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Abstract. The bottom-up approach of the AdS/CFT correspondence leads to the study of ﬁeld equations
in an AdS5 background and from their solutions to the determination of the hadronic mass spectrum.
We extend the study to the equations of AdS5 gravitons and determine from them the glueball spectrum.
We propose an original presentation of the results which facilitates the comparison of the various models
with the spectrum obtained by lattice QCD. This comparison allows to draw some phenomenological
conclusions.

1 Introduction
Quantum Chromodynamics (QCD), the theory of the
strong interactions, has eluded an analytical solution since
its formulation [1]. One of the aspects of QCD which has
attracted much attention is the glueball spectrum [2,3].
In an attempt to understand this theory a procedure to
extend the AdS/CFT correspondence breaking conformal
invariance and supersymmetry was proposed [4–7]. In this
so-called top-down approach the glueball spectrum has
been studied [8–11]. The AdS geometry of the dual theory is an AdS-black-hole geometry where the horizon plays
the role of an infrared (IR) brane.
One relevant feature found in ref. [10] is that the graviton of AdS7 , not the dilaton, corresponds to the lightest
scalar glueball. This feature is in good agreement with the
lattice QCD spectrum were the lightest scalar glueball has
a much lower mass than its immediate excitation which is
almost degenerate with the tensor glueball [3,12–21]. This
observation motivates the present investigation.
A diﬀerent strategy based of the AdS/CFT correspondence, the so-called botton-up approach starts from QCD
and attempts to construct a ﬁve-dimensional holographic
dual. One implements duality in nearly conformal conditions deﬁning QCD on the four dimensional boundary and
introducing a bulk space which is a slice of AdS5 whose
size is related to ΛQCD [22–25]. This is the so called hardwall approximation. Later on, in order to reproduce the
Regge trajectories, the so called soft-wall approximation
was introduced [26,27]. Within the bottom-up strategy
and in both, hard-wall and the soft-wall approaches, glueballs arising from the correspondence of ﬁelds in AdS5
have been studied [28–33].
a

e-mail: vicente.vento@uv.es

In this scenario, the purpose of this investigation is to
ﬁnd the role of the AdS5 graviton in the bottom-up approach. We study the spectrum of the scalar and tensor
components of the AdS5 graviton establishing a correspondence with the glueball spectrum of lattice QCD [13,18,
19] shown in table 1.
We will also show in our ﬁgures for completeness the
N → ∞ limit of the lightest scalar glueball. The mass of
the other glueballs do not change much in this limit [18,
21] as shown in table 2.
In the next sections we proceed to study the graviton in the hard-wall and soft-wall approaches to AdS5
and compare the results with previous calculations with
scalar and tensor ﬁelds. The graviton arises from Einstein’s equations, while the variational approach on the
ﬁeld Lagrangian gives rise to the equations of motion for
the ﬁelds. Thereafter we match the spectra obtained from
these diﬀerent models with the lattice QCD (LQCD) glueball spectrum [13,18,19] and extract conclusions.

2 Glueballs as hard-wall gravitons
According to AdS/CFT correspondence massless scalar
string states are dual to boundary scalar glueball operators [6,7,22]. On the other hand scalar string excitations
with mass
 μ couple to boundary operators of dimension
Δ = 2 + 4 + (μR)2 . Glueball operators with spin J have
dimension Δ = 4 + J, thus a consistent coupling between
string states with mass μ and glueball operators with spin
J requires (μR)2 = J(J + 4). The glueball operators are
massless and respecting conformal invariance. Once we introduce a size in the AdS space there is an infrared cut oﬀ
in the boundary which is proportional to 1/ΛQCD , explicitly breaking conformal invariance. The presence of the
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Table 1. Glueball masses (MeV) from lattice calculations MP [13], YC [19] and LTW [18]. We have not included the lattice
results from the unquenched calculation [20] to be consistent, which are in agreement with the shown results within errors.
0++

2++

0++

MP

1730 ± 94

2400 ± 122

2670 ± 222

YC

1719 ± 94

2390 ± 124

LTW

1475 ± 72

2150 ± 104

2755 ± 124

2++

0++

0++

2880 ± 164

3370 ± 180

3990 ± 277

Table 2. Ratios of glueball masses for N = 3 and very large N as shown in refs. [18, 21].
0++

m(SU (3))/m(SU (∞))

0++∗

Continuum

1.07 ± 0.04

0.94 ± 0.04

1.00 ± 0.03

Smallest lattice

1.17 ± 0.05

1.00 ± 0.04

0.99 ± 0.04

slice implies an inﬁnite tower of discrete modes for the
bulk states. These bulk discrete modes are related to the
masses of the non-conformal glueball operators.
In the bottom-up approach, supergravity ﬁelds in the
AdS5 slice times a compact S5 space are considered an
approximation for a string dual to QCD. The metric of
this space can be written as
ds2 =

2++


R2  2
dz + ημν dxμ dxν + R2 dΩ5 ,
2
z

(1)

where ημν is the Minkowski metric and the size of the slice
in the holographic coordinate 0 < z < zmax is related to
1
. The equation of motion
the scale of QCD, zmax = ΛQCD
for the scalar ﬁeld with mass μ in AdS5 is obtained from
the Lagrangian of a free scalar in the curved background
and leads to [6,7]
3
(μR)2
Φ = 0.
∂z2 Φ − ∂z Φ + ημν ∂ μ ∂ ν Φ −
z
z2

(2)

Motivated by the work of ref. [10] in the top-down approach, we study the contribution of the scalar component of the massless graviton in the sliced AdS5 geometry.
Writing the metric as gab = ḡab +hab where ḡab is the background metric eq. (1), which is a solution of Einstein’s
equations, we obtain for the perturbation h linearizing
Einstein’s equations
1
1
1
1
− hc + h;c + h;c + 4hab = 0,
− h;c
2 ab;c 2 c;ab 2 ac;b 2 bc;a

(3)

which are the ﬁeld equations for the graviton. Choosing
the gauge where the only non vanishing component is
htt = (z −2 − z 2 )φ(z)e−mx3 ,

(4)

where m is the mass parameter. Substituting this ansatz
into eq. (3) we obtain eq. (2) for a plane wave solution
Φ(x, z) ∼ e−iP ·x φ(z) with P 2 = −M 2 and μR = 0,
dφ
d2 φ
+ M 2 φ = 0.
−3
dz 2
dz

(5)

Thus the scalar graviton equation is exactly the same
equation as that for the massless scalar ﬁelds dual to the
scalar glueballs [28–30].

Table 3. Energy modes for the scalar glueball in the hardwall model with Dirichlet (D) and Neumann (N) boundary
conditions.
k

1

2

3

4

5

...

D scalar

5.136

8.417

11.620

14.796

17.960

...

N scalar

3.832

7.016

10.173

13.324

16.471

...

Let us now ﬁnd the perturbation to Einstein’s equations for the tensor component of the graviton. In this case
we choose the gauge
hij = qij T (z)e−mx3 ,

(6)

being i, j = 1, 2 and qij a generic constant tracelesssymmetric matrix. The result of this calculation for T (z) is
also eq. (5). Thus the scalar graviton and tensor graviton
components lead to the same equation. The two components are degenerate.
The spectrum of the graviton coincides with that of
the scalar ﬁelds and the tensor graviton with the tensor
ﬁelds if we add a mass term (μR)2 = 12 if we use the same
boundary conditions. Let us recall these solutions.
The plane wave solutions
Φ(xμ , z) = Ck e−iP x z 2 J2 (uk z),

(7)

with the following boundary conditions:
Dirichlet J2 (χk ) = 0,
Neumann J1 (ξk ) = 0,

(8)

determine the scalar spectrum. Here J2 and J1 are Bessel
functions, for the Dirichlet modes uk = χk ΛQCD , while
for the Neumann modes uk = ξk ΛQCD and k labels the
energy modes. The corresponding solutions for the mass
of the glueballs in dimensionless units of ΛQCD are given
by the zeros of the corresponding Bessel functions. The
energy modes of the scalar glueball are shown in table 3.
For the tensor modes according to duality we simply
have to add the mass term (μR)2 = J(J + 4). Considering
again plane wave solutions the spectrum is given by
Dirichlet Jn (χn,k ) = 0,
Neumann (2 − n)Jn (ξn,k ) + ξn,k Jn−1 (ξn,k ) = 0,

(9)
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Table 4. Energy modes for the tensor ﬁeld in the hard-wall
model with Dirichlet (D) and Neumann (N) boundary conditions.
k

1

2

3

4

5

...

D tensor

7.588

11.065

14.373

17.616

20.827

...

N tensor

5.981

9.537

12.854

16.096

19.304

...

ground which cuts-oﬀ smoothly in the holographic coordinate. The mechanism introduced some time ago for that
purpose, capable of reproducing the Regge behavior of
mesons, consists in incorporating a dilaton ﬁeld δ and a
metric gab with characteristic properties [26]. In this formalism the glueballs are described by 5d ﬁelds propagating in this background with the action given by


where Jn are Bessel functions, n = 2 + J and k labels the
modes.
We show the tensor modes in table 4 [27,29].
We proceed to compare this AdS5 spectrum to the
quenched LQCD glueball spectrum [13,18,19] in ﬁg. 1.
To this aim, we ﬁx the scale of the AdS5 calculation by
performing a best ﬁt to the lowest glueball state. Once
the AdS5 spectrum is plotted with this initial scale we
seed the data into the plot attributing the mode numbers
to the diﬀerent glueball states. Finally we modify slightly
the scale of our original ﬁt to get a best ﬁt to the data.
Note that we plot two masses for the lightest glueballs,
which correspond to the ones obtained by LQCD and its
large N limit as shown in table 2 [21,18].
The ﬁgure to the left shows the Dirichlet and Neumann ﬁts to the scalar spectrum. We have skipped the
k = 1 mode because its value 2713 MeV is too high for
a reasonable ﬁt. The ﬁgure on the right shows the ﬁt to
the tensor glueballs which has been obtained incorporating the mass term. Note that since the scale is the same
for scalar and tensor we have to get a best ﬁt to both data
sets.
While the relation between the scalar graviton component and the scalar glueball is analogous to that of the
scalar ﬁeld: same equations and no AdS5 mass, the tensor graviton is not unless we introduce artiﬁcially a mass
term. However the LQCD spectrum is telling us that the
second tensor glueball and the second scalar are almost
degenerate. Moreover by looking at the modes in tables 3
and 4 one realizes that the second scalar mode and the
ﬁrst tensor modes are almost degenerate, very much so in
the Dirichlet case. Guided by this almost degeneracy of
the scalar and tensor LQCD masses and of the degenerate
scalar and tensor modes we plot both scalar and tensor
modes following the massless equation, since the graviton
equations for scalar and tensor are degenerate. To get a
reasonable ﬁt to the data, we skip for the tensor the k = 0
mode, i.e., the lowest tensor glueball at 2313 MeV is ascribed to k = 1 and since the next scalar glueball, the
2713 MeV, is almost degenerate with the 2880 MeV tensor glueball we assign to it the k = 2 mode number. The
result is shown in ﬁg. 2. The ﬁt is quite good with only one
curve for scalar and tensor glueballs. The mode skipping
in the case of the tensor is like a mass gap as we shall see
in the soft-wall models.

3 Glueballs as soft-wall gravitons
Another scheme to determine the spectrum of QCD from
AdS5 has been a mechanism for a gravitational back-

I=

√
d5 x −ge−δ L,

(10)

where L is the lagrangian density describing the dynamics
of the scalar ﬁelds, δ the dilaton whose mission is to soften
the z cut-oﬀ,
(11)
δ(z) = β 2 z 2 .
and g = det gab , where gab is the AdS5 metric deﬁned in
eq. (1) [30]. Since our aim is to ﬁnd the glueballs associated
with the AdS graviton without changing the results for
conventional hadrons, we generalize the metric to
gab (z) = e−α

2

2
(z 2 /R2 ) R
(−1, 1, 1, 1, 1).
z2

(12)

Equation (12) is a modiﬁcation of the metric suitable
for enriching the dynamics of the AdS graviton. These
type of metrics have been used to explore heavy quark
physics [34–36]. In order to implement the condition of
Regge trajectories used in previous calculation [26,30] we
must impose
3α2
+ β 2 = 1.
(13)
2
Note that the change of metric aﬀects the Lagrangian term
in the action leading to an additional multiplicative factor
2 2
eα z in the integral which is the reason for the factor
3/2 in eq. (13). Such a choice for the metric produces a
Lagrangian for a scalar ﬁeld that is identical to that of
eq. (10) and will lead to the same equations of motion for
the ﬁelds. We add no new degrees of freedom. However,
the graviton equations of motion change.
Given these restrictions, the spectra for the glueballs,
arising from the scalar and tensor ﬁelds, using R = 1
ineq. (12), are those of ref. [30], i.e., MJ2 = 4k + 4 +
2 4 + J(J + 4), k = 0, 1, . . ., for even J. We rewrite these
equations for scalar and tensor in a single expression,
M 2 = 4k + 8,

(14)

where k = 0, 1, . . . for the scalar modes and k = 1, 2, . . .
for the tensor modes. One should notice that the addition
of the mass term to the tensor is equivalent to skipping
the k = 0 mode. In this model the phenomenological procedure for the spectra discussed for the hard-wall model is
perfectly realized. These solutions correspond also to the
graviton with the old metric eq. (1), i.e. α = 0.
Let us ﬁnd the spectrum for the scalar component of
the graviton by solving the Einstein’s equations corresponding to the new metric eq. (12). Using R = 1 and
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Fig. 1. Glueball spectrum obtained in the hard-wall model. The ﬁgure on the left shows the ﬁt to the scalar (J = 0) glueball
spectrum. The ﬁgure on the right shows ﬁt to the tensor (J = 2) glueball spectrum. The solid lines correspond to Dirichlet
boundary conditions and the dashed lines to Neumann boundary conditions. The full circles represent the scalar LQCD masses,
the squares the large N limit scalar LQCD masses and the triangles the tensor LQCD masses.

√
In terms of the new variable τ = αz/ 2, eq. (16) becomes
d2 Ψ
(18)
− 2 (τ ) + VGSS (τ )Ψ (τ ) = Λ2 Ψ (τ ),
dτ
where
2M 2
(19)
Λ2 =
α2
and the potential is given by
2

8e2τ
17
− 2 − 14 − 15τ 2 .
VGSS (τ ) =
τ2
4τ

Fig. 2. Glueball spectrum obtained in the hard-wall model.
We plot the modes of the massless equation which represents
the degeneracy of the scalar and tensor gravitons skipping the
k = 0 mode for the tensor and the k = 1 mode for the scalar.
The solid lines correspond to Dirichlet boundary conditions
and the dashed lines to Neumann boundary conditions. The
full circles represent the scalar LQCD masses, the squares the
large N limit scalar LQCD masses and the triangles the tensor
LQCD masses.

the same gauge eq. (4) the mode equation becomes




8
3 dφ
d2 φ
2
2
2
2 2
+
+ α z−
+ 6α + M + 4α z φ
dz 2
z dz
z2
2 2
8
− 2 e−α z φ = 0.
(15)
z

In order to study the boundary conditions at the origin we
Taylor expand the exponential to second order, obtaining
a potential whose behavior at small τ is
Vlow (τ ) ∼

(16)

Ψ (τ ) ∼ τ 5/2 .

−

d2 Ψ
(t) + VGSS (t)Ψ (t) = Λ2 Ψ (t),
dt2

where
Λ2 =
and

2 2

(17)

(21)

(22)

Note that α is just a scale in the mass equation and that
the mode solutions, Λk , are independent of its value. For
small values of τ this equation leads to that of ref. [30] for
the scalar ﬁeld up to an irrelevant constant Λ20 .
For α2 > 0, the potential is not binding and the corresponding solutions for the eigenfunctions are damped
oscillations. The well behaved modes appear for α2 < 0.
In this case we use the variable t = iτ , t > 0 and a = iα,
a2 > 0. Equations (18), (19) and (20) now become

where
8eα z
17
15α4 z 2
.
− 2 − 7α2 −
VGS (z) =
2
z
4z
4

15
,
4τ 2

which leads to a low τ behavior for the ﬁeld function

Note that for α2 = 0 this equation reduces to eq. (5).
From this one can obtain a Schrödinger type equation,
−Ψ  (z) + VGS (z)Ψ (z) = M 2 Ψ (z),

(20)

2M 2
a2

(23)

(24)

2

VGSS (t) =

8e2t
17
− 2 + 14 − 15t2 .
t2
4t

(25)
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Fig. 3. Typical eigenfunctions of the graviton equation for
α2 < 0. The solid curve shows the lowest (k = 0) mode, the
dashed curve that of the ﬁrst mode (k = 1) and the dotted
curve that of the second mode (k = 2).
Table 5. The scalar modes Λk of the graviton equation in the
soft-wall model.
k

0

1

2

4

...

Scalar graviton

7.341

9.065

10.818

12.568

...

Table 6. The mass modes Mk for the scalar, tensor and the
scalar and tensor graviton components in the soft-wall model.
k

0

1

2

4

...

Scalar ﬁeld

2.82

3.46

4.00

4.47

...

Tensor ﬁeld

3.46

4.00

4.47

4.89

...

Scalar and tensor graviton

5.19

6.41

7.65

8.89

...

again two masses for the lightest glueballs, the one obtained by LQCD and its large N limit. For the ﬁelds (left)
we see by looking at eq. (14) that the scalar equation gives
the tensor spectrum simply by shifting k in one unit as result of adding a mass to the tensor. From k = 1 on, the
AdS5 spectrum of scalar and tensor are degenerate. However, by looking at the lattice spectrum we notice that
the degeneracy appears for the k = 2 tensor, thus we ascribe k = 2 to the second scalar. An important result of
the analysis is as before the missing of a k = 1 scalar.
The overall ﬁt is reasonable but of lower quality than the
hard-wall ﬁt with Dirichlet boundary conditions. For the
gravitons (right) we proceed as before, a strategy that is
now justiﬁed by the ﬁeld equations. We skip the k = 0
tensor mode and ascribe the ﬁrst tensor mode to k = 1.
This could be understood as a way of implementing the
tensor mass in the graviton approach. Since the scalar
and the tensor components of the graviton are also degenerate we ascribe k = 2 to the second scalar. The ﬁt
is of better quality than the conventional soft model approach and the almost linear behavior describes better the
data. It is clear that a further modiﬁcation of the metric
in line with refs. [35,36] is needed to get the adequate
slope.
Finally we compare following the same scheme described above the soft graviton with the hard Dirichlet
graviton in ﬁg. 5. Both give reasonable ﬁts to the data
although their slopes are quite diﬀerent. The slope in the
hard-wall model is too large, while that of the soft-wall
model is too small. Thus both require more sophisticated
metrics to describe better the data.

4 Conclusions
It is important to note the change of sign in the exponential but also in the constant term which lead to quantized
modes solutions. We show in ﬁg. 3 the eigenfunctions for
the ﬁrst three modes. The corresponding eigenvalues, Λk ,
are given in table 5. The change of τ by t corresponds to
the change in the asymptotic behaviour to go from a non
bound to a bound solution.
For the tensor component of the graviton choosing the
same gauge eq. (6) one obtains the same equation as for
the scalar component eqs. (16) and (17).
In table 6 we show the corresponding mass modes Mk
for scalar and tensor ﬁelds [30] and scalar and tensor graviton components calculated above.
Let us compare the results of the two soft-wall models studied with the LQCD results. In order to perform
such comparison, we ﬁx the scale of the AdS5 calculation
by performing a best ﬁt to the lattice data of the scalar
glueball. Our ﬁt requires a value of |α| ∼ 0.32 which is
close to 0.375 obtained in ref. [37] by studying the pion
form factor in a soft-wall model, and somewhat smaller
that of ref. [34], 0.47, obtained by analyzing heavy quark
dynamics also in a soft-wall model.
In ﬁg. 4 we plot the graviton and ﬁeld results for the
glueball spectrum, by ﬁtting the scale to the scalar spectrum, and compare them to the LQCD spectrum. We plot

We have discussed the spectrum of the scalar and tensor
glueballs under the assumption that in an AdS5 approach
scalar and tensor components of the graviton might play a
signiﬁcant role corresponding to the lowest lying glueballs.
We have studied the problem in hard and soft-wall models.
In the hard-wall model [28,29] the scalar component of
the graviton reproduces exactly the same equations as the
ﬁeld approach but the tensor component is degenerate.
By ﬁtting an energy scale the results of the model reproduce reasonably well the lattice results, specially so with
Dirichlet boundary conditions. The almost linear behavior
of the ﬁt is in good agreement with the data.
In the soft-wall approach we study a modiﬁcation of
the dilaton model [30] with a diﬀerent metric leading to
equations for the graviton which are not the same as those
for the ﬁeld equations. We ﬁnd new solutions which depend on a metric parameter α2 < 0. The metric grows as
2 2
e−α z which implies that it grows at short distances becoming pure AdS5 at inﬁnity leading to a potential which
is able to bind. We have solved numerically the equations
for the scalar component. The tensor component turns
out to be degenerate unless a mass term is added. Both
the ﬁeld and graviton ﬁts to the QCD lattice spectrum are
reasonable if the ﬁrst tensor mode is ascribed to k = 1 and
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Fig. 4. Glueball spectrum obtained by the soft-wall approach. The ﬁgure on the left shows the scalar and tensor ﬁeld results.
The ﬁgure on the right shows the graviton ﬁt to the glueballs. The symbols as in previous ﬁgures.
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