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Abstract It has recently been demonstrated that black holes
with spatially regular horizons can support external scalar
fields (scalar hairy configurations) which are non-minimally
coupled to the Gauss–Bonnet invariant of the curved space-
time. The composed black-hole-scalar-field system is char-
acterized by a critical existence line α = α(μrH) which,
for a given mass of the supported scalar field, marks the
threshold for the onset of the spontaneous scalarization phe-
nomenon [here {α,μ, rH} are respectively the dimension-
less non-minimal coupling parameter of the field theory, the
proper mass of the scalar field, and the horizon radius of
the central supporting black hole]. In the present paper we
use analytical techniques in order to explore the physical
and mathematical properties of the marginally-stable com-
posed black-hole-linearized-scalar-field configurations in the
eikonal regime μrH � 1 of large field masses. In particular,
we derive a remarkably compact analytical formula for the
critical existence-line α = α(μrH) of the system which sep-
arates bare Schwarzschild black-hole spacetimes from com-
posed hairy (scalarized) black-hole-field configurations.

1 Introduction

The mathematically elegant no-hair theorems presented in
[1–4] have revealed the physically important fact that, within
the framework of classical general relativity, spherically sym-
metric black holes with regular horizons cannot support
external static matter configurations which are made of scalar
fields with minimal coupling to gravity. As explicitly proved
in [5–7], the intriguing no-hair property of static black holes
can also be extended to the physical regime of scalar matter
fields which are characterized by a non-trivial (non-minimal)
coupling to the Ricci curvature scalar of the corresponding
spherically symmetric spacetimes.
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Interestingly, later developments [8–14] have revealed the
intriguing fact that spatially regular hairy matter configura-
tions which are made of scalar fields with non-minimal cou-
plings to the Gauss-Bonnet curvature invariant G may be
supported in curved black-hole spacetimes. In particular, it
has been proved [12–14] that, in extended Scalar–Tensor–
Gauss–Bonnet theories whose actions contain a non-trivial
field-curvature coupling term of the form f (φ)G [15], black
holes with regular horizons may support scalar fields with
non-trivial spatial profiles (see [16–18] for the physically
related model of spontaneously scalarized charged black-
hole spacetimes which owe their existence to a non-trivial
coupling between the external scalar field and the electro-
magnetic field tensor of the central supporting charged black
hole).

In a physically realistic field theory, the spontaneous
scalarization phenomenon should be characterized by a non-
trivial coupling function f (φ) whose mathematical form
allows the existence of bare (non-scalarized) black-hole solu-
tions in the weak-coupling regime [12–14]. Specifically, the
physically important studies presented in [12–14] have con-
sidered Scalar-Tensor–Gauss–Bonnet theories whose cou-
pling functions are characterized by the limiting behavior
f (φ → 0) ∝ αφ2 in the weak-field regime. Here the phys-
ical parameter α is the dimensionless coupling constant of
the non-trivial field theory [see Eq. (10) below].

Intriguingly, it has recently been proved [19] that, for
non-minimally coupled massive scalar fields, the com-
posed black-hole-field system is characterized by a crit-
ical existence-line α = α(μrH) which separates bare
Schwarzschild black holes from hairy (scalarized) black-
hole-field solutions of the field equations (here μ is the proper
mass of the supported scalar field and rH is the horizon radius
of the central black hole). In particular, the existence-line
of the system corresponds to linearized marginally-stable
scalar field configurations which are supported by central
Schwarzschild black holes. [In the physics literature [9,20–
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22], the supported linearized scalar field configurations are
usually called scalar ‘clouds’ in order to distinguish them
from self-gravitating (non-linear) hairy matter configura-
tions]. Interestingly, the numerical results presented in [19]
have revealed the fact that, for a given value of the dimension-
less coupling parameter α, the horizon radius (mass) of the
central supporting black hole is a monotonically decreasing
function of the mass of the supported scalar field.

The main goal of the present paper is to explore, using ana-
lytical techniques, the physical and mathematical properties
of the composed Schwarzschild-black-hole-nonminimally-
coupled-linearized-massive-scalar-field cloudy configurations.
In particular, using a WKB analysis in the dimension-
less large-mass μrH � 1 regime, we shall derive a reso-
nance formula that provides a remarkably compact analyt-
ical description of the critical existence-line α = α(μrH)

of the composed Schwarzschild-black-hole-massive-scalar-
field system. Interestingly, the derived resonance formula
[see Eq. (24) below] would provide a simple analytical expla-
nation for the numerically observed [19] monotonic behavior
of the function rH = rH(μ;α) along the critical existence-
line of the system.

2 Description of the system

We shall study analytically the discrete resonant spec-
trum which characterizes the composed Schwarzschild-
black-hole-linearized-massive-scalar-field configurations in
the physical regime of large field masses. As shown numeri-
cally in [12–14,19], the spatially regular cloudy field configu-
rations owe their existence to their non-trivial coupling to the
Gauss–Bonnet invariant G ≡ Rμνρσ Rμνρσ −4RμνRμν +R2

of the curved spacetime. The black-hole spacetime is char-
acterized by the spherically-symmetric curved line element
[23]

ds2 = −h(r)dt2 + 1

h(r)
dr2 + r2(dθ2 + sin2 θdφ2), (1)

where

h(r) = 1 − rH

r
. (2)

Here rH = 2M is the horizon radius of the central supporting
Schwarzschild black hole of mass M .

The composed black-hole-field system is characterized by
the action [12,13,19,24]

S = 1

2

∫
d4x

√−g
[
R − 1

2
∇αφ∇αφ − 1

2
μ2φ2 + f (φ)G

]
,

(3)

where the radius-dependent Gauss–Bonnet curvature invari-
ant of the Schwarzschild black-hole spacetime is given by

G = 12r2
H

r6 . (4)

The scalar function f (φ) in (3) controls the non-minimal
coupling between the Gauss–Bonnet invariant of the curved
spacetime and the massive scalar field. As shown in [12,
13,19], in order to guarantee the existence of bald (non-
scalarized) black-hole solutions in the field theory, this
coupling function should have the universal leading-order
quadratic behavior

f (φ) = 1

8
ηφ2 (5)

in the linearized regime. The physical parameter η, which
controls the strength of the non-trivial quadratic coupling
between the massive scalar field and the Gauss–Bonnet cur-
vature invariant, has the dimensions of length2.

Using the functional expression [25]

φ(r, θ, φ) =
∑
lm

ψlm(r)

r
Ylm(θ)eimφ (6)

for the non-minimally coupled static scalar field and defining
the tortoise radial coordinate y by the relation [26]

dr

dy
= h(r), (7)

one finds that the spatial behavior of the supported massive
scalar field configurations in the Schwarzschild black-hole
spacetime (1) is determined by the Schrödinger-like ordinary
differential equations. [12,13,19]

d2ψ

dy2 − Vψ = 0, (8)

where [12,13,19]

V (r) =
(

1 − rH

r

)[ l(l + 1)

r2 + rH

r3 + μ2 − αr4
H

r6

]
. (9)

Here

α ≡ 3ηr2
H (10)

is the dimensionless non-trivial coupling parameter of the
composed black-hole-massive-scalar-field system.

The Schrödinger-like Eq. (8) with its effective radial
potential (9), supplemented by the physically motivated
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boundary conditions of exponentially decaying scalar eigen-
functions at spatial infinity and a spatially regular functional
behavior at the black-hole horizon [12,13,19],

ψ(r → ∞) ∼ r−1e−μr → 0; ψ(r = rH) < ∞, (11)

determine the discrete resonant spectrum {αn(μ, rH)}n=∞
n=0

which characterizes the composed cloudy black-hole-
nonminimally-coupled-linearized-massive-scalar-field con-
figurations. In particular, the fundamental resonant mode,
α0 = α0(μ, rH), determines the critical existence-line of the
field theory in the curved black-hole spacetime.

3 The discrete resonant spectrum of the composed
black-hole-linearized-massive-scalar-field system:
A WKB analysis

In the present section we shall use analytical techniques in
order to study the discrete resonant spectrum {αn(μ, rH)}n=∞

n=0
of the dimensionless scalar–Gauss–Bonnet coupling parame-
ter which characterizes the composed black-hole-linearized-
massive-scalar-field configurations in the large-mass regime

μrH � max{1, l}. (12)

We first point out that, in terms of the tortoise coordinate
y [see Eq. (7)], the Schrödinger-like radial differential Eq.
(8) has a mathematical form which is amenable to a standard
WKB analysis. In particular, a standard second-order WKB
analysis for the spatially regular bound-state resonances of
the Schrödinger-like ordinary differential equation (7) yields
the well-known quantization condition [27–30]

∫ y+

y−
dy

√−V (y;α) =
(
n − 1

4

)
· π; n = 1, 2, 3, . . . .

(13)

The two boundaries {y−, y+} of the WKB integral relation
(13) are determined by the classical turning points of the
radial binding potential (9) [that is, V (y−) = V (y+) = 0].
The integer n is the resonance parameter which characterizes
the discrete bound-state resonant modes of the composed
black-hole-nonminimally-coupled-massive-scalar-field sys-
tem.

Taking cognizance of the differential relation (7), one
can express the WKB integral relation (13), which charac-
terizes the composed black-hole-linearized-massive-scalar-
field configurations, in the form

∫ r+

r−
dr

√−V (r;α)

h(r)
=

(
n − 1

4

)
· π; n = 1, 2, 3, . . . .

(14)

The radial turning points {r−, r+} of the binding potential
(9) are determined by the two polynomial relations

1 − rH

r−
= 0 (15)

and

l(l + 1)

r2+
+ rH

r3+
+ μ2 − αr4

H

r6+
= 0. (16)

As we shall now show explicitly, the WKB integral rela-
tion (14) can be studied analytically in the large-mass regime
(12). In particular, defining the dimensionless radial coordi-
nate

x ≡ r − rH

rH
, (17)

one can expand the effective binding potential of the com-
posed black-hole-massive-field system in the form

V [x(r)] = −
(

α

r2
H

− μ2

)
· x +

(
7α

r2
H

− μ2

)
· x2 + O(x3).

(18)

The near-horizon radial potential (18) has the form of an
effective binding potential. In particular, from (18) one finds
that the two turning points {x−, x+} of the WKB integral
relation (14) are given by the simple dimensionless functional
expressions

x− = 0 (19)

and

x+ =
α

r2
H

− μ2

7α

r2
H

− μ2
. (20)

Taking cognizance of Eqs. (17), (18), (19), and (20), one
finds that, in the large-mass regime (12), the WKB integral
equation (14) can be approximated by [31]

√
α − μ2r2

H

∫ x+

0
dx

√
1

x
− 1

x+
=

(
n − 1

4

)
·π; n = 1, 2, 3, . . . .

(21)

Interestingly, and most importantly for our analysis, the inte-
gral on the l.h.s of Eq. (21) can be evaluated analytically to
yield the WKB resonance relation

α − μ2r2
H

2
√

7α − μ2r2
H

= n − 1

4
; n = 1, 2, 3, . . . . (22)
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The solution of the polynomial equation (22) for the
dimensionless coupling parameter α of the composed black-
hole-massive-field theory is given by the rather cumbersome
expression

αn = μ2r2
H + 14(n + 3

4
)2

+ 2

√
6μ2r2

H(n + 3

4
)2 + 49(n + 3

4
)4;

n = 0, 1, 2, . . . . (23)

In the large-mass μrH � n + 1 regime, the resonance spec-
trum (23) can be approximated by the compact analytical
relation

αn = μ2r2
H ·

[
1 + 2

√
6(n + 3

4 )

μrH

]
; n = 0, 1, 2, . . . . (24)

The discrete resonance spectrum (24) of the non-minimal
coupling parameterα characterizes the cloudy Schwarzschild-
black-hole-massive-scalar-field configurations in the eikonal
large-mass regime (12).

4 Summary

The recently published highly interesting works [12–14,19]
have explicitly proved that, in some field theories, black holes
may support external matter configurations (hair) made of
scalar fields, a phenomenon which is known by the name
black-hole spontaneous scalarization. In particular, it has
been demonstrated numerically [12–14,19] that spatially reg-
ular (massless as well as massive) scalar fields with nontrivial
couplings to the Gauss–Bonnet curvature invariant may be
supported by central black holes with regular horizons.

Intriguingly, the numerical results presented in [12–14,
19] have revealed the fact that the dimensionless physical
parameter α, which controls the non-trivial coupling between
the Gauss–Bonnet invariant of the curved spacetime and the
supported scalar matter configurations, is characterized by
a discrete resonant spectrum {αn}n=∞

n=0 which corresponds
to black holes that support spatially regular nonminimally
coupled linearized scalar field configurations.

In the present paper we have used analytical techniques
in order to explore the physical properties of the sponta-
neously scalarized hairy black-hole spacetimes in the regime
of cloudy (linearized) supported field configurations. In par-
ticular, we have derived the compact WKB analytical for-
mula (24) for the discrete resonant spectrum which charac-
terizes the non-trivial coupling parameter α of the composed
black-hole-massive-scalar-field theory in the physical regime
μrH � 1 of large field masses.

Finally, it is worth pointing out that one may obtain from
the analytically derived resonance spectrum (24) the remark-
ably compact formula [32]

μrHmax(α) =
√

α + 27

8
−

√
27

8
for α � 1 (25)

for the critical existence-line which characterizes the hairy
Schwarzschild-black-hole-massive-scalar-field configurations.
The α-dependent critical line (25) for the masses of the sup-
ported non-minimally coupled scalar fields marks, in the
large-mass μrH � 1 regime, the boundary between bald
Schwarzschild black-hole spacetimes and spontaneously
scalarized hairy black-hole-scalar-field spacetimes. In par-
ticular, for a non-trivial field theory with a given value of
the physical coupling parameter α and for a given mass
(radius) of the central supporting black hole, the hairy black-
hole-nonminimally-coupled-massive-scalar-field configura-
tions are characterized by the mass inequality μ(α) ≤
μmax(α).

Interestingly, the analytically derived formula (25) for the
critical existence-line of the system implies, in agreement
with the important numerical results presented in [19], that,
for a given value of the dimensionless coupling parameter
α, the mass M (horizon radius rH) of the central supporting
black hole is a monotonically decreasing function of the mass
μ of the nonminimally coupled scalar field.
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