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Abstract The yrast band in the heavy N = Z nucleus
88Ru is studied in the framework of the α-cluster model
in combination with double-folding potentials. It is found
that the excitation energies of the yrast band in 88Ru can
be nicely described within the α-cluster approach using a
smooth and mildly L-dependent adjustment of the potential
strength. This result is similar to well-established α-cluster
states in nuclei with a (magic core ⊗ α) structure. Contrary,
the yrast bands in neighboring N �= Z nuclei deviate from
such a typical α-cluster behavior. Finally, the α-cluster model
predicts reduced transition strengths of about 10 Weisskopf
units for intraband transitions between low-lying states in the
yrast band of 88Ru.

1 Introduction

The structure of the heaviest accessible N = Z nuclei has
been subject of interest over the last years, with one focus
on the role of proton–neutron pairing [1,2]. Very recently, a
detailed experimental investigation of 88Ru became available
which provided the excitation energies of the yrast band up to
Jπ = (14+) and E∗ = 6949 keV [3]. It was concluded that
the observed yrast band in 88Ru exhibits a band crossing “that
is significantly delayed compared with the expected bahavior
of a rotating deformed nucleus in the presence of a normal
isovector (T = 1) pairing field...in agreement with theoreti-
cal predictions for the presence of isoscalar neutron–proton
pairing”. But such an interpretation may also be affected by
shape coexistence effects, and despite several detailed stud-
ies [3–7] a firm conclusion on the experimental verification
of proton–neutron pairing could not yet be reached. The rel-
evance of shape coexistence has also been pointed out in
large-scale shell model calculations of heavy N = Z nuclei
[8].
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In the present work I use a completely different approach
for the description of the yrast band in 88Ru which is based
on the simple two-body α-cluster model. In general, α-
clustering is a very well-known phenomenon in nuclear
physics [9,10]. A lot of work has been done in the past for
doubly-magic cores, i.e. 212Po = 208Pb ⊗ α, 44Ti = 40Ca
⊗ α, 20Ne = 16O ⊗ α, and 8Be = 4He ⊗ α (see e.g. the
recent review [9]), and 94Mo = 90Zr ⊗ α was often used to
fill the wide gap of missing stable doubly-magic core nuclei
between A ≈ 40 and A > 200 [11]. In this gap, the α-decay
in the N = Z system 104Te = 100Sn ⊗ α was also under study
very recently [12–16], and 52Ti = 48Ca ⊗ α was investigated
in [17]. A detailed introduction into the nuclear cluster model
is provided in a dedicated special issue of [18–25].

In the last years, several successful attempts have been
made to extend the α-cluster model towards semi-magic core
nuclei (e.g., above N = 50 [26]), and α-cluster states have
also been identified in non-magic 46,54Cr [27,28]. Thus, it
makes sense to apply the α-cluster model to 88Ru to see
whether the properties of 88Ru can also be described with-
out explicit inclusion of proton–neutron pairing. It has to be
noted that the α-cluster model and proton–neutron pairing
are not completely different approaches. It was already sup-
posed in [5] that the collaboration of the usual proton–proton
and neutron–neutron pairing with enhanced proton–neutron
pairing in 88Ru may lead to α-like correlations, but unfor-
tunately this idea remained qualitative in [5] and was not
detailed further.

The present study is organized as follows. Section 2 pro-
vides a brief introduction into the chosen model. Section 3
gives results for 88Ru and some neighboring N = Z and
N �= Z nuclei. The results are summarized in Sect. 4. Exper-
imental data are taken from the online database ENSDF [29],
except stated explicitly in the text.
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2 α clustering and folding potentials

Details of the α-cluster model are described in literature (e.g.,
[18–25]). Exactly the same approach was used in my previous
paper on 46,54Cr [28]. Here I briefly repeat important features
of the model and its essential ingredients.

2.1 Folding potential

The interaction between the α particle and the core nucleus is
calculated from the folding procedure with the widely used
energy- and density-dependent DDM3Y interaction veff :

VF (r) =
∫ ∫

ρP (rP ) ρT (rT ) veff(s, ρ, ENN) d3rP d3rT

(1)

For details of the folding approach and the chosen interac-
tion veff , see e.g. [35–37]. The density ρP of the α-particle is
taken from the experimental charge density distribution [38].
Obviously, for 88Ru = 84Mo ⊗ α the required density of the
unstable N = Z nucleus 84Mo is not available from experi-
ment. It has been seen recently, that the usage of microscopic
theoretical densities leads to very similar folding poten-
tials [39]. In particular, Hartree–Fock–Bogolyubov densities
using Skyrme forces were used in the present approach for
all target densities ρT . These densities have been calculated
by S. Goriely and are provided as a part of the statistical
model code TALYS [40,41]. The folding integral in Eq. (1)
was solved in the so-called “frozen-density” approximation.

The total interaction potential V (r) is given by

V (r) = VN (r) + VC (r) = λ VF (r) + VC (r) (2)

where the nuclear potential VN is the double-folding poten-
tial VF of Eq. (1) multiplied by a strength parameter λ ≈
1.1 − 1.3 [37,42]. VC is the Coulomb potential in the usual
form of a homogeneously charged sphere with the Coulomb
radius RC chosen the same as the root-mean-square radius
rrms of the folding potential VF which approximately fol-
lows rrms ≈ R0 × A1/3

T with R0 ≈ 1.11 − 1.14 fm for the
nuclei under study. AT (ZT , NT ) will be used as the mass
(charge, neutron) numbers of the “target” or core nucleus in
the α-cluster model.

The strength parameter λ is adjusted to reproduce the ener-
gies of the bound states with E < 0 and quasi-bound states
with E > 0 where E = 0 corresponds to the threshold of α

emission in the compound nucleus. In general, E = Sα + E∗
with the binding energy Sα of the α particle in the compound
nucleus (Sα < 0 for the nuclei under study) and the excitation
energy E∗. The number of nodes N of the bound state wave
function uNL(r) was derived from the Wildermuth condition

Q = 2N + L =
4∑

i=1

(2ni + li ) =
4∑

i=1

qi (3)

where Q is the number of oscillator quanta, N is the number
of nodes, and L is the relative angular momentum of the
α-core wave function. qi = 2ni + li are the corresponding
quantum numbers of the nucleons in the α cluster. Low-lying
single-particle states around 88Ru are dominated by the g9/2

subshell, and thus I use qi = 4, resulting in Q = 16. This
leads to an yrast band with nine positive-parity states with
Jπ from 0+ to 16+ for the even-even nuclei under study.

Further details on the formalism for the calculations of
the folding potentials VF (r), the resulting wave functions
uNL(r), and reduced transition strengths B(EL) have been
provided in earlier work [15,26,42–44].

2.2 Evidence for α clustering

In light nuclei (e.g., 8Be = 4He ⊗ α or 20Ne = 16O ⊗
α) α-cluster states can be identified experimentally either
by enhanced cross sections in α-transfer experiments like
(6Li,d) or by large reduced widths θ2

α in α-induced reactions.
In heavy nuclei the preformation factor P in α-decay can
provide valuable information on α-clustering of the decay-
ing parent nuclei. However, for nuclei in the A ≈ 90 mass
region, the applicability of the above methods is limited. The
lightest α emitters are found slightly above the doubly-magic
core 100Sn [14] which obviously excludes the A ≈ 90 nuclei
from α-decay studies. Compared to light nuclei, α-transfer
studies like (6Li,d) and the determination of reduced widths
θ2
α are complicated for A ≈ 90 nuclei by small cross sections

because of the higher Coulomb barrier.
The well-established α-cluster states in light nuclei can

be described as eigenstates in reasonably chosen α-nucleus
potentials (like e.g. the double-folding potential). The result-
ing wave functions of these eigenstates can be used to cal-
culate E2 transition strengths within α-cluster bands. In
practice, these potentials show either a mild dependence on
the angular momentum L (e.g., [43]), or very special radial
shapes of the potential like the cosh potential [45] or com-
binations of Woods–Saxon plus cubed Woods–Saxon poten-
tials with further modifications [27,46,47] have to be chosen.
Note that a mild angular momentum dependence is expected
for local effective potentials like the folding potential of the
present study [48,49].

For nuclei in the A ≈ 90 mass region, α-clustering is usu-
ally assumed as soon as the excitation energies E∗ and E2
transition strengths for a rotational band can be described
in the same way as explained for light nuclei in the previ-
ous paragraph [11,46]. Contrary, if the excitation energies
of a band cannot be reproduced from reasonable α-nucleus
potentials, theses states are not considered as α-cluster states.
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For double-folding potentials, typically a smooth decrease
of the potential strength parameter λ is found with increasing
excitation energy or increasing angular momentum [26,43].
For intermediate mass nuclei around N = 50 an almost linear
decrease of λ is found for the whole ground state band [26]
whereas for the lightest nuclei the decreasing trend of λ may
change to an increasing λ for states above L ≈ 6 [43].

2.3 α-cluster properties of 96Ru

Most previous studies (e.g., [11,46]) in the A ≈ 90 mass
region have focused on α-cluster states in 94Mo = 90Zr ⊗ α

with the semi-magic NT = 50 core 90Zr. Experimentally, the
0+ ground state and 2+ first excited state in 94Mo were pop-
ulated in the 90Zr(6Li,d)94Mo reaction [50], thus confirm-
ing the α-cluster properties of 94Mo. Based on a theoretical
study, it has been pointed out in [47] that several nuclei with a
(NT = 50) ⊗ α structure show pronounced and very similar
α-clustering properties. Besides 94Mo, α-clustering is sug-
gested for 90Sr, 92Zr, 96Ru, and 98Pd in [47]. In particular,
this finding has been confirmed recently for 96Ru by an α-
transfer experiment using the 92Mo(32S,28Si)96Ru reaction
where the ground state band and few states of a low-lying
negative-parity band in 96Ru were preferentially populated
[51].

Based on the above theoretical and experimental argu-
ments, the nucleus 96Ru will be used as a reference for
α-clustering in the following. 96Ru is preferred over 94Mo
because the yrast band is completely identified up to Jπ =
16+ for 96Ru whereas for 94Mo levels are known only up to
Jπ = (12+). Note also that previous studies of 94Mo were
restricted up to Jπ = 10+ [46] and Jπ = 8+ [11], and both
studies [11,46] disagreed on the location of the Jπ = 8+
state in 94Mo.

3 Results and discussion

3.1 N = Z nucleus 88Ru = 84Mo ⊗ α and some general
remarks

Results for the potential strength parameter λ of 88Ru are
shown in Fig. 1; numerical values are summarized in Table 1.
The obtained potential strength parameters λ show a mild,
very smooth, and almost linear decrease from about λ0 ≈
1.27 for the 0+ ground state down to about 1.22 for the 14+
state at E∗ = 6949 keV.

For a perfect reproduction of λ(L), a 4th-order fit has been
made (shown as dotted lines in Fig. 1):

λ(L) = λ0 ×
[

1 +
4∑

i=1

ci L
i

]
(4)
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/
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Fig. 1 Potential strength parameter λ (normalized to λ0 for the L = 0
ground states) for 88Ru = 84Mo ⊗ α in comparison to the neighboring
nuclei 84Mo = 80Zr ⊗ α, 86Mo = 82Zr ⊗ α, 90Ru = 86Mo ⊗ α, and
96Ru = 92Mo ⊗ α. The red open circle shows the prediction for the
experimentally unknown Jπ = 16+ state in 88Ru from Eq. (4) (see
also Table 1). For better visibility, the results for the different nuclei are
shifted by vertical offsets (0.01 per nucleus). Further discussion see text

Equation (4) provides an excellent description of λ(L) for all
nuclei under investigation in the present work and has thus
been used in all cases.

Using Eq. (4), it is possible to extrapolate the experi-
mentally based potential strength parameters λ of the 0+
to 14+ states to the unobserved Jπ = 16+ state, leading to
λ(16+) = 1.2156 which corresponds to an excitation energy
of E∗(16+) ≈ 8370 keV.

It is interesting to note that the resulting volume integral
JR of the potential remains close to the recent ATOMKI-V1
global α-nucleus potential which was derived from elastic
(α,α) scattering for heavy target nuclei at low energies around
the Coulomb barrier [37]. This potential has also turned out
to be very successful in the prediction of α-induced reac-
tion cross sections at astrophysically relevant sub-Coulomb
energies [39].

Finally, an intrinsic uncertainty for the derived potential
strength parameters λ has to be briefly mentioned; fortu-
nately, the relevance will turn out to be minor. The parameter
λ0 for the 0+ ground states depends on the binding energy
of the α-particle in the compound nucleus. Using the latest
mass tables [52,53], the uncertainties of the α binding ener-
gies may reach up to almost 500 keV for the unstable N = Z
nuclei under study. Obviously, a larger binding energy is
related to a larger λ value. However, a shift in energy by
500 keV corresponds only to a marginal change in λ of about
7×10−3. This minor uncertainty affects all λ(L) in the same
direction and practically cancels out in the presentation and
interpretation of λ/λ0 in Fig. 1. For completeness, the α-
binding energies Sα and the corresponding λ0 are listed in
Table 2 for all nuclei under investigation in the present study.
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Table 1 α-cluster properties of 88Ru. Experimental excitation energies are taken from [3]. Further discusssion see text

Jπ E∗ N L λ JR B(E2, L → L − 2) �γ

(keV ) (MeV fm3) (e2 fm4) (W.u.) (μeV)

0+ 0 8 0 1.2663 352.4 – – –

2+ 616 7 2 1.2587 350.2 203.7 8.8 15

4+ 1416 6 4 1.2504 347.9 281.2 12.1 76

6+ 2380 5 6 1.2417 345.5 285.2 12.3 196

8+ 3480 4 8 1.2331 343.1 260.3 11.2 346

10+ 4543 3 10 1.2272 341.5

12+ 5696 2 12 1.2222 340.1

14+ 6949 1 14 1.2185 339.1

16+ a 8370 0 16 1.2156 338.2

aResults for 16+ derived from the extrapolated λ = 1.2156 (see also Fig. 1)

Table 2 α-binding energies Sα from [52,53] and the resulting potential strength parameters λ0 and volume integrals JR of the 0+ ground states

Nucleus Z N core ZT NT Sα (MeV) λ0 JR (MeV fm3)

84Mo 42 42 80Zr 40 40 −2.235 1.2800 357.6
86Mo 42 44 82Zr 40 42 −2.904 1.2716 354.1
88Ru 44 44 84Mo 42 42 −2.594 1.2663 352.4
90Ru 44 46 86Mo 42 44 −3.198 1.2583 348.9
96Ru 44 52 92Mo 42 50 −1.697 1.1942 327.7

In the following, the results for the N = Z nucleus 88Ru
will be compared to 96Ru with its neutron-magic (NT = 50)
core 92Mo (Sect. 3.2), to all neighboring N �= Z nuclei with
N ± 2 or Z ± 2 (Sects. 3.3, 3.4, and 3.5), and to the lighter
N = Z nucleus 84Mo (Sect. 3.6).

3.2 Nucleus 96Ru = 92Mo ⊗ α with neutron-magic core
(NT = 50)

As a first comparison, we discuss the potential strength
parameters λ(L) for 96Ru which is—besides 94Mo [11,46]
– a well-established α-cluster nucleus with a NT = 50
neutron-magic core in this mass region. 96Ru is preferred
here because the yrast band is well-defined up to at least
Jπ = 16+ whereas no high-spin members of the yrast band
are available for 94Mo (see also Sect. 2.3).

The calculations for 96Ru in [26] have been repeated to
ensure that the results are not affected by the present choice of
the nucleon density of 92Mo (see also Sect. 2.1). In both cases,
using either an average density in [26] or using the theoreti-
cal density from [40,41] in the present study, it is found that
the potential strength parameter λ depends only mildly and
almost linear on the angular momentum L . Such a finding is
typically interpreted as clear evidence for α-clustering. Inter-
estingly, the L dependence of λ is very similar for 96Ru and
88Ru, pointing also to a significant amount of α-clustering in
the N = Z nucleus 88Ru without magic core. Furthermore,

a practically identical behavior was found for 98Pd = 94Ru ⊗
α, again with a neutron-magic core NT = 50 [26].

3.3 Neighboring N = Z + 2 nucleus 90Ru = 86Mo ⊗ α

Contrary to 88Ru and to the nuclei 96Ru and 98Pd with their
neutron-magic NT = 50 cores which all show an almost
linear decrease of the potential strength parameter λ(L), the
N �= Z nucleus 90Ru shows a clearly different behavior. The
obtained values for λ show a somewhat larger scatter, and
the trend of decreasing λ(L) changes to increasing λ(L) for
the largest L = 14 and 16. Interestingly, a similar trend for
λ(L) is also found for an odd-parity band in 90Ru which can
be interpreted with Q = 17 in Eq. (3).

Both effects, a significantly larger scatter in λ(L) and a
non-monotonic bahavior, are usually interpreted that the sim-
ple α-cluster model is less applicable for such cases. Such
a finding is not very surprising for 90Ru which is a nucleus
without a neutron-magic core.

3.4 Neighboring N = Z + 2 nucleus 86Mo = 82Zr ⊗ α

The results for the N �= Z nucleus 86Mo are practically
identical to the above results for 90Ru. In particular, there is
also a clear trend of increasing λ(L) for the largest L under
study. The scatter of the λ(L) values is somewhat smaller
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than for 90Ru, but still above the very smooth results for
88Ru and 96Ru.

Similar to 90Ru, also the Q = 17 odd-parity band in 86Mo
shows a trend of increasing λ(L) for the largest L . However,
because the L = 15 and L = 17 members are not known
experimentally, the trend to increasing λ(L) for large L is
not as clear for 86Mo as for 90Ru.

3.5 Neighboring N = Z − 2 nuclei 86Ru = 82Mo ⊗ α and
90Pd = 86Ru ⊗ α

Unfortunately, the experimental information on these
extremely neutron-deficient N = Z − 2 nuclei is very lim-
ited [29] because experiments with these neutron-deficient
species are very difficult. In particular, it was not possible up
to now to determine properties of rotational bands in these
nuclei. Thus, although highly desirable, it is not possible to
analyze the N = Z − 2 nuclei 90Pd and 86Ru in the same
way as their N = Z + 2 mirror nuclei 90Ru (Sect. 3.3) and
86Mo (Sect. 3.4).

3.6 Neighboring N = Z nucleus 84Mo = 80Zr ⊗ α

At first view, the resulting potential strength parameters λ(L)

for the N = Z nucleus 84Mo look very similar to the above
results for 88Ru. However, the observed yrast band in 84Mo
is known only up to Jπ = (10+) [6,29] which does not allow
a strong statement on the behavior of λ(L) for large angular
momenta L . The 4th-order fit in Eq. (4) shows a trend to
increasing λ(L) for large L , similar to the N �= Z nuclei
86Mo and 90Ru, but different from the neighboring N = Z
nucleus 88Ru. A complete determination of the yrast band in
84Mo up to Jπ = 16+ would be very important to answer
the open question whether 84Mo behaves really similar to its
N = Z neighbor 88Ru.

Unfortunately, experimental data are also very limited for
the next N = Z nucleus 92Pd, but very recently new data
became available for 96Cd [54]. Interestingly, the resulting
λ(L) for the N = Z nucleus 96Cd also show a clear trend of
increasing λ(L) for larger angular momenta L , i.e., similar
to the N �= Z nuclei 86Mo and 90Ru, but different to the
N = Z nucleus 88Ru.

3.7 Comparison and interpretation of the results

From the above results it is obvious that the yrast band in
the N = Z nucleus 88Ru can be nicely described within the
α-cluster model. Similar to well-established α-cluster nuclei
like 96Ru, the resulting potential strength parameters λ(L)

behave very regularly and show a smooth and almost linear
trend to decrease towards larger angular momenta L . Con-
trary to the N = Z nucleus 88Ru, the neighboring N �= Z
nuclei 86Mo and 90Ru show a different behavior with increas-

ing λ(L) towards large L . Interestingly, such a behavior is
also found for the heavy N = Z nucleus 96Cd, and no clear
conclusion is possible for the neighboring N = Z nucleus
84Mo. Also lighter N �= Z nuclei like 46Cr and 54Cr [28]
show the typical N �= Z behavior of increasing λ(L) for
large L . Thus, the properties of the yrast band in 88Ru seem
to be somewhat extraordinary, and the interpretation of these
data requires special care.

The different models for 88Ru, i.e., α-clustering vs.
proton–neutron pairing, can be further tested by comparing
their predictions for reduced E2 transition strengths. The
α-cluster model predicts B(E2) of the order of 10 Weis-
skopf units for intraband transitions between low-lying mem-
bers of the yrast band (see Table 1), and typically these
predictions are in rough agreement with experiment even
without the usage of effective charges and do not devi-
ate by more than a factor of two from experimental val-
ues [26]. Contrary to the α-cluster model, various shell model
approaches provide higher E2 strengths of 20 or even more
Weisskopf units [5,8,55]. Very high values, even exceed-
ing 50 Weisskopf units, were found from the considera-
tion of proton–neutron pairing for the B(E2, 8+ → 6+),
B(E2, 6+ → 4+), and B(E2, 4+ → 2+) transitions in the
shell model [55] whereas the α-cluster model predicts almost
constant B(E2) for all transitions. Thus, a measurement of
transition strengths could provide further insight in the appli-
cability of the different models for 88Ru. This holds in partic-
ular for transition strengths between excited states which are
however extremely difficult to measure for 88Ru. All present
predictions of B(E2) strengths from the shell model [5,8,55]
and from the α-cluster model in this study lead to lifetimes far
below nanoseconds in the yrast band and are thus compatible
with the observation of γ -γ coincidences within the experi-
mental nanosecond timing window of HPGe detectors [3].

4 Summary and conclusions

The α-cluster model is able to reproduce the excitation ener-
gies of the recently measured [3] yrast band in the heavy
N = Z nucleus 88Ru. This provides an alternative approach
to previous studies which had a focus on special proton–
neutron pairing in N = Z nuclei which was required to
describe the observed delayed band crossing, compared to
neighboring N �= Z nuclei. Both approaches—the α-cluster
model on the one side and the shell model in combination
with proton–neutron pairing on the other side—are able to
reproduce the observed excitation energies of the yrast band
in 88Ru.

The experimental determination of radiation widths or
absolute E2 transition strengths could be one way to test
the reliability of the predictions from the different models
and the applicability to 88Ru. Without a clear experimentally
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based preference for one of the models, any conclusion on the
experimental verification of proton–neutron pairing in 88Ru
or on significant α-clustering in 88Ru has to remain tentative.
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