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Abstract We provide a novel mechanism to model the
emergence of the dynamical gap in holography. It is imple-
mented by introducing a novel coupling term, Yukawa inter-
action between the scalar field and the spinor field, in the
Dirac action. By studying the fermionic spectral function,
we find that the Yukawa coupling drives a dynamical gap
formation. Moreover, the Yukawa coupling results in rear-
rangements of the spectrum at low frequency region but the
density of states (DOS) for all Yukawa coupling parameter
tend to the same value at the high frequency region, which is
different from the well studied case with dipole coupling. We
also study the evolution of the spectral function with temper-
ature. We find that with the increase of temperature, the gap
closes.

1 Introduction

Dynamical generation of a mass gap is a typical character-
istic of many strongly coupling systems, for example, the
2 dimensional quantum chromodynamics [1] and the Mott
insulator [2]. Since the latter is a strongly correlated electron
system, it is hard to deal with these problems by the con-
ventional methods. Instead, AdS/CFT correspondence [3–6]
may provide understanding into the associated mechanisms
of these systems by constructing a simple gravitational dual
model.

In holographic framework, a hard gap in optical conduc-
tivity can be observed in [7]. This picture is implemented by
axionic fields χi = kxi , which result in the momentum relax-
ation, in some gapped geometries as [7–10]. Further, some
Mott-like insulator are proposed in [11–14]. In particular, a
hard gap in insulating phase and Mott thought experiment
can be implemented in [11,12].

The emergence of the dynamical gap has also been widely
studied in holographic fermionic systems. The pioneer work
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appears in [15,16]. In this work, the chiral symmetry-
breaking Pauli dipole coupling is introduced in the Dirac
action. They study the fermionic response on top of Reissner–
Nordström-AdS (RN-AdS) background and observe the
dynamical formation of Mott gap. This model exhibits two
important characteristics of doped Mott insulator. One is the
dynamical generation of a gap and another is the spectral
weight transfer. The two features are robust for the holo-
graphic dipole coupling fermionic systems, which have been
widely studied over more general geometries in [17–33]. In
addition, in [34], they realize the holographic Fermi arcs by a
chiral symmetry-preserving interaction, which is a modifica-
tion of the chiral symmetry-breaking Pauli coupling studied
in [15,16].

In the presence of superconductivity, the gap can also
come into being in the holographic fermionic spectrum. In
holographic s-wave superconductor, the gap can be realized
by a Majorana coupling [35]. Introducing spinor doublet cou-
pling SU (2) gauge field, the Fermi arcs can be implemented
in holographic p-wave superconductor [36]. Adding the same
Majorana coupling as [35] over holographic d-wave super-
conductor model, Fermi arcs and d-wave gap can also be
generated [37].

In this paper, we propose a novel fermionic coupling
term, Yukawa interactions, into the Dirac action and study
its response. We observe the formation of the dynamical gap,
which is driven by Yukawa coupling. This plan of this work is
as follows. In Sect. 2, we introduce a non-trivial scalar field
over RN-AdS black hole, which provides the Yukawa cou-
pling between the spinor and the scalar field. And then, we
introduce the spinor action with Yukawa coupling in Sect. 3
and derive the equation of motion (EOM) for the spinor field.
The numerical results are presented in Sect. 4. In Sect. 5, we
present the conclusion and discussion.
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2 Holographic framework

In this section, following [38], we introduce a non-trivial
scalar field profile, which provides a key ingredient to couple
the spinor by Yukawa interaction. We describe it as follows.
The action we consider reads [38]

S =
∫

d4x
√−g

(
R − Z(�)

L2

g2
F

F2 − 1

2
(∇μ�)2 − V (�)

)
,

(1)

with Z and V are given in what follows,

V (�) = − 6

L2 + m2

2
�2, (2a)

Z(�) = 1 + α�2. (2b)

The mass of the scalar field relates its dimension as m2L2 =
�(� − 3). F = d A is the Maxwell field strength of U (1)

gauge field A. In what follows, for convenience, we set gF =
2 and L = 1. And then, the equations of motion (EOMs) can
be derived from the above action as

Rμν −
(

3 + 1

2
R

)
gμν + 1

2

(
T A

μν + T�
μν

)
= 0, (3a)

∇μ
[(

1 + α�2
)
Fμν

]
= 0, (3b)(

∇2 − m2 − 1

2
αF2

)
� = 0. (3c)

where

T A
μν =

(
1 + α�2

) (
1

4
gμνF

2 − FμρF
ρ

ν

)
, (4a)

T�
μν = −∇μ�∇ν� + 1

2
gμν

[
(∇μ�)2 + m2�2

]
. (4b)

We shall numerically construct the black brane solution
with non-trivial scalar profile. We assume the following
ansatz

ds2 = 1

u2

[
−(1 − u)pUdt2 + du2

(1 − u)pU
+ Vdx2 + Vdy2

]
,

(5a)

A = μ(1 − u)adt, (5b)

� = u3−�φ, (5c)

where p(u) = 1 + u + u2 − μ2u3/4 and μ is the chemical
potential of the dual boundary field theory. U , V , a and φ

are the function of the radial coordinate u only. Beyond any
details of EOMs, the asymptotic behavior of φ(u) at infinity
follows

φ(u) = φ0 + φ1u
2�−3, (6)

where φ0 is identified as the source, which corresponds to the
coupling of the boundary QFT and deforms it, and φ1 as the
expectation. For the given scalar field mass m2 and the cou-
pling parameter α, each black brane solution is specified by
two scaling-invariant parameters: the Hawking temperature
T ≡ T̂ /μ with T̂ = (12 − μ2)U (1)/16π and the coupling
λ ≡ φ0/μ

3−�. Without loss of generality, we set a(0) = 1.
In this paper, to more clearly see the effect from the Yukawa
coupling, we would like to turn off φ0, i.e., setting φ0 = 0.
It shall be surely interesting to further study the effect of the
latter coupling and we leave for the future study.

At the UV boundary, u → 0, we demand that the geom-
etry approaches AdS4 with deformations corresponding to
chemical potential μ and φ follows the behavior of Eq. (6).
At the horizon, u → 1, we impose the regular boundary con-
ditions. This demand leads to an expansion at the horizon as

U = 4πT (1 − u) + . . . , (7a)

V = V0 + V1(1 − u) + . . . , (7b)

a = a0(1 − u) + a1(1 − u)2 + . . . , (7c)

φ = φ̄0 + φ̄1(1 − u) + . . . . (7d)

There are four independent constants V0, V1, a0 and φ̄0 in the
above expansion. Then we can numerically solve the EOM
(3). We show the profile of scalar field for sample α and
temperature T in Fig. 1. From the figure, we see that the
value of �(u) at the horizon increases as α increases for
fixed temperature T . While for fixed α, the value of �(u)

at the horizon increases as the temperature decreases. Here
we only focus on the case of � = 2, for which the scalar
operator is relevant one. For other value of �, we expect the
similar results and shall discuss them in future.

3 Dirac equation

We consider the following Dirac action with Yukawa inter-
actions between the spinor field and the scalar field over this
gravitational background

SD = i
∫

d4x
√−gζ

(
�aDa − mζ

)
ζ, (8a)

SY =
∫

d4x
√−g

[
η1ζ̄�ζ + η2ζ̄��5ζ + h.c.

]
, (8b)

where �a = (eμ)a�μ and Da = ∂a + 1
4 (ωμν)a�

μν − iq Aa

with (eμ)a and (ωμν)a being a set of orthogonal normal vec-
tor bases and the spin connection 1-forms, respectively. �5 is
the chirality matrix satisfying {�5, �μ} = 0. The action (8a)
is stimulated by [39–41] to study the fermionic response in
holographic framework. And then, lots of extending studies
over more general background have been widely explored,
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Fig. 1 Plots of �(u) as the
function of u for different α and
different T . Left plot is for
T = 0.01 and right plot is for
α = 5

see [42–54] and therein. Here, we introduce the novel terms,
Yukawa coupling terms, including the usual scalar Yukawa
coupling and the pseudoscalar Yukawa coupling, in (8b).

The Dirac equation can be deduced from the above actions
(8a) and (8b)

�aDaζ − mζ ζ − iη1�ζ − iη2��5ζ = 0. (9)

To cancel off the spin connection, we can make a redefinition

of ζ = (gtt gxx gyy)−
1
4 F . At the same time, by the Fourier

expansion with kx = k and ky = 0,

F =
∫

dωdk

2π
F(u, k)e−iωt+ikx , (10)

one has

1√
guu

�3∂u F − 1√
gtt

�0(iω + iq At )F

− 1√
gxx

�1ikF + mζ F + iη1�F + iη2��5F = 0.

(11)

Choose the following gamma matrices

�3 =
(−σ 3 0

0 −σ 3

)
, �0 =

(
iσ 1 0
0 iσ 1

)
,

�1 =
(−σ 2 0

0 σ 2

)
,

�2 =
(

0 σ 2

σ 2 0

)
, �5 =

(
0 iσ 2

−iσ 2 0

)
, (12)

and split the 4-component spinor into two 2-component
spinors as F = (F1, F2)

T , one has

1√
guu

∂u

(
F1(k)
F2(k)

)
− mζ σ

3 ⊗
(
F1(k)
F2(k)

)

+(ω + q At )
1√
gtt

iσ 2 ⊗
(
F1(k)
F2(k)

)

∓k
1√
gxx

σ 1 ⊗
(
F1(k)
F2(k)

)

−iη1�σ 3 ⊗
(
F1(k)
F2(k)

)
± iη2�σ 1 ⊗

(
F2(k)
F1(k)

)
= 0.

(13)

Furthermore, by the decomposition Fα ≡ (Aα,Bα)T with
α = 1, 2, the above Dirac equation can be expressed as
(

1√
guu

∂u ∓ mζ

)(A1

B1

)
± (ω + q At )

1√
gtt

( B1

A1

)

− k√
gxx

( B1

A1

)
∓ iη1�

(A1

B1

)
+ iη2�

( B2

A2

)
= 0,

(14)(
1√
guu

∂u ∓ mζ

)(A2

B2

)
± (ω + q At )

1√
gtt

( B2

A2

)

+ k√
gxx

( B2

A2

)
∓ iη1�

(A2

B2

)
− iη2�

( B1

A1

)
= 0.

(15)

At the horizon, we can find that

∂u

(Aα(u,k)

Bα(u,k)

)
± ω

4πT

1

1 − u

( Bα(u,k)

Aα(u,k)

)
= 0. (16)

In order to obtain the retarded Green function on the boundary
by holography, the independent ingoing boundary condition
should be imposed at the horizon, i.e.,

(Aα(u,k)

Bα(u,k)

)
= cα

(
1
−i

)
(1 − u)−

iω
4πT . (17)

Near the AdS boundary, the Dirac field reduces to
(Aα

Bα

)
≈aαu

mζ

(
1
0

)
+ bαu

−mζ

(
0
1

)
. (18)

And so by holography, the retarded Green function can be
read off

aα = Gαα′bα′ . (19)

Note that since the four components of the Dirac fields cou-
ple to one another, we need to construct a basis of finite
solutions, (AI

α,B I
α) and (AI I

α ,B I I
α ), to obtain the boundary

Green function. We are mainly interested in the measurable
spectral function, which is A(ω, kx , ky) ∼ Im(TrG). In the
next section, we shall numerically study the fermionic spec-
tral function and explore its properties from Yukawa cou-
pling.
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Fig. 2 Density plots of spectral function A(ω, k) for α = 5 and � = 2 at T = 0.01. Left plot is for η2 = 0.5 and right plot for η2 = 4

Fig. 3 Spectral function
A(ω, k) for sample k with
α = 5 and � = 2 at T = 0.01.
Left plot is for η2 = 0.5 and
right plot for η2 = 4

4 Emergence of the dynamical gap

The formation of the dynamical gap is the topic of this
paper. But the preliminary exploration indicates that the
Yukawa coupling η1 cannot drive the formation of the
gap (see “Appendix A”). Therefore, we shall only turn on
the pseudoscalar Yukawa coupling term η2 in what fol-
lows.

For definiteness, through this paper, we shall set mζ = 0.
We first study the fermionic spectrum at fixed temperature
T = 0.01. By numerically solving the Dirac Eqs. (14) and
(15), we show the density plots of spectral functions A(ω, k)
with η2 = 0.5 and η2 = 4 in Fig. 2. The quasi-particle-like
excitation is observed at ω = 0 in the spectrum for small
η2, for example, η2 = 0.5 (left plot in Fig. 2), which is
similar to the case of η2 = 0, i.e., RN-AdS background
[40]. With the increase of the pseudoscalar Yukawa cou-
pling strength and beyond some critical value, a dynami-
cal gap opens at ω = 0 in the spectrum (see right plot in
Fig. 2). In Fig. 3, we also show A(ω, k) with η2 = 0.5 and
η2 = 4 for sample values of k. For η2 = 0.5, some sharp
peaks distribute near ω = 0, which can be identified with

Fig. 4 The relation between α and ηc2 for fixed T = 0.01

the quasi-particle-like excitation. But for large η2, the peak
disappears around ω = 0 and a gap opens. Especially, we
observe that the peak are pushed away from ω = 0 as k
becomes larger. This result indicates that the gap exists for
all k.1

1 The robustness of the formation of the gap is further confirmed in the
density of state (DOS) of the spectral function in what follows.
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Table 1 ηc2 with different α for T = 0.01

α 1.5 2 3 4 5 6

ηc2 3.090 2.319 1.660 1.436 1.320 1.250

Fig. 5 A(ω) for different η2. Here, we have set α = 5 and T = 0.01.
The inset shows A(ω, η2 = 2) − A(ω, η2 = 0) as a function of ω

Fig. 6 The relation between η2 and the width of the gap d/μ for fixed
α = 5 and T = 0.01

To gain a quantitative understanding of the spectral mea-
sure with Yukawa coupling, we study the density of state
(DOS) A(ω), which signals the total weight of the spectral
measure and is defined by the integral of A(ω, k) over k.
In terms of the DOS, we can introduce the critical value
of the onset of the gap ηc2, which is identified as that the
DOS at the Fermi level (ω = 0) drops below some small
number (here, we take 10−3 in numerical calculations). The
critical value ηc2 can signal the formation of the gap. Fig-
ure 4 and Table 1 show the relation between α and ηc2 for
fixed T = 0.01. We see that with the increase of α, the ηc2
decreases. It indicates that the gap opens easier for larger
α. It is because the low frequency spectrum probes the near
horizon geometry. While for larger α, the amplitude of the
scalar field near the horizon is more evident (see left plot in
Fig. 1).

Now, we turn to study the spectrum on all energy scales.
Figure 5 shows the DOS A(ω) for different η2. First, this
figure again clearly exhibits that the formation of the gap
is robust for all k because the integral is done over all k.
Second, at low frequency region (the absolute value |ω| is
small), the Yukawa coupling results in rearrangements of the
spectrum. With the increase of the Yukawa coupling η2, the
spectral weight transfers from the low energy band (ω < 0)
to the high energy band (ω > 0). But at the high frequency
region (the absolute value |ω| is large), the DOS for all η2

tend to the same value. Therefore, the transfer of spectral
weight is only over low energy scales but not all energy
scales. It is different from the Mott physics, for which the
transfer of spectral weight is over all energy scales. The
reason is that the scalar field has a non-trivial profile near
the horizon but vanishes on the conformal boundary (see
Fig. 1).

Fig. 7 Left plot: the density plot of spectral function A(ω, k) for α = 5 and η2 = 4 at T = 0.22. Right plot: the relation between T and ηc2 for
fixed α = 5
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Another characteristic quantity is the width of the gap
d/μ, which is shown in Fig. 6 for fixed α = 5 and
T = 0.01. We see that the width of the gap d/μ lin-
early increases as the Yukawa coupling η2. It confirms
again that the Yukawa coupling drives the formation of the
gap.

Next, we study the evolution of the spectral function with
temperature. For the dipole coupling fermionic system, it
has been shown that as the temperature increases, the gap
gradually closes. Here, we also find that the temperature
plays a similar role for the Yukawa coupling fermionic sys-
tem. Left plot in Fig. 7 shows the density plot of spectral
function A(ω, k) for α = 5 and η2 = 4 at T = 0.22.
Obviously, the gap closes at this moment. We also quanti-
tatively gives the relation between T and ηc2 for fixed α = 5,
which is shown in the right plot in Fig. 7. As the tempera-
ture T increases, the critical value of the onset of the gap ηc2
increases.

5 Conclusion and discussion

In this paper, we introduce a novel coupling term, Yukawa
interaction between the scalar field and the spinor field,
in the Dirac action and study its fermionic response. We
observe that a gap dynamically emerges. Moreover, the
Yukawa coupling results in rearrangements of the spec-
trum at low frequency region but the DOS for all η2

tends to the same value at the high frequency region. It
is because the scalar field has a non-trivial profile near
the horizon but vanishes on the AdS boundary. This phe-
nomena is different from the Mott physics. We also study
the evolution of the spectral function with temperature. We
find that with the increase of temperature, the gap closes.
More detailed studies deserved deeply exploring such that
we can have more understanding for our fermionic sys-
tem.

Lots of works deserve further studying. One immediate
topic is to explore the non-relativistic fermionic spectrum as
[55–57] with Yukawa coupling to see the effect of Yukawa
coupling on the flat band. Also, we also hope to implement
the Fermi arc on our model on top of some anisotropic back-
ground, for example, [58].
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Appendix A: Fermionic spectrum for η1 �= 0

In this Appendix, we shall give a brief discussion on the
effect of the Yukawa coupling η1. First, a lot of numeri-
cal analysis indicates that the Yukawa coupling η1 is con-
strained in a small parameter space because of the require-
ment of the positive definiteness of the spectral function.
Therefore, we shall explore the effect of η1 in the small η1

space.
Figure 8 show the density plots of spectral function

A(ω, k) for α = 5, � = 2 and η2 = 0 at T = 0.01. Left plot
is for η1 = −0.1 and right plot for η1 = 0.01.2 From this
figure, we cannot observe the formation of gap in the allowed
parameter space.

2 Because of the requirement of the positive definiteness of the spectral
function, η1 is approximately constrained in the regions of −0.1 ≤
η1 ≤ 0.01 for α = 5.
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Fig. 8 Density plots of spectral function A(ω, k) for α = 5, � = 2 and η2 = 0 at T = 0.01. Left plot is for η1 = −0.1 and right plot for η1 = 0.01
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