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Abstract In this paper, higher order quantum gravity
effects on the thermodynamics of Hořava–Lifshitz black hole
investigated. Both Kehagius–Sfetsos and Lu–Mei–Pop solu-
tions of Hořava–Lifshitz black hole considered and higher
order corrected thermodynamics quantities obtained. The
first order correction is logarithmic and second order correc-
tion considered proportional to the inverse of entropy. These
corrections are due to the thermal fluctuation and interpreted
as quantum loop corrections. Effect of such quantum correc-
tions on the stability and critical points of Horava–Lifshitz
black holes studied. We find that higher order correction
affects critical point and stability of Lu–Mei–Pop solution
and yield to the second order phase transition for the case of
Kehagius–Sfetsos solution.

1 Introduction

Black holes are gravitational objects with maximum entropy
[1,2] which is related to the black hole event horizon area A.
In that case, statistical mechanics help us to study the black
hole thermodynamics and it is one of the important field of
theoretical physics [3,4]. Hence, the thermodynamics study
of several kinds of black hole is important subject of the
recent researches. Lower dimensional black holes are inter-
esting and usually considered as a toy model to obtain gravi-
tational solutions. For example, two-dimensional black holes
may be considered to study thermodynamics [5–10]. Higher
dimensional black holes are also interesting in several theo-
ries like near-extremal solutions of Einstein-Maxwell-scalar
theory [11], or hyperscaling violation backgrounds [12–14].

Due to the thermal fluctuations, the black hole entropy
modified and correction terms interpreted as quantum effect,
because the quantum gravity modified the manifold structure
of space-time at Planck scale [15,16]. Almost all methods of
quantum gravity indicated that the leading order correction

a e-mail: b.pourhassan@du.ac.ir

is logarithmic [17,18] and it has been argued that the gen-
eral structure of the correction terms is a universal. In that
case, leading order quantum corrections to the geometry of
large AdS black holes and their effects on the thermodynam-
ics given by the Ref. [19]. Hence, the thermal fluctuations
in a hyperscaling violation background considered by the
Ref. [20]. Thermodynamics of Kerr–Newman–AdS black
holes already studied by the Ref. [21]. Similar black hole
(uncharged but d-dimensional) considered under the effect
of the thermal fluctuations [22] and found that logarithmic
correction becomes important when the size of the black hole
becomes small due to the Hawking radiation [23]. Also, sta-
tistical mechanics of charged black holes considered by the
Ref. [24]. Black hole thermodynamics in modified theories
of gravity like f (r) [25–28] also studied by the Ref. [29].

It is also possible to obtain higher order corrections
[30,31] and such corrected terms has the same universal
shape as expected from the quantum gravitational effects
[17,18,30]. Black holes in Gödel universes already intro-
duced by the Ref. [32], in that case Kerr–Gödel black hole
thermodynamics investigated by the Ref. [33]. Logarithmic
correction to the Gödel black hole has been studied by Ref.
[34]. Higher order correction to the Kerr–Newman–Gödel
black hole recently given by the Ref. [35] and demonstrated
that second order correction is proportional to the inverse of
entropy. Thermodynamics of higher order entropy corrected
Schwarzschild–Beltrami–de Sitter black hole investigated by
the Ref. [36] and found that higher order corrections may
affect the black hole stability.

STU black holes [37] are other interesting kinds of black
hole which has been studied by the Ref. [38] from statisti-
cal point of view [39]. This kind of black hole is interesting
in AdS/CFT correspondence [40], for example it is possible
to compute hydrodynamics and thermodynamics properties
of quark-gluon plasma [41–44] in presence of quantum cor-
rection. Other properties of quark-gluon plasma like drag
force [45–48], jet-quenching [49–52] and shear viscosity to
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entropy ratio [53] may also affected by thermal fluctuations,
and this can observed by experiments [54].

It is important to note that corrections to the black hole
thermodynamics can study using the non-perturbative quan-
tum general relativity. Moreover, it is possible to investigate
black hole thermodynamics under effects of thermal fluctua-
tions by using the effect of matter fields surrounding a black
hole [55–57]. The corrected thermodynamics of a dilatonic
black hole from Cardy formula have been already studied by
the Ref. [58] and show the same universal form of correction
term as previous studies. This universality can be understood
in the Jacobson formalism [59,60]. Corrected thermodynam-
ics of a black hole can be obtained by using the partition
function [61]. Such corrections have already considered for
different black objects. For example, the first order correc-
tion of the AdS charged black hole has been studied, and
modified thermodynamics obtained [62], which is extended
to the case of AdS charged rotating black hole [63]. In the
Ref. [62] it is argued that leading order correction is loga-
rithmic its coefficient can be considered as free parameter of
the theory. Thermal fluctuations effect of a black saturn have
been studied [64]. It was observed by considering charged
dilatonic black saturn that the thermal fluctuations can be
obtained either using a conformal field theory or by analyz-
ing the fluctuations in the energy of this system and both
yields to the similar results for a charged dilatonic black sat-
urn [65].

An interesting kind of regular black holes is Hayward
black hole [66] which can be modified [67,68]. In that case,
the logarithmic corrections of a modified Hayward black hole
considered to calculate some thermodynamics quantities, and
found that this leading order correction affect the pressure
and internal energy by decreasing value of them [69]. Ther-
mal fluctuations of charged black holes in gravity’s rainbow
investigated by the Ref. [70], and quantum corrections to
thermodynamics of quasitopological black holes studied by
the Ref. [71].

Investigation of thermal fluctuation in gravitational sys-
tems may help us to test the quantum gravity effects, for
examples, on dumb holes [72] or graphene [73]. Logarithmic
and higher order corrections may affect the critical behav-
iors of black objects, for example in the Ref. [74] a dyonic
charged anti-de Sitter black hole thermodynamics considered
and show that holographic picture (a van der Waals fluid) is
still valid. In that case logarithmic corrected van der Waals
black holes in higher dimensional AdS space investigated by
the Ref. [75]. Also, thermodynamics of higher dimensional
black holes with higher order thermal fluctuations studied in
[76].

BTZ black holes [77] also considered to investigate effects
of thermal fluctuations [78] including higher order correc-
tions [79–81]. P-V criticality of black holes also may affected
by thermal fluctuations [82–84].

Hořava–Lifshitz (HL) black holes are important kind of
black holes in theoretical physics [85]. The HL gravity is
also an interesting theory of quantum gravity [86–89] which
considered in particle physics and cosmological literatures
[90,91]. We expect that the HL black hole solutions, asymp-
totically, become Einstein gravity solutions. In that case,
Refs. [92–95] investigated thermodynamics quantities of HL
black holes. It has been reported some instabilities in HL
black holes. Hence, such thermodynamics using logarithmic
corrected entropy investigated to find quantum gravity effects
[96] and found that some instabilities removed due to thermal
fluctuations.

In the Ref. [96], only LMP solutions of HL black hole
considered and first order correction (logarithmic correction)
investigated. Now, in this paper, we would like to consider
both LMP and KS solutions and investigate effects of higher
order quantum corrections.

This paper organized as follows. In the Sect. 2 we review
higher order correction and propose a general form with
free correction coefficients. In Sect. 3, Hořava–Lifshitz (HL)
black holes properties called. General thermodynamics rela-
tions introduced in Sect. 4. In Sect. 5, effects of higher order
corrections on the thermodynamics of Lu–Mei–Pop solution
investigated for three different cases of flat, spherical and
hyperbolic spaces. In Sect. 6 we consider Kehagius–Sfetsos
solution of HL black hole and study corrected thermodynam-
ics. Finally, in Sect. 7 we give conclusion.

2 Higher order corrections

In the canonical ensemble, one can calculate the density of
state. Partition function of N particles given by the following
expression [97,98],

Z =
∫ ∞

0
ρ(E)e−βEdE, (1)

where E is the average energy in the canonical ensemble.
Having partition function, one can write entropy as,

S(β) = βE + ln Z . (2)

Now, it is possible to consider thermal fluctuations and use
Taylor expansion around β and write,

S(β) = S0(E) + (β − β0)
2

2

(
∂2

∂β2 ln Z

)
β0

+ (β − β0)
3

3!
(

∂3

∂β3 ln Z

)
β0

+ · · · , (3)

where maximum of entropy at equilibrium point β = β0

established. It can written as,
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S = S0 + 1

2
(β − β0)

2
(

∂2S(β)

∂β2

)
β=β0

, (4)

where S0 is uncorrected entropy.
Indeed, correction terms are due to statistical fluctuations

around equilibrium, hence one can assume the system in equi-
librium and use usual thermodynamics relations. Equation
(3) yields to a general form for different black geometries,

S = S0 + α ln S0 + γ

S0
+ · · · . (5)

In this paper, we would like to study the second order cor-
rection hence neglect higher order terms. α and γ consider
as free parameter of the theory and they are depending on
black hole physics. For example it is found that α = − 3

2 and
γ = − 3

16 for the BTZ black hole, α = −1 and γ = − 5
36 for

the AdS Schwarzschild black hole [30]. Now, we can exam-
ine some values of free parameters to see their effects on
the thermodynamics quantities of HL black hole. Indeed we
would like to test only presence of corrections with positive
or negative values. Calculation of exact values of α and γ

are also interesting which is not aim of this paper. In the next
section, we give brief review of Hořava–Lifshitz black holes.

3 Hořava–Lifshitz black hole

First of all, we review some important properties of HL black
holes. The action of HL theory in four-dimensional gravity
is given by [99–103],

SHL =
∫

dtd3x
√
gN

(
2

κ2 (Ki j K
i j − λK 2)

+ κ2μ2(	W R − 3	2
W )

8(1 − 3λ)
+ κ2μ2(1 − 4λ)

32(1 − 3λ)
R2

)

−
∫

dtd3x
√
gN

(
κ2μ2

8
Ri j R

i j

+ κ2μ

2ω2 εi jk Ril∇ j R
l
k − κ2

2ω4Ci jC
i j

)
, (6)

where κ2, λ, ω, 	 and μ are constant parameters, and Ci j is
cotton tensor given by [104,105],

Ci j = εikl∇k

(
R j
l − 1

4
Rδ

j
l

)
, (7)

and Ki j is extrinsic curvature,

Ki j = 1

2N
(ġi j − ∇i N j − ∇ j Ni ), (8)

where Ni is shift function and N is lapse function, also the
cosmological constant is given by 	 = 3

2	W [106], where
	W is a constant negative parameter (we consider 	W =
−l).

The corresponding metric is given by [99],

ds2 = f (r)dt2 − dr2

f (r)
− r2d2

2, (9)

where,

d2
2 ≡

⎧⎨
⎩
dθ2 + sin2 θdϕ2 (k = 1)

dθ2 + θ2dϕ2 (k = 0)

dθ2 + sinh2 θdϕ2 (k = −1)

(10)

and f (r) is given by the following relation [100],

f (r) = k + (ω − 	W )r2 −
√

(r(ω(ω − 2	W )r3 + B)),

(11)

where B is an integration constant.
In the case of 	W = 0 and B = 4ωM we have Kehagius–

Sfetsos (KS) solution [107],

fks(r) = k + ωr2 − ωr2

√
1 + 4M

ωr3 , (12)

while in the case of ω = 0 and B = − α2

	W
we have Lu–Mei–

Pop (LMP) solution [99],

fLMP (r) = k − 	Wr2 − aM

√
r

−	W
. (13)

Black hole thermodynamics in KS solution of HL Gravity
have been studied by the Ref. [106], and thermodynamical
quantities of LMP solution of HL black hole for three dif-
ferent cases of spherical, flat and hyperbolic spaces given by
the Ref. [92]. Also, first order correction on LMP solution of
HL black hole studied by the Ref. [96]. In the next section
we write some important thermodynamics relations of HL
black holes.

4 Thermodynamics

The first law of thermodynamic may be given by [108]

dM = TdS + VdP. (14)

The black hole entropy and Hawking temperature obtained
by using the following equations [109],

S0 =
∫

dM

T
=

∫
1

TH

∂H

∂rh
drh,

TH = κ

2π
= 1

4π

(
∂ f

∂r

)
r=rh

, (15)

where H denotes the enthalpy and interpreted as the black
hoe mass (H = M) [110]. Also temperature of black hole is
given by the following relation [110],
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T =
(

∂H

∂S0

)
P

=
(

∂H

∂rh

∂rh
∂S0

)
P

. (16)

It is easy to check that T = TH and black hole pressure
obtained by P = 1

2T S [111,112]. The volume of black hole
is given by,

V =
(

∂H

∂P

)
=

(
∂H

∂rh

)(
∂P

∂rh

)−1

. (17)

The heat capacity can be found by using the following rela-
tion [110,113],

C =
(

∂E

∂T

)
= T

(
∂S

∂T

)
, (18)

where the internal energy is given by,

E = H − PV = F + T S, (19)

where

F = −
∫

SdT , (20)

is Helmholtz free energy which related to the Gibbs free
energy via,

G = F + PV = H − T S. (21)

Thermodynamical quantities of the HL black hole for LMP
and KS solutions are different for spherical space (k = 1),
flat space (k = 0), and hyperbolic space (k = −1).

5 Lu–Mei–Pop solution

LMP solution given by the Eq. (13) and there are three dif-
ferent cases corresponding to space curvature.

5.1 Spherical space

In this case the black hole mass given by,

M = a−1

√
−	W

rh
(1 − 	Wr2

h ). (22)

It has been found that the magnitude of the cosmological
constant increases the black hole mass. However there is a
minimum for the black hole mass at rh = 1/

√−3	W .
By using the Eq. (15) one can obtain the entropy and

Hawking temperature as follow,

S0 = 8π

a

√−	Wrh, (23)

and

T = 1

8πrh
[−1 − 3	Wr2

h ]. (24)

It has been also finding that the magnitude of the cosmolog-
ical constant increases the black hole temperature. The zero
temperature limit obtained by rh = 1/

√−3	W .
Now, we can use the Eq. (5) to obtain corrected thermo-

dynamics due to higher order quantum corrections.
In this case the black hole Helmholtz free energy obtained

using the relations (20), (23), (24), and (5), as

F = 2

√
l

rh

1 − lrh2

a

+ α

8π rh

((
1 − 3 lrh

2) ln

(
8

π
√
lrh
a

)
+ 1

2
(1 + 3lrh

2)

)

+ aγ
√
l

32π2√rh

(
1

3lrh2 − 3

)
, (25)

where we set 	W = −l.
In the Fig. 1 we can see behavior of the Helmholtz free

energy and obtain the effect of the quantum corrections. We
examined both positive and negative values of correction
coefficients. Generally, we find that Helmholtz free energy is
decreasing function of correction parameters (see Fig. 1b). It
means that quantum corrections reduced value of Helmholtz
free energy. In the case of γ = 0 we recover result of the
Ref. [96]. We can see that there is special radius where cor-
rected and uncorrected curves crossed, which means thermal
fluctuations have no any effect in special radius. In the Fig. 1
this special radius is about rh = 0.7. There is a maximum
value for the Helmholtz free energy at small radius, which
we can see by solid cyan line of the Fig. 1a corresponding
to the second order quantum correction with α = γ = −1.
Such maximum may relate to the critical point of the black
hole. One can obtain pressure as follow,

P = 3lr2
h − 1

16πrh

[
8π

a

√
lrh + α ln

8π
√
lrh

a
+ γ a

8π
√
lrh

]
,

(26)

while the black hole volume by using the Eq. (17) obtained
as follow,

V = 128(3lr2
h − 1)π2l2r2

h

64(9lr2
h + 1)π2l2r2

h + 8πa(lrh)
3
2 α(3lr2

h + 1)(1 + 2 ln 8π
√
lrh

a ) + 3la2rhγ (lr2
h + 1)

. (27)

Having P and V , we can study P − V critical points where

dP

dV
= d2P

dV 2 = 0. (28)
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(a) (b)

Fig. 1 Helmholtz free energy of the LMP solution of HL black hole in spherical space for l = a = 1. a In terms of horizon radius, b in terms of
the second order correction parameter with rh = 1

(a) (b) (c)

Fig. 2 Critical points of LMP solution in spherical space for l = 1 and a = 10: a α = γ = −1. b α = γ = 0. c α = γ = 1. Dashed red lines

represent dP
dV , while solid blue lines represent d2P

dV 2

The points which satisfy condition (28) called critical points.
In the Fig. 2 we analyze critical points for the ordinary case
(α = γ = 0) and corrected cases (Fig. 2a, c). Dashed red
lines represent dP

dV , while solid blue lines represent d2P
dV 2 , when

both curves cross each other in zero axis, then the corre-
sponding rh is the black hole radius where critical points
happen. We can see from the Fig. 2a that only in the case of
α = γ = −1 (presence of higher order correction) we have
critical points near rh ≈ 0.3. It is corresponding to black
solid line of the Fig. 1a at maximum point of Helmholtz free
energy. It means that in order to have critical points, presence
of the higher order corrections is necessary. For the cases of

correction with positive coefficients and uncorrected entropy
the critical points exist only at rh = 0.

Heat capacity is important parameter to study stability of
the black hole. By using the Eq. (18), we can calculate heat
capacity as,

C = 3lr2
h − 1

16πa(lrh)
3
2 (3lr2

h + 1)

×(
64π2l2r2

h + 8πa(lrh)
3
2 α − la2rhγ

)
. (29)

It is clear that logarithmic correction increases value of heat
capacity while the second order correction reduces its value.
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Fig. 3 Specific heat of LMP solution in spherical space in terms of the
black hole horizon for l = 1 and a = 10

Without the logarithmic correction we saw some insta-
bilities corresponding to the small horizon radius (see dotted
blue line of Fig. 3). It has been found that the magnitude of the
cosmological constant increases the black hole heat capac-
ity. The zero heat capacity limit obtained by rh = 1/

√
3l. It

means that there are some instabilities for small rh whereC is
negative. Although, quantum corrections have not any impor-
tant effect on this point but may make other stable points at
very small radius. In all cases there is no any asymptotic
behavior corresponding to phase transition. Solid cyan line
of the Fig. 3 is corresponding to the case of α = γ = −1
which shows a turning point near rh ≈ 0.3 (critical point and
maximum of Helmholtz free energy). Some cases of cor-
rected heat capacity (dashed lines) show that there is some
stable region for small radius, then the black hole is unsta-
ble in a finite rage of rh . It means that, when the black hole
size reduced due to the Hawking radiation, and thermal fluc-
tuations become important, then the black hole is stable at
quantum scales. Hence, we can’t neglect thermal fluctuations
of small black holes.

Finally the internal energy is obtained using the Eq. (19).
We give graphical analysis of internal energy by Fig. 4.
Neglecting correction, we can see internal energy has a max-
imum, while in presence of quantum corrections there is also
a minimum. It may be corresponding to stable point at small
radius which discussed already.

5.2 Hyperbolic space

In the case of hyperbolic space (k = −1) the black hole mass
in the horizon given by,

Fig. 4 Internal energy of LMP solution in spherical space in terms of
the black hole horizon for l = 1 and a = 10

M = H = 1

a

(−	W

rh

) 1
2 [

−1 − 	Wr2
h

]
(30)

It has been find that the magnitude of the cosmological con-
stant increases the black hole mass. Therefore, one can obtain
black hole entropy and temperature as follow,

S0 = 8π

a

√−	Wrh, (31)

and,

T = 1

8πrh

(
1 − 3	Wr2

h

)
. (32)

It is clear that the magnitude of the cosmological constant
increases the black hole temperature. In that case Helmholtz
free energy obtained as,

F = −2

√
l

rh

1 + lrh2

a

+ α

8π rh

(
− (

1 + 3 lrh
2) ln

(
8

π
√
lrh
a

)
+ 1

2
(−1 + 3lrh

2)

)

− aγ
√
l

32π2√rh

(
1

3lrh2 + 3

)
. (33)

As we can see from the Fig. 5, Helmholtz free energy of
this case is completely negative with an extremum for the
uncorrected entropy and two extrema for the higher order
corrected entropy.

One can obtain pressure as follow,

P = 3lr2
h + 1

16πrh

[
8π

a

√
lrh + α ln

8π
√
lrh

a
+ γ a

8π
√
lrh

]
,

(34)
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Fig. 5 Helmholtz free energy in terms of horizon radius for the LMP
solution of HL black hole in hyperbolic space with l = 1 and a = 10

while the black hole volume by using the Eq. (17) obtained
as follow,

V = 128(3lr2
h + 1)π2l2r2

h

64(9lr2
h − 1)π2l2r2

h + 8πa(lrh)
3
2 α(3lr2

h − 1)(1 + 2 ln 8π
√
lrh

a ) + 3la2rhγ (lr2
h − 1)

. (35)

From the plots of Fig. 6 we can see the uncorrected case
has critical point near rh ≈ 0.325 (see Fig. 6b). Also, higher
order corrected case with positive coefficients have critical
point near rh ≈ 0.4 (see Fig. 6c). However, opposite to the
spherical case, LMP solution in hyperbolic space in pres-
ence of higher order corrections with negative coefficients
(Fig. 6a) don’t have critical point. It means that higher order
corrections affect critical points and remove them.

We can calculate heat capacity as,

C = 3lr2
h + 1

16πa(lrh)
3
2 (3lr2

h − 1)

(
64π2l2r2

h

+8πa(lrh)
3
2 α − la2rhγ

)
. (36)

It is clear that logarithmic correction increase value of heat
capacity while the second order correction reduces its value
which is similar to the previous case. In the Fig. 7 we can
see behavior of specific heat of LMP solution of HL black
hole in hyperbolic space and see that there is phase transition
in all cases of corrected and uncorrected entropy. It means
that higher order corrections have no any effects on the phase
transition.

Finally, in the Fig. 8 we can see behavior of the internal
energy of LMP solution in hyperbolic space. We can see that
in presence of higher order corrections the internal energy is
completely negative (see solid cyan line of Fig. 8). We can
see that increasing or decreasing internal energy is depend
on sign of correction coefficients.

5.3 Flat space

This case obtained by setting k = 0, hence the black hole
mass given by,

M = a−1(−	Wr2
h )

3
2 . (37)

(a) (b) (c)

Fig. 6 Critical points of LMP solution in hyperbolic space for l = 1 and a = 10: a α = γ = −1. b α = γ = 0. c α = γ = 1. Dashed red lines

represent dP
dV , while solid blue lines represent d2P

dV 2
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Fig. 7 Specific heat of LMP solution in hyperbolic space in terms of
the black hole horizon for l = 1 and a = 10

Fig. 8 Internal energy of LMP solution in hyperbolic space in terms
of the black hole horizon for l = 1 and a = 10

By using the Eq. (15) one can obtain the entropy and Hawking
temperature as follow,

S0 = 8π

a

√−	Wrh, (38)

and

T = − 3

8π
	Wrh . (39)

It has been also finding that the magnitude of the cosmolog-
ical constant increases the black hole temperature.

Now, we can use the Eq. (5) to obtain corrected thermo-
dynamics due to higher order quantum corrections.

Fig. 9 Helmholtz free energy of the LMP solution of HL black hole
in flat space for l = 1 and a = 10

As before, the black hole Helmholtz free energy obtained
as

F = −2

a
(lrh)

3
2 + 3

8π
lrhα

(
1

2
− ln

8π
√
lrh

a

)

− 3a

32π2

√
lrhγ, (40)

where we set 	W = −l as previous subsections.
In the Fig. 9 we can see behavior of Helmholtz free energy

of the LMP solution in flat space and find important effect
of quantum corrections. Neglecting thermal fluctuations, the
Helmholtz free energy is completely negative. In presence
of higher order corrections (solid cyan line of the Fig. 9) the
Helmholtz free energy has a maximum in positive regions.

One can obtain pressure as follow,

P = 3lrh
16π

[
8π

a

√
lrh + α ln

8π
√
lrh

a
+ γ a

8π
√
lrh

]
. (41)

Then, the black hole volume obtained as follow,

V = 128l2π2r2
h

192π2l2r2
h + 16πa(lrh)

3
2 α

(
1
2 + ln 8π

√
lrh

a

)
+ la2rhγ

.

(42)

The points which satisfy condition (28) illustrated by plots
of the Fig. 10. Critical points analysis for the ordinary case
(α = γ = 0 which given by the Figs. 10b) and corrected
cases (Fig. 10a, c) show that there is no critical point except
at rh = 0 of uncorrected case (see Fig. 10b).

Heat capacity of this case given by,

C = rh

⎡
⎣4π

a

√
l

rh
+ α

2rh
− aγ

16πlr
3
2
h

⎤
⎦ . (43)
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(a) (b) (c)

Fig. 10 Critical points of LMP solution in flat space for l = 1 and a = 10: a α = γ = −1. b α = γ = 0. c α = γ = 1. Dashed red lines represent
dP
dV , while solid blue lines represent d2P

dV 2

Fig. 11 Internal energy of LMP solution in flat space in terms of the
black hole horizon for l = 1 and a = 10

It is clear that logarithmic correction increases value of heat
capacity while the second order correction reduces its value.

In absence of higher order corrections, the heat capacity is
positive. Logarithmic correction reduces value of heat capac-
ity to make it negative for the small black hole, when rh is
large, the effect of thermal fluctuation is negligible. Higher
order correction with positive coefficient also decrease value
of heat capacity hence affect black hole stability. In the case
of α = γ = −1 the heat capacity has a minimum.

Finally, we give graphical analysis of internal energy by
Fig. 11. Effect of quantum corrections are important which
may reduce or increase value of internal energy as illustrated
by the Fig. 11.

6 Kehagius–Sfetsos solution

In this case, by using the Eq. (12) one can obtain inner and
outer horizons as,

r± = 2ωM ± √
4ω2M2 − 2ωk3

2kω
. (44)

Hence, the black hole mass given by,

M = k(2ωr2+ + k)

4ωr+
. (45)

Also, black hole temperature obtained as,

T =
ωr3+

(√
1 + 4M

ωr3+
− 1

)
− M

2πr2+
√

1 + 4M
ωr3+

. (46)

Inserting M from (45) into the temperature (46) one can
obtain,

T = k(2ωr2+ − k)

8πr+
(
ωr2+ + k

) . (47)

Then, we can obtain entropy as follow,

S0 = πr2+ + 2πk

ω
ln r+. (48)

Therefore, we can obtain corrected entropy due to higher
order corrections, and calculate thermodynamics quantities.

Corrected pressure calculated as,

P = k
(
ωr2+ − k

2

)
8πr+

(
ωr2+ + k

)
[
πr2+ + 2πk

ω
ln r+

+α ln
π

ω

(
ωr2+ + 2k ln r+

)
+ γ

ω

π
(
ωr2+ + 2k ln r+

)
]

.

(49)
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(a) (b)

Fig. 12 Critical points of KS solution ω = 1 and k = 1: a α = γ = −1. b α = γ = 0. Dashed red lines represent dP
dV , while solid blue lines

represent d2P
dV 2

Then, we can obtain black hole volume and find that logarith-
mic correction decreases it while the second order correction
increases the black hole volume. Also, as illustrated by plots
of the Fig. 12, higher order corrections do not affect the criti-
cal point. In absence of quantum correction there is a critical
point as well as in presence of higher order corrections.

Finally, we can calculate heat capacity as,

C = 2(2ωr2+ − k)(ωr2+ + k)2

πω(−2ω2r4+ + 5kωr2 + k2)(0.5ωr2+ + k ln r)2

×
(
(kπ ln r+)2 + ωkπ2r2+ ln r+

+ ω2π2r4+
4

+ α

(
πω2r2+

4
+ kπω

2
ln r+

)
− ω2

4
γ

)
.

(50)

In the Fig. 13 we can see that quantum correction has no any
important effect of the first order phase transition and black
hole stability. However, presence of the logarithmic correc-
tion (see dash dot green line of the Fig. 13a) make another
asymptotic region at small radius which may be interpreted
as the second order phase transition.

7 Conclusion

In this paper, we considered Hořava–Lifshitz black hole to
study its thermodynamics in presence of quantum correction
by consideration of thermal fluctuations. We considered two
special case of Kehagius–Sfetsos and Lu–Mei–Pop solutions
to study critical points and thermodynamics stability sepa-

rately. In the case of KS solution, we consider general case
and found that logarithmic correction may yield to the sec-
ond order phase transition. Higher order correction with pos-
itive coefficient may yield to some instabilities at small event
horizon radius (see Fig. 13b). We found that there are also
critical points in presence of higher order correction as well
as in absence of quantum corrections.

In the case of LMP solution, we considered three cases
of flat, spherical and hyperbolic spaces and studied modi-
fied thermodynamics separately. Both analytical and numer-
ical study on the thermodynamics quantities under effects
of quantum corrections show that quantum corrections are
important when the black hole size reduced due to the Hawk-
ing radiation. In all cases we found that Helmholtz free
energy is decreasing function of correction parameters. Then,
we obtained pressure and volume to study critical points. In
the case of LMP solution with spherical space we found that
higher order corrections are important to have critical point.
Fig. 2a shows that only higher order corrections with neg-
ative coefficients yields to critical point which is opposite
to hyperbolic space. It means that LMP solution in hyper-
bolic space have critical point for higher order corrections
with positive coefficients. In flat space there is no critical
point and quantum corrections have no any effects on critical
points.

We study black hole stability by using heat capacity. We
found that first order correction increases value of heat capac-
ity while the second order correction reduces its value. In the
case of spherical space, we found some stable points at very
small radius due to higher order corrections and black hole
is stable at quantum scales. In the case of hyperbolic space,
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(a) (b)

Fig. 13 Specific heat of KS solution in terms of the black hole horizon for ω = 1 and k = 1

we found that there is phase transition in all cases of cor-
rected and uncorrected entropy. It means that higher order
corrections have no any effects on the black hole phase tran-
sition. In the case of flat space heat capacity is completely
positive without higher order corrections. Logarithmic cor-
rection reduces value of heat capacity to make it negative for
the small black hole, when event horizon radius grows up,
then the effect of thermal fluctuation is negligible. Higher
order correction with positive coefficient also decrease value
of the heat capacity, hence change the black hole stabil-
ity.

In this paper, we considered only presence or absence of
corrections by choosing α and γ as 0 or ±1. It is interesting
to calculate exact values of these parameters which may be
yields to experimental setup to test quantum gravity. It may
be aim of our future study.

In summary, this paper is extension of previous work to
include higher order correction to LMP solution, while log-
arithmic and higher order corrections of KS solution of HL
black holes. It is interesting to consider higher order correc-
tion of a new regular black hole [114], Myerse–Perry black
holes [115], rotating charged hairy black hole [116,117], or
five dimensional AdS black hole at N = 2 supergravity
[118,119].

Recently, Thermodynamic of a black hole surrounded by
perfect fluid in Rastall theory have been studied [120]. Now,
it is interesting to obtain thermal fluctuation effects on such
kind of solutions.
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