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Abstract. Using rigorous low-Reynolds-number hydrodynamic theory on curved surfaces, we provide, via
a Stokeslet-type approach, a general and concise expression for the leading-order curvature correction to
the canonical, planar, Saffman-Delbrück value of the diffusion constant for a small inclusion embedded
in an arbitrarily (albeit weakly) curved fluid membrane. In order to demonstrate the efficacy and utility
of this general result, we apply our theory to the specific case of calculating the diffusion coefficient of a
locally curvature inducing membrane inclusion. By including both the effects of inclusion and membrane
elasticity, as well as their respective thermal shape fluctuations, excellent agreement is found with recently
published experimental data on the surface tension dependent mobility of membrane bound inclusions.

1 Introduction

The lateral diffusion of membrane embedded proteins is
vital to many physiological processes required in order to
maintain life, such as regulating ion transport, maintain-
ing cellular adhesion, and signal transduction [1]. The dif-
fusion constant for planar fluid membranes was calculated
using hydrodynamic theory some time ago by Saffman and
Delbrück [2], and has been widely used and applied since,
however, many physical membranes typically possess some
degree of curvature. In this work we use covariant, classi-
cal, low-Reynolds number, hydrodynamic theory in order
to rigorously elucidate the intrinsic curvature dependence
of the diffusion coefficient of an embedded inclusion, in a
generally (albeit weakly) curved fluid membrane, or sur-
face. This is carried out using a Stokeslet-type approach,
which has been successfully applied in previous work to
calculate the diffusion constant for a small particle em-
bedded in non-planar membranes [3,4].

Much modelling work has been carried out recently on
trying to understand the mobility of membrane deform-
ing inclusions, using various theoretical approaches [5–10].
While one would hope that there exists a unique phys-
ical mechanism and explanation for the experimentally
observed results of e.g. [5], there exist numerous impor-
tant and significant issues with theories such as that pre-
sented in [5], for example. Firstly, the effect of curvature
on membrane hydrodynamics is not taken into account
in [5], unlike our approach which explicitly and directly
uses the governing low-Reynolds-number hydrodynamic
equations. Secondly, there still exists a need for a classical
hydrodynamic explanation, as provided by our work, since
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the Saffman-Delbrück result must be inserted by hand in
the theory of [5]. Thirdly, in order for the theory of [5]
to fit the experimental data, other additional dissipative
mechanisms must be invoked, mainly due to membrane
shear. Fourthly, the fit to the data in [5] requires the in-
clusion size to be much larger than is typically measured
experimentally, such that it is postulated in [5] that the
inclusion drags along with it a large patch of membrane
lipids. Finally, moreover, the theory of [5] requires a mem-
brane/inclusion coupling coefficient in order to fit the ex-
perimental data.

Indeed, the theory presented here is much closer in ap-
proach to the recent work of [10], which also used classi-
cal hydrodynamical theory to calculate membrane-bound
inclusion mobility, though not via a Stokeselet-type ap-
proach as used in this work. Moreover, the work of [10]
discusses a single, particular, geometry only, namely that
of [5], unlike the general result presented here. Further-
more, the final result contained in [10] does not obviously
display an explicit dependence of inclusion mobility on
the intrinsically meaningful, covariant, quantity available
for surfaces, namely the Gaussian curvature. A direct,
term by term, comparison of the rather lengthy, numeric,
expression for inclusion mobility contained in [10], with
our more general result contained in eq. (8) of below, is
therefore rather non-trivial. Additionally, in order to re-
produce the experimental data, a variation in the mean
contact angle of the membrane inclusion with membrane
tension was found to be necessary, which required the in-
troduction of an additional fit parameter, in the form of a
proposed torsional stiffness constant in [10]. In this work
we alternatively model inclusion elasticity via a harmonic
potential for the membrane inclusion contact angle, with
the stiffness of the harmonic potential playing the role
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of the torsional stiffness in [10]. Finally and importantly,
given the relatively concise form obtained in this work
for the diffusion constant, we are additionally able to in-
vestigate the role of both inclusion and membrane shape
fluctuations on the mobility of membrane bound inclu-
sions. Interestingly, and unlike the work presented in [10],
by including such fluctuations we are able to account for
variations in inclusion diffusivity with membrane tension
even in the absence of a mean, or average, contact angle
between the membrane and inclusion.

Our motivation in this work is to provide a simple, an-
alytical, and general expression for inclusion mobility on
arbitrarily (albeit weakly) curved membranes, including
fluctuations. This result is valid for any small deformation
membrane geometry, is not tied to a specific geometry, and
hence does not require entire hydrodynamic calculations
to be redone, on a case by case basis, thus avoiding sub-
stantial computational effort in future work. This result is
given by eq. (8) of below, and constitutes the main result
of this paper. Having obtained such a general expression
for inclusion mobility, we naturally wish to demonstrate
its efficacy and usefulness by applying it to the recently
studied experimental data of [5] on inclusion mobility.

2 General theory

2.1 Low-Reynolds hydrodynamics in curved
membranes

The low-Reynolds-number hydrodynamics for incompress-
ible fluid flow, with velocity uα, in a curved membrane
with viscosity η, is described by the following equations [4,
10]:

−1
η
Dαp + Δuα + Kuα + Fα = 0,

Dαuα = 0. (1)

In eq. (1), Δ = DβDβ , and Dα is the covariant
derivative given by Dβuα = ∂βuα + Γα

βγuγ , where Γα
βγ =

1
2gαδ(∂γgδβ+∂βgδγ−∂δgβγ) in terms of the metric gαβ [11].
Additionally, K is the local Gaussian curvature, p is the
pressure, and we have also introduced a Stokeslet term [3,
4,12,13], Fα = 1

η fαδ2(x)/
√

g, located at the origin, which
we require in order to enforce the no-slip condition at, and
hence calculate the hydrodynamic drag on, a small, test-
particle embedded in the membrane.

In this work, we assume that the membrane fluid vis-
cosity, μm, is much greater than the viscosity of the em-
bedding, or bulk, fluid, μf , (typically μm/μf ∼ 102 [5]).
One cannot however completely ignore the role of the bulk
fluid, compared to that of the membrane, when calculating
the viscous drag on a membrane inclusion, due to the so-
called Stokes paradox. This leads to the well-known result
that low-Reynolds-number hydrodynamics in planar, two-
dimensional, surfaces typically produce fluid flows that di-
verge logarithmically at large distances [10,14]. By solving
the full boundary-value problem (incorporating a no-slip

condition with the embedding fluid) it was found in [10,14]
that the main influence of the viscous drag associated with
the bulk fluid is to effectively introduce a long-distance
cut-off to the two-dimensional surface hydrodynamics (for
a nice discussion of this point see also [15]). This large
distance cut-off is given by the Saffman-Delbrück length,
lSD = η/μf , where η = μmh0, and h0 is the membrane
thickness. Moreover, following [10], we can also assume
that the bulk fluid flow remains uninfluenced by any de-
formation of the membrane, provided that the character-
istic length scale associated with such membrane deforma-
tions, r0 =

√
κ/σ, is much less than the Saffman-Delbrück

length, lSD (where σ and κ are the membrane tension and
rigidity respectively). Using the following values from [5,
10] of η = 6 × 10−10 kg s−1, μf = 10−3 kg m−1 s−1, and
κ = 20 kBT , it can be shown [10] that this condition is in-
deed satisfied for membrane tensions σ � 2×10−7 Nm−1,
which is always typically the case physiologically. More-
over, using the above values for η, μ, and κ, and assuming
a typical membrane tension of σ = 10−5 Nm−1, we obtain
r0 = 90nm and lSD = 600 nm.

Due to the tensorial nature of the covariant derivatives
involved, and the concomitant proliferation of indices, the
solution of eq. (1) represents a formidable challenge, even
in the perturbative regime. Hence we proceed as follows [4,
10]. We can straightforwardly satisfy the incompressibil-
ity condition present in eq. (1) by introducing a stream
function ψ, such that: uα = εαβDβψ, where we use the
epsilon notation throughout such that εαβ = εαβ/

√
g and

εαβ = εαβ
√

g, and εαβ is the ordinary two-dimensional,
flat space, antisymmetric tensor1. Using this expression
for uα, we can eliminate the pressure term from eq. (1)
by taking the two-dimensional “curl” (see footnote 1) of
eq. (1), in order to arrive at the governing equation for ψ

Δ2ψ + 2Dμ(KDμψ) − ελνDλF ν = 0. (2)

A similar equation for ψ was found in [4,10], albeit
without the Stokeslet term described by Fα. Using the
following fluid Green functions, defined via: −ΔG1(x −
x′) = G0(x− x′) and −ΔG0(x− x′) = 1√

g δ2(x− x′), such
that G1(x−x′) satisfies Δ2G1(x−x′) = 1√

g δ2(x−x′), we
can re-write eq. (2) as

ψ(x) =
∫

d2x′√g′G1(x − x′)
[
ε′λνD′λF ν(x′)

− 2D′μ(
K(x′)D′

μψ(x′)
)]

. (3)

Hence the fluid velocity, uα = εαβDβψ, becomes sim-
ply

uα(x) =
∫

d2x′√g′εαβDβG1(x − x′)
[
ε′λνD′λF ν(x′)

− 2D′μ(
K(x′)D′

μψ(x′)
)]

. (4)

1 We use the following properties of εab throughout: εabε
cd =

δc
aδd

b − δd
aδc

b , εabε
ac = δc

b , εabε
ab = 2.
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Since we wish to work perturbatively to first order
in the Gaussian curvature K(x), we can replace the full
stream function ψ(x) appearing in eq. (4), with the zeroth-
order (in K(x)) term from eq. (3), to give consistently

uα(x) =
∫

d2x′√g′εαβDβG1(x − x′) ε′λνD′λF ν(x′)

− 2
∫

d2x′√g′εαβDβG1(x − x′)D′λ
[
K(x′)D′

λ

×
∫

d2x′′√g′′G1(x′ − x′′)ε′′στD′′σF τ (x′′)
]
. (5)

As discussed above, membrane fluid flows obtained us-
ing eq. (5), will typically diverge at large distances [10,
14,15]. Moreover, following on from the discussion above
(and as outlined in [10,14,15]), such large distance diver-
gences can hence be remedied in a consistent manner (tak-
ing into account the viscous drag associated with the sur-
rounding fluid [10,14,15]), via the use of an effective long-
distance cut-off, given by the Saffman-Delbrück length:
lSD = μmh0/μf . Furthermore, we reassuringly find below
that the use of such an approximate treatment for the
viscous resistance of the embedding fluid, will allow us
to both re-derive the classical Saffman-Delbrück result for
the diffusion constant on planar membranes [2], as well
as enable us to accurately capture the experimental data
on the mobility of curved membrane bound inclusions, as
found for example in [5].

In the work of [5–7], the surrounding fluid was alterna-
tively included via the use of an Oseen-type approxima-
tion, which gave rise to additional dissipative terms en-
tirely due to viscous losses in the surrounding solvent. Our
work, therefore, which does not use this type of approach,
naturally does not contain such additional terms. More-
over, it was shown in [5] that such additional dissipative
terms (as calculated in [5–7] and due entirely to viscous
losses in the surrounding solvent) were unable to account
for the experimental results of [5], and still required ex-
tra dissipation due to membrane shear, for example. Our
work, similar to [10], provides a classical hydrodynamic
explanation for the additional drag, and in doing so we
find no additional dissipative mechanisms are required in
order to fit the experimental data of [5].

2.2 General expression for the diffusion constant D in
curved membranes

In order to calculate the diffusion constant, we need to find
ua(0). Integrating eq. (5) by parts, inserting the expression
for the Stokeslet force Fα(x) given above, and evaluating
at the location of the membrane embedded, point-like,
test-particle (x = 0), we get

uα(0) =
1
η
εαβ(0)ελν(0)fνDλDβG1(0) − 2

η
εαβ(0)εστ (0)fτ

×
∫

d2x
√

gDλDβG1(x)K(x)DλDσG1(x). (6)

Due to the symmetry of the problem, the integral over
all x required in eq. (6) must give a contribution pro-
portional to the symmetric tensor δσ

β , and we can also
conveniently use the result: DλDβG1(0) = 1

2δλ
βΔG1(0) =

− 1
2δλ

βG0(0). By additionally using the properties of the
antisymmetric tensor εαβ (see footnote 1), we arrive at
our final expression for ua(0)

uα(0) =
fα

2η
G0(0) +

fα

η

×
∫

d2x
√

gDλDβG1(x)K(x)DλDβG1(x). (7)

Using the relationship fa = ξua(0) [12,13], that per-
tains between the applied force and the fluid velocity at
the particle’s location (where ξ is the coefficient of fric-
tion), we can straightforwardly read off the value of the
diffusion coefficient D = kBT/ξ from eq. (7) as being

D =
kBT

2η
G0(0) +

kBT

η

×
∫

d2x
√

gDλDβG1(x)K(x)DλDβG1(x). (8)

The canonical Saffman-Delbrück result: D0 =
kBT
4πη [log(lSD/a)−γ] for a planar membrane [2], with a long-
distance cut-off given by the Saffman-Delbrück length
lSD = η/μf , and a short-distance cut-off a given by the
size of the inclusion (with γ being Euler’s constant), can be
obtained from the first term in eq. (8), via careful consider-
ation of the Green function G0(x) (as outlined below). Our
expression, eq. (8), for D = D0 +δD additionally contains
within it the first-order correction (δD) due to membrane
curvature. This general expression for the diffusion con-
stant, as given in eq. (8), with its explicit dependence on
the intrinsic curvature K(x), represents the main result
of this work. We re-emphasise that this general result is
valid for any arbitrary (weakly curved) surface geometry.

3 Application to membrane inclusion mobility

3.1 Membrane and inclusion elasticity including
fluctuations

As a physically important and specific application of our
general theory outlined above (and in particular eq. (8)),
we now derive the mobility of an embedded, membrane
deforming, inclusion. We use the following total Hamil-
tonian H in order to describe both the membrane and
inclusion elasticity

H =
1
2

∫
d2x

(
κ
(
∂2h

)2 + σ
(
∂ah

)2)

+ iλ(h′(a) − β) +
kp

2
(β − β0)2. (9)
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The membrane part [16,17] is written in the Monge
representation, where the membrane shape is given per-
turbatively via a height function h(x), which contains sur-
face tension (σ), and rigidity (κ) controlled terms. We
have also included in eq. (9) a term governed by λ which
constrains the shape of the membrane bound inclusion to
be h′(a) = ∂h(r)

∂r |r=a to be equal to β. The final term in
eq. (9) describes the elastic response of the inclusion via a
simple harmonic potential for β (with strength kp) around
some preferred shape β0. A similar, though not identical
approach to modelling inclusion elasticity, and associated
shape-change, was used in [10], via the introduction of a
torsional stiffness force. However, fluctuations in the inclu-
sion shape governed by β were ignored in [10], while they
are included in the work presented here. Following [18],
we split the membrane contribution into a ground-state
part (h0) and a fluctuating part (δh). Minimising H in
eq. (9), subject to appropriate boundary conditions, it can
be straightforwardly found that the dominant membrane
ground-state contribution is given in terms of modified
Bessel functions by: h0 = −βr0K0(r/r0)/K1(a/r0) [5,10],
where r0 =

√
κ/σ. Note that in this approach [18], fluc-

tuations of the inclusion (governed by β) are included in
the equilibrium part of the membrane Hamiltonian (via
h0). Membrane fluctuations, given by δh, can thus be seen
to be independent of the inclusion shape β in this ap-
proach [18], such that they must now satisfy the bound-
ary condition: δh′(a) = 0. Our total Hamiltonian H thus
becomes

H =
km

2
β2 +

kp

2
(
β − β0

)2

+
1
2

∫
d2x

(
κ
(
∂2δh

)2 + σ
(
∂aδh

)2) + iλδh′(a), (10)

where km is given by: km = 2πκ a
r0

K0(a/r0)/K1(a/r0),
which can be seen to depend on the membrane tension
σ via r0. Due to the underlying rotational symmetry as-
sumed in this work, and by inspection of eq. (8), we
can simplify matters considerably by observing that all
the quantities we require in order to calculate the diffu-
sion constant D must depend on the radial distance r
only. Hence, in the Monge gauge, the Gaussian curva-
ture K(r) is given perturbatively by: K(r) = 1

2r
∂
∂rh′2(r),

and we can write the membrane fluctuation modes as:
δh(r) =

∫
d2q

(2π)2 δh̃(q)J0(qr). Performing the required ther-
mal averages, using eq. (10) we find

〈
h′2(r)

〉
= 〈β2〉K2

1 (r/r0)/K2
1 (a/r0) +

〈
δh′2(r)

〉
, (11)

where

〈β2〉 =
β2

0

(1 + km/kp)2
+

1
kp

1
1 + km/kp

,

〈
δh′2(r)

〉
=

1
2πκ

(
K1(a/r0)I1(r/r0)

− I1(a/r0)K1(r/r0)
)
K1(r/r0)/K1(a/r0).

(12)

The first term in eq. (11) includes both the elasticity
and fluctuations of the membrane bound inclusion shape
β. The second term in eq. (11) describes membrane shape
fluctuations around the ground state solution.

In this work, we neglect in our membrane Hamiltonian
a possible term given by 1

2κG

∫ √
gd2xK due to Gaussian

curvature, which has been considered in related work on
inclusion bound membrane elasticity [19–21]. However, it
can be shown via a straightforward calculation that such a
term can easily be included in our work, should we wish to
do so, via a renormalisation of the parameter km defined
above as follows: km → km −πκG, where κG is the elastic
modulus for Gaussian curvature.

3.2 Fluid Green functions G0 and G1

We now proceed to calculate perturbatively the fluid
Green functions on a curved surface, as required in eq. (8)
for the diffusion constant D, in terms of the membrane
height function h(r). With a metric component: grr =
1+h′2 and determinant such that

√
g = r(1+h′2)1/2, the

radial Green function G0(r) satisfies (for r > 0)

− 1
√

g

(
∂

∂r

(√
g

grr

∂

∂r

))
G0(r) = 0. (13)

Evaluating eq. (13) perturbatively in membrane cur-
vature, and matching the solution thus obtained at large
distance to the analogous Green function obtained by solv-
ing the full boundary-value problem (incorporating a no-
slip condition with the embedding fluid), as carried out
similarly in [10,14], we obtain that

G0(r) =
1
2π

(

log
(
l′SD/r

)
+

1
2

∫ l′SD

r

dr′

r′
h′2(r′)

)

, (14)

where for convenience we have defined the large-distance
length-scale l′SD as l′SD = lSD exp(−γ). Using this ap-
proximate treatment we guarantee, by design, that the
leading-order contribution to the diffusion constant (D0)
ultimately agrees precisely with that calculated in [14],
which rigorously includes the effect of the surrounding
bulk fluid. Additionally, as outlined above, we can safely
assume that the bulk fluid flow remains uninfluenced
by membrane deformations, for all physically reasonable
membrane tensions [10]. Similarly, from above, the Green
function G1(r) satisfies to lowest order (as required con-
sistently by eq. (8))

−1
r

(
∂

∂r

(
r

∂

∂r

))
G1(r) =

1
2π

log
(
l′SD/r

)
, (15)

which, incorporating the appropriate boundary condition
at large distances, such that: G1(r) → 0 as r → l′SD, has
the solution

G1(r) =
1
8π

(
l′SD

2 − r2
(
1 + log

(
l′SD/r

)))
. (16)
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3.3 First-order correction δD to the inclusion diffusion
constant

Using the Green functions G0(r) and G1(r) in our general
result given by eq. (8) of above, and integrating by parts,
we can write the first-order correction to the inclusion
diffusion constant, δD, due to membrane curvature, in the
Monge gauge as

δD =
kBT

8πη

〈
h′2(r)

〉 (
1
4

+ log2
(
l′SD/r

))
∣∣∣∣

l′SD

a

+
kBT

8πη

∫ l′SD

a

dr

r

〈
h′2(r)

〉(
1 + 2 log

(
l′SD/r

))
, (17)

with 〈h′2(r)〉 given by eq. (11) and eq. (12). Via the
variation of r0 =

√
κ/σ with σ, we can see that the

magnitude of the first-order correction to the diffusion
constant δD, as given by eq. (17), necessarily depends
on the value of the membrane tension. It is interesting
therefore to investigate the limits of eq. (17) at both low
and high membrane tensions σ. Assuming l′SD/a � 1,
in the low tension limit, σ → 0, we find that δD →
−kBT

8πη (β2
0 + 1

kp
− 1

4πκ ) log2(l′SD/a), while for the large ten-
sion limit, σ → ∞, we additionally find from eq. (17) that
δD → −kBT

8πη
1

2πa
√

κσ
log2(l′SD/a), to leading order.

3.4 Comparison with recent experimental data

Single-particle tracking experiments [5] on reconstituted
membranes have found that membrane curvature, surface
tension, and inclusion shape can have a significant effect
on the mobility of membrane embedded proteins. As a
specific application, and to probe the generic membrane
tension dependence of eq. (17), we can compare our gen-
eral theory with the recently obtained experimental data
of [5] on membrane inclusion mobility.

In [5] it was found that the diffusion constant for a
voltage-gated potassium channel (KvAP) protein was sig-
nificantly increased, as the surface tension was increased,
whereas the mobility of a water channel aquaporin 0
(AQP0) protein was, relatively, fairly insensitive to mem-
brane tension. This is thought to occur due to the fact that
KvAP locally bends the membrane considerably, forming
an effectively conical inclusion, whereas AQP0 is thought
to negligibly deform the bilayer locally [5,22]. Shown in
fig. 1 is the experimental data from [5] on the variation
of the diffusion constant D with membrane tension for
AQP0 (triangular data points) and KvAP (circular data
points). Also shown in fig. 1 are the theoretical fits (solid
black lines) using eq. (17) for δD, where we have also in-
cluded the contribution from D0 = kBT

4πη log(l′SD/a), such
that D = D0+δD. In this work we fix the following param-
eters, used for both AQP0 and KvAP, to those from [5,10]:
η = 6 × 10−10 kg s−1, μf = 10−3 kg m−1 s−1, κ = 20 kBT ,
a = 5nm, and kBT = 4 × 10−21 J. However, in order to
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Fig. 1. Plot of the diffusion constant D versus the logarithm
of the membrane tension log10 σ. Experimental data from [5] is
shown for AQP0 (triangular data points) and KvAP (circular
data points). Also shown are the theoretical best fits (solid
black lines) using eq. (17), and the model parameters quoted
in the text. For KvAP we require β0 = 0.5 rad and kp = 50kBT ,
while for AQP0 we find β0 = 0 rad and kp = 32kBT .

best fit the mobility data for KvAP, it was found nec-
essary to let β0 = 0.5 rad and kp = 50kBT , whereas
AQP0 required the best fit parameter of β0 = 0 rad and
kp = 32kBT . Reassuringly, the best fit model parameters
used in this work compare favourably with those similarly
reported elsewhere [5,10].

4 Discussion

This theoretical work addresses the general problem
of calculating via classical hydrodynamic theory, the
leading-order curvature correction to the canonical, pla-
nar, Saffman-Delbrück value of the diffusion constant for a
small inclusion embedded in an arbitrarily (albeit weakly)
curved membrane. This result was then applied to the
specific example of a locally membrane deforming protein
membrane inclusion, as contained in the recent experimen-
tal case of [5]. The application of our main result, given
by eq. (8), to other possible membrane geometries of in-
terest (such as the catenoid, for example) will be left to
future work. We also look forward to further experimental
investigations of our general result, including possible ap-
plications to “man-made”, patterned (or “bumpy”), two-
dimensional thin fluid films, in addition to more familiar
bio-membranes.

As in [10], we found that the rigidity of the protein
is an essential ingredient in order to fit the experimen-
tal data of [5]. However, the theory outlined in this work
was also able to include the role of thermal fluctuations
on inclusion mobility. Such fluctuations have an effect on
the membrane as well as the inclusion shape. Indeed, un-
like [5,10], we find above that by taking into account ther-
mal fluctuations we are also able to accurately capture the
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membrane tension dependent mobility of an AQP0 inclu-
sion even when its average contact angle (〈β〉 ∼ β0) van-
ishes (β0 ∼ 0) [22]. Furthermore, using our theory we can
now be seen to be able to directly probe and investigate
inclusion elasticity (governed by the elastic constant kp)
via measurements of the inclusion’s mobility.

We can also compare our result for the diffusion co-
efficient given by eq. (8) to previous results obtained in
non-planar membranes for inclusions which do not deform
the membrane locally [4,3,21]. In the case of a straight,
membrane tube, for example, the Gaussian curvature is
exactly zero, and so our expression for the diffusion con-
stant agrees with that given in [3], if we choose the long-
distance cut-off in this case to be given by the radius
of the membrane cylinder. Indeed, for any developable
surface (K = 0) the intrinsic curvature vanishes identi-
cally, and so the mobility reverts to the usual form of the
Saffman-Delbrück result. For spherical membranes, where
the Gaussian curvature is constant, the integral required
in eq. (8) gives a negligible contribution, which compares
favourably with expressions found in [4,3], as long as we
choose the long-distance cut-off in this case to be given by
the radius of the membrane sphere.

Finally, the general result of the work presented here,
as given by eq. (8) of above, provides a relatively sim-
ple expression for inclusion mobility on arbitrarily (albeit
weakly) curved membranes, avoiding the use of intensive
numerical computation, and can therefore be straight-
forwardly used for the practical analysis of future ex-
perimental data on membrane hydrodynamics and inclu-
sion mobility. By utilising this result, therefore, substan-
tial computational effort can be avoided in future when
considering inclusion mobility on other, practically im-
portant, membrane geometries. The theoretical work pre-
sented here is also likely to be highly relevant to exper-
iments pertaining to many biological processes involving
the mobility of membrane embedded inclusions and their
dynamic spatial positioning, such as membrane receptor
clustering and ligand association [1], for example.
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