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Abstract. We discuss the impact of the uncertainty (±8 keV) in the excitation energy of the astrophysically
17
e for the
important 6.356 MeV 1/2+
O on the precision with which the Coulomb reduced ANC (C)
2 state of
+
17
13
e2
 O(1/22 ) | C+α overlap can be extracted from direct reaction data. We ﬁnd a linear dependence of C
on the binding energy, the value extracted varying by a factor of 4 over the range Eex = 6.356–6.348 MeV.
e 2 can be determined which cannot be
This represents an intrinsic limit on the precision with which C
improved unless or until the uncertainty in Eex is reduced.

During the past decade the so-called asymptotic normalisation coeﬃcient (ANC) [1,2] has been much in vogue
to quantify the nuclear structure information extracted
from analyses of direct reaction data, although the concept dates back some ﬁfty years [3–5]; there are diﬀerences
of detail in the deﬁnitions of the reduced normalisation of
refs. [3–5] and the ANC but they are conceptually identical. The ANC has much to recommend it since it combines
in a single number the information contained in the usual
spectroscopic factor, S, and the bound state radial wave
function, u(r), thus facilitating comparisons between different analyses. However, for transfers of charged particles
involving weakly bound states the usual ANC can become
inconveniently large and a Coulomb renormalised ANC,
 was introduced, deﬁned as [6]
C,
=
C

!
C,
Γ ( + 1 + η)

(1)

where  is the angular momentum of the transferred particle (a) relative to the core (A),√η = Za ZA e2 μaA /kaA the
Sommerfeld parameter, kaA = 2μaA  the wave number,
μaA the reduced mass,  the binding energy and Γ the
gamma function. C is the usual ANC
2

R u(R)
2
(2)
C =S
W−η,+1/2 (2kaA R)
for large values of R where the ANC reaches its asymptotic
value and W is the Whittaker function of the second kind.
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Note that the Coulomb renormalised ANC depends on the
binding energy  through both the Whittaker function in
the conventional ANC and the gamma function employed
in the renormalisation procedure.
This suggests the possibility that for states close to
threshold any uncertainty in the excitation energy Eex
and hence the binding energy  may have an impact on
the accuracy with which the ANC can be determined from
ﬁts to reaction data. One such state is the 17 O 1/2+
2 with
an excitation energy of 6.356 MeV, ∼ 3 keV below the α
emission threshold, and a stated uncertainty of ±8 keV [7].
13
C + α overlap is astroThe ANC for the 17 O(1/2+
2) |
physically important since the 13 C(α, n)16 O reaction is
considered to be the main source of neutrons for the s
process in asymptotic giant branch (AGB) stars [8]. The
reaction rate at the energies required has to be extrapolated from higher energy data and the presence of the
17
O complicates matters since
6.356 MeV 1/2+
2 state in
it enhances the low energy cross section, making an important contribution to the astrophysical S factor. An accurate determination of the Coulomb reduced ANC for
13
C + α overlap is required to ﬁx this
the 17 O(1/2+
2) |
contribution and there is a considerable literature on the
subject, see e.g. ref. [9] and references therein.
 2 to the binding
To test the possible sensitivity of C
energy we re-analysed two typical data sets for trans13
C + α overfer reactions probing the 17 O(1/2+
2) |
lap, the 3.57 MeV 13 C(6 Li, d)17 O data of ref. [9] and the
45 MeV 13 C(11 B,7 Li)17 O data of ref. [10]. It was assumed
that the distorted wave Born approximation (DWBA) is
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adequate to describe the reaction process in both cases
(the 13 C(11 B,7 Li)17 O calculations are technically coupled
channels Born approximation (CCBA) since they included
coupling to the ﬁrst excited state of 11 B, but only the direct transfer step from the ground state of 11 B was included) and most inputs —distorting potentials and projectile overlaps— were retained from the original publications.
For the target overlap, the transferred α particle was
bound to the 13 C core in a conventional Woods-Saxon well
with radius and diﬀuseness parameters R = r0 × 131/3 fm,
a0 = 0.65 fm. The value of r0 was varied from 1.25 to 2.50
in steps of 0.05 and for each value calculations were performed varying the value of  from the nominal value of
2.69 keV to 10.69 keV, corresponding to the lower limit of
the uncertainty in the excitation energy. Note that the effect of decreasing  was not investigated since this would
lead to the state becoming unbound with respect to α
emission and thus make extraction of an ANC problematical, since the bound-state wave function no longer decays
as a smooth exponential as a function of radius in that
case. To avoid subjective judgements as far as possible the
calculations were normalised to the data by minimising χ2 .
All calculations were performed using Fresco [11].
For a given value of r0 the calculated angular distributions and the associated spectroscopic factors do not vary
as a function of  over the range tested here. However,
the Coulomb renormalised ANC varies considerably, see
 2 plotted in ﬁg. 1 are for binding
ﬁg. 1. The values of C
potentials with r0 = 1.50 but similar results were obtained
for all r0 . The square of the Coulomb renormalised ANC
increases by approximately a factor of 4 as  is increased
from 2.69 keV to 10.69 keV. Furthermore, the variation of
 2 as a function of  is linear, the solid lines in ﬁg. 1 repC
2
resent linear regression ﬁts to the individual values of C
denoted by the ﬁlled circles. We emphasise that the dif 2 were obtained from absolutely identical ﬁts to
ferent C
the data —the calculated angular distributions are graphically indistinguishable— and that for a given r0 the extracted spectroscopic factors do not vary as a function of
 over this range. The slight oﬀset in the absolute values
 2 extracted from the two reactions is not signiﬁcant;
of C
since it is the product of the projectile and target overlap
ANCs that is actually determined by the ﬁt to the data
the choice of projectile overlap ANC will obviously aﬀect
the absolute value of the target overlap ANC.
In summary, we ﬁnd that due to the uncertainty of
±8 keV in the excitation energy of the near threshold
17
O there is currently an in6.356 MeV 1/2+
2 state of
trinsic limit of approximately a factor of 4 in the precision with which the Coulomb modiﬁed ANC for the
13
C + α overlap can be determined, with
17 O(1/2+
2) |
all that this entails for the astrophysical S factor for the
13
C(α, n)16 O reaction. This will not be improved until or
unless the uncertainty in the excitation energy for this
state is reduced. It may well be that this is a unique, not
to say pathological, case since the 6.356 MeV 1/2+
2 state
is above the neutron emission threshold and at the same
time very close to the α emission one. Nevertheless, our
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e 2 for the 17 O(1/2+ ) | 13 C + α overlap as a function
Fig. 1. C
2
of the excitation energy, Eex , and the binding energy of the
transferred α particle, , extracted from (a) the 13 C(6 Li, d)17 O
data of ref. [9] and (b) the 13 C(11 B,7 Li)17 O data of ref. [10].
The lines represent straight line regression ﬁts to the values
obtained (ﬁlled circles).

results show that for near-threshold levels the uncertainty
in the value of the excitation energy may have a signiﬁcant
impact on the ANC and this should be tested on a case-bycase basis. We note that uncertainties in the masses of the
core (A) and/or composite (B) nuclei may also impact the
precision with which the ANC for the B | A + a overlap
can be determined via the consequent uncertainty in the
B → A + a separation energy when either or both are exotic nuclides. Such an eﬀect has been noted by Ogata [12]
in the context of Eikonal reaction theory.
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