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Abstract. We obtain a model-independent expression for the Lamb shift in muonic hydrogen. This expresm2

sion includes the leading logarithmic O(mμ α6 ) terms, as well as the leading O(mμ α5 mμ2 ) hadronic eﬀects.
ρ

The latter are controlled by the chiral theory, which allows for their model-independent determination. In
this paper we give the missing piece for their complete expression including the pion and Delta particles.
Out of this analysis, and the experimental measurement of the Lamb shift in muonic hydrogen, we determine the electromagnetic proton radius: rp = 0.8412(15) fm. This number is at 6.8σ variance with respect
„
«
m3
to the CODATA value. The accuracy of our result is limited by uncomputed terms of O mμ α5 mμ3 , mμ α6 .
ρ

This parametric control of the uncertainties allows us to obtain a model-independent estimate of the error,
which is dominated by hadronic eﬀects.

The recent measurement [1,2] of the Lamb shift in
muonic hydrogen, E(2P3/2 ) − E(2S1/2 ),
ΔE exp = 202.3706(23) meV,

(1)

and the associated determination of the root mean square
electric radius of the proton: rp = 0.84087(39) fm has
led to a lot of controversy. The reason is that this
number is 7.1σ away from the CODATA value, rp =
0.8775(51) fm [3]. This last number is an average of determinations coming from hydrogen spectroscopy and
electron-proton scattering. It should be mentioned though
that the latter have been recently been challenged in
refs. [4,5], and its inclusion would certainly diminish this
tension. Leaving this aside, in order to asses the signiﬁcance of the discrepancy, it is of fundamental importance
to perform the computation (in particular of the errors) in
a model-independent way. In this letter we revisit the theoretical derivation of the Lamb shift in muonic hydrogen
with this aim in mind. In this respect, the use of eﬀective ﬁeld theories is specially useful. They help organizing the computation by providing with power counting
rules that asses the importance of the diﬀerent contributions. This becomes increasingly necessary as higher-order
eﬀects are included. Even more important, these power
a
b
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counting rules allow to parametrically control the size of
the uncalculated terms and, thus, give an educated estimate of the error. This discussion specially applies to the
muonic hydrogen, as its dynamics is characterized by several scales:
mp ∼ mρ ,

mμ ∼ mπ ∼ mr ≡

mμ mp
,
mp + m μ

mr α ∼ me .

By considering ratios between them, the main expansion
parameters are obtained:
1
mμ
1 me
mr α
mr α 2
mπ
∼α≈
. (2)
∼
≈ ,
∼
∼
mp
mp
9 mr
mr
mr α
137
This approach to the problem has been followed
in [6–8] (see [9] for a review of these computations) with
a combined use of Heavy Baryon Chiral Perturbation
Theory (HBChPT) [10] (see also [11]), Non-Relativistic
QED (NRQED) [12] and, specially, potential NRQED
(pNRQED) [13–15]. Particularly relevant for us is ref. [7],
which contains detailed information on the application of
pNRQED to the muonic hydrogen. We refer to it for details (and to [16] where a more detailed account of the
hadronic computation presented here is given).
Since pNRQED describes degrees of freedom with
E ∼ mr α2 , any other degree of freedom with larger energy is integrated out. This implies treating the proton
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and muon in a non-relativistic fashion and integrating out
the pion and Delta particles. This is achieved by matching
HBChPT to NRQED. By integrating out the scale mμ α,
pNRQED is obtained and the potentials appear. Schematically the path followed is the following (Δ ≡ mΔ − mp ):
HBChPT

(mπ/μ ,Δ)

=⇒

(mμ α)

NRQED =⇒ pNRQED,

and the resulting pNRQED Lagrangian reads


LpNRQED =

d3 rd3 RdtS † (r, R, t) i∂0 −




1
d3 R Fμν F μν ,
4

2

p
2mr

VVP

205.00745

O(mr α )

(0)
VVP

1.50795

O(mr α4 )

VVP

(0)

0.15090

O(mr α5 )

(0)
VVP

0.00752

O(mr α )

(0)
VLbL

4

O(mr α4 ×

m2
μ
m2
p

)

O(mr α5 )
O(mr α )

(2)
VVP
m

(3)

V (1) (r) V (2) (r)
+
+ . . . (4)
mμ
m2μ

The potentials V (i) are obtained as an expansion in powers of α (as well as in powers of the other small ratios
appearing in (2)). They are obtained through matching
to the underlying theory and can be found in [7]. The
spectrum is then obtained by the combined use of NR
quantum mechanics perturbation theory and perturbative
quantum ﬁeld theory computations (if ultrasoft photons
show up). As we have deﬁnite counting rules to asses the
relative importance of the diﬀerent terms we know when
we can truncate the computation. The application of this
program to the muonic hydrogen produces the contributions we use in our analysis, listed in table 1. Most of the
results were already available in the literature, we have
re-evaluated many and computed the missing term to the
polarizability due to the Delta to obtain the accuracy we
aim at in this paper. We now brieﬂy discuss them focusing
on the novel aspects.
The ﬁrst 4 entries in table 1 are the contributions to
the Lamb shift associated to the electron vacuum polarization (VP) corrections to the static potential V (0) (see
eq. (13) in ref. [7]). Specially diﬃcult is the 4th entry, as it
corresponds to the three-loop static potential and to the
third order computation in perturbation theory. It was
computed in [17] (see also [18] for a small correction).
The 5th entry corresponds to the contribution associated to the light-by-light (LbL) corrections to the static
potential V (0) (see the δα term in eq. (15) in ref. [7]). It
was obtained in [19], where a very long explanation was
made to argue that the LbL contributions could be computed in the static approximation. This is evident in the
eﬀective ﬁeld theory, as they correspond to a correction to
the static potential, as already stated in ref. [7].

V (2) + V (3)
(2)
Vsoft /ultrasoft

5

where S is the ﬁeld representing the muonic hydrogen, R
the center-of-mass coordinate and r the relative coordinate. V stands for the potential and admits an expansion
in powers of 1/mμ :
V (r, p, σ1 , σ2 ) = V (0) (r) +

(0)

O(mr α3 )

5

−V (r, p, σ1 , σ2 ) + er · E(R, t) S(r, R, t)
−

Table 1. The diﬀerent contributions to the Lamb shift in
muonic hydrogen in meV units.

−0.00089(2)
0.05747
−0.71902
0.01876

O(mμ α6 × ln( mμe ))

V (2) ; cD

(μ)

−0.00127

O(mμ α6 × ln α)

(2) (μ)
VVP ; cD

−0.00454
−5.1975 fmp2

(p)

−0.0282 fmp2

(p)

−0.0014 fmp2

V (2) ; cD ; rp2

O(mr α5 × m2r rp2 )

VVP ; cD ; rp2

O(mr α6 ln α × m2r rp2 )

V (2) ; cD ; rp2

O(mr α5 ×

m2
r
)
m2
ρ

O(mr α5 ×

m2
r
2
mρ

mμ
)
mπ

(2)

r2

(p)

O(mr α4 × m2r rp2 )

(2)

VVPhad ; dhad
2
V (2) ; chad
3

r2
r2

0.0111(2)
0.0344(125)

The 6th entry corresponds to the leading contribution
due to the α/m2 and 1/m3 potentials. Even though it is
formally O(mr α4 ) it suﬀers an extra m2μ /m2p suppression.
This explains why it is smaller than its naive natural size.
The 7th entry is the sum of the ultrasoft correction
(see eq. (3.7) in ref. [15] rescaling m/2 → mr ) and the (one
loop) α2 /m2 potential (see eq. (B.2) in ref. [15]). This sum
can be considered in an isolated way, as it produces a welldeﬁned contribution for the case of the muonium (μe),
where there is no contribution due to the electron VP.
The 8th entry is the sum of the correction produced by
2nd-order NR quantum mechanics perturbation theory of
the α2 /r potential due to the electron VP together with
the α/m2 and 1/m3 potentials, and the correction due to
the α2 /m2 potential due to the electron VP. Again this
sum constitutes a well deﬁned set, as it can be parametrically distinguished from other contributions (formally
through the number of light fermions). This contribution was ﬁrst computed in [20] and later corrected in [21,
22]. Nevertheless, a diﬀerent number has been obtained in
two recent analyses [23,24]. We conﬁrm this last number,
which is the one we quote in table 1.
These 8 entries give the complete O(mr α5 ) result for
a point-like proton. In this result we have kept the exact mass dependence. The O(mμ α6 ) contribution is dominated by the logarithmic enhanced terms. Here, we compute the leading ones. We assign a general counting of
mr /mp <
∼ ln α ∼ ln(me /mμ ). Therefore, we only compute those contributions at leading order in the mr /mp
expansion, i.e. those where the proton is inﬁnitely mas-
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sive. In this approximation all the logs are generated by
the electron VP (as the case without the electron would
correspond to the standard hydrogen situation) producing
the 9th and 10th entries of table 1, which we now discuss.
The 9th entry is due to the logarithmic enhanced
(μ)
O(α2 ) corrections to the cD Wilson coeﬃcient (see
eqs. (B.2/3) in ref. [15]), which with this accuracy
reads [25,26] (we introduce the ﬁnite term for completeness although we do not use it in our computations)
(μ)

cD,MS (ν) = 1 +
−

40
ln
27

+O

4α
ln
3π



m2μ
ν2

mμ
1183 π 2
+
−
me
324
6

me
mμ


+

 α 2
π

4 2 2
3 rp mp ,

8 2
ln
9

mμ
me

−32
9
+18 ln(2) − ζ(3)
9
2

.

(5)

It produces an α3 /m2 ×log-potential, the expectation
value of which gives the 9th entry.
The 10th entry is generated in the same way as the 8th
entry but multiplied by the (logarithmic enhanced) O(α)
(μ)
term of cD (ν). The ν dependence gets regulated by the
ultrasoft scale, which we set to ν = mμ α2 , producing the
number we quote in table 1.
Both computations were considered before in ref. [20].
We agree with them for the signiﬁcant digits given in this
reference. It is also interesting to see that both contributions can be understood from a renormalization group
analysis in some appropriate limit [27]. This analysis also
gives us information on the log structure of the recoil,
mr /mp , corrections. At this order extra log-terms appear.
m
Nevertheless, they are at most linear: O(mμ α6 mμp ln α),
m

i.e. there are no O(mμ α6 mμp ln2 α) terms, contrary to the
claim in ref. [23].
For a point-like proton this computation would ﬁnish
our analysis. The error would be due to uncomputed conm
tributions of O(mμ α6 ) and O(mμ α6 mμp ln α). In refs. [28,
29] several terms of this order were computed. We use
these analyses to estimate the error. Specially useful to
us are the (a) and (d) entries in table IV of the last reference. They are related with the large-log contributions
discussed above but also include some ﬁnite pieces. We
take the diﬀerence with the pure log-terms for the generic
O(mμ α6 ) error. Half of the sum of the 9th and 10th entries
yields a similar error: ∼ 3 μeV.
Since the proton is not point-like, we have to incorporate the ﬁnite-size eﬀects due to its hadronic structure.
(p)
These are encoded in the Wilson coeﬃcients cD , d2 and
c3 of the NRQED Lagrangian,

δL =

d2
Fμν D2 F μν −
m2p

(p)
c
e D 2 Np† ∇
8mp

in the following way (ds can be found in eq. (B.4) of [15]):


m2p
4
4α
(p)
ln
cD,MS (ν) ≡ 1 +
+ rp2 m2p + O(α2 ),
(7)
3π
ν2
3
mp
c3 (ν) ≡ −
ds (ν) + chad
+ O(α3 ),
(8)
3
mμ
α
+ dhad
+ O(α2 ).
(9)
d2 =
2
60π

· ENp +

c3 †
N Np μ† μ,
m2p p
(6)

chad
and dhad
are deﬁned as the left-over Wilson
3
2
coeﬃcients after subtraction of the proton (pure-QED)
point-like contributions.
All these hadronic corrections add to the delta potential and energy shift in a speciﬁc combination:
2πα 2 2
r m ,
3 p p
1
Dhad 1  mr α 3
(2)
.
δVhad (r) ≡ 2 Ddhad δ 3 (r) → ΔE = − d 2
mp
mp π
2
− 16παdhad
+
Ddhad ≡ −chad
3
2

(10)
This equation gives the leading hadronic correction to the
energy shift, which is due to rp and listed in the 11th entry
of table 1. It is of O(mr α4 × m2r rp2 ) with rp ∼ m12 ln mπ .
ρ
We also need the corrections proportional to rp to the next
power in α. They are due to the electron VP corrections to
(2)
δVhad , and to the 2nd-order NR quantum mechanics perturbation theory of the α2 /r potential due to the electron
(2)
VP together with δVhad , similarly as for the 8th entry of
table 1. The result is listed in the 12th entry of table 1.
The next correction is of O(mr α6 ln α×m2r rp2 ). It has been
computed in [30] and listed in the 13th entry of table 1.
We use 1/2 of this result for the error of the rp2 coeﬃcient.
dhad
encodes the hadronic vacuum polarization eﬀects.
2
They can be accurately determined from dispersion relations [31] with small errors for our purposes. The contribution is in the 14th entry of table 1 (note that the proton
point-like contribution is subtracted).
is usually named
The energy shift proportional to chad
3
ΔE TPE , the two-photon exchange contribution. When
matching HBChPT to NRQED we integrate out the pion,
but also the Delta, not only because the Delta is the closest resonance to the proton (see [32]), but also because in
the large Nc limit the Delta and proton become degenerdepends linearly on the muon mass, it
ate [33]. Since chad
3
is dominated by the infrared dynamics and diverges in the
chiral limit. This produces an extra mμ /mπ suppression
with respect to its natural size. Therefore, the pure-chiral
and Delta-related computation gives the leading and nextto-leading order eﬀect, respectively:
2
chad
3,LO ∼ α

mμ
,
mπ

2
chad
3,NLO ∼ α

mπ
mμ
.
×
mπ
Δ

(11)

In order to estimate the size of the diﬀerent contributions
(and the associated error) we proceed as follows. We count
ΛQCD
. We then have the doumπ ∼ ΛQCD mq and Δ ∼ N
c
ble expansion

mπ
ΛQCD

∼

mq
ΛQCD

and

Δ
ΛQCD

∼

1
Nc .

We still
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have to determine the relative size between mπ and Δ. We
mq
∼ 1/2. Therefore, we asobserve that mπ /Δ ∼ Nc ΛQCD
sociate a 50% uncertainty to the pure chiral result. The
Delta-related eﬀects are large and constitute the leading
corrections to the chiral limit. We compute them in this
paper (actually, we have computed the (mq Nc /Λ)n dependence to any order in n and incorporated it in the result).
These corrections are free of counterterms, yielding a pure
prediction, and give (together with the strict chiral result)
the nonanalytic behavior in the light quark mass mq and
2 mμ
1/Nc of chad
3 . New counterterms scale as ∼ α ΛQCD , which
set the precision of our result:

mπ
mμ
mμ
+ . . . + O α2
1+#
. (12)
∼ α2
chad
3
mπ
Δ
ΛQCD
Once the Delta is incorporated in the computation,
the splitting with the next resonances suggests a mass
gap of order ΛQCD ∼ 500–770 MeV, depending whether
one considers the Roper resonance or the ρ. Therefore, we
Δ
π
∼ 1/3 and ΛQCD
∼ 1/2, as the uncertainties
assign Λm
QCD
of the pure chiral and the Delta-related contribution respectively. We add these errors linearly for the ﬁnal error.
A more quantitative estimate of the uncertainties would
require the knowledge of more orders of the perturbative
expansion to see the convergence pattern.
into the Born (or Zemach,
It is customary to split chad
3
=
or r3 ) and polarizability terms, and so we do: chad
3
pol
Born
cBorn
+
c
.
The
chiral/Delta
correction
to
c
has
been
3
3
3
computed in refs. [7,16] producing the following energy
shift:
Born
= (10.08 − 1.81) μeV = 8.3(4.3) μeV. (13)
ΔELO+NLO

The 1st term is the pure chiral correction. The 2nd term
is the Delta-related contribution and corrects the result
in ref. [7]. We observe a rather good convergence. On the
other hand our result is quite diﬀerent with respect to
standard values obtained from dispersion relations [34,35].
One may wonder whether such diﬀerence is due to relativistic corrections. An estimate of the relativistic eﬀects
can be obtained from the analysis made in ref. [20], which,
however, is based on dipole form factor parameterizations.
The diﬀerence between the relativistic and nonrelativistic
expression was found to be small (∼ 3 μeV). It should
be further investigated if this feature holds with diﬀerent
parameterizations. In the mean time we will stick to our
model-independent prediction from the eﬀective theory.
The chiral correction to cpol
3 has been computed in [8].
We have checked this result. From the power counting
point of view, Delta eﬀects are the most important corrections. Therefore, we compute the Delta-related contribution to the polarizability correction to the Lamb shift.
This eliminates the major source of uncertainty of the polarizability contribution. In ﬁg. 1 we show the diagrams
that contribute to the polarizability due to the Delta particle. Overall, we obtain the following energy shift from
the polarizability eﬀects
pol
= (18.51 + 7.67) μeV = 26.2(10.0) μeV. (14)
ΔELO+NLO
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Fig. 1. Diagrams (up to symmetric permutations) involving
the Delta particle needed to obtain the polarizability.

The ﬁrst term is the pure chiral correction, already obtained in [8]. The second term is the Delta-related contribution and it is new. It is smaller than the pure chiral
result (as in the Born case), which we ﬁnd reassuring. We
have numerically checked that the mμ → 0 limit coincides
with eq. (51) of [7]. Corrections to this result are parametrically suppressed by a factor mμ /ΛQCD . There also
exists a computation, using a relativistic version of chiral perturbation theory, for the chiral-related term [36].
Such computation treats the baryon relativistically. This
may jeopardize the power counting by introducing, in the
same footing, some subleading contributions. It is usually
said that such subleading eﬀects may give an estimate of
higher order eﬀects in HBChPT. Nevertheless, such computations also assume that a theory with only baryons
and pions is appropriate at the proton mass scale (actually the very fact that those are the right degrees of
freedom at these scales could be debatable). This should
be taken with due caution. Still, it would be desirable to
have a deeper theoretical understanding of this diﬀerence,
which may signal that relativistic corrections are important for the polarizability correction (see also the discussion for the spin-dependent case in [37]). In any case, their
result diﬀers from our chiral result by around 50%. This
is around 1.5 times the error we use for the chiral contribution once the Delta is incorporated in the calculation,
which we consider reasonable.
Combining the Born and polarizability contributions
we obtain the two-photon exchange term (listed in the
15th entry in table 1):
TPE
= (28.59 + 5.86) μeV = 34.4(12.5) μeV. (15)
ΔELO+NLO

We would like to emphasize that this result is a pure prediction of the eﬀective theory. It is also the most precise expression that can be obtained in a model-independent way,
m3

since O(mμ α5 Λ3 μ ) eﬀects are not controlled by the chiral
QCD
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theory and would require new counterterms. This problem
is not (nor it can be) solved by the analysis of [38], where
the low-energy behavior of the forward virtual Compton
tensor was computed to O(p4 ), since a model-dependent
form factor was used, not only at the ρ-mass scale, but also
at the chiral scale. Finally, unlike in the Born case, dispersion relation analyses require subtractions. As it has been
emphasized in ref. [39], this introduces dependences on
unmeasured amplitudes, which necessarily require modelling, making both the absolute value and the error analysis of these determinations model-dependent, and, thus,
arbitrary to a large extent, except for some loose bounds if
one assumes naturalness for the subtraction constants. In
comparison our analysis eliminates all model dependence.
Summarizing all contributions, our ﬁnal prediction for
the Lamb shift reads


rp2
this work
= 206.070(13) − 5.2271(7) 2 meV
ΔE
fm


rp2
= 206.0243(30) − 5.2271(7) 2 + 0.0455(125) meV.
fm
(16)
In the last equality the ﬁrst term is the pure QED result, and its error is the estimate of the O(mμ α6 ) eﬀects.
The error of the coeﬃcient of the term proportional to rp2
is the estimated size of the O(mμ α6 (mμ rp )2 ) terms. The
last term encodes the rp -independent hadronic eﬀects. The
error is the assigned uncertainty due to unknown terms of
m3

O(mμ α5 mμ3 ). Using eq. (1) we obtain
ρ

rp = 0.8412(15) fm,

(17)

where the theoretical and experimental errors have been
combined in quadrature. Nevertheless, the latter is completely subdominant with respect to the total error, which
is fully dominated by the hadronic eﬀects.
Our central value is basically equal to the one quoted
in [2] (even though some individual terms are quite diﬀerent) but has signiﬁcantly larger errors. The main reason
is that the error associated to the two-photon exchange
contribution is larger in our case, as it is the most one can
do without model-dependent assumptions. Nevertheless,
we emphasize that the proton radius puzzle survives our
model-independent analysis, which yields a 6.8σ discrepancy with respect to the CODATA value. On the other
hand, the CODATA value does not incorporate alternative
determinations of the proton radius from electron-proton
scattering using dispersion relation constraints [4,5]. Such
values are perfectly consistent with our result.
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