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Abstract. Triple diﬀerential ionization cross sections (TDCSs) by electron impact are calculated for some
atomic and molecular targets by using several models where Post Collisional Interaction (PCI) is taken in
account. We also investigate the eﬀect of the short range potential and describe the ejected electron either
by a Coulomb wave or by a distorted wave. Signiﬁcant diﬀerences are observed between these models. A
better agreement with experimental data is achieved when the short range potential and distortion eﬀects
are included.

1 Introduction
Ionization of matter by electron impact is a fundamental
process in collision theory which plays a signiﬁcant role
in many ﬁelds such as plasma physics and astrophysics.
One of the most important challenging tasks is the understanding of the collision details which still attracts interest nowadays [1–3]. The triply diﬀerential cross section
(TDCS) obtained in (e, 2e) experiments where the two
outgoing electrons are detected in coincidence represents
the most detailed description of the ionization process.
This quantity is evaluated through the scattering amplitude deﬁned as the transition elements between the initial
and the ﬁnal states of the collision and is known to be a
useful tool to probe the reaction dynamics [4,5] as well as
the structure of the target [6,7]. There are hence been a
long interest in obtaining TDCSs for electron impact ionization of atoms [8–10] and molecules [11–13] where many
theoretical developments have allowed for accurate numerical calculations. The DWBA [14–17] is among the most
successful theoretical approaches for rather complicated
targets since it reproduces generally the dominant features
of the TDCS for a projectile energy of about 100 eV and
larger. This model takes into account the distorting eﬀects
of the target potential on the continuum electron states
in the ﬁeld of the residual ion. Subsequently the application of more sophisticated non perturbative methods like
the CCC [18,19] or R-matrix models [20,21], based upon
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a powerful numerical scheme, provided results with excellent agreement with experiments.
When the two outgoing electrons are detected with
comparable energies the post collision interaction (PCI)
should be included. The PCI eﬀects have been introduced
in the ﬁnal state via the work of Brauner et al. [22] (known
as BBK). This BBK model gives a good agreement with
experiments for light atoms but fails unfortunately for
more complex atomic or molecular targets because the
recoil peak is not generally well reproduced. The failure
of BBK in reproducing the recoil peak is due to the fact
that distortion eﬀects are completely ignored. At low impact energy, second Born treatments where a double interaction between the projectile and the target is included,
constitute also good frameworks to study the ionization
process [23,24]. These models are at least rather appropriate to explain the lack of symmetry about the momentum
transfer direction in the experimental data.
Nowadays the 3DW model applied for atoms [25,26]
and extended successfully as M3DW to molecules [27,28]
remain the most accurate description to calculate the
TDCS. Within this non ﬁrst order model, the PCI is contained to all orders of perturbation theory while all interactions contained in the perturbation operator are of
ﬁrst order. Owing to abundant available theoretical and
experimental results in coincidence measurements where
good agreement was achieved in many cases for atoms,
the problem of (e, 2e) processes was considered to be well
investigated. Unfortunately even with the most sophisticated models some discrepancies between theory and experiments have been observed for heavy atoms [29,30]. For
molecules the disagreements observed are not surprising
owing to the complexity of the molecular structure [31,32].
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In this paper we study the electron impact ionization
of some atomic and molecular targets using non ﬁrst order
models. We use the BBK and BBKDW models which have
been very recently investigated [33] where the interaction
between the projectile and the target is purely Coulombic. We also apply the BBKSR model where further to
the Coulombic interaction, the short range potential is
included. Furthermore, the one active electron approximation is made to study (e, 2e) processes in the present
work.
The paper is organized as follows. A summary of the
theory is given in Section 2. Our results are discussed in
Section 3 and compared with experiments. Finally, a conclusion is given in Section 4.
Atomic units are used throughout unless otherwise
indicated.

2 Theory
The ionization of an atomic or molecular target by an
electron may be schematized as:
e− + A → A+ + e− + e− .

(1)

The TDCS corresponding to an (e, 2e) process is written as:
d3 σ
ka kb
2
σ (3) =
=
|Tif |
(2)
dΩa dΩb dEb
k0
where dΩa and dΩb denote respectively the elements of
solid angles for the scattered and ejected electrons while
dEe is the variation of the ejection energy.
The conservation laws dealing with the ionization process are:
k02
k2
k2
= a + b −I
2
2
2
and
k0 = ka + kb + 
q
where k0 , ka , and kb represent respectively the momenta of
the incident, scattered, and ejected electrons. I and q are
the energy needed to extract one electron from the target
and the ion recoil momentum respectively. The matrix
element Tif represents the transition from the initial state
Ψi to the ﬁnal state Ψf and is written as:
Tif = Ψf | V |Ψi  .

All the individual atomic bound electrons are represented by linear combinations of Slater type wave functions [34]. The molecular orbitals are represented by
linear combinations of single center wave functions of
Moccia [35–37] which have been described enough in our
previous papers [38,39].
The ﬁnal state Ψf as well as the interaction potential V
between the projectile and the target are written according to the corresponding model. The main feature of our
theoretical approaches is that PCI eﬀects are systematically included. Details about all used models are provided
in the following.
2.1 The BBK model
Brieﬂy, the BBK model [22] takes in account for the PCI
which is included in the ﬁnal state Ψf instead in the perturbation. The advantage of BBK is due to the fact that
the PCI is contained to all orders of the perturbation theory. The ﬁnal state Ψf is thus represented by two Coulomb
waves describing the interaction of the outgoing electrons
with the residual ion as well as a Coulomb interaction accounting for the PCI between the two electrons so that Ψf
is written as:






Ψf ka , kb , r0 , r1 = ϕC ka , r0 ϕC kb , r1


× C α01 , k01 , r01 .
(5)
The Coulomb wave ϕC (k, r) is given by:





  exp ik · r
Z

,
1,
−i
k
·

r
+
kr
−i
ϕC k, r =
F
1 1
3/2
k
(2π)
 


Z
πZ
Γ 1+i
(6)
× exp
2k
k
where the eﬀective charge is generally taken to be Z = 1
in an (e, 2e) process.
C(α01 , k01 , r01 ) represents the PCI and is written as:
 




i
π
C α01 , k01 , r01 = exp −
Γ 1−
1 F1
4 k01
2k01



× −iα01 , 1, −i k01 · r01 + k01 r01

(3)

By using the one active electron approximation, the initial
state is approximated by the initial bound state times a
plane wave describing the incoming electron that is:


Ψi ki , r0 , r1 = ϕp (r0 ) ϕi (r1 )
(4)
where ϕp (ki , r0 ) is the plane wave describing the incident
electron and ϕi (r1 ) represents the one electron wave function of the target. r0 and r1 are the positions of the projectile and the bound electron with respect to the center
of mass of the system.

(7)
with


k01 = 1 ka − kb
2

and α01 = −

1
.
2k01

The calculation of the matrix element in equation (3)
within the BBK model represents a real challenge due to
the numerical diﬃculties associated with the evaluation
of a six-dimensional integral. We apply here the method
of Kornberg and Miraglia [40] where Fourier transforms
are used to reduce the six-dimensional integral to a threedimensional one.
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In the BBK model the interaction between the projectile and the target V is purely Coulombic. By using the
one active electron approximation, V is expressed as:
V (r0 , r1 ) =

1
1
−
r01
r0

(8)

projectile and the target is no longer purely Coulombic
but includes in addition to this the short range potential.
To evaluate the short range potential in the one single
active electron picture, the interaction between the projectile and the target is approximated as:
Vi =

where r01 = |r0 − r1 | is the distance between the projectile
and the bound electron.
2.2 The BBKDW model
The BBKDW model is a generalization of BBK where distorted eﬀects are partially taken into account. The ejected
electron is represented by a distorted wave instead of a
Coulomb wave so that the ﬁnal state is now written as:






Ψf ka , kb , r0 , r1 = ϕC ka , r0 ϕDW kb , r1


× C α01 , k01 , r01 .
(9)
This model has been very recently used to investigate
the ionization process of some atomic and molecular targets [33] where very good agreement was observed for the
ionization of argon (2p). Nevertheless the recoil region was
not well reproduced especially in the case of the recent
measurements of Isik et al. [41] for CH4 molecule. The
model is applied here to calculate the TDCS for atoms and
molecules by considering other experimental kinematics.
We remind that in the distorted wave ϕDW (kb , r) description the ejected electron sees a variable charge Z(r)
while leaving the target. The variable charge is such that
Z(r) = Z at r = 0 and Z(r) = 1 at r1 → ∞. Z is the
charge in the center of the residual ion.
Brieﬂy, to calculate Z(r) we use the spherically symmetric potential Uj (r) representing the interaction between the projectile with the ionized targets. For atoms
this potential is given by:

1
Z (r)
Ui (r) =
Vj (r) dΩ = −
(10a)
4π
r
where
N

0
Z 
Vj (r) = − +
Nij
r
i=1



(11)

Ui is the spherically symmetric interaction potential between the projectile and the active electron and is obtained by averaging the anisotropic potential Ua so that:

1
Ua (r0 ) dΩ0
Ui (r0 ) =
(12)
4π
with:
2
Ua (r0 ) = − +
r0



2

|ϕi (r)|
dr1 .
|r0 − r1 |

(13)

After performing all calculations in equations (11)
and (12), the spherically symmetric potential Ui takes ﬁnally the form:
Ui = −

1
+ VSR .
r0

(14)

Comparing equations (11) and (14), the interaction potential between the projectile and the target writes:
Vi =

1
1
−
+ VSR
r01
r0

(15)

Vi may be interpreted as a pure Coulombic interaction
plus a short range potential VSR which tends asymptotically to zero. It should be mentioned that the short
range potential is evaluated analytically for both atoms
and molecules.
As an illustration, if we consider the helium atom in
its ground state represented by the one-active electron
orbital:
α3/2
27
ϕ1s (r1 ) = ϕHy (r1 ) = √ e−α r1 with α =
π
16

(16)

the short range potential VSR is expressed as:

2

|ϕi (r)|
dr1
|r − r1 |

1
+ Ui
r01

(10b)

where N0 is the number of orbitals, Nij is the number
of electrons in the core orbital, Z the charge of the nuclei
and ϕi (r) are the bound electron wave functions. A full description about the calculation of Z(r)in the case of atoms
and molecules can be found in our previous works [33,42].
2.3 The BBKSR model
The BBKSR model is still an extension of the BBK model
where the ﬁnal state is represented by equation (5) like in
BBK approach. Nevertheless the interaction between the

VSR (r) = − (1 + α r)

e−2α r
.
r

We ﬁnally remind that the TDCS for molecules is obtained
by averaging over Euler angles owing to the random orientation of molecular targets. The TDCS is deﬁned as:

1
σ (3) = 2
σ (4) dΩEuler
(17)
8π
where σ (4) is given by:
σ (4) =

d4 σ
.
dΩEuler dΩa dΩb dEb

(18)
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Fig. 1. Polar plot of the absolute TDCS for the 2p ionization
of argon in 10−3 au. The scattered electron with an energy
Ea = 8000 eV is detected at an angle θa = 1.25◦ in coincidence
with the ejected electron with an energy Eb = 150 eV. Full
squares are the absolute experimental data [44], with the one
standard deviation statistical error bar. Comparison is made
with the theoretical models: (i) the BBKSR model (black solid
line); (ii) the BBK model (red dashed line); (iii) the BBKDW
model (blue dotted line).

3 Results and discussion
In this paper we present theoretical calculations based
upon BBK, BBKDW and BBKSR models to investigate
ﬁrst the ionization of argon for which a large set of data is
available. We consider thereafter some molecular targets
which have been previously studied and where clear disagreements remain still observed even with sophisticated
treatments [33,42,43]. The molecular targets CH4 , NH3
and H2 O will be particularly investigated. We should indicate that BBKDW model faces large numerical problems,
results based upon this model are thus presented only in
few cases studied here.
The asymmetric coplanar TDCS for electron impact
ionization of argon is presented in Figures 1 and 2 with
a comparison between our theoretical models as well as
experiments. In Figure 1, the TDCS of (e, 2e) on Ar (2p)
orbital is presented for an impact energy of about 8 keV
with a scattering angle of 1.25◦ and compared with absolute measurements [44]. These experiments exhibit two
lobes, the recoil lobe is even larger than the binary one.
The BBK and BBKSR models are in worse qualitative
agreement with the data. On the contrary BBKDW shows
a better agreement with experiments presenting as in the
measured data the binary and recoil peaks. The binary

Fig. 2. Triple diﬀerential cross section for the 3p ionization
of argon in its ground state. The scattered electron with an
energy Ea = 500 eV is detected at an angle θa = 6◦ in coincidence with the ejected electron with energies Eb = 37 eV and
Eb = 74 eV. Comparison is made between the experimental
data (solid squares) taken from [45] and the theoretical models: (i) the BBKSR model (black solid line); (ii) the BBK model
(red dashed line). The experiments are normalized to the absolute scale of BBKSR for the best visual ﬁt at the maximum
of the binary region.

region need still to be improved, the inclusion of the short
range potential in BBKDW should likely provide a better
description of the process. Figure 2 represents the TDCS
of (e, 2e) for the outer valence shell of Ar (3p) where the
projectile is scattered with an energy Ea = 500 eV and
an angle θa = 6◦ while the ejected electron is detected
with energies Eb = 37 and 74 eV [45]. As the measured
cross sections are given on a relative scale they are normalized to the BBKSR model. It is noticeable that the two
models reproduce quite well the binary region where the
shape of the TDCS is correctly reproduced and the peak
is well located. The theoretical description of the recoil region is on the other hand less good. BBK fails completely
to reproduce the recoil peak which is clearly underestimated. When we introduce the short range potential via
the BBKSR model, the results are somewhat improved.
The recoil peak is well visibly enhanced, nevertheless the
position of this peak is not correctly described. We should
notice that both BBK and BBKSR models do not include
distortion eﬀects in the mechanism. A model like BBKDW
with a contribution of the short range potential might describe better this experimental situation. Overall the short
range potential seems to play a signiﬁcant role in the recoil
region.
The molecular targets CH4 , NH3 and H2 O are at
present investigated under diﬀerent kinematical situations
which would provide accurate information about the ionization dynamics. It is worth noting that these molecules
have the same number of electrons but with diﬀerent number of nuclei, their molecular orbitals are furthermore described by diﬀerent symmetry groups.
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Fig. 3. Triple diﬀerential cross section for the ionization of
CH4 molecule in its ground state. The projectile with an energy
E0 = 250 eV is scattered at an angle θa = 10◦ in coincidence
with the ejected electron with an energy Eb = 50 eV. Comparison is made between the experimental data (solid squares)
of Isik et al. [41] and the theoretical models: (i) the BBKSR
model (black solid line); (ii) the BBK model (red dashed line);
(iii) the BBKDW model (blue dotted line). The experiments
are normalized to the absolute scale of BBKSR for the best
visual ﬁt at the maximum of the binary region.

The TDCS for 250 eV electron impact ionization of
the 1t2 orbital of CH4 very recently performed by Isik
et al. [41] is presented in Figures 3 and 4 for two ﬁxed
scattering angles 10◦ and 20◦ , with 50 eV ejected electron
energy. Our results within BBK, BBKDW and BBKSR
models are displayed in their absolute scale while the data
are normalized to BBKSR. We remind that the rather sophisticated model BBKDW failed very recently [33] to describe the recoil region for these two situations. We can
see, for a scattered angle θa = 10◦ (corresponding to a
momentum transfer of 0.9 au), that the binary peaks of
the three models point in the same direction. The lobes
of BBK and BBKDW in this region are of comparable intensities and overestimates somewhat the peak of BBKSR.
Overall the shape of the TDCS in this region is qualitatively well reproduced by the three models. Nevertheless
BBK and BBKDW models are not able to describe the recoil region contrary to BBKSR which clearly reproduces
a recoil peak and exhibits the best agreement with experiments. Figure 4 represents the TDCS in the same conditions of Figure 3 but for a scattered angle θa = 20◦ corresponding to a momentum transfer of 1.5 au. We observe
that the binary region is qualitatively well reproduced by
the three models and the positions of the binary peaks
point in the same direction. The amplitudes of the three
models are quite diﬀerent in this region, it is still observed
that BBK and BBKDW binary amplitudes overestimate
BBKSR one. The experimental recoil peak is better de-
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Fig. 4. Same as Figure 3 but for θa = 20◦ .

scribed by BBKSR while the two other models fail once
again to exhibit any agreement with experiments in this
region. We should indicate that the experimental data for
these particular kinematics seem to be very sensitive to
the momentum transfer, absolute measurements should
provide more accurate information. As a preliminary conclusion, the BBKDW seems to play no role in recoil region, in the following discussion will focus only on BBK
and BBKSR models.
We consider now the experiments of Orsay group for
the same molecule [43] where both the outermost valence
1t2 and inner valence 2a1 orbitals are investigated. The
measurements are performed at scattered electron energy
of 500 eV, ejected electron energy of 74 eV and for scattering angle of 6◦ . The TDCS for the two orbitals is displayed
in Figure 5 where all results are normalized to BBKSR
since the data are relative, we also indicate that only BBK
and BBKSR theoretical results are presented here. It is
directly shown that the experimental data exhibit a large
recoil scattering especially for the inner valence orbital
2a1 . This is justiﬁed by the rather important value of the
recoil momentum in this case (q ≈ 2 au) which indicates
that the residual ion actively participates to the process.
The comparison between experiments and theory is rather
satisfactory in the binary region, the two theoretical models give similar results and describe in the same way the
process. On the other hand, the agreement is less good
in the recoil region. The BBK model is not able at all to
describe the process although the PCI is accounted while
BBKSR shows a better agreement in this region. Indeed a
more important recoil peak is shown for the two orbitals
which means that the short range potential contributes
signiﬁcantly in this region. Unfortunately the experiments
in the recoil region remain still poorly reproduced which
indicates the need of more sophisticated treatments.
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Fig. 5. Triple diﬀerential cross section for the ionization of
1t2 and 2a1 valence orbitals of CH4 molecule in its ground
state. The scattered electron with an energy Ea = 500 eV is
detected at an angle θa = 6◦ in coincidence with the ejected
electron with an energy Eb = 74 eV. Comparison is made between the experimental data [43] and the theoretical models:
(i) the BBKSR model (black solid line); (ii) the BBK model
(red dashed line. The experiments are normalized to the absolute scale of BBKSR for the best visual ﬁt at the maximum of
the binary region.

We consider now the ionization of NH3 whose (e, 2e)
process is investigated in the same conditions than for
CH4 . Figure 6 presents a comparative study between our
BBK and BBKSR theoretical models with the experiments performed at 500 eV scattered electron energy and
74 eV ejected electron energy [42]. The theoretical results
are displayed in their absolute scale while the data are normalized to the BBKSR model at the binary peak as done
for CH4 . It is seen that overall the two theoretical models exhibit nearly the same behavior in the binary region
and agree quite well with experiments. We nevertheless
notice that the width of the binary lobe is not correctly
reproduced here, any other theory has in fact correctly
reproduced the width of the binary lobe so far. The recoil
region exhibits also an important lobe which is not reproduced by BBK for the three orbitals: 1e, 2a1 and 3a1 , as it
has been already indicated in our former works [42,43]. In
contrast, BBKSR model shows a better agreement in the
recoil region where now the recoil peak is fairly well reproduced for the outer valence shells 1e and 3a1 , showing
once more the importance of the short range potential in
the recoil region. It would mostly be mentioned that the
positions of the experimental peaks are shifted towards
higher angles with respect to the direction of the momentum transfer in the case of the two molecules (CH4 and
NH3 ) which means contribution of non ﬁrst order eﬀects,
this has been indeed predicted by the three models since
they include systematically the PCI in the ﬁnal state.
We ﬁnally study the TDCS of H2 O where experiments
have been performed at 250 eV impact energy and a scat-

0 ,0 3
0 ,0 0
0

60

12 0

180

240

30 0

360

E je ctio n an g le (a .u .)
Fig. 6. Triple diﬀerential cross section for the ionization of 1e,
2a1 and 3a1 valence orbitals of NH3 molecule. The scattered
electron with an energy Ea = 500 eV is detected at an angle
θa = 6◦ in coincidence with the ejected electron with an energy
Eb = 74 eV. Comparison is made between the experimental
data [42] and the theoretical models: (i) the BBKSR model
(black solid line); (ii) the BBK model (red dashed line). The
experiments are normalized to the absolute scale of BBKSR
for the best visual ﬁt at the maximum of the binary region.

tering angle of 15◦ with the ejected electron detected with
an energy of 10 eV [46]. The investigation of this target has
previously revealed that BBK model was able to describe
correctly both the binary and the recoil regions [38] (except for the inner orbital 2a1 ). This was attributed later
to the fact that the collision regime is quite close to Betheridge conditions where the momentum transfer is fully absorbed by the ejected electron (K = kb ). It means that the
eﬀect of the target ion on the ejected electron is not strong.
Conversely the kinematics used for CH4 and NH3 are far
from the Bethe-ridge regime because the values of K and
kb are very diﬀerent from each other. Since the outer shells
have been shown to be rather well described by BBK and
even by the ﬁrst order model 1 CW [38], we investigate
here only the inner valence orbital 2a1 of H2 O by applying
BBK and BBKSR models. It is noticeable in Figure 7 that
BBK fails completely to describe the recoil lobe as it was
previously indicated. This allows to conclude that for this
inner orbitals, in addition to PCI, other eﬀects should be
taken into account. When we apply BBKSR the behavior of the TDCS is substantially the same in the binary
region when compared to BBK. However the recoil peak
is slightly enhanced and seems to better describe the experiments but remains rather insuﬃcient to explain the
experiment. We could conclude anyway that the contribution of the short range potential plays a substantial role
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in the recoil region as was overall the case of the other
targets studied above.

4 Conclusion
In the present paper, we have performed calculations to
study the (e, 2e) collision for atomic and molecular targets
using models which include the electron-electron interaction in the ﬁnal state to all orders of perturbation theory.
Three theoretical models (BBK, BBKDW BBKSR) have
been used in this context to study argon atom and some
speciﬁc molecules (H2 O, CH4 and NH3 ). It has been observed that the three models are able to well describe the
positions of the binary and recoil peaks which are shifted
with respect to the momentum transfer direction at low
impact energies. This was expected since these models
represent non ﬁrst order approaches. The three models
describe qualitatively in the same way the binary region.
BBKDW reproduces better the binary region when absolute measurements are present but fails completely to describe the recoil peak region like the BBK model. When
BBKSR is applied the recoil region is better reproduced
but it remains insuﬃcient in some cases to predict the
data. The short range potential, which is usually omitted,
seems to play an important role in the recoil region. A
merger of BBKDW with BBKSR should improve the the-
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