Eur. Phys. J. A (2016) 52: 252
DOI 10.1140/epja/i2016-16252-5

THE EUROPEAN
PHYSICAL JOURNAL A

Letter

Importance of third moments of ﬂuctuations of conserved
charges in relativistic heavy-ion collisions
Masayuki Asakawa1,a , Shinji Ejiri2 , and Masakiyo Kitazawa1
1
2

Department of Physics, Osaka University, 1-1 Machikaneyama, Toyonaka, Osaka 560-0043, Japan
Department of Physics, Niigata University, Niigata 950-2181, Japan
Received: 20 October 2015
Published online: 23 August 2016
c The Author(s) 2016. This article is published with open access at Springerlink.com

Communicated by D. Blaschke
Abstract. We discuss the importance of third moments of conserved charges around their averages in
relativistic heavy-ion collisions.

1 Introduction
Quantum chromodynamics (QCD) is believed to have a
rich phase structure in the temperature (T ) and baryon
chemical potential (μB ) plane. Lattice QCD calculations
indicate that the chiral and deconﬁnement phase transitions are a smooth crossover on the temperature axis [1],
while various models predict that the phase transition becomes of ﬁrst order at high density [2]. The existence of
the QCD critical point is thus expected.
One may expect that the singularity at the critical
point, at which the transition is of second order, may cause
enhancements of ﬂuctuations if ﬁreballs created by heavyion collisions pass near the critical point during the time
evolution. Because of ﬁnite-size eﬀects and critical slowing down, however, such singularities are blurred and its
experimental conformation may not be possible [3,4].

2 Third moment of conserved charges around
the averages
Here we propose to employ signs of third moments of conserved charges around the averages, which we call, for simplicity, the third moments in the following, to infer the
states created by heavy-ion collisions. In particular, we
consider third moments of conserved quantities, the net
baryon and electric charge numbers, and the energy,
m3 (ccc) ≡

(δNc )3 
,
V T2

m3 (EEE) ≡

(δE)3 
,
V T5

(1)
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where Nc with c = B, Q represent the net baryon and
electric charge numbers in a subvolume V , respectively,
E denotes the total energy in V , δNc = Nc − Nc , and
δE = E − E. We also make use of the mixed moments
deﬁned as follows:
δNc (δE)2 
.
V T4
(2)
To understand the behaviors of these moments around
the QCD phase boundary, we ﬁrst notice that the moments eqs. (1) and (2) are related to third derivatives of
the thermodynamic potential per unit volume, ω, with respect to the corresponding chemical potentials and T . The
simplest example is m3 (BBB), which is given by
m3 (ccE) ≡

(δNc )2 δE
,
V T3

m3 (BBB) = −

m3 (cEE) ≡

∂3ω
∂χB
=
,
∂μ3B
∂μB

(3)

where the baryon number susceptibility, χB , is deﬁned as
χB = −

∂2ω
(δNB )2 
.
=
2
∂μB
VT

(4)

The baryon number susceptibility χB diverges at the critical point and has a peak structure around there.
Since m3 (BBB) is given by the μB derivative of χB
as in eq. (3), the existence of the peak in χB means that
m3 (BBB) changes its sign there. Although the precise size
and shape of the critical region are not known, various
models predict that the peak structure of χB well survives far along the crossover line. For also m3 (ccE) and
m3 (cEE), a similar argument applies.
Once the negativeness of third moments is established
experimentally, it is direct evidence of two facts: 1) the existence of a peak structure of corresponding susceptibility
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It should be, however, remembered that the results in
ﬁg. 1, are obtained in an eﬀective model. In particular,
the model employed here gives the critical point at relatively low T and high μB [8]. If the critical point is at
much lower μB , the areas with negative moments in ﬁg. 1
should also move toward lower μB and higher T .

3 Conclusion

Fig. 1. Regions where third moments take negative values in
the T -μB plane. The regions are inside the boundaries given
by the lines.

in the phase diagram of QCD, and 2) the realization of hot
matter beyond the peak, i.e. the quark-gluon plasma, in
heavy-ion collisions. We emphasize that this statement using the signs of third moments is free from any theoretical
ambiguities and is a mathematical consequence [5].
The range of μB /T where lattice simulations are successfully applied is limited to small μB /T with the present
algorithms. In particular, thermodynamics around the
critical point cannot be analyzed with the Taylor expansion method. In order to evaluate the qualitative behavior of the third moments in such a region, one has
to resort to eﬀective models of QCD. To make such an
estimate, here we employ the two-ﬂavor Nambu-JonaLasinio model [6,7] with the standard interaction Lint =
G{(ψ̄ψ)2 + (ψ̄iγ5 τi ψ)2 }, where ψ denotes the quark ﬁeld.
For the model parameters, we take the values determined
in ref. [6]; G = 5.5 GeV−2 , the current quark mass m =
5.5 MeV, and the three-momentum cutoﬀ Λ = 631 MeV.
For the isospin symmetric matter, this model gives a ﬁrstorder phase transition at large μB .
The region where each moment becomes negative in
the T -μB plane is shown in ﬁg. 1. One sees that all the
moments become negative on the far side of the critical
point as it should be, whereas the extent of the region
depends on the channel. The ﬁgure shows that areas with
m3 (BBB) < 0 and m3 (BBE) < 0 extend to much lower
μB and much higher T than the critical point. This suggests that even if the critical point is located at high μB
the negative third moments can be observed by heavy-ion
collision expaeriments at relatively large collision energies.

In this short note, we emphasized the importance of the
third moment of the conserved charges. The ﬂuctuations
of conserved charges do not change in the phase transition.
However, note that they change during the hadron phase
following the phase transition owing to diﬀusion [9]. So
far, we have carried out all discussion in coordinate space.
The values of ﬂuctuations observed in momentum space
are subject to thermal blurring owing to the thermal motion of charged particles [10]. Furthermore, it should be remembered that the simple correspondence between space
time rapidity and rapidity as in Bjorken ﬂow case does not
exist any more at such low energy collisions as at NICA.
It cannot be emphasized too much that it is essential
to cover as large T -μB space by changing colliding energy
to draw a ﬁgure like ﬁg. 1 and get the full information on
the QCD phase diagram. From this point of view, NICA
project is as important as RHIC and LHC.
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