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Abstract We study some properties of the extended phase
space of a quantum-corrected Schwarzschild black hole sur-
rounded by a perfect fluid. In particular we demonstrate that,
due to the quantum correction, there exist first and second
order phase transitions for a certain range of the state param-
eter of the perfect fluid, and we explicitly analyze some cases.
Besides that, we describe the efficiency of this system as a
heat engine and the effect of quantum corrections for differ-
ent surrounding fluids.

1 Introduction

In the early seventies, Bekenstein proposed the idea that
black holes have entropy and that this entropy is proportional
to its area [1,2]. At that time this idea was received with
incredulity, since classical black holes cannot emit radiation,
which means that they cannot have a well-defined tempera-
ture. It was Hawking who showed that, when quantum effects
are taken into account, a black hole can indeed emit radia-
tion, and this radiation can be understood as the radiation of
the black hole as a perfect black body [3]. Since then, several
authors have studied such implications, and one of the most
interesting is the possibility that black holes undergo phase
transitions in the same way some thermodynamic systems
do.

In daily life, the most usual transition we are aware is the
phase transition of water becoming ice or vapor. Such tran-
sition occurs for some fixed temperature (isothermal curves)
where the volume of the system varies for a fixed pressure.
It can be modeled, as a first approximation, by the Van der
Wall equation of state. One can be led to ask if some analogue
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procedure can also happen for a black hole, and for such task
it is compulsory to properly define what is the pressure of
the black hole. This issue is not straightforward, since for the
most simple black hole, based on the Schwarzschild metric,
a proper definition of pressure appears to be lacking. This
issue was solved by Kastor et al. [4] by the use of the cos-
mological constant as a pressure term and the identification
of the black hole’s mass with the enthalpy. Recently, Kubiz-
nak and Mann [5] were able to study the P–V diagram of
such thermodynamic black hole. Following these lines, one
is able to identity the Schwarzschild anti-de Sitter spacetime
as a full thermodynamic system.

As understood by Hawking, to properly study the ther-
modynamics of black holes one needs to take into account
quantum effects, and to be consistent with this premise one
should also take into account the back-reaction of these quan-
tum effects on the metric. This procedure can be performed
in a different number of ways, and a particular deformation of
the Schwarzschild metric has been studied by Kazakov and
Solodukhin [6], and recently extended for the Schwarzschild
metric surrounded by quintessence by Shahjalal [7], extend-
ing the solution found by Kiselev [8].

In fact, Kiselev’s solution can be applied to the case of
any perfect fluid surrounding the black hole. Using this tech-
nique, we shall recover the quantum corrected version of this
metric found in [7], and study the extended phase space of this
spacetime as a thermodynamic system, in which we follow
the procedure of [7] and treat the perfect fluid as generator
of the pressure term. This choice is consistent when the field
is identified with a negative cosmological constant, but one
should take care when one is dealing with arbitrary fields,
such as quintessence, phantom matter and others.

As we shall see, the introduction of the quantum correc-
tion is important since, usually, to obtain phase transitions
on a non-rotating black hole in General Relativity one needs
to introduce charges in the black hole, so that the spacetime
is described by the Reissner–Nordström anti-de Sitter metric
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instead of the Schwarzschild anti-de Sitter metric. If, instead,
one introduces quantum corrections, then phase transitions
can occur even in the absence of charges. Such phase transi-
tions have been explored in several contexts and gravitational
theories, for instance assuming non-linear electrodynamics
[9,10], a cloud of strings environment [11–14], the effect
of quark-gluon matter [15], alternative gravitational theories
[16–23], quantum gravity phenomenology [25], accelerat-
ing black holes [24] and other alternative formulations [26].
Besides these, some properties of the thermodynamics of a
quantum-corrected Schwarzschild black hole has been stud-
ied in [27].

Also, the presence of a pressure term allows us to consider
thermodynamic cycles and the behavior of such black hole
as a heat engine. We shall analyze the effect of quantum
corrections on the efficiency of some processes for different
perfect fluids surrounding the black hole. This framework
was first idealized by Johnson [28] and has been explored in
different contexts [29–47].

This paper is organized in the following way. In Sect. 2
we will briefly review the metric for the quantum-corrected
black hole surrounded by a perfect fluid. In Sect. 3 we will
study the criticality of such objects, for different choices of
matter fields. We will look for phase transitions of the first and
second kinds. In Sect. 4 we will consider these black hole as
heat engines, and describe their efficiency for different fluids.
Finally, in Sect. 5, we will make some comments about the
results that we found in this work.

2 Quantum corrected black hole surrounded by
quintessence

2.1 Quantum corrected Schwarzschild metric

The classical dynamics of a field in a gravitational back-
ground is given by the Einstein–Hilbert action plus the matter
action, namely

S =
∫

d4x
√

4|g|
(

1

16πGN
R(4) + Lint

)
, (1)

where R(4) is the Ricci scalar in four dimensions. Usually,
one does not consider the back-reaction of the perturbations
of the fields in the metric, so that the metric can be calculated
by the Einstein equations with an energy-momentum ten-
sor obtained from the matter fields. The consideration of the
back-reaction of perturbations of the fields (both the matter
and the metric itself) in the metric is a highly non-trivial and
non-linear problem. A method to solve such issue for scalar
fields has been developed by Kazakov and Solodukhin [6],
taking into account that one can reduce the problem to the
effective two-dimensional dilaton gravity. To follow this pro-

cedure, we start writing an arbitrary spherically symmetric
metric in the form

ds2 = gαβ(z)dzαdzβ − r2(z)(dθ2 + sin2θdφ2), (2)

where the coordinates (z0, z1, θ, φ) covers the whole space-
time. One can choose the two-dimensional metric gαβ as
conformally flat, such that the metric takes the form

ds2 = eσ (z+, z−)dz+dz− − r2(r+, r−)(dθ2 + sin2φ), (3)

where the coordinates (z+, z−) are null. After integrating
out the angular coordinates, the four dimensional Einstein–
Hilbert action reduces to

SEH = − 1

8GN

∫
d2z

√
2|g|[r2R(2) − 2(∇r)2 + 2], (4)

where the determinant and the Ricci scalar are now calculated
from the two-dimensional metric gαβ . Introducing the dilaton
field φ = ln(r2/GN ), Eq. (4) takes the form of the dilaton
gravity,

SEH = −1

8

∫
d2z

√|g|
[
eφ

(
R − 1

2
(∇φ)2

)
+U (φ)

]
,

(5)

where U (φ) = 2/GN . One now can use all the methods
of two-dimensional dilaton gravity to solve the metric for
action (5). Also following the approach adopted in [6], let
us consider the generalized action with an arbitrary dilaton
potential U (r),

SEH = −1

8

∫
d2z

√|g|
[
r̄2R(2) − 2(∇r̄)2 + 2

GN
U (r̄)

]
,

(6)

where r̄ = r/
√
GN . A solution for this action is a

Schwarzschild-like metric,

ds2 = −A(r)dt2 + A(r)−1dr2 + r2d�2, (7)

where

A(r) = −2M

r
+ 1

2

∫ r

U (ρ)dρ, (8)

and the non-trivial issue is to find a potential U (ρ) such that
the theory is renormalizable. The details for such procedure
can be found in [6], and the renormalized potential is given
by

U (r) = r√
r2 − 16GR

, (9)

where GR is the renormalized Newton constant, and r >

4GR . Defining a new parameter a = 4
√
GR ≤ r , we obtain

the result

A(r) = −2M

r
+

√
r2 − a2

r
. (10)

123



Eur. Phys. J. C (2019) 79 :949 Page 3 of 10 949

2.2 Quantum corrected black hole surrounded by a perfect
fluid

Following Kiselev [8], one can define a spherically symmet-
ric perfect fluid as a background with the energy–momentum
tensor,

T t
t = T r

r = −ρ, (11)

T θ
θ = T φ

φ = 1

2
ρ(3ω + 1), (12)

where

ρ = − c

2

3ω

r3(1+ω)
, (13)

with c being an arbitrary constant, and ω being the parameter
of the equation of state � = ωρ. For exotic fluids with ω <

0, having c > 0 guarantees the positiveness of the energy
density. With this energy–momentum tensor, one can look for
the solution of a quantum-corrected black hole surrounded by
such perfect fluid. The obtained result is the Schwarzschild-
like metric, given by Eq. (7), with

A(r) = −2M

r
+

√
r2 − a2

r
− c

r3ω+1 . (14)

Our aim in the following section is to work out the critical
conditions for this space-time.

3 Criticality of quantum corrected black hole

Considering the quantum corrected spherically symmetric
black hole surrounded by a perfect fluid, we now move the
description of the thermodynamic system in the so called
extended phase space, in which the black hole’s mass is the
enthalpy, the area of the event horizon is the entropy and
the constant, c, of the perfect fluid plays the role of a pres-
sure term. This approach has also been named as black hole
chemistry [48], and allows us to study phenomena like phase
transitions and criticality, besides to treat the black hole as a
heat engine with a certain efficiency.

We start by searching for the relation between the black
hole’s mass and the location of its horizon. In order to do so,
we need to solve the equation:

A(r+) = 0, (15)

which implies

M = 1

2

√
r2+ − a2 − c

2 r3ω+
. (16)

In [7], Shahjalal has shown that the entropy of a
quantum-corrected Schwarzschild black hole surrounded by
quintessence is given by the Bekenstein entropy, so one can
consider

S = πr2+. (17)

The term related with the pressure is a little tricky. Usually,
one chooses the pressure as proportional to the cosmological
constant, since this term appears in the first law as conjugate
to the volume, like VdP . But now the terms on the first law
will depend on the kind of perfect fluid field one chooses, i.e.,
will depend on the coefficient ω. [7] has defined the pressure
such that, when ω = −1, this quantity is compatible with the
usual procedure in Schwarzschild anti-de Sitter space, and in
this work we will follow his idea. So, we will choose

P = − 3

8π
c. (18)

The black hole mass plays the role of the enthalpy

M(S, P) = 4π

3
(S/π)−3ω/2 P + 1

2

√
S/π − a2. (19)

As long as we already defined the pressure, the first law
of thermodynamics is consistent if the volume of the system
is given by

V = 4

3
πr−3ω+ . (20)

Note that, for ω = −1, this is the usual volume in plane
geometry, also called “areal volume”. For quintessence flu-
ids, the volume will increases while increasing the area.
However, in principle, the formulation due to Kiselev can be
applied to any perfect fluid, and so it allows us to work with
volumes such that they decrease as we increase the area. To
illustrate, we will also work out the case of a radiation field.
For some examples of other thermodynamic volumes, see for
instance [49,50].

The temperature of the system can be calculated as

T = ∂M(S, P)

∂S

∣∣∣∣
P

= −2ωP (S/π)−(3ω+2)/2

+ 1

4π
√
S/π − a2

. (21)

This equation can be inverted so that we obtain an equation
for the pressure as function of the radius and temperature, as
follows

P(r+, T ) = 1

8π

r3ω+2+
(

1 − 4πT
√
r2+ − a2

)

ω

√
r2+ − a2

. (22)

This allow us to look for a critical temperature. The con-
ditions for the existence of critically are given by
⎧⎨
⎩

∂P(rc, Tc)/∂r+
∣∣
T = 0,

∂2P(rc, Tc)/∂r2+
∣∣
T = 0,

(23)
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and the critical temperature and critical radius are given by,
respectively,

Tc =
√

3

18π

(3ω + 1)

(3ω + 2)

√
3ω + 1

a
, (24)

and

rc =
√

(3ω + 1)(3ω + 4)

3ω + 1
a. (25)

The above results can be inserted in Eq. (22), and we
finally obtain a critical pressure,

Pc =
√

3

72π

a3ω+1(3ω + 1)−(3ω+1)/2(3ω + 4)(3ω+4)/2

ω(3ω + 2)
. (26)

Therefore, we only have criticality if ω > −1/3 and ω �=
0, and additionally a �= 0. Let us note that, usually, one adds a
Reissner–Nordström term in the metric to study the criticality
of the system, since the Schwarzschild black hole by itself
does not have a critical temperature in the P–V plane. The
introduction of quantum-correction and quintessence allow
us to find criticality even without a Reissner–Nordström term
in the metric.

Defining the quantity

vc
.= 3

2

ω(3ω + 1)

3ω + 4
r−(3ω+2)
c , (27)

with a little algebra, one can find a dimensionless golden
relation for the quantities Pc, Tc and vc, given by

Pc vc

Tc
= 3

8
, (28)

which is similar to relations found in the context of the Van
der Waals equation and on the study of criticality of Reissner–
Nordstrom AdS black hole [5]. This relation depends on
the kind of fluid that surrounds the black hole, but does not
depend on the scale of the quantum correction.

To properly study the relation between pressure and vol-
ume, we will define the dimensionless variables t = a T ,
x = r+/a and p = P/a3ω+1. Then, Eq. (22) can be recast
as

p(x, t) = 1

8πω
x3ω+2

(
1√

x2 − 1
− 4π t

)
. (29)

Besides that, the Gibbs free energy is defined as

G = M − T S = r2+ − 2a2√
r2+ − a2

+ 2π

3
(3ω + 2)

P

r3ω+
, (30)

where r+ = r+(T, P) is a function of the temperature and
the pressure.

If we define g = G/a, Eq. (30) can be recast as

g(x, p) = x2 − 2

4
√
x2 − 1

+ 2π

3
(3ω + 2)

p

x3ω
, (31)

Fig. 1 p − x diagram for the radiation case ω = 1/3. Here V ∝ r−1

and the temperature as

t (s, p) = −2ω p s̃−(3ω+2)/2 + 1

4π
√
s̃ − 1

, (32)

where s̃ = S/πa2.
Considering these redefinitions, for some fluids surround-

ing the black hole, we depict p − x and g − t diagrams for
fixed temperature and pressure, respectively.

3.1 Radiation fluid

As a first case, we depict the behavior of isotherms of the
radiation case in Fig. 1. Using ω = 1/3 in Eq. (29) we see
that the pressure diverges when x → 1, i.e., when the horizon
radius approaches the length scale of the quantum correction.
As can be seen, the black hole becomes electrically neutral
for a limited value of the horizon xn ,

xn =
√

1 + 1

16π2t2 . (33)

This maximum radius for keeping the black hole electrically
charged increases with the reduction of the temperature, as
described in Fig. 1.

We also verify the presence of criticality on the isotherm
represented by the black (solid) curve. In this case, the vari-
able conjugate to P is proportional to r−1, which not even
grows with the horizon radius. Thus, it does not represent a
quantity that can be identified with a physical volume. And a
natural consequence of this statement is that P can no longer
be interpreted as a physical pressure. In fact, in this radia-
tion case, we must rely on the more primitive assumption
regarding P as describing simply the electric charge of the
black hole and the volume as the electric potential. Since this
behavior will occur for any fluid with a positive value of ω,
we shall consider from now on in this section only cases with
ω < 0.
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Fig. 2 g − t diagram for the radiation case ω = 1/3

The critical behavior can also be seen in the g− t diagram
for isobaric curves, where the first order phase transition is
evident from the discontinuity of the derivative ∂g/∂t |p in
the solid (blue) curve of Fig. 2.

3.2 Exotic fluids

The late-time cosmic acceleration of the universe bounds the
equation of state of fluid responsible for this acceleration to
have ω < −1/3 [51], but as we stated before, we only verify
criticality for the opposite brach ω > −1/3. However, in
order to illustrate the critical behavior of our black hole for
exotic fluids, we analyze the latter case by assuming ω =
−1/6 in Figs. 3a and 4a. This particular choice captures the
overall nature of the p− x and g− t diagrams for any case in
which ω ∈ (−1/3, 0). For negative values of ω, the critical
pressure is always negative as can be verified from Eq. (26).

For ω = −2/3, the volume behaves like an area, V ∝ r2.
In this case, we do not verify the critical behavior, as can be
seen in Figs. 3b and 4b, but we can see an upper bound on
the pressure:

pupper = 3

4
t. (34)

The case ω = −1 is most described in the literature, i.e.,
with the perfect fluid being a cosmological constant, furnish-
ing a quantum corrected anti-de Sitter black hole. Here, the
thermodynamic volume behaves as the usual geometric one
with V ∝ r3. The pressure reaches a maximum value and
goes to zero as the volume grows as can be seen in Fig. 5.

From Fig. 7, we see the presence of a minimal temperature
t0, which can be measured from Eq. (32). Solving ∂t/∂ s̃|p =
0, we find the entropy

(a)

(b)

Fig. 3 p− x diagram for the cases ω = −1/6 and ω = −2/3. In these
cases, V ∝ √

r+ and V ∝ r2+, respectively

s̃0 = B(p) (35)

where

B(p) = 1 +
(

3
√

3
√

432π2 p2 − 1 + 108πp
)1/3

24πp

+ 1

8πp
(

3
√

3
√

432π2 p2 − 1 + 108πp
)1/3 . (36)

and substituting the result back into (32), we find

t0(p) = 2p
√
B(p) + 1

4π
√
B(p) − 1

, (37)

The second derivative at this point reads

∂2t (s0)

∂ s̃2

∣∣∣∣
p

= − p

2B(p)3/2 + 3

16π (B(p) − 1)5/2
, (38)

which is an ever positive function of p, as can be seen in Fig.
6, which characterizes a minimum point.
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Fig. 4 g − t diagram for the cases ω = −1/6 and ω = −2/3

For example, for the values considered in Fig. 7, we have
t0(0.01) ≈ 0.084 and t0(0.008) ≈ 0.074.

This is similar to a Hawking–Page phase transition that
separates two phases of the black hole [52,53]. The con-
cave curve represents smaller values of the horizon radius in
comparison to the convex curve. And since for the anti-de
Sitter case, the mass grows with the horizon radius, the first

Fig. 5 p−x diagram for the anti-de Sitter case, ω = −1. Here V ∝ r3

Fig. 6 Behavior of ∂t/∂ s̃, at s̃ = s̃0, as a function of the pressure p

Fig. 7 g − t diagram for the anti-de Sitter case, ω = −1
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phase (concave portion) corresponds to a lower mass and the
second one (convex portion) to a higher mass black hole,
respectively.

The threshold mass can be easily calculated from Eq. (19)
as a function of the pressure as

m0(p)
.= m|s̃=s̃0 = 4π

3
pB(p)3/2 + 1

2

√
B(p) − 1, (39)

where, as usual, we define the dimensionless quantity m =
M/a. Such transition is of second order and occurs due to a
discontinuity of the heat capacity that we shall analyze in the
next subsection.

3.3 Heat capacity and second order phase transitions

The heat capacity measures the amount of heat necessary to
raise to temperature of the system by a given amount [54].
The black hole heat capacity at constant pressure can be cal-
culated from Eq. (21) as

CP = T
∂S

∂T

∣∣∣∣
P

= −16π2 S̃(S̃ − a2)(ωP
√
S̃ − a2 − 1

8π
S̃(3ω+2)/2)

8π Pω(3ω + 2)(S̃ − a2)3/2 − S̃(3ω+4)/2
,

(40)

where S̃ = S/π . According to (17) and (20), if the volume
is constant, then the entropy is also constant, which means
that isochoric are also adiabatic processes. In particular, this
also implies that the heat capacity at constant volume is null

CV = T
∂S

∂T

∣∣∣∣
V

= 0. (41)

Redefining to adimensional variables s̃ = S̃/a2, p =
P/a(3ω+1) and cp = CP/a2, we have the adimensional heat
capacity at constant pressure

cp = −16π2s̃(s̃ − 1)(ω p
√
s̃ − 1 − 1

8π
s̃(3ω+2)/2)

8π p ω(3ω + 2)(s̃ − 1)3/2 − s̃(3ω+4)/2
, (42)

and we can plot it for different surrounding fluids in Fig. 8.
As we can see, for ω = 1/3 and ω = −1, we have

second order phase transitions due to discontinuities in the
heat capacity at constant pressure. However, they are absent
for ω = −1/6 and ω = −2/3. Aiming to further analyze
such differences for different values of ω, we also depicted
the three-dimensional behavior for a range of perfect fluid
parameters ω ∈ [−3/2, 1/2] in Fig. 9 and we verify that
for a certain range of the parameter ω there are no second
order phase transitions. In fact, the denominator of Eq. (42)
never diverges if ω(3ω + 2) ≤ 0, which means that for
ω ∈ [−2/3, 0] this system does not present second order
phase transitions, for example the cases ω = −2/3 and
ω = −1/6 in Fig. 8.

Fig. 8 cp − s̃ diagram, assuming p = 1, for ω = 1/3, ω = −1/6,
ω = −2/3 and ω = −1

Fig. 9 cp − s̃ − ω diagram, assuming p = 1

Comparing to results of the last subsection, we see that
for ω = −1, the heat capacity diverges at s̃ = s̃0 given by
Eqs. (35) and (36).

4 Black hole as heat engine

Thermodynamics have started as a theoretical tool to study
the efficiency of heat engines, and it is remarkable that the
second law of thermodynamics, as developed by Carnot
around 1820, has been first idealized in the framework of the
old caloric theory of heat. But the thermodynamics of black
holes took more than forty years, since its development in the
seventies, to study black holes as thermal machines capable
of producing work as the consequence of absorbing heat.
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Fig. 10 Efficiency of the black hole as a Carnot heat engine, ηC , versus
the quantum correction, a, for different fluids. Values of the thermody-
namic quantities are S̃C = 4, PC = 0.01 and S̃H = 2, PH = 0.05

Usually, a heat engine works between two reservoirs of
temperature, a hot one and a cold one, and heat flows between
these reservoirs. The product of the machine is work and the
byproduct is the waste of some heat, i. e., not all heat is
converted in work. The efficiency of the machine is defined
by

η = W

QH
(43)

where W is the work produced and QH is the amount of
heat coming from the hot reservoir. The most efficient heat
engine performs what is known as a Carnot cycle, constructed
by two isothermals and two adiabatics. The most important
fact about the Carnot cycle is that the efficiency of the heat
engine depends only on the temperature of the reservoirs,
and it is given by

η = 1 − TC
TH

, (44)

where TC and TH are the temperatures of the cold and hot
reservoirs, respectively, which means that the efficiency can-
not be equal to unity, since a reservoir cannot have zero tem-
perature.

Due to the fact that we have a well-defined formula for the
temperature of the reservoir, given by Eq. (21), the efficiency
of the most efficient black hole can be easily obtained. It ones
wants to calculate the efficiency of an arbitrary cycle, then
one needs to use Eq. (43).

Fig. 11 A square cycle in the P–V diagram

The efficiency for the Carnot cycle is depicted in Fig. 10
for several values of the parameter ω, and as function of the
parameter for the quantum correction, a. As one can clearly
see, the efficiency is improved for all fluids and approaches its
maximum as a approaches some fixed value. This fixed value
is not absolute but depends on the choices for the entropy
and pressure of both reservoirs. The main concern here is
that the introduction of a quantum correction improves the
performance of the heat engine.

Another cycle we can easily study is the square circle,
depicted in Fig. 11. Since the pressure is constant, the work
done by the engine is the variation of the enthalpy, and the
enthalpy is the mass of the black hole. This give us a straight-
forward formula for the efficiency,

η = 1 − M3 − M4

M2 − M1
, (45)

which is depicted in Fig. 12. For this cycle, not all kinds
of perfect fluids shares the same behaviour as we increase
the quantum-correction. For ω = 1/3, the efficiency is
improved, but for ω = −1/6,−2/3 and −1, the efficiency is
reduced, which indicates the different behaviour for normal
and exotic matter.

5 Concluding remarks

In this paper, we studied the effect of quantum corrections
on the criticality and efficiency of black holes surrounded
by a perfect fluid. The main idea was to verify if the system
presents first or second order phase transitions due to the
introduction of quantum corrections, as compared with the
classical black hole.

Although the Schwarzschild metric does not present phase
transitions, when one includes quantum corrections this fea-
ture is modified and phase transitions can occur. This is a
nice feature by itself, since in general, to study phase transi-
tions in a non-rotating black hole, one usually includes elec-
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Fig. 12 Efficiency of the black hole as a heat engine in the square
cycle, ηS , versus the quantum correction, a, for different fluids. Values
of the thermodynamic quantities are S̃1 = S̃4 = 2, S̃2 = S̃3 = 4 and
P1 = P2 = 2 and P3 = P4 = 1. We have M1 > M2 and M4 > M3

tric charge, and so the quantum-corrected black hole is an
uncharged black hole where phase transitions can occur.

We showed that first order phase transitions occur for
ω > −1/3 and w �= 0 verified from the existence of sad-
dle points of isotherms in the p − x plane. We also verify a
Hawking–Page-like second order phase transition for the cos-
mological constant case, that is found due to a discontinuity
in the derivative of the Gibbs free energy with respect to the
temperature, which is a manifestation of a transition that sep-
arates low and high mass black holes at a minimum temper-
ature. Second order phase transitions were further explored
for other specific fluids and also for a general state parameter.

The study of the black hole as a heat engine also show
some interesting features. When we consider the most effi-
cient cycle, the Carnot cycle, the efficiency increases as we
increase the parameter of the quantum correction, indepen-
dently of the equation of state we used. This does not guar-
antee that the same feature will happens for any equation of
state, but at least for radiation, cosmological constant, some
other exotic fields, it happens.

When one deals with some arbitrary cycle, the same can-
not be stated. For the square cycle, for example, the efficiency
of the heat engine does indeed depend on the equation of
state, and our study indicates that, for non-exotic fluids, the
efficiency increases as we increase the parameter related to
the quantum correction, but for the exotic fluids the opposite
occurs and the efficiency decreases.

Acknowledgements The authors would like to thank CNPq (Conselho
Nacional de Desenvolvimento Científico e Tecnológico - Brazil) for
financial support. This study was financed in part by the Coordenação
de Aperfeiçoamento de Pessoal de Nível Superior - Brasil (CAPES) -
Finance Code 001.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: Given that this
work is theoretical, this manuscript has no associated data.]

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.
Funded by SCOAP3.

References

1. J.D. Bekenstein, Black holes and entropy. Phys. Rev. D 7, 2333
(1973)

2. J.D. Bekenstein, Generalized second law of thermodynamics in
black hole physics. Phys. Rev. D 9, 3292 (1974)

3. S.W. Hawking, Particle creation by black holes. Commun. Math.
Phys. 43, 199 (1975). Erratum: [Commun. Math. Phys. 46, 206
(1976)]

4. D. Kastor, S. Ray, J. Traschen, Enthalpy and the mechanics of AdS
black holes. Class. Quantum Gravity 26, 195011 (2009). https://
doi.org/10.1088/0264-9381/26/19/195011. arXiv:0904.2765
[hep-th]

5. D. Kubiznak, R.B. Mann, P–V criticality of charged AdS black
holes. JHEP 1207, 033 (2012). arXiv:1205.0559 [hep-th]

6. D.I. Kazakov, S.N. Solodukhin, On quantum deformation of
the Schwarzschild solution. Nucl. Phys. B 429, 153 (1994).
arXiv:hep-th/9310150

7. M. Shahjalal, Thermodynamics of quantum-corrected
Schwarzschild black hole surrounded by quintessence. Nucl.
Phys. B 940, 63 (2019)

8. V.V. Kiselev, Quintessence and black holes. Class. Quantum Grav-
ity 20, 1187 (2003). arXiv:gr-qc/0210040

9. F. Simovic, R.B. Mann, Critical phenomena of Born–Infeld–
de Sitter black holes in cavities. JHEP 1905, 136 (2019).
arXiv:1904.04871 [gr-qc]

10. Z. Dayyani, A. Sheykhi, M.H. Dehghani, S. Hajkhalili, Criti-
cal behavior and phase transition of dilaton black holes with
nonlinear electrodynamics. Eur. Phys. J. C 78(2), 152 (2018).
arXiv:1709.06875 [gr-qc]

11. J.M. Toledo, V.B. Bezerra, Black holes with a cloud of strings in
pure Lovelock gravity. Eur. Phys. J. C 79(2), 117 (2019)

12. J.M. Toledo, V.B. Bezerra, Some remarks on the thermodynamics
of charged AdS black holes with cloud of strings and quintessence.
Eur. Phys. J. C 79(2), 110 (2019)

13. J.P. Morais Graça, I.P. Lobo, V.B. Bezerra, H. Moradpour, Effects of
a string cloud on the criticality and efficiency of AdS black holes as
heat engines. Eur. Phys. J. C 78(10), 823 (2018). arXiv:1806.02913
[gr-qc]

14. Y. Ma, Y. Zhang, R. Zhao, S. Cao, T. Liu, S. Geng, Y. Liu, Y. Huang,
Phase transitions and entropy force of charged de Sitter black holes
with cloud of string and quintessence. arXiv:1907.11870 [hep-th]

15. R. Critelli, J. Noronha, J. Noronha-Hostler, I. Portillo, C. Ratti,
R. Rougemont, Critical point in the phase diagram of primordial
quark–gluon matter from black hole physics. Phys. Rev. D 96(9),
096026 (2017). arXiv:1706.00455 [nucl-th]

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
http://arxiv.org/abs/0904.2765
http://arxiv.org/abs/1205.0559
http://arxiv.org/abs/hep-th/9310150
http://arxiv.org/abs/gr-qc/0210040
http://arxiv.org/abs/1904.04871
http://arxiv.org/abs/1709.06875
http://arxiv.org/abs/1806.02913
http://arxiv.org/abs/1907.11870
http://arxiv.org/abs/1706.00455


949 Page 10 of 10 Eur. Phys. J. C (2019) 79 :949

16. Y. Brihaye, B. Hartmann, Critical phenomena of charged Einstein–
Gauss–Bonnet black holes with charged scalar hair. Class. Quan-
tum Gravity 35(17), 175008 (2018). arXiv:1804.10536 [gr-qc]

17. A. Övgün, P − v criticality of a specific black hole in f (R) grav-
ity coupled with Yang–Mills field. Adv. High Energy Phys. 2018,
8153721 (2018). [arXiv:1710.06795 [gr-qc]]

18. M.S. Ma, R.H. Wang, Peculiar P − V criticality of topological
Horava–Lifshitz black holes. Phys. Rev. D 96(2), 024052 (2017).
arXiv:1707.09156 [gr-qc]

19. S. Upadhyay, B. Pourhassan, H. Farahani, P−V criticality of first-
order entropy corrected AdS black holes in massive gravity. Phys.
Rev. D 95(10), 106014 (2017). arXiv:1704.01016 [gr-qc]

20. S. Fernando, P−V criticality in AdS black holes of massive gravity.
Phys. Rev. D 94(12), 124049 (2016). arXiv:1611.05329 [gr-qc]

21. S.H. Hendi, Z. Armanfard, Extended phase space thermodynamics
and P−V criticality of charged black holes in Brans–Dicke theory.
Gen. Relat. Gravit. 47(10), 125 (2015). [arXiv:1503.07070 [gr-qc]]

22. M.H. Dehghani, S. Kamrani, A. Sheykhi, P − V criticality of
charged dilatonic black holes. Phys. Rev. D 90(10), 104020 (2014).
arXiv:1505.02386 [hep-th]

23. J.X. Mo, W.B. Liu, Ehrenfest scheme for P−V criticality of higher
dimensional charged black holes, rotating black holes and Gauss–
Bonnet AdS black holes. Phys. Rev. D 89(8), 084057 (2014).
arXiv:1404.3872 [gr-qc]

24. H. Liu, Xh Meng, P −V criticality in the extended phase-space of
charged accelerating AdS black holes. Mod. Phys. Lett. A 31(37),
1650199 (2016). arXiv:1607.00496 [gr-qc]

25. S.H. Hendi, S. Panahiyan, B. Eslam Panah, M. Faizal, M.
Momennia, Critical behavior of charged black holes in Gauss–
Bonnet gravity’s rainbow. Phys. Rev. D 94(2), 024028 (2016).
arXiv:1607.06663 [gr-qc]

26. B.R. Majhi, S. Samanta, P − V criticality of AdS black
holes in a general framework. Phys. Lett. B 773, 203 (2017).
arXiv:1609.06224 [gr-qc]

27. W. Kim, Y. Kim, Phase transition of quantum corrected
Schwarzschild black hole. Phys. Lett. B 718, 687 (2012).
arXiv:1207.5318 [gr-qc]

28. C.V. Johnson, Holographic heat engines. Class. Quantum Gravity
31, 205002 (2014). arXiv:1404.5982 [hep-th]

29. L. Balart, S. Fernando, Non-linear black holes in 2+1 dimensions
as heat engines. Phys. Lett. B 795, 638 (2019). arXiv:1907.03051
[gr-qc]

30. J. Zhang, Y. Li, H. Yu, Thermodynamics of charged accelerating
AdS black holes and holographic heat engines. JHEP 1902, 144
(2019). arXiv:1808.10299 [hep-th]

31. S. Fernando, Massive gravity with Lorentz symmetry breaking:
black holes as heat engines. Mod. Phys. Lett. A 33(31), 1850177
(2018). [APS Physics A 33, 1850177 (2018)]. arXiv:1808.08595
[gr-qc]

32. B. Eslam Panah, Effects of energy dependent spacetime on geo-
metrical thermodynamics and heat engine of black holes: gravity’s
rainbow. Phys. Lett. B 787, 45 (2018). arXiv:1805.03014 [hep-th]

33. J.X. Mo, S.Q. Lan, Phase transition and heat engine efficiency
of phantom AdS black holes. Eur. Phys. J. C 78(8), 666 (2018).
arXiv:1803.02491 [gr-qc]

34. F. Rosso, Holographic heat engines and static black holes: a general
efficiency formula. Int. J. Mod. Phys. D 28(02), 1950030 (2018).
arXiv:1801.07425 [hep-th]

35. J. Zhang, Y. Li, H. Yu, Accelerating AdS black holes as the holo-
graphic heat engines in a benchmarking scheme. Eur. Phys. J. C
78(8), 645 (2018). arXiv:1801.06811 [hep-th]

36. A. Chakraborty, C.V. Johnson, Benchmarking black hole heat
engines, II. Int. J. Mod. Phys. D 27(16), 1950006 (2018).
arXiv:1709.00088 [hep-th]

37. S.W. Wei, Y.X. Liu, Charged AdS black hole heat engines. Nucl.
Phys. B 114700 (2019). arXiv:1708.08176 [gr-qc]

38. S.H. Hendi, B. Eslam Panah, S. Panahiyan, H. Liu, X.-H. Meng,
Black holes in massive gravity as heat engines. Phys. Lett. B 781,
40 (2018). arXiv:1707.02231 [hep-th]

39. H. Xu, Y. Sun, L. Zhao, Black hole thermodynamics and heat
engines in conformal gravity. Int. J. Mod. Phys. D 26(13), 1750151
(2017). arXiv:1706.06442 [gr-qc]

40. H. Liu, X.H. Meng, Effects of dark energy on the efficiency of
charged AdS black holes as heat engines. Eur. Phys. J. C 77(8),
556 (2017). arXiv:1704.04363 [hep-th]

41. R.A. Hennigar, F. McCarthy, A. Ballon, R.B. Mann, Holographic
heat engines: general considerations and rotating black holes.
Class. Quantum Gravity 34(17), 175005 (2017). arXiv:1704.02314
[hep-th]

42. A. Chakraborty, C.V. Johnson, Benchmarking black hole heat
engines, I. Int. J. Mod. Phys. D 27(16), 1950012 (2018).
arXiv:1612.09272 [hep-th]

43. M. Zhang, W.B. Liu, f (R) Black holes as heat engines. Int. J.
Theor. Phys. 55(12), 5136 (2016)

44. B. Chandrasekhar, P.K. Yerra, Heat engines for dilatonic
Born–Infeld black holes. Eur. Phys. J. C 77(8), 534 (2017).
arXiv:1606.03223 [hep-th]

45. C.V. Johnson, Born–Infeld AdS black holes as heat engines. Class.
Quantum Gravity 33(13), 135001 (2016). arXiv:1512.01746 [hep-
th]

46. C.V. Johnson, Gauss–Bonnet black holes and holographic heat
engines beyond large N . Class. Quantum Gravity 33(21), 215009
(2016). arXiv:1511.08782 [hep-th]

47. M.R. Setare, H. Adami, Polytropic black hole as a heat engine.
Gen. Relat. Gravit. 47(11), 133 (2015)

48. D. Kubiznak, R.B. Mann, M. Teo, Black hole chemistry: thermo-
dynamics with lambda. Class. Quantum Gravity 34(6), 063001
(2017). arXiv:1608.06147 [hep-th]

49. N. Altamirano, D. Kubiznak, R.B. Mann, Z. Sherkatghanad,
Thermodynamics of rotating black holes and black rings: phase
transitions and thermodynamic volume. Galaxies 2, 89 (2014).
arXiv:1401.2586 [hep-th]

50. R.A. Hennigar, R.B. Mann, Black holes in Einsteinian cubic grav-
ity. Phys. Rev. D 95(6), 064055 (2017). arXiv:1610.06675 [hep-th]

51. V. Sahni, Dark matter and dark energy. Lect. Notes Phys. 653, 141
(2004). arXiv:astro-ph/0403324

52. S.W. Hawking, D.N. Page, Thermodynamics of Black Holes in
anti-de Sitter space. Commun. Math. Phys. 87, 577 (1983)

53. R. Banerjee, D. Roychowdhury, Thermodynamics of phase tran-
sition in higher dimensional AdS black holes. JHEP 1111, 004
(2011). [arXiv:1109.2433 [gr-qc]]

54. L.E. Reichl, A Modern Course in Statistical Physics, 2nd edn.
(Wiley, New York, 1998)

123

http://arxiv.org/abs/1804.10536
http://arxiv.org/abs/1710.06795
http://arxiv.org/abs/1707.09156
http://arxiv.org/abs/1704.01016
http://arxiv.org/abs/1611.05329
http://arxiv.org/abs/1503.07070
http://arxiv.org/abs/1505.02386
http://arxiv.org/abs/1404.3872
http://arxiv.org/abs/1607.00496
http://arxiv.org/abs/1607.06663
http://arxiv.org/abs/1609.06224
http://arxiv.org/abs/1207.5318
http://arxiv.org/abs/1404.5982
http://arxiv.org/abs/1907.03051
http://arxiv.org/abs/1808.10299
http://arxiv.org/abs/1808.08595
http://arxiv.org/abs/1805.03014
http://arxiv.org/abs/1803.02491
http://arxiv.org/abs/1801.07425
http://arxiv.org/abs/1801.06811
http://arxiv.org/abs/1709.00088
http://arxiv.org/abs/1708.08176
http://arxiv.org/abs/1707.02231
http://arxiv.org/abs/1706.06442
http://arxiv.org/abs/1704.04363
http://arxiv.org/abs/1704.02314
http://arxiv.org/abs/1612.09272
http://arxiv.org/abs/1606.03223
http://arxiv.org/abs/1512.01746
http://arxiv.org/abs/1511.08782
http://arxiv.org/abs/1608.06147
http://arxiv.org/abs/1401.2586
http://arxiv.org/abs/1610.06675
http://arxiv.org/abs/astro-ph/0403324
http://arxiv.org/abs/1109.2433

	Effects of quantum corrections on the criticality and efficiency  of black holes surrounded by a perfect fluid
	Abstract 
	1 Introduction
	2 Quantum corrected black hole surrounded by quintessence
	2.1 Quantum corrected Schwarzschild metric
	2.2 Quantum corrected black hole surrounded by a perfect fluid

	3 Criticality of quantum corrected black hole
	3.1 Radiation fluid
	3.2 Exotic fluids
	3.3 Heat capacity and second order phase transitions

	4 Black hole as heat engine
	5 Concluding remarks
	Acknowledgements
	References




