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Erratum to: Eur. Phys. J. A26, 125–134 (2005)
https://doi.org/10.1140/epja/i2005-10140-1

In the section 4 of our original paper, Eur. Phys. J. A 26, 125-
134 (2005), for the PWA formulae of ψ → γ R → γ γ V ,
we labelled the two photons as one from the first step and
another one from the second step as distinguishable. But in
reality the two photons are as identical particles indistin-
guishable. In this Erratum, we provide the corrected section
4 of the paper by taking into account the two photons in the
final state as identical indistinguishable particles. For com-
pleteness of this Erratum, we provide for the process under
consideration, our notations and then the correct PWA for-
mulae.

4 Covariant tensor formalism for ψ decay into γ γV

We are considering the double radiative decays of the ψ

meson,
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ψ(p,mψ) → γ R → γ (q1,mγ ) γ (q2,m
′
γ ) V (pV ,mV ),

(1)

where p, q1, q2 and pV are the four momenta of the ψ ,
two photons and the vector particle V (ρ, φ, ω), respectively;
mψ , mγ , m′

γ and mV denote the third components of each
particle’s spin. The transition amplitude can be written as
follows by using the polarization four-vectors of the initial
and final state particles,

A = ψμ(p,mψ) ε∗
ν (q1,mγ ) ε∗

α(q2,m
′
γ ) Aμνα

= ψμ(p,mψ) ε∗
ν (q1,mγ ) ε∗

α(q2,m
′
γ )

∑

i


i A
μνα
i , (2)

where ψ(p,mψ) is the polarization four vector of the ψ-
mesons; εν(qi ,mγ ), i = 1, 2 are the polarization vectors of
the two photons. The sum over the two physical polarization
states of a photon is given by,

2∑

mγ =1

ε∗
μ(qi ,mγ ) εν(qi ,mγ ) = −gμν

+qiμ (p − qi )ν + (p − qi )μ qiν
qi · p

− (p − qi )2

(qi · p)2 qiμ qiν

= −gμν + qiμ pν + pμ qiν
qi · p − p2

(qi · p)2 qiμ qiν

≡ −g(⊥)
μν (qi ) (3)

where the relations qν
i εν(qi ,mγ ) = 0 and pν εν(qi ,mγ ) =

0 hold.
For ψ production from e+e− annihilation, the electrons

are highly relativistic, with the result that Jz = ±1. If we
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take the beam direction to be the z-axis, this limits mψ to 1
and 2, i.e., components along x and y. Note that for ψ at rest
system with p = (Mψ, 0, 0, 0)

2∑

mψ=1

ψμ(p,mψ)ψ∗
μ′(p,mψ) = δμμ′(δμ1 + δμ2). (4)

Then the differential decay width for the ψ radiative decay
to an n-body final state is:

d�

dn
= (2π)4

2Mψ

· 1

2
· 1

2

2∑

mψ =1

2∑

m′
γ ,mγ =1

×|ψμ(p,mψ ) ε∗
ν (q1,mγ ) ε∗

α(q2,m
′
γ )Aμνα |2

= (2π)4

2Mψ

· 1

4

2∑

mψ =1

ψμ(p,mψ ) ψ∗
μ′ (p,mψ ) g(⊥)

νν′ (q1) g
(⊥)

αα′ (q2) Aμνα A∗μ′ν′α′

= (2π)4

2Mψ

· 1

4

2∑

μ=1

Aμνα g(⊥)

νν′ (q1) g
(⊥)

αα′ (q2) A∗μν′α′

= (2π)4

2Mψ

· 1

4

∑

i, j


i 
∗
j

2∑

μ=1

Uμνα
i g(⊥)

νν′ (q1) g
(⊥)

αα′ (q2)

×U∗μν′α′
j ≡

∑

i, j

Pi j · Fi j , (5)

where

Pi j = P∗
j i = (2π)4

2Mψ


i 
∗
j , (6)

Fi j = F∗
j i = 1

4

2∑

μ=1

Uμνα
i g(⊥)

νν′ (q1) g
(⊥)

αα′ (q2) U
∗μν′α′
j . (7)

dn is the standard element of n-body phase space given by

dn(p; p1, . . . pn) = δ4(p −
n∑

i=1

pi )
n∏

i=1

d3pi
(2π)32Ei

. (8)

4.1 Amplitudes for the doubly radiative decay
ψ → γ γ V (ρ, ω, φ)

This is a three step process: ψ → γ R with R →
γ V (ρ, ω, φ) and ρ → π+π−, ω → π0π+π−, φ →
K+K−. The intermediate resonance state R that may appear
in the process with J PC values are 0++, 0−+, 1++, 1−+,
2++, 2−+, etc. Here J, P, C are the intrinsic spin, parity and
C-parity of the R particle, respectively. For ψ → γ R, we
denote the spin-orbital angular momenta between the pho-
ton and ψ by S and L , respectively. The tensor describing
the first and the second steps will be denoted by T̃ (L)

μ1...μL and

t̃ (L1)
μ1...μL1

, respectively. The vector describing the third step
will be denoted by Vμ, where V (ρ, φ)μ = p1μ − p2μ, here
we use the fact that π+ and π− (or K+ and K−) have equal
masses, and

V (ω)μ = ε
μ
νλσ p

ν
1 p

λ
2 p

σ
0 [B1(Qωρ0) f

(ρ)

(12)B1(Qρ12)

+B1(Qωρ2) f
(ρ)

(01)B1(Qρ10)

+B1(Qωρ1) f
(ρ)

(02)B1(Qρ20)].
Now we write the decay amplitude of the ψ into two pho-

tons and a vector in a general and compact form using the
covariant tensor formalism. When writing the covariant ten-
sor amplitude we have to keep in mind that there are two
identical particles (photons) in the final state, due to Bose
statistics decay amplitude is symmetric with respect to the
exchange of photons. There is one independent covariant ten-
sor amplitude for ψ → γ 0++ → γ γ V (ρ, ω, φ)

Uμνα = gμν
(
f (R)
V γ (q1)

+ f (R)
V γ (q2)

)
f (V ) V α, (9)

where f (V ) represents either f (ρ,φ)

(12) or f (ω)
(012),

f (R)
V γ (qi )

= MR �R

(pV + qi )2 − M2
R + iMR �R

,

f (V ) = MV �V

p2
V − M2

V + iMV �V
, (10)

here MR , MV and �R , �V are the mass and width of each
resonance.

There is also one independent covariant tensor amplitude
for ψ → γ 0−+ → γ γ V (ρ, ω, φ)

Uμνα
12 = εμνλσ εαβρδ pλ

×
(
T̃ (1)

σ (q1) (p − q1)ρ t (1)
β (q2) f (R)

V γ (q2)

+ T̃ (1)
σ (q2) (p − q2)ρ t (1)

β (q1) f (R)
V γ (q1)

)
Vδ f (V ) ,

(11)

where

T̃ (1)
μ (qi ) = g̃μν(p) (qi − pR)ν B1(Qψγ (qi )R) ,

t̃ (1)
μ (qi ) = g̃μν(pR) (qi − pV )ν B1(QRγ (qi )V ) . (12)

For the production reaction ψ → γ 1++ there are two
independent covariant tensor amplitudes; there are also two
amplitudes for the decay reaction 1++ → γ V (ρ, ω, φ), all
in all we have four amplitudes,

Uμνα
1 = εμνλσ εαβρ

σ pλ

(
(p − q1)ρ f (R)

V γ (q2)

+(p − q2)ρ f (R)
V γ (q1)

)
Vβ f (V ) , (13)

Uμνα
2 = εμνλσ εαβρδ pλ

×
(
T̃ (2)

σζ (q1) (p − q1)ρ t̃ (2)ζ
δ (q2) f (R)

V γ (q2)

+T̃ (2)
σζ (q2) (p − q2)ρ t̃ (2)ζ

δ (q1) f (R)
V γ (q1)

)
Vβ f (V ) ,

(14)
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Uμνα
3 = εμνλσ εαβρδ pλ

(
(p − q1)ρ t̃ (2)

σδ (q2) f (R)
V γ (q2)

+(p − q2)ρ t̃ (2)
σδ (q1) f (R)

V γ (q1)

)
Vβ f (V ) , (15)

Uμνα
4 = εμνλσ εαβρδ pλ

(
T̃ (2)

σδ (q1) (p − q1)ρ f (R)
V γ (q2)

+T̃ (2)
σδ (q2) (p − q2)ρ f (R)

V γ (q1)

)
Vβ f (V ) , (16)

T̃ (2)
σγ (qi ) = [r̃σ r̃γ − 1

3
(r̃ · r̃) g̃σγ (pψ)]B2(Qψγ (qi )R) , (17)

t̃ (2)
σγ (qi ) = [r̃σ r̃γ − 1

3
(r̃ · r̃) g̃σγ (pR)]B2(QRγ (qi )V ) , (18)

where r = pb − pc is the relative four momentum of the two
decay products in the parent particle rest frame.

For the production reaction ψ → γ 1−+ there are two
independent covariant tensor amplitudes; there are also two
amplitudes for the decay reaction 1−+ → γ V (ρ, ω, φ), all
in all we have four amplitudes,

Uμνα
1 = gμν

(
T̃ (1)

β (q1) t̃
(1)β(q2) f (R)

V γ (q2)

+ T (1)
β (q2) t̃

(1)β(q1) f (R)
V γ (q1)

)
V α f (V ) , (19)

Uμνα
2 =

(
T̃ (1)μ(q1) t̃

(1)ν(q2) f (R)
V γ (q2)

+ T̃ (1)μ(q2) t̃
(1)ν(q1) f (R)

V γ (q1)

)
V α f (V ) , (20)

Uμνα
3 = gμν

(
T̃ (1)α(q1) t̃

(1)β(q2) f (R)
V γ (q2)

+ T̃ (1)α(q2) t̃
(1)β(q1) f (R)

V γ (q1)

)
Vβ f (V ), (21)

Uμνα
4 = gνα

(
T̃ (1)μ(q1) t̃

(1)β(q2) f (R)
V γ (q2)

+ T̃ (1)μ(q2) t̃
(1)β(q1) f (R)

V γ (q1)

)
Vβ f (V ) . (22)

For the production reaction ψ → γ 2++ there are three
independent covariant tensor amplitudes; there are also three
amplitudes for the decay reaction 2++ → γ V (ρ, ω, φ), all
in all we have nine amplitudes,

Uμνα
1 =

(
P(2)μναβ(p − q1) f (R)

V γ (q2)

+P(2)μναβ(p − q2) f (R)
V γ (q1)

)
Vβ f (V ) , (23)

Uμνα
2 = gμν

(
P(2)λσρδ(p − q1) T̃

(2)
λσ (q1) t̃

(2)
ρδ (q2) f (R)

V γ (q2)

+P(2)λσρδ(p − q2) T̃
(2)
λσ (q2) t̃

(2)
ρδ (q1) f (R)

V γ (q1)

)
V α f (V ),

(24)

Uμνα
3 =

(
P(2)νσαλ(p − q1) T̃

(2)μ
σ (q1) t̃

(2)
λβ (q2) f (R)

V γ (q2)

+P(2)νσαλ(p − q2) T̃
(2)μ
σ (q2) t̃

(2)
λβ (q1) f (R)

V γ (q1)

)
V β f (V ),

(25)

Uμνα
4 =

(
P(2)μνλσ (p − q1) t̃

(2)
λσ (q2) f (R)

V γ (q2)

+P(2)μνλσ (p − q2) t̃
(2)
λσ (q1) f (R)

V γ (q1)

)
V α f (V ), (26)

Uμνα
5 =

(
P(2)μναλ(p − q1) t̃

(2)
βλ (q2) f (R)

V γ (q2)

+P(2)μναλ(p − q2) t̃
(2)
βλ (q1) f (R)

V γ (q1)

)
V β f (V ), (27)

Uμνα
6 = gμν

(
P(2)λσαβ(p − q1) T̃

(2)
λσ (q1) f (R)

V γ (q2)

+P(2)λσαβ(p − q2) T̃
(2)
λσ (q2) f (R)

V γ (q1)

)
Vβ f (V ), (28)

Uμνα
7 = gμν

(
P(2)λσαδ(p − q1) T̃

(2)
λσ (q1) t̃

(2)
βδ (q2) f (R)

V γ (q2)

+P(2)λσαδ(p − q2) T̃
(2)
λσ (q2) t̃

(2)
βδ (q1) f (R)

V γ (q1)

)
V β f (V ) ,

(29)

Uμνα
8 =

(
P(2)νλαβ(p − q1) T̃

(2)μ
λ (q1) f (R)

V γ (q2)

+P(2)νλαβ(p − q2) T̃
(2)μ
λ (q2) f (R)

V γ (q1)

)
Vβ f (V ), (30)

Uμνα
9 =

(
P(2)νδλσ (p − q1) T̃

(2)μ
δ (q1) t̃

(2)
λσ (q2) f (R)

V γ (q2)

+P(2)νδλσ (p − q2) T̃
(2)μ
δ (q2) t̃

(2)
λσ (q1) f (R)

V γ (q1)

)
V α f (V ) .

(31)

For the production reaction ψ → γ 2−+ there are three
independent covariant tensor amplitudes; there are also three
amplitudes for the decay reaction 2−+ → γ V (ρ, ω, φ), all
in all we have nine amplitudes,

Uμνα
1 = εμνλσ εαβρξ pσ

(
T̃ (1)ζ (q1) (p − q1)ξ t̃ (1)δ(q2)

×P(2)
λζρδ(p − q1) f (R)

V γ (q2)

+T̃ (1)ζ (q2) (p − q2)ξ t̃ (1)δ(q1)

×P(2)
λζρδ(p − q2) f (R)

V γ (q1)

)
Vβ f (V ) , (32)

Uμνα
2 = εμνλσ εαβρξ pσ

(
T̃ (3)

λζδ(q1) (p − q1)ξ t̃ (3)

ρζ ′δ′(q2)

×P(2)ζ δζ ′δ′
(p − q1) f (R)

V γ (q2)

+T̃ (3)
λζδ(q2) (p − q2)ξ t̃ (3)

ρζ ′δ′(q1)

×P(2)ζ δζ ′δ′
(p − q2) f (R)

V γ (q1)

)
Vβ f (V ) , (33)

Uμνα
3 = ενλσζ εβρδξ pζ

(
T̃ (3)μλ′

σ (q1) (p − q1)ξ t̃ (3)αρ′
δ (q2)

×P(2)

λλ′ρρ′(p − q1) f (R)
V γ (q2)

+T̃ (3)μλ′
σ (q2) (p − q2)ξ t̃ (3)αρ′

δ (q1)

×P(2)

λλ′ρρ′(p − q2) f (R)
V γ (q1)

)
Vβ f (V ) , (34)

Uμνα
4 = εμνλσ εαβρξ pσ

(
T̃ (1)ζ ′

(q1) (p − q1)ξ t̃ (3)δζ
ρ (q2)

×P(2)

λζ ′δζ (p − q1) f (R)
V γ (q2)

+T̃ (1)ζ ′
(q2) (p − q2)ξ t̃ (3)δζ

ρ (q1)

×P(2)

λζ ′δζ (p − q2) f (R)
V γ (q1)

)
Vβ f (V ) , (35)

Uμνα
5 = εμνλσ εβρδξ pσ

(
T̃ (1)ζ ′

(q1) (p − q1)ξ t̃ (3)αζ
δ (q2)

×P(2)

λζ ′ρζ
f (R)
V γ (q2)

+T̃ (1)ζ ′
(q2) (p − q2)ξ t̃ (3)αζ

δ (q1)

×P(2)

λζ ′ρζ
f (R)
V γ (q1)

)
Vβ f (V ) , (36)

Uμνα
6 = εμνλσ εαβρξ pσ

(
T̃ (3)ζ ′δ

λ (q1) (p − q1)ξ t̃ (1)ζ (q2)
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×P(2)

ζ ′δρζ
(p − q1) f (R)

V γ (q2)

+T̃ (3)ζ ′δ
λ (q2) (p − q2)ξ t̃ (1)ζ (q1)

×P(2)

ζ ′δρζ
(p − q2) f (R)

V γ (q1)

)
V β f (V ) , (37)

Uμνα
7 = εμνλσ εβτρξ pσ

(
T̃ (3)ζ δ

λ (q1) (p − q1)ξ t̃ (3)αδ′
ρ (q2)

×P(2)

ζ δτδ′(p − q1) f (R)
V γ (q2)

+T̃ (3)ζ δ
λ (q2) (p − q2)ξ t̃ (3)αδ′

ρ (q1)

×P(2)

ζ δτδ′(p − q1) f
(R)
V γ (q1)

)
Vβ f (V ) , (38)

Uμνα
8 = ενλσζ ′

εαβρξ p′
ζ

(
T̃ (3)μζ

σ (q1) (p − q1)ξ t̃ (1)δ(q2)

×P(2)
λζρδ(p − q1) f (R)

V γ (q2)

+T̃ (3)μζ
σ (q2) (p − q2)ξ t̃ (1)δ(q1)

×P(2)
λζρδ(p − q2) f (R)

V γ (q1)

)
Vβ f (V ) , (39)

Uμνα
9 = ενλσζ εαβρξ pζ

(
T̃ (3)μδ

σ (q1) (p − q1)ξ t̃ (3)λ′δ′
ρ (q2)

×P(2)

λδλ′δ′(p − q1) f (R)
V γ (q2)

+T̃ (3)μδ
σ (q2) (p − q2)ξ t̃ (3)λ′δ′

ρ (q1)

×P(2)

λδλ′δ′(p − q2) f (R)
V γ (q1)

)
Vβ f (V ) . (40)
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