

x

(ūu − d̄d)(x) . (8)

In the RM123 approach, SI B is treated as a perturbation
and expanded in the exponential of the path-integral. If we
carry out the expansion up to the second order, we find that
the vacuum expectation value of a generic operatorO is given
by

〈O〉 =
∫
Dφ O e−(S0−�m Ŝ)

∫
Dφ e−(S0−�m Ŝ)

�
∫
Dφ O (1 + �m Ŝ + 1

2�m2 Ŝ2) e−S0

∫
Dφ (1 + �m Ŝ + 1

2�m2 Ŝ2) e−S0
=

= 〈O〉0 + �m 〈O Ŝ〉0 + 1
2�m2 〈O Ŝ2〉0

1 + �m 〈Ŝ〉0 + 1
2�m2 〈Ŝ2〉0

�

� 〈O〉0 + �m 〈O Ŝ〉0

+ 1

2
�m2

(
〈O Ŝ2〉0 − 〈O〉0〈Ŝ2〉0

)
, (9)

where S0 is the isospin symmetric part of the QCD action,
which now also include the pure gauge part of the action,
and 〈·〉0 represents the vacuum expectation value in the iso-
symmetric theory. In Eq. (9), we have exploited that 〈Ŝ〉0 = 0
due to isospin symmetry.

Let us consider, as an example, the application of the
method to the calculation of the π+ −π0 pion mass splitting.
Using Eq. (9), one finds that the relevant correlation function
for computing this splitting, i.e. the difference between the
neutral and charged pion propagators, vanishes both at zero
and first order in �m, and it is given at second order by [13]

Cπ0π0 − Cπ+π+ = 2 �m2

⎡

⎢⎢
⎣

−
⎤

⎦ ,

(10)

where the crosses on the quark lines in the Feynman diagrams
denote the insertion of the scalar operator Ŝ of Eq. (8).

We now specify the lattice regularization of the fermionic
action.

In the standard TM regularization, at maximal twist, the
Lagrangian for the light quark doublet Q = (u, d), in the
so-called physical basis, has the form [2,3]

LT M = Q̄
[
γμ∇̃μ − iγ5τ3 W (mcr ) + m

]
Q

−�m Q̄ τ3Q , (11)

where ∇̃μ is the lattice symmetric covariant derivative, writ-
ten in terms of the forward (∇μ) and backward (∇∗

μ) covariant
derivatives,

∇̃μ = 1

2

(∇∗
μ + ∇μ

)
(12)

and W (mcr ) is the critical Wilson term, which includes the
mass and is globally odd under r → −r ,

W (mcr ) = −a
r

2
∇μ∇∗

μ + mcr (r) . (13)

A characteristic feature of the TM action (11) is that, due
to the presence of the isospin τ3 matrix in the Wilson term,
the up and down quark fields are regularized with opposite
values of the Wilson parameter, i.e. ru = +1 and rd = −1.
Since the IB term in (11) is also proportional to τ3, and it
is therefore diagonal in flavor space, one finds that in the
disconnected quark diagrams of Eq. (10), which enter the
correlation function of the neutral pion Cπ0π0 , the initial and
final states must be composed by quarks regularized with the
same value of the Wilson parameter. That is, by specifying the
sign of the Wilson parameter in the diagrams, the correlation
function to be actually computed with the TM action is1

1 Strictly speaking, in the TM regularization one finds that the first
diagram in Eq. (14) is actually the average of two contributions, coming
from the neutral and charged pion respectively, one with equal and one
with opposite values of the Wilson parameters in the two quark lines.
The two contributions differ by terms of O(a2), so that any choice for
them is equally legitimate. In the second diagram of Eq. (14), however,
the values of the Wilson parameter in each “loop” are necessarily equal.
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Cπ0π0 − Cπ+π+ = 2 �m2

⎡

⎢⎢⎢
⎣

−

⎤

⎥⎥
⎦ ,

(14)

This is unfortunate, because mesonic correlators composed
by quarks regularized with equal values of r are statistically
much noisier than the corresponding correlators composed
by quarks regularized with opposite values of r . Therefore,
with the aim of improving the statistical accuracy of the cal-
culation, we propose to adopt the RTM scheme that we now
proceed to illustrate.

The RTM scheme relies on the introduction of the follow-
ing rotated basis for the quark fields

Q′ =
(
u′
d ′

)

= UQ = 1√
2

(
1 1

−1 1

) (
u
d

)

= 1√
2

(
u + d
d − u

)
. (15)

In terms of these fields, the isospin symmetric part of the
Lagrangian, given in Eq. (6), being a scalar in flavor space,
is invariant, i.e.

L′
0 = Q̄′ (γμDμ + m

)
Q′ , (16)

while the IB term (7), proportional to �m, is now rotated in
the direction of τ1 in the isospin space,

L′
I B = +�m Q̄′τ1Q

= +�m (ū′d ′ + d̄ ′u′) . (17)

Clearly, the Lagrangian in the new basis describes the
same theory, since the physical content of the theory is not
changed by a rotation of the quark fields. In particular, the
mass eigenstates of the theory are always composed by the
(u, d) fields, since the mass term of the Lagrangian is diag-
onal in that basis.

We now introduce, however, the TM lattice regularization,
and opt for writing the Wilson term diagonal in the rotated
basis, i.e. we regularize the (u′, d ′) quarks with ru′ = +1
and rd ′ = −1. In this way, we obtain the lattice Lagrangian
in the form

LRT M = Q̄′ [γμ∇̃μ − iγ5τ3 W (mcr )

+m] Q′ + �m Q̄′ τ1Q
′ . (18)

This Lagrangian is no longer equivalent to the TM Lagrangian
(11), since rotating back to the physical basis of the Q =
(u, d) fields one finds

L(Q)
RT M = Q̄

[
γμ∇̃μ − iγ5τ1 W (mcr )

+m] Q − �m Q̄ τ3Q , (19)

which differs from Eq. (11) for the direction of the Wilson
term in flavor space. We refer to the regularization scheme
of Eqs. (18) or (19) as the RTM scheme.

We note that the RTM Lagrangian (19), in the physi-
cal basis, coincides with the TM regularization proposed in
Ref. [23] for TM simulations of non-degenerate quarks, and
adopted by the ETM Collaborations for the strange and charm
doublet. At the time it was introduced, this was motivated by
the fact that the Dirac operator for the action (11) is complex
for �m �= 0 and thus the action cannot be used in numerical
simulations of the N f = 2+1+1 theory. Here, however, we
have a different perspective. In the framework of the RM123
method for evaluating IB corrections, we envisage to exclude
the IB term from the action and to treat it as a perturbation.
Therefore, the reality and positivity of the fermionic deter-
minant is not an issue. The action with which the vacuum
expectation values 〈·〉0 of Eq. (9) are calculated is exactly
the same in the RTM scheme of Eq. (18) and in the standard
TM scheme of Eq. (11). It also follows, from this consider-
ation, that all the features characterizing the standard TM
regularization remains valid in the RTM scheme, including
primarily the non-perturbative improvement at O(a2) of par-
ity conserving observables.

The only difference between the RTM and standard TM
regularizations, within the RM123 approach, comes from the
insertions of the IB operator proportional to �m, which is
proportional to τ1 rather than τ3 in flavor space. Therefore,
in particular, in the RTM scheme the insertion of the mass
term proportional to �m also induces a flipping of the Wil-
son parameter r . We are now going to show that this feature
leads, for some interesting IB mesonic observables, to a sig-
nificantly improved statistical accuracy.

In order to identify the physical content of the correlation
functions in the RTM scheme, we have to express the meson
fields in the rotated basis in terms of the physical mesons,
using Eq. (15) to relate the quark fields in the two basis. In
particular, one finds that the “neutral” and “charged” rotated
pion fields are given by

Pπ ′0 = 1√
2

(ū′γ5u
′ − d̄ ′γ5d

′)

= 1√
2

(d̄γ5u + ūγ5d)

= 1√
2

(Pπ+ + Pπ−)

Pπ ′+ = d̄ ′γ5u
′
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= 1

2
(−ūγ5u + d̄γ5d + d̄γ5u − ūγ5d)

= 1

2
(Pπ+ − Pπ−) − 1√

2
Pπ0

Pπ ′− = ū′γ5d
′

= 1

2
(−ūγ5u + d̄γ5d − d̄γ5u + ūγ5d)

= −1

2
(Pπ+ − Pπ−) − 1√

2
Pπ0 (20)

The advantage of the RTM regularization for the calcula-
tion of selected observables is then easily illustrated in the
case of the π+−π0 pion splitting. Let us consider the correla-
tion function Cπ ′+π ′− , which describes, in the rotated basis,
the mixing between the positive and negative rotated pion
fields. This mixing is absent in the iso-symmetric theory,
and it is generated at second order by a double insertion of
the isospin breaking correction proportional to �m, since
this correction is flavor-changing in the RTM scheme. Using
Eqs. (20), we find that indeed Cπ ′+π ′− is simply related to the
difference of the neutral and charged (physical) pion propa-
gators:

Cπ ′+π ′− = 1

2
Cπ0π0 − 1

4
(Cπ+π+ + Cπ−π−)

= 1

2

(
Cπ0π0 − Cπ+π+

)
. (21)

By evaluating the corresponding Wick contractions in the
rotated basis, one also finds that the diagrammatic expression
of this correlation function is in fact the same as in Eq. (14),
but for the sign of the Wilson parameters:

2Cπ ′+π ′− = Cπ0π0 − Cπ+π+

= 2 �m2

⎡

⎢⎢⎢
⎣

−

⎤

⎥
⎥
⎦ , (22)

The above results could have been anticipated, by observing
that the (u, d) and (u′, d ′) fields in the two schemes have
exactly the same propagators, in the theory with �m = 0, in
which the correlation functions of Eqs. (14) and (22) are eval-
uated. The regularization are different, however. The fermion
lines in the Feynman diagrams of Eq. (22) represent an u′ and
a d ′ quark propagators, which are computed with opposite
values of the Wilson parameter (ru′ = +1 and rd ′ = −1).
This is at variance with the diagrams entering Eq. (14), where
the fermion lines for the neutral pion propagator represent the

same quark field (either u or d) and are thus evaluated with
the same value of the Wilson parameter.

In Fig. 1 we compare the results obtained from the con-
nected (upper plot) and disconnected (lower plot) quark dia-
grams which contribute to the correlation function Cπ0π0 −
Cπ+π+ in the standard TM (Eq. (14)) and in the RTM
(Eq. (22)) scheme. In order to cancel the leading exponen-
tial time behaviour of the correlators, each diagram has been
normalized to the corresponding iso-symmetric pion propa-
gator, C isoQCD

ππ , represented by the single connected diagram
without any mass insertions and computed with equal (oppo-
site) values of the Wilson parameter r in the standard TM
(RTM) case. The results have been obtained by using one
ensemble (cA211.30.32) of the N f = 2 + 1 + 1 gauge con-
figurations produced with Wilson-clover TM fermions by the
ETM Collaboration [24]. As it can be seen from the plot, the
statistical precision of the correlators evaluated with RTM
is significantly improved, in particular for the disconnected
quark diagram.

3 RTM scheme for isospin breaking QED corrections

We now discuss the implementation of the RTM regular-
ization in the QCD + QED theory on the lattice, by having
in mind the evaluation of IB corrections with the RM123
method for QED [14]. While the discussion will proceed
along the same lines of the previous section, an additional
issue is raised in the QED case by the requirement of ensur-
ing the U (1) gauge invariance on the lattice of the relevant
correlation functions.

In the RM123 approach, the QED interactions of quarks
is treated as a perturbation, and QED is therefore regularized
on the lattice in its non-compact form, see [14] for details.
As in the previous section, we postpone the specification of
the lattice regularization and start by writing the action in the
continuum form.

The photon coupling to the quark fields, defined by the
QED covariant derivative, is described by a Lagrangian den-
sity that can be written again as the sum of two terms, which
are isospin symmetric and isospin violating respectively:

Lqqγ = ie (qu ūγμu + qd d̄γμd) Aμ

= ie
qu + qd

2
(ūγμu + d̄γμd) Aμ

+ ie
qu − qd

2
(ūγμu − d̄γμd) Aμ

= ie q (ūγμu + d̄γμd) Aμ

+ ie�q (ūγμu − d̄γμd) Aμ

= ie q (Q̄γμQ) Aμ

+ ie�q (Q̄γμτ3Q) Aμ . (23)
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Fig. 1 Results from the
connected (top) and
disconnected (bottom) quark
diagrams contributing to the
correlation function
Cπ0π0 − Cπ+π+ , normalized to
the iso-symmetric pion
propagator C isoQCD

ππ , as obtained
by using either the standard TM
or the RTM scheme. The
simulation has been performed
on a L3 × T lattice with
L/a = 32 and T/a = 64, at a
value of the lattice spacing
a � 0.094 fm and of the
simulated charged pion mass
Mπ � 260 MeV. A total sample
of Ncfg = 1232 gauge
configurations has been
analyzed with a single stochastic
source per time slice used to
invert the Dirac operator

Here qu and qd are the electric charges of the up and down
quarks in units of the elementary charge e (qu = 2/3 and
qd = −1/3), and

q = 1

2
(qu + qd),

�q = 1

2
(qu − qd) . (24)

Note that, at variance with the mass case, both terms in the
Lagrangian of Eq. (23) are treated as perturbations in the
RM123 approach of Ref. [14]. For the purpose of the present
discussion, however, in order to define the RTM scheme for
QCD + QED, we assume that the term proportional to �q in
the action is treated as a perturbation, while for the isospin
symmetric term proportional to the average electric charge q
no specific assumption is required.

The whole QCD + QED fermionic action can be then
written in the form

LQCD+QED = Q̄
(
γμD

q
μ + m

)
Q

−�m Q̄τ3Q + ie�q (Q̄γμτ3Q) Aμ , (25)

where the covariant derivative Dq
μ contains only the iso-

symmetric part of the QED interaction proportional to q,

while the term proportional to�q has been written out explic-
itly in Eq. (25).

The TM version of the action in Eq. (25) has the form

LT M = Q̄
[
γμ∇̃q

μ − iγ5τ3 W (mcr ) + m
]
Q

−�m Q̄ τ3Q + ie�q
[
(Q̄γμτ3Q) Aμ + . . .

]
T M ,

(26)

where again the lattice covariant derivative ∇q
μ, which enters

in the kinetic term but also implicitly in the Wilson term, is
defined with �q = 0. In the last term of order �q the ellipses
allude to the occurrence of further, lattice regularization spe-
cific interactions terms (see Ref. [14] for details). This action
is not suitable for direct numerical simulations because, as
already noted, for �m �= 0 and �q �= 0 it has a complex
fermionic determinant. This issue, however, is avoided in
the RM123 approach where the lattice action is expanded in
powers of �m and �q. For a more complete discussion of a
lattice TM regularization of QCD + QED see Ref. [25].

Our motivation, for using the RTM regularization also
in the QCD + QED case, is dictated by the remarkable
improvement of statistical accuracy. Let us consider, as a
numerical example, the QED contribution to the difference
Cπ0π0 −Cπ+π+ between the neutral and charged pion prop-

123
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agators, i.e. the same correlation function that we have dis-
cussed in the previous section in the evaluation of the strong
IB effects. The leading QED contribution to the correla-
tor appears at second order [14], and it is proportional, as
expected, to the charge difference �q2:

Cπ0π0 − Cπ+π+

= 2 e2 �q2

⎡

⎢⎢⎢
⎢⎢⎢⎢⎢
⎢⎢
⎣

−

⎤

⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥
⎦

. (27)

As in the QCD case, with the standard TM regularization the
quark lines in the neutral pion propagator, which gives rise
to the disconnected quark diagram contribution in Eq. (27),
are regularized with the same value of the Wilson parameter
r .

At this stage it is important to realize that the difference of
correlation functions in Eq. (27), which is in principle defined
in QCD + QED and then considered to first order in e2, is
proportional, through a coefficient 2 e2�q2, to a correlation
function of the pure iso-symmetric QCD theory (isoQCD).
The latter correlation function can hence be evaluated in any
convenient lattice regularization of isoQCD, such as the RTM
scheme that is advocated here.

Specifically, within any sensible UV-regularization of
QCD + QED, the correlation function in Eq. (27) (at�m = 0)
takes the form

Cπ0π0 − Cπ+π+

= 2 e2�q2
∫
d4y d4z dxGμν(y − z)

〈
[Pπ0(x)P†

π0(0)

−Pπ+(x)P†
π+(0)] J 3

μ(y)J 3
ν (z)

〉

isoQCD

+ e2
∫
d4y dx

〈
Lct

1 (y)
[
Pπ0(x)P†

π0(0)

−Pπ+(x)P†
π+(0)

]〉

isoQCD
, (28)

where Gμν(y− z) is the photon propagator and e2Lct
1 stands

for the standard QCD Lagrangian counterterms that are

required in general, at first order in e2, to compensate for
the UV-divergencies due to QED interactions. These UV-
divergencies arise from contact terms between the two e.m.
currents. Now, in the particular difference of correlation func-
tions considered here, namely Cπ0π0 −Cπ+π+ , the insertion
of the e2Lct

1 counterterms, i.e. the second term in the r.h.s.
of Eq. (28), turns out to vanish. This is fairly obvious based
on the symmetries of isoQCD, but an explicit diagrammatic
proof of the cancellation of the counterterms in the difference
between Cπ0π0 and Cπ+π+ is given in sect. 5.B of Ref. [14].

It follows that the correlation function difference Cπ0π0 −
Cπ+π+ to first order in e2 is given by simply the first term
in the r.h.s. of Eq. (28), and it is therefore a well defined
UV-finite quantity in the pure iso-symmetric QCD theory,
once the inserted isotriplet currents and the external pion
fields are properly renormalized. Being a well defined and
renormalized quantity, we can now also choose to compute
the correlator (28) using a different UV regularization of
the iso-symmetric QCD theory, and a particularly convenient
choice is provided again by the RTM scheme.

In the RTM lattice regularization, the third isospin com-
ponent of the isotriplet current reads

J 3
μ = Q̄γμτ 3Q = Q̄′γμτ 1Q′ = J ′1

μ , (29)

once it is expressed in terms of the quark fields Q′ =
(u′, d ′) of the rotated basis (15), which are now regular-
ized with ru′ = −rd ′ = +1. Moreover, Eq. (21) tells us
that we have the equality Pπ0(x)P†

π0(0)− Pπ+(x)P†
π+(0) =

2Pπ ′+(x)P†
π ′−(0), where, in the notation of Eq. (20), Pπ ′+ =

P†
π ′− = d̄ ′γ5u′ . Hence we arrive at the result

Cπ0π0 − Cπ+π+ = 2Cπ ′+π ′−

= 2e2�q2Z2
A

∫
d4y d4z dxGμν(y − z)

〈
Pπ ′+(x)P†

π ′−(0) J ′1
μ (y)J ′1

ν (z)
〉

isoQCD
,

(30)

which tells us that the difference Cπ0π0 − Cπ+π+ is propor-
tional to the correlation functionCπ ′+π ′− in the RTM regular-
ization of the iso-symmetric QCD theory. In Eq. (30) we have
also included explicitly the normalization factor Z2

A, where
ZA is the (finite) QCD renormalization constant of the local
Wilson axial-vector current, which properly normalizes, in
the RTM scheme, the local vector current J ′1

μ . By performing
in Eq. (30) the relevant Wick contractions we then find

123
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Cπ0π0 − Cπ+π+ = 2Cπ ′+π ′−

= 2 e2 �q2

⎡

⎢⎢⎢⎢
⎢⎢⎢⎢⎢
⎢
⎣

−

⎤

⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥
⎦

, (31)

where now, however, at variance with Eq. (27), the fermion
lines in both diagrams represent a u′ and a d ′ quarks, and are
regularized, therefore, with opposite values of the Wilson
parameter.

A comparison of the results obtained for the pion mass
splitting at O(�q2) by using either the standard TM or the
RTM scheme is shown in Fig. 2. In both cases, the pion mass
difference [Mπ+ − Mπ0 ]QED has been extracted using

[
Mπ+ − Mπ0

]
QED

= 2e2�q2∂t

−

,

(32)

where the diagram in the denominator is the iso-symmetric
pion propagator C isoQCD

ππ , and on each quark line appearing
in the previous diagrams the sign of the Wilson parameter r
has been chosen appropriately according to whether standard
TM or the RTM scheme has been considered. The operator
−∂t in the previous equation is defined through

−∂t
δC(t)

C(t)
= 1

F(T/2 − t, M)

(
δC(t)

C(t)
− δC(t − 1)

C(t − 1)

)
,

(33)

where M is the ground state mass extracted from the corre-
lator C(t), δC(t) is the correlator difference in Eq. (22) or in
Eq. (31), T is the temporal extent of the lattice and F(x, M)

is given by

F(x, M) = x tanh (Mx) − (x + 1) tanh (M(x + 1)) . (34)

The results have been obtained by using one ensemble
(A40.32) of the N f = 2 + 1 + 1 gauge configurations pro-
duced with Wilson TM fermions by the ETM Collaboration
[26].

We see from the plot that, similarly to the QCD case, the
statistical accuracy of the lattice results obtained with the
RTM scheme is significantly improved with respect to the
standard TM case.

We conclude this section with a couple of remarks con-
cerning the finiteness and gauge invariance of the correlation
function Cπ ′+π ′− of Eq. (30). Since this correlator is just a
convenient regularization in the pure QCD iso-symmetric
theory of a difference of renormalized and gauge invariant
correlators defined in the full QCD + QED theory, which
is represented for instance by Eq. (26) or any other regu-
larization of QCD + QED, we know that it must be both
finite and gauge invariant, provided the electromagnetic cur-
rents and the external fields entering in Eq. (30) have been
properly renormalized in the RTM scheme. In the specific
case of the correlator (30), it can be easily checked, by
inspection, that additional contact terms generated by the
double insertion of the electromagnetic current are indeed
absent. This follows from the fact that the operator (ū′γμd ′)2,
which represents the relevant double insertion of the current
J ′1
μ = ū′γμd ′ + d̄ ′γμu′ in the correlation function (30), has a

flavor-changing stucture (�u′ = −�d ′=2) such that it can-
not mix with lower-dimensional operators.

Similarly, one can also verify that the result of Eq. (30),
or equivalently Eq. (31), is actually independent of the gauge
fixing choice made for the photon propagator. This follows
from the fact that in the iso-symmetric QCD theory, where
the correlation function is going to be evaluated, the current
coupled to the photon propagator in Eq. (30) is conserved.
Formally, in this theory one has

∂μ(Q̄′γμτ1Q
′) =

[
Q̄′ (←−

D μγμ + −→
D μγμ

)
τ1Q

′]

= (m − m)
(
Q̄′τ1Q

′)

= 0 . (35)

On the lattice, where current conservation holds up to imma-
terial (in our case O(a2)) cutoff artifacts, one has thus to
employ the proper conserved and chiral covariant current
J ′1
μ , which, as already mentioned, in the RTM scheme, is the

bare local current times the UV finite normalization factor
ZA.

4 Conclusions

In this paper we have pointed out that a scheme of lat-
tice twisted-mass fermion regularization that was previ-
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Fig. 2 Effective mass plot for
the QED contribution to the
mass difference Mπ+ − Mπ0 at
O(�q2) as obtained by using
either the standard TM or the
RTM scheme. The simulation
has been performed on a L3 × T
lattice with L/a = 32 and
T/a = 64, at a value of the
lattice spacing a � 0.089 fm
and of the simulated charged
pion mass Mπ � 320 MeV. A
total sample of Ncfg = 100
gauge configurations has been
analyzed with a single stochastic
source per time slice used to
invert the Dirac operator

ously introduced to make feasible unquenched simulation
with mass non-degenerate quarks can be very conveniently
employed for calculations of the leading IB corrections to
mesonic observables both in pure QCD and in QCD + QED.
The scheme, that we denote as rotated twisted-mass (RTM)
scheme, is in fact suitable for being implemented together
with the RM123 approach, in which the IB terms of the
action are treated as a perturbation. The main advantage of
the RTM scheme is that, by enabling the evaluation of the
mesonic observables of interest through lattice correlation
functions in which quark and antiquark fields are regularized
with opposite values of the Wilson parameter, it leads to a
significant improvement of the statistical accuracy.

In order to show the efficiency of the proposed approach,
we have applied the RTM scheme to compute the charged-
neutral pion mass splitting both in QCD and in QCD + QED
at O(�m2) and O(�q2) respectively, at a fixed value of
simulated quark masses and lattice spacing. The results have
been compared with the corresponding results obtained by
using the standard TM regularization and the improvement
achieved with the RTM scheme is manifest.

We plan to apply this proposal to more complete lattice cal-
culations, including the evaluation of the pion mass splitting
at physical values of the quark masses and in the continuum
and infinite volume limits. Moreover, we want to explore the
effectiveness of the same approach in the calculations of 3-
point functions, like for instance those relevant for kaon or
pion semileptonic decays, as well as to the calculation of IB
baryonic observables, like the neutron-proton mass splitting.
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