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Abstract. We present a method, which allows to analyse complex electronic systems composed of configura-
tions including up to four open shells. The perturbative treatment, taking into account all electromagnetic
interactions expected in the atom up to second-order perturbation theory, is described.

1 Introduction

The foundation of the description of an atomic structure is the assumption that the observed transition energy hν
is the difference between two electronic energy levels, or two hyperfine structure sublevels in an atom. It should be
clearly emphasised that the value of energy levels of fine structure (fs) or hyperfine structure (hfs) sublevels is the
sum of all possible electromagnetic interactions appearing in an atom. We will try to show how, with high precision,
it is possible to determine quantitatively contributions of particular interactions and give an exact definition of the
evaluated parameters describing the interactions in the atom.

The way to obtain information regarding the structure of an atom, mechanisms of interaction between the electrons,
and the interactions of electron shell with the nucleus is to find the most accurate wave function describing the state
of an atom. The knowledge of the exact wave function allows to specify, according to the quantum mechanics rules,
the expected values of observables, which are the attributes of the atomic structure that are measurable, thus making
their experimental verification possible. Such attributes are, for example, energy levels of an atom, lifetimes of an atom
in the excited states, as well as the energy sublevels of the hyperfine structure, where the nucleus of an atom has an
angular momentum I > 0 and the calculations are performed on the basis of |vSLJF 〉.

We developed a method, which allows to analyze a complex electronic system composed of a configuration of up
to four open shells, taking into account all electromagnetic interactions expected in an atom, in accordance with the
second-order perturbation theory. Within this theory, all possible combinations following the excitation of one or two
electrons from closed shells to particular open shells were considered. The appropriate formulae and computer codes
have been developed for many years by our research group.

Recently, we have presented a method for determining oscillator strengths that is an alternative to the com-
monly used, purely theoretical calculations, or to the semi-empirical approach combined with theoretically calculated
transition integrals [1–3]. The angular coefficients of the transition matrix in pure SL coupling were found from
straightforward Racah algebra. The transition matrix was transformed into the actual intermediate coupling by the
fine structure eigenvectors obtained from the semi-empirical approach. The transition integrals were treated as free
parameters in least squares fits to experimental gf values. As an example, the results of the calculation for the electric
dipole transitions for Sc II, Ti II and Nb II were presented.

Satisfactory results obtained in these works were only possible due to the very precise wave functions obtained from
the semi-empirical multi-configuration fine structure analysis, taking into account the first- and second-order effects of
perturbation theory. Therefore, we have decided to present explicitly the formulae developed by us over many years.
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2 Construction of the fine structure energy matrix

The construction of the energy matrix of the Hamiltonian [4–7] describing the fine structure of an atom requires
calculation of numerous integrals dependent on the angular coordinates and various radial integrals. The integrals
over angular coordinates can be exactly determined, which is not possible in the case of radial integrals. Therefore,
the matrix elements of the Hamiltonian are considered as linear combinations of radial integrals where the angular
integrals serve as the coefficients of expansions. The radial integrals are treated as free (or constrained) parameters,
which can be determined by fitting the calculated levels to the experimental ones with the least squares method. It is
very important to clearly define the radial integral parameters, since their starting values for the iterative fs LSQ-fit
procedure can be taken from ab initio calculations, and in view of their physical interpretation.

In the construction of an energy matrix we took into account all electromagnetic interactions occurring in the
atom.

2.1 First-order effects of perturbation theory

All the operators of which the fine structure Hamiltonian is composed can be written as one- or two-particle operators.
The method for calculating their matrix elements is generally described in Cowan’s book [8] and Donlan’s paper [9].
The calculation details of the matrix elements of the particular Hamiltonian constituents are discussed below.

In our computer procedure the first-order matrix elements are calculated as follows:

〈ψ|H|ψ′〉 = 〈ψ|
∑

i

Hi|ψ′〉 = (angular part of operator) × (radial part) , (1)

where Hi represents a particular interaction which we include in our fs energy matrix; ψ,ψ′ represent particular states
of the considered system configurations.

2.1.1 Electrostatic interaction

H1 — the two-body operator of electrostatic interaction (usually referred to as G).

– Intraconfiguration matrix elements. The formulae allowing to calculate the matrix elements of the Coulomb inter-
action were given by Donlan [9], Wybourne [10,11] and Roth [12].

– Interconfiguration matrix elements. The rules of calculating the interconfiguration matrix elements of the Coulomb
interaction are also enclosed in Cowan’s book [8]; however, we have used the more convenient coupling of open
shells and the SL-coupling, traditionally preferred in the hfs analysis, instead of the convention prevailing in [9],
where successive shells are coupled in the LS-scheme. All formulae were described in our earlier works [13,14] and
were derived in this work.

2.1.2 Magnetic interaction

– Spin-orbit interaction. H2 — the one-body operator of spin-orbit interaction (then determined as Hso). The
formulae for the matrix elements of spin-orbit interaction can be found in Wybourne’s monograph [11], in our
works [15,16] and were also derived within this work. The radial factor of the spin-orbit operator Hso is commonly
referred to as the spin-orbit parameter ζnl.

– Mixed magnetic interactions acting in core (nl)N . H3, H4 and H5 — the two-body operators of orbit-orbit, spin-
other orbit and spin-spin interactions, respectively (described in the literature as Hoo, Hsoo, Hss). The completeness
of fs analysis requires including magnetic interactions of the kinds: orbit-orbit, spin-other orbit and spin-spin
interactions. The forms of magnetic interaction operators were published in the papers [4,6,7,17]. The matrix
elements for configurations dN were given by Judd [18] and Barnes [19]. The accurate formulae, allowing to calculate
the matrix elements of these operators in core (nl)N were presented in our work [13]. The radial parameters are
denoted as Mk.

– Mixed magnetic interactions acting between electrons l−l′. H6 and H7 — the two-body operators of spin-other orbit
and spin-spin interactions, respectively (described in the literature [20,21] as Hsoo

12 , Hss
12). In our work [13] the matrix

elements for the so called mixed magnetic interactions were calculated irrespectively of the term responsible for the
magnetic interaction between the core and the added electrons. Following the method described by Rudzikas [20,21],
the expressions for two-electron reduced matrix elements of spin-orbit and spin-spin interaction between electrons
l − l1, l − l2, l1 − l2 were derived and included into the energy matrix. The radial parameters are denoted as Mk,
Nk, Kk.



Eur. Phys. J. Plus (2015) 130: 14 Page 3 of 8

2.2 Second-order effects of perturbation theory

The matrix elements of the second-order perturbations were calculated taking into account the corrections related to
the operators H1 and H2.

2.2.1 Effective electrostatic interactions

As shown by Trees [22], Rajnak and Wybourne [23,24], Judd [25], Racah and Stein [26] and Feneuille [27–30], an
inclusion of configuration interactions (electrostatic coupling with distant configurations) with the use of second-order
perturbation theory essentially improves the agreement between experimental and calculated values of energy levels.
These effects are represented by two- and three-body parameters. The Hamiltonian describing the fine structure of
an atom was written by Armstrong and Feneuille [6,7] in the form of the effective operators acting on nonrelativistic
wave function. In this work our energy matrix is extended by the elements taking into account electrostatic coupling
and electrostatically correlated spin-orbit coupling between the configurations of the system considered and distant
configurations. Generally, for the configurations containing up to three open electronic shells, these matrix elements
originate from the second-order perturbation theory and can be schematically expressed as follows:

−
∑

ψ1 �=ψ,ψ′

[〈ψ|G|ψ1〉 × 〈ψ1|G|ψ′〉] /ΔE = − (angular part) × (radial part) , (2)

where

ψ = (n0l0)4l0+2 1S, (n1l1)N1S1L1,
(
(n2l2)N2S2L2, (n3l3)N3S3L3

)
S4L4;SL,

ψ′ = (n0l0)4l0+2 1S, (n1l1)N1S′
1L

′
1,

(
(n2l2)N2S′

2L
′
2, (n3l3)N3S′

3L
′
3

)
S′

4L
′
4;SL, (3)

and ψ1 denote all perturbing virtual states taken into account in our system, resulting from the excitation of one or
two electrons from a closed (n0l0)4l0+2 shell into the partially filled (nl)N shells, for example,

ψ1 = (n0l0)4l0 S0L0, (n1l1)N1+2S′′
1 L′′

1 ,
(
(n2l2)N2S′′

2 L′′
2 , (n3l3)N3S′′

3 L′′
3

)
S′′

4 L′′
4 ;SL. (4)

The angular coefficients are the result of the coupling of angular momenta of the operator G. Radial parameters
have denotations which code the interacting configurations and specify the interactions. Denotations of particular
radial parameters were described in [31].

In our procedure excitations of one or two electrons from a closed shell to all open shells are considered under the
following conditions:

|li − l0| = 0, 2 and N1 + N2 + N3 = N ′
1 + N ′

2 + N ′
2. (5)

2.2.2 Electrostatically correlated spin-orbit interactions

The contributions from the second-order perturbation theory to electrostatically correlated spin-orbit interactions
(CSO) are defined as follows:

−
∑

ψ1 �=ψ,ψ′

[〈ψ|G|ψ1〉 × 〈ψ1|Hso|ψ′〉 + 〈ψ|Hso|ψ1〉 × 〈ψ1|G|ψ′〉] /ΔE = − (angular part) × (radial part) , (6)

where

ψ = (n0l0)4l0+2 1S, (n1l1)N1S1L1,
(
(n2l2)N2S2L2, (n3l3)N3S3L3

)
S4L4;SLJ,

ψ′ = (n0l0)4l0+2 1S, (n1l1)N1S′
1L

′
1,

(
(n2l2)N2S′

2L
′
2, (n3l3)N3S′

3L
′
3

)
S′

4L
′
4;S

′L′J, (7)

and ψ1 denote all perturbing virtual states, resulting from the excitation of an electron from a closed (n0l0)4l0+2 shell
into the partially filled (nl)N shells, for example,

ψ1 = (n0l0)4l0+1 2L0, (n1l1)N1+1S′′
1 L′′

1 ,
(
(n2l2)N2S′′

2 L′′
2 , (n3l3)N3S′′

3 L′′
3

)
S′′

4 L′′
4 ;S′′L′′J. (8)

In these cases the angular coefficients also result from the angular parts of the operators: the two-body electrostatic
interaction operator G and the one-body spin-orbit operator Hso. Denotations of particular radial parameters were
also described in [31].
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Fig. 1. Scheme of the procedures for the fine and hyperfine structure analysis.

In the case of CSO the following condition has to be fulfilled:

|l0 − l1| = 0 and κk = 11,K = 0. (9)

The matrix elements determined from relations (2) and (6) under conditions (5) and (9) were included in the fine
structure energy matrix (fig. 1).

Generally, the matrix elements for configurations containing up to four open electronic shells
((n1l1)N1(n2l2)N2(n3l3)N4(n4l4)N4) originate from the first-order effects of perturbation theory, and the matrix
elements for configurations containing up to three open shells originate from the second-order perturbation theory,
which means that we inferred all formulae describing the above-mentioned interactions. The work to calculate
matrix elements of various operators, particularly for complex configurations with several open shells was very
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time-consuming, because it required calculating numerous sums over quantum numbers of the momentum type
and their projections, leading to the occurrence of the so-called 3nj- and jm-coefficients (in this work up to
15j-coefficients). We used the work of Jucys and co-workers [32], where the sum rules on jm-coefficients were given.
Due to the large number of formulae, they will be published explicitly as separate works.

3 Construction of the hyperfine structure energy matrix

In the construction of the hyperfine structure energy matrix we used the operator

Hhfs =
3∑

K=1

T(κk)K
e · T(K)

n , (10)

provided by Schwartz [33,34], where T(κk)K
e and T(K)

n denote the electron and the nuclear operator, respectively.
For the operator T(K)

n we used definitions formulated by Lindgren and Rosen [17], and for the operator T(κk)K
e

the well-known formula introduced by Sandars and Beck [35], i.e.

T(κk)1
e =

μ0μB

2π

N∑

i=1

[
li

〈
r−3

〉01 −
√

10
(
siC2

i

)(1) 〈
r−3

〉12
+ si

〈
r−3

〉10
]

(11)

T(κk)2
e =

e

4πε0

N∑

i=1

[
−C2

i

〈
r−3

〉02
+

√
3
10

(
U(13)2

i

〈
r−3

〉13
+ U(11)2

i

〈
r−3

〉11
)]

(12)

T(κk)3
e =

μ0μB

2π

N∑

i=1

[√
5
3
(C2

i li)
3
〈
r−5

〉03 − 6
(
siC4

i

)(3) 〈
r−5

〉14
+

√
5
3

(
siC2

i

)(3) 〈
r−5

〉12

]
(13)

T(κk)4
e =

e

4πε0

N∑

i=1

[
−C4

i

〈
r−5

〉04
+

√
1
6

(
U(15)4

i

〈
r−5

〉15
+ U(13)4

i

〈
r−5

〉13
)]

. (14)

For atoms with many electrons in an unclosed shell the magnetic dipole and electric quadrupole hyperfine interac-
tions are normally analysed using the one-electron radial parameters defined as

aκk
nl =

μ0

4π

2μB

h

μI

I

〈
r−3

〉κk

nl
κk = 01, 12,

aκk
nl =

μ0

4π

2μB

h

μI

I

2
3

〈
r−3

〉κk

nl
κk = 10,

bκk
nl =

1
4πε0

e2

h
Q

〈
r−3

〉κk

nl
κk = 02, 13, 11, (15)

where a01 represents the interaction between the nuclear magnetic-dipole moment μI and the magnetic field produced
by purely orbital motion of the electrons, a12 represents the interaction between μI and the magnetic moment of the
electron, a10 represents the relativistic and configuration interaction (core polarization), b02 represents the electrostatic
interaction between a nucleus and electron configurations, that have a spherically symmetric charge distribution which
is finite at the nucleus, and b13, b11 are purely relativistic in nature.

In the first-order effects of perturbation theory, it was possible to calculate the matrix elements up to four open
shells. The one-electron radial parameters aκk, bκk, cκk and dκk have the same definitions for all nl electrons in the
even and odd systems.

The second-order hfs matrix elements are formed in the same manner as for fs energy matrix and spin-orbit
operator is replaced by hfs operator.

Contributions from the second order perturbation theory to electrostatically correlated hyperfine interactions
(CHFS) are defined as follows:

−
∑

ψ1 �=ψ,ψ′

[
〈ψ|G|ψ1〉 × 〈ψ1|T(κk)K |ψ′〉 + 〈ψ|T(κk)K |ψ1〉 × 〈ψ1|G|ψ′〉

]
/ΔE = − (angular part) × (radial part) , (16)

where ψ, ψ1 and ψ′ are defined in eq. (7).
In these cases also the angular coefficients result from the angular parts of the operators: a two-body electrostatic

interaction operator G and a one-body operator T(κk)K ; the latter may represent a hyperfine (Hhfs) interaction.
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Denotations of particular hfs radial parameters (P t(nilin0l0, nilin
′
il
′
i)P

κk(n0l0, nili)) and interpretation of calculated
A and B constants expressed as a linear combination one- and two-body contributions were described in detail in [31].

In the case of CHFS the following relations hold:

– for magnetic dipole interactions K = 1,

|l0 − l1| = 0, if κk = 01, 10 and |l0 − l1| = 0, 2, if κk = 12; (17)

– and for electric quadrupole interactions K = 2,

|l0 − l1| = 0, 2, if κk = 02 and |l0 − l1| = 0, if κk = 11, 13. (18)

The derived formulae describing the interaction described above will be presented explicitly in separate works.

4 Parameterization history of fine and hyperfine structure of the atom

The analysis of the fine structure, which takes into account only the first-order effects, such as the electrostatic
interactions, represented by Slater integrals, began with the classic paper of Slater [36] and spin-orbit interaction
(ζ parameter) [37,38], is for most cases insufficient. The extensive list of the fs-analyses carried out by the fs LSQ-
fit method was given by Judd in his review paper [39]. The method of parametrization of interactions in the fine
structure for complex atoms in extended model space of (nd + n′s)N+2 +

∑
i,j ndN+2−wi−wj nil

wi
i nj l

wj

j configurations
was presented in our paper from 1996 [13], which also included corrections of errors from earlier papers of other
authors [24,40].

The monograph of Rudzikas Theoretical Atomic Spectroscopy presents a complete up-to-date guide to the theory
of modern spectroscopy of atoms. It describes contemporary state of the theory of many-electron atoms and ions and
the peculiarities of their structure and spectra.

The scope of the present paper concerns the complex atom fine structure for the configurations containing up to four
open electronic shells (nl)N (n1l1)N1(n2l2)N2(n3l3)N3 taking into account both the first-order effects of perturbation
theory (electrostatic, spin-orbit and mixed magnetic interactions) and the second-order effects of the perturbation
theory (effective electrostatic interactions and electrostatically correlated spin-orbit interactions).

The correctness of the fine structure wave functions was verified by applying the main quantitative results of the
fs LSQ-fit to the calculation of other properties of the atom, in the present case the hyperfine structure splitting and
the oscillator strengths for electric dipole transitions.

The development of the hyperfine structure (hfs) theory was initiated with the classic paper of Sandars and
Back [35]. They developed a theory which simplifies the calculation and interpretation of relativistic hfs effects in
many-electron atoms. This theory leads to three effective radial integrals for each open shell and for each multipole
interaction. As shown by Judd [41,42] and Sandars [43], the configuration interaction (CI) effects caused by excitations
from closed shells to empty shells can be included in an effective Hamiltonian of the same form. This theory was
applied by Lindgren and Rosen [17] to analyse a large number of experimental (hfs) data mainly in atomic ground
configurations, and by Büttgenbach [44] to analyse hfs in 4d- and 5d-shell atoms. In these analyses of hfs data the
effective radial integrals were treated as free parameters which were fitted to the experimental results in order to
consider some relativistic CI effects. The experimental hfs radial parameters obtained in this way show a rather
poor agreement with theoretical results of relativistic Hartree-Fock calculations [17,44,45] It demonstrates, that more
contributions exist to the hfs splittings which should be taken into account. Bauche-Arnoult [46,47], Armstrong [4]
as well as Lindgren and Morrison [5] showed that configuration effects for the second-order perturbation theory can
be split into to parts: the first (one-body) part, which is common to all terms of a given configuration, and the
second (two-body) part depending on the SL-terms studied. Bauche-Arnould [46,47] defined the effective operators,
which described the crossed second-order effects of electrostatic and hyperfine interactions, for all types of excitations
appearing in the configurations lN or lN l′. Assuming pure SL-coupling, Bauche-Arnoult found regularities in the
contributions from electrostatically correlated second-order hfs to the different effective radial parameters. Later, in
1985, Dembczyński [48] elaborated a new parametrization method which took into account simultaneously one- and
two-body interactions in atomic hfs structure of the configurations (3d + 4s)N+2. This method was applied to the
interpretation of iron, vanadium, titanium and cobalt atoms [49–52]. In the next years the above mentioned method
of parametrization of interactions in the hfs was extended up to three open electronic shells [13,16]. Remarks on
the interpretation of very high-precision measurements of hyperfine structure splittings in neutral and singly ionised
complex atoms were presented in our work [53,54].

Recently, we have presented a critical analysis of the methods of interpretation of the hyperfine structure of free
atoms and ions [31]. The method of quantitative determination of two-body contributions to the hyperfine structure,
resulting from the excitations from electronic closed shells to open shells and from open shells to empty shells, was
described therein. Our earlier method [48] was developed for the system (3d + 4s)N , and thus excitations of the kind
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“closed n0d shell - open nd shell” did not occur. As an example we considered the model space (5d + 6s)3 of the
lanthanum atom.

Another problem which can cause discrepancies in some cases is the method of determination of the hyperfine
structure constants A, B, C and D from the measured hyperfine intervals. A simplified description of the “repulsion”
effect for the hyperfine structure sublevels with the same values of quantum number F yields a substantial distortion
of the information concerning quadrupole and higher-order interactions. Is was first noticed by Casimir [55], and
referred to as “pseudoquadrupole” or “pseudooctupole” interactions. Therefore, in order to guarantee the correctness
of determination of the hyperfine structure constants A, B, C and D in our approach, a segment called “diagonalization
of the hyperfine structure energy matrix” within the basis of states Ψ(configuration, vSLJF ) was introduced [56], as
described below. In this way we eliminate one of the possible sources of discrepancies.

The procedures of analysis of experimental data concerning the structure of complex atoms, developed by our
group, are schematically outlined in fig. 1.

5 Concluding remarks

The observed values of the electromagnetic interactions in the atom are the sum of well-defined contributions, described
in the first- and second-order perturbation theory. The radial parameters, of both the first and second order, are in our
semi-empirical computer procedures determined in an iterative way on the basis of experimental data. This ensures
that an increasing number of experimental data (e.g. new energy levels), provide quantitative determination for more
and more contributions to the observed energy values, and consequently improve the accuracy of the obtained wave
functions in the iterative procedures. Hereby, the difference between the measured values and the values calculated
from eigenfunctions will tend to zero.

A full description of the second-order effects require the derivation and programming of several hundred formulae
based on the addition of the quantum angular momentum theory (Racah algebra). It should be noted that in the
construction of our energy matrix, there were no simplifications neglecting certain type of interactions, in the belief
that they could be insignificant.

The implementation and dissemination of computer procedures will accelerate the processing of the experimental
databases and result in a continuous increase in the number of known electronic levels, which will allow to determine
quantitatively all the electromagnetic interactions provided by the theory of atomic structure.

Our intention is to publish in separate papers an explicit form of the derived formulae, describing the second-order
interaction for the different types of configurations.

ME thanks the Poznań University of Technology for financial support within the project 06/63/DSPB/0314. JD and JR thank
the Poznań University of Technology for financial support within the project 04/45/DSPB/0121.

Open Access This is an open access article distributed under the terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.

References
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