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Abstract. A non-uniqueness problem of gauge invariant separation of quark and gluon contributions to
nucleon spin is considered. We show that there is a wide number of gauge invariant spin decompositions,
and each of them reduces to the canonical one in a special gauge. A class of physical gauge equivalent
nucleon spin decompositions is selected by requirements of consistence with helicity notion described within
the E(2) little group representation theory and with the gluon helicity Δg measured in the experiment.

It has been a long-standing problem of gauge invariant
deﬁnition of gluon spin and orbital angular momentum [1,
2]. Recently a gauge invariant decomposition of the total
nucleon angular momentum into quark and gluon constituents has been proposed [3,4], and subsequently other
possible gauge invariant decompositions for nucleon spin
have been suggested [5–9]. Despite this progress there are
still principal controversies on the fundamental conceptual
level in determining a consistent notion for gluon spin and
orbital angular momentum [10,11]. In this letter we revise
the problem of nucleon spin decomposition and the existence of a consistent gauge invariant concept of spin in the
non-Abelian gauge theory.
Let us start with the well-known canonical decomposition of the nucleon total angular momentum in quantum
chromodynamics (QCD),


Σμν 3
can
ψd x − i ψ̄γ 0 x[μ ∂ν] ψd3 x
= ψ̄γ 0
Jμν
2


 α d3 x, (1)
 [μ · Fν]0 d3 x − F0α · x[μ ∂ν] A
− A
where we use vector notations for vectors in color space.
All terms in this decomposition, except the ﬁrst one, are
not gauge invariant. In a series of papers [3,4,12] Chen
et al. have proposed a gauge invariant decomposition of
the total angular momentum in quantum electrodynamics
(QED) and QCD. The basic idea in the Chen et al. approach is to separate pure gauge and physical degrees of
freedom of the gauge potential in a gauge covariant way.
a
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Let us rewrite the canonical angular momentum using a
more general split of the gauge potential into two independent parts,
μ + Q
 μ,
μ = B
(2)
A
 μ is a so-called background (classical)
where the ﬁeld B

ﬁeld, and Qμ is an analog of the quantum ﬁeld in the
framework of the covariant background quantization for μ transmalism [13,14]. Notice, the background ﬁeld B
μ
forms as a gauge potential whereas the quantum ﬁeld Q
transforms as a covariant color vector under the classical
type of gauge transformation [13,14]. Such a general form
of splitting is useful in constructing nucleon spin decomposition schemes with the dynamic quark momentum [7,
8,15]. Adding a surface term,

 ν] ),
d3 x∂α (F0α · x[μ B
(3)
to the canonical angular momentum (1), and using the
equation of motion
Dμ F0μ = iψ̄γ 0 ψ,

(4)

one can obtain the following expression for the total angular momentum tensor:


Σμν
can
3
 ν]
ψ − iψ̄γ 0 x[μ Dν] ψ − F0[μ · Q
Jμν = d x ψ̄γ 0
2




−F0α · x[μ (Dν] Qα − Fν]α (B)) ,
(5)
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 μ , and F
να (B)
where Dμ contains the background ﬁeld B
 μ only. The given
is a ﬁeld strength deﬁned in terms of B
expression for the total angular momentum is quite general, and it is valid irrespectively of further imposing any
 μ . In particular, one can
 μ, Q
constraints on the ﬁelds B
 μ with a pure gauge ﬁeld A
 pure and
identify the ﬁeld B
μ
phys


by imthe ﬁeld Qμ with a physical gauge potential Aμ
posing two conditions,
μν (Apure ) = 0,
F
 phys = 0,
Di A
i

(6)

where Latin letters are used for space-like indices. With
this, the spin decomposition (5) reproduces the gauge invariant decomposition for the nucleon angular momentum
proposed in [4]. It has been shown that the constraints (6)
can be solved by perturbation theory producing a solution
 pure in terms of the unconstrained gauge po phys
,A
for A
μ
μ
 pure rep phys , A
tential [12]. Notice, explicit solutions for A
μ
μ
resent non-local functionals of the initial gauge potential
 μ . The ﬁnal expression for the gauge invariant decompoA
sition of nucleon spin corresponds to the space vector part
of eq. (5) [4]. Each term in the decomposition has become
gauge invariant due to the covariant transformation law
 pure = 0 the de phys . In the gauge A
for the physical ﬁeld A
composition reduces to the canonical one in the standard
Coulomb gauge. Even though the given decomposition is
gauge invariant, it is not satisfactory since the basic constraint (6) deﬁning the notion of the physical gauge po phys
is not Lorentz invariant. This might imply
tential A
μ
that the matrix elements of the spin density operator and
orbital angular momentum will be frame dependent. Another serious problem is whether such a decomposition of
nucleon spin is unique.
The gauge and Lorentz invariant nucleon spin decomposition has been suggested recently in [7]. The deﬁning
equation for the physical ﬁeld is given by the constraint
of Lorenz gauge type
 phys
= 0.
Dμ A
μ

(7)

There are other known Lorentz invariant gauge conditions,
the Gervais-Neveu and Fock-Schwinger gauges. Notice,
the Fock-Schwinger gauge xμ Aμ = 0 allows to express the
vector potential in terms of the ﬁeld strength in a simple
way1 [16,17]
 1
Aμ =
dααxν Fνμ (αx).
(8)
0

Unfortunately, it lacks the invariance under translations.
So, the Lorenz-gauge–type constraint is a unique gauge
which satisﬁes the Poincaré and conformal symmetries. A
 phys
in terms of unconsolution to the constraint (7) for A
μ
strained gauge potential can be obtained by the perturbation method in a similar manner as in the case of Chen et
1
Private communication with W.M. Sun, F. Wang suggesting the spin decomposition with the Fock-Schwinger-type constraint.

al. decomposition [12]. However, solving the Lorenz gauge
constraint (7) on mass-shell, i.e., on the space of solutions
to equations of motion, encounters a serious problem. The
problem becomes evident in the case of the Maxwell theory where the formal solution is given by

ν

x − x |/c)
3  ∂ Fνμ (x , t − |
.
(9)
(
x
,
t)
=
d

x
Aphys
μ
|x − x |
In the case of the absence of matter ﬁelds the r.h.s. of
the equation vanishes identically due to the equations of
cannot be determotion, so that the physical ﬁeld Aphys
μ
mined. This is a well-known consequence of the incompleteness of the Lorenz gauge. So, one has to impose an
additional condition to provide the transversality property
of the real photon (gluon). One may choose, for instance,
the Coulomb gauge constraint and solve it as Chen et al.
did, but then we shall return to the problem of the Lorentz
frame dependence. The problem becomes worse since the
 phys
is
choice of the Lorentz non-invariant constraint for A
μ
not unique unlike the case of Lorenz gauge condition.
Each spin decomposition corresponding to a special
constraint for physical ﬁeld deﬁnes a class of gauge equiv phys
 phys
}. Since the physical ﬁeld A
alent operators {A
μ
μ
is gauge covariant it can be expressed in terms of the
ﬁeld strength and its covariant derivatives. However, it
is known that for a given ﬁeld strength there may exist
gauge non-equivalent potentials [18,19]. This implies that
 phys
given as solutions to diﬀerent physical convarious A
μ
straints will lead to gauge non-equivalent operators and,
in general, to diﬀerent matrix elements. To select which
 phys
produces
class of gauge equivalent physical ﬁelds A
μ
a proper spin operator we will require the consistence of
 phys with helicity notion described in the
deﬁnitions for A
μ
framework of group representation theory. We will demonstrate this by explicitly constructing two diﬀerent spin decompositions based on using gauge invariant variables and
generalized axial-gauge–type constraint for the physical
gauge ﬁeld. Finally we will prove the relation between the
gauge invariant deﬁnition of gluon spin density and gluon
helicity Δg.
Let us ﬁrst consider a decomposition scheme based on
the known notion of gauge invariant variables in the SU (2)
Yang-Mills theory [20]. Main deﬁnitions of the gauge invariant variables can be generalized straightforward to the
case of SU (3) QCD. The main idea in constructing gauge
invariant variables is to ﬁnd a pure gauge SU (3) matrix
 μ . The key
ﬁeld in terms of the initial gauge potential A
observation is that the gauge transformation of the temporal component Aa0 , (a = 1, 2, . . . , 8) is given by a covariant
time derivative of the gauge parameter. So that Aa0 can be
expressed in a pure gauge form in terms of SU (3) matrix
valued function v
Â0 = v−1 ∂0 v,

(10)

a
gAaμ λ2i ,

and λa are Gell-Mann matrices. Nowhere Âμ ≡
tice, the matrix function v transforms covariantly under
gauge transformation, g ∈ SU (3),
v(Ag ) = vg−1 .

(11)
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Using eq. (10) and the equation of motion for the temporal
component Aa0 ,
(Di2 A0 )a = (Di ∂0 Ai )a − j0a ,
λa
j0a = g ψ̄γ 0 ψ,
2

(12)

one can write down the equation deﬁning the matrix function v(A)


1
[Dj (A)∂0 Âj − ĵ0 ] ,
∂0 v(A) = v(A)
(13)
Di2 (A)
where the equation may include or not the source term.
The solution to eq. (13) can be obtained in the form
of the time-ordered exponent [20]

 t 
1
[D
dt
(A)∂
−
ĵ
]
. (14)
Â
v(A) = T exp
j
0 j
0
Di2 (A)
ÂIi (A)

This allows to deﬁne gauge invariant variables
and
ψ I (A, ψ) in terms of the original gauge potential and matter ﬁelds [20]
ÂIi (A) = v(A)(∂i + Âi )v−1 (A),
ψ I (A, ψ) = v(A)ψ.

(15)

One can check that ÂIi satisﬁes a constraint which represents a generalized covariant Coulomb gauge condition
Di (AI )∂0 ÂIi − ĵ0 = 0.

(16)

One should stress that we do not impose this condition,
but it is fulﬁlled identically due to the deﬁnitions of ÂIi
and v(A). Since ÂIi and eq. (16) are gauge invariant, the
simplest way to prove the identity (16) is to consider the
relationship (14) in a special gauge v(A) = 1. Finally,
the ﬁrst equation in (15) can be written in the following
inverted form:
Âi = v−1 (A)∂i v(A) + v−1 (A)ÂIi (A)v(A)
≡ Âpure
+ Âphys
,
i
i

(17)

where we can identify the ﬁrst and the second term as pure
gauge and physical gauge potentials needed to construct
a desired gauge invariant spin decomposition. The temporal components of the pure gauge and physical ﬁelds are
deﬁned as follows:
= v−1 (A)∂0 v(A),
Âpure
0
Âphys
= Â0 − Âpure
.
0
0

(18)

The corresponding total angular momentum decomposi pure ,
μ ↔ A
tion is given by eq. (5) with the replacement B
μ
 phys
μ ↔ A
. The decomposition reduces to the canonical
Q
μ
μ
 phys
= A
one in the gauge v(A) = 1, which implies A
μ
and the constraint (16) turns into a generalized Coulomb
 i . Quantization
gauge condition for the gauge potential A

with the constraint (16) in the Hamiltonian formalism had
been done in [21]. The consistency of the gauges depending
on time had been proved in [22]. One should notice that
the pure gauge ﬁeld v(A) in the absence of dynamic gluons describes also pure gauge Gribov modes which can be
separated explicitly [20]. Due to that, there is no Gribov
ambiguity problem in the presented decomposition.
The important feature of the spin decomposition based
on the gauge invariant variables is that due to eqs. (12)
and (13) the time component of the physical ﬁeld deﬁned
 phys = 0, before imposing any gauge ﬁxin (18) vanishes, A
0
ing condition. This allows to prove that the decomposition
satisﬁes the requirement of consistence with the helicity
notion from the point of view of the group representation
 phys = 0, the
theory. Notice that, due to the condition A
0
constraint (16) in free space can be written explicitly as
 I,
the transversality condition for the color electric ﬁeld E
i
 I = 0,
Di (AI )E
i

 I = ∂0 A
I .
E
i
i

(19)

 phys
The transversality for the physical gauge potential A
will be implied naturally from the helicity gauge conditions considered below. The only frame-independent notion of spin in the gauge theory for a massless particle is
the helicity which can be described within the framework
of the little group E(2) of the Lorentz group [23]. The
gauge invariant consideration of the helicity in QED had
been done in [24]. We will generalize the consideration of
the helicity notion to the case of non-Abelian gauge theory
following the non-covariant treatment of the problem in a
similar way as it had been done in the Abelian Maxwell
theory [25]. The construction of the physical gauge poten phys
plays a crucial role. If the gluon momentum is
tial A
μ
directed along the z-axis, pμ = (ω, 0, 0, ω), the generators
of the little group E(2) are given by the rotation generator J3 , which is the helicity operator in this case, and by
combinations of boost and rotation generators,
J3 ,

N1 = K1 − J2 ,

N2 = K2 + J1 .

(20)

By deﬁnition the transformations of the little group E(2)
leave the gluon momentum invariant. For the gauge po phys
to represent helicity eigenstates of the opertential A
μ
ator J3 one must have the so-called helicity gauge conditions [25]
 phys = 0.
 phys = 0,
A
(21)
A
0
3
To provide both helicity conditions in a consistent manner with equations of motion has been a principal obstacle toward generalization to the case of the non-Abelian
gauge theory. In our approach, since one has the condition
 phys = 0 on mass-shell by construction, it is possible to
A
0
 phys = 0 by choosprovide the second helicity condition A
3
ing a gauge of either Coulomb or axial or light-cone type.
This is the main result which allows to select a physical
 phys (A) and the corresponding
gauge covariant operator A
spin density consistently with the helicity notion.
Now, it becomes clear that there should exist a class
of gauge equivalent spin decompositions which satisfy on
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mass-shell the same helicity conditions for the physical
ﬁeld. One such possible decomposition has been proposed
recently [9]. Let us consider other decomposition schemes
with a generalized axial gauge-type constraint for the
physical ﬁeld and without invoking the concept of an invariant ﬁeld. One can construct such decompositions in a
surprisingly simple way. Let us deﬁne the physical gauge
 phys
by a generalized axial gauge-type conpotential A
μ
straint
 phys
= 0,
(22)
nμ A
μ
where the vector nμ speciﬁes the axial or light-cone gauge
 phys is
condition. Notice, that the deﬁning eq. (22) for A
μ
similar to a generalized axial gauge condition for the gauge
potential used in QCD which admits an explicit solution
in terms of the ﬁeld strength [26]. This allows to write
 phys
in
down the expression for the physical gauge ﬁeld A
μ
terms of the general ﬁeld strength as follows:
 ∞
 phys
=
−
dλnν Fνμ (x + λn).
(23)
A
μ

a
is the dual ﬁeld strength, and we have omitted
where F̃ξμ
the terms coming from the cubic terms in (25) proportional to nμ , since they will not contribute to the matrix
element of nμ Sμ due to light-cone condition n2 = 0. On
the other hand, one has a simpliﬁed expression for the
gluon helicity at light cone x2 = 0 [27,28]



∞

(sx)Δg = N
0

dλxμ Fξμ (λx)





·P exp ig

λ


dux Aν (ux) xν F̃νξ (0) N ,
ν

0

(27)
where sμ = ū(p, s)γμ γ5 u(p, s) is the four-vector of nucleon
spin. With (26) one results in the known relationship between Δg and the nucleon expectation value of the transverse part of Sμ
N |xμ Sμgluon |N  = −(sx)Δg.

(28)

0

 pure is deﬁned by
A pure gauge ﬁeld A
μ
 pure = A
μ − A
 phys .
A
μ
μ

(24)

 pure
One can check that A
satisﬁes the pure gauge conμ
pure
= 0. By choosing the proper vector nμ one
dition Fμν
 phys by chooscan deﬁne the physical gauge potential A
μ
phys
 phys = 0,

= 0, or light cone, A
ing either axial, A
+
3
equation. Both helicity gauge conditions (21) can be easily reached by imposing the temporal gauge ﬁxing con phys = 0. The advantage of the decomposition
dition A
0
with the light-cone–type constraint (22), n2 = 0, is that
 phys (A) reduces
the corresponding non-local operator A
μ
to the canonical spin density operator in a special gauge
 pure = 0, i.e., explicitly in the light-cone gauge. This alA
μ
lows to make straightforward one-to-one correspondence
of the gauge invariant spin density operator to the gluon
helicity Δg measured in experiment. Notice, that gauge
invariant spin density operator in other known spin decomposition schemes reduces to the canonical one in a
diﬀerent gauge. Let us write the four-vector for gluon spin
operator corresponding to the canonical gluon spin density


Sμgluon =

μνρσ Fνρ

 phys
·A
.
σ

(25)

Substituting (23) into the last equation one can express
the spin vector in light-cone gauge in a similar manner as
in [26]

Sμgluon = Tr

∞

dλnν Fνξ (λn + z)

0

 
·P exp ig

λ


dunν Aν (un + z) F̃ξμ (z)

0

+nμ (O(A3 )),

(26)

In conclusion, there is a wide number of possible gauge
invariant spin decompositions suggested in [3–9] and in
the present paper. In general they lead to gauge nonequivalent gluon spin operators. The Poincaré and conformal invariance selects a unique Lorentz invariant decomposition with the Lorentz-type constraint for physical
ﬁeld [7,8]. However, since this decomposition is not well
deﬁned on mass-shell, its physical meaning is unclear. For
most of Lorentz non-invariant decompositions the deﬁnition of spin operator is frame dependent. We have shown
that there is a class of gauge equivalent spin decompositions, eqs. (17) and (23), leading to gauge invariant gluon
spin operators consistent with the helicity notion, so that
such deﬁnitions of spin operators are frame independent.
In general, the gauge invariant spin densities represent
spatially and temporally non-local functionals. However,
this non-locality has no physical meaning since it can be
removed in a special gauge resulting in a standard local
expression for the canonical spin decomposition. In the
practical use, the decomposition deﬁned by (23) and (24)
is more suitable. The corresponding deﬁnitions for the spin
operator are gauge equivalent and lead to the same matrix
elements. Notice, that the notion of such deﬁned gauge invariant spin operator with using a non-local operator func phys
is similar to the notion of
tion for the physical ﬁeld A
μ
the quantum eﬀective action which is gauge invariant but
has a diﬀerent operator form depending on a chosen gauge.
As is known, there are two principal issues in the nucleon spin decomposition problem. The ﬁrst one is how
to separate contributions of nucleon constituents. Another one is related to the problem of observability in
experiment. In QED the photon spin and orbital angular momentum are measurable quantities [29–33], and
they correspond to the canonical decomposition [34–38].
In QCD, since hadrons represent strongly bound states,
other schemes of nucleon spin decomposition with dynamic quark momentum might be more relevant [5–8,15].
This problem will be considered in a separate paper [39].
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