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Abstract Exact solutions are studied in the context of mod-
ified Brans–Dicke theory. The non-linearity of the modi-
fied Brans–Dicke field equations is treated with the Euler–
Duarte–Moreira method of integrability of anharmonic oscil-
lator equation. While some solutions show a forever acceler-
ating nature, in some cases there is a signature flip in the evo-
lution of deceleration parameter in recent past. Importance
of these latter models are studied in the context of late time
acceleration of the universe. Constraints on the model param-
eters are obtained from Markov Chain Monte Carlo (MCMC)
analysis using the Supernova distance modulus data, observa-
tional measurements of Hubble parameter, Baryon acoustic
oscillation data and the CMB Shift parameter data.

1 Introduction

Introduced back in 1915 [1], General Theory of Relativity
(GR) has remained the most successful description of grav-
ity till date. Based on an equivalence between gravitation and
inertia, GR ensures that one can write down the geodesics on
a spacetime from the metric structure [2]. The foundation
principles of the theory has been well tested over the years
through famous experiments, for instance, the Eötvös experi-
ment [3], Michelson–Morley-type experiments [4,5], and the
gravitational redshift experiments. Moreover, recent obser-
vational evidences tend to confirm the theoretically predicted
outcomes of GR as well, for example, the existence of black
holes and gravity waves [6], promotes GR as a potentially
rich store of possibilities even in the current context.

In spite of passing many theoretical and experimental tests
successfully, there remains some unresolved issues hinting
towards a possible modification of GR. An immediate moti-
vation comes from the recently discovered late time acceler-
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ated expansion of the universe. To account for such a non-
trivial acceleration, the simplest possible modification is to
consider a cosmological constant Λ playing the role of ‘dark
energy’, a fluid responsible for an effective negative pressure.
However, this option is problematic. Defining an empty space
as a collection of quantum fields and assuming that the zero-
point fluctuations of such quantum fields contributes to Λ,
the theoretically predicted vacuum energy scale overwhelm-
ingly mismatches with the observed vacuum energy [7]. A
very well-studied alternative is to consider a time-dependent
scalar field acting as the generator of the non-trivial acceler-
ation, for example, the quintessence models or the phantom
scalar fields (for extensive details on scalar field cosmol-
ogy, see for instance, Ratra and Peebles [8], Brookfield et al.
[9], Overduin and Cooperstock [10], Bento et al. [11] and
references therein). Another possibility is to treat the dark
energy component as a geometric quantity, coming out of
a modified Einstein-Hilbert action. For example, replacing
the Ricci curvature R in the Einstein-Hilbert action by a gen-
eral function f (R) produces the so-called f (R) theories. For
extensive reviews on different modifications of gravity, we
refer to the works of Nojiri and Odintsov [12], Capozziello
and De Laurentis [13], Faraoni and Capozziello [14], Bamba
and Odintsov [15] and Nojiri et al. [16].

Brans–Dicke (BD) theory is a modification of gravity
which was formulated in order to incorporate the Mach’s
Principle in GR [17]. Mach’s principle simply demands that
the local motion of a particle must be affected by a large-scale
matter distribution. This can be violated in GR, for example in
the de-Sitter universe dominated by a cosmological constant
where matter is entirely negligible [18]. In BD theory, a scalar
field φ is included in the action which makes the gravitational
coupling a function of coordinates, rather than a constant. A
dimensionless parameter ω, called the BD parameter, gov-
erns the departure of the results obtained under weak field
approximation of the theory from that of general relativity. To
be consistent with the local astronomical tests, ω must have a
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very high value (ω > 500). It can be proved that in the limit
ω → ∞, φ reaches a constant value ∼ 1

ω
, making the field

equations of BD theory equivalent to the corresponding GR
equations [19]. Despite carrying this great advantage of giv-
ing back GR in some limit, it was eventually proved that the
infinite ω limit fails for a traceless stress-energy distribution,
by Banerjee and Sen [20] and Faraoni [21].

However, BD theory remains well regarded as the pro-
totype of a large class of theories of gravity called the
scalar-tensor theories, where a non-minimal coupling exists
between a scalar field and the curvature scalar. These theories
receive significant attention cosmologically as they can suc-
cessfully describe an early inflation of the universe [22]. BD
theory predicts a period of extended inflation to tackle the
graceful exit problem of the universe as described by Math-
iazhagan and Johri [23], La and Steinhardt [24]. Moreover,
the theory can successfully generate the late time acceler-
ated expansion as well, for suitable values of the parameter
ω without the need of any exotic matter field (see for instance,
Banerjee and Pavon [25]). Introduction of an additional self-
interaction potential of the BD scalar field forms a straight-
forward modification of the theory and is well-studied in lit-
erature, for example by Faraoni and Gunzig [26], Bertolami
and Martins [27]. Banerjee and Pavon proved that the theory
can produce a non-decelerated expansion in the presence of
an additional minimally coupled scalar field [28]. Sen and
Sen looked into the possibility of a late time acceleration in
BD theory for some specific choice of an additional poten-
tial term [29]. Das and Banerjee showed the possibility of
a late time accelerated expansion preceded by a decelerated
expansion in the domain of the theory, considering a non-
minimal coupling of matter sector and the BD scalar field
[30]. Cosmological solutions in BD theory were recently dis-
cussed by Jarv, Kuusk, Saal and Vilson for both Einstein and
Jordan frames [31]. Generalizing the theory by making ω a
function of the scalar field is another interesting possibility,
proposed by Bergmann [32], Wagoner [33] and Nordtvedt
[34]. Indeed, non-minimally coupled scalar-tensor theories
(for example, the works of Barker [35] and Schwinger [36])
become equivalent to a generalized BD theory for a suitable
choice of ω(φ). For a brief review on such modifications and
their cosmological motivations we refer to the work of Van
den Bergh [37]. For recent discussions on BD theory and
more generally, scalar tensor theories and their cosmological
implications we refer to the works of Fujii and Maeda [38],
Sotiriou [39].

In the present work, we focus on exact solutions in mod-
ified BD theory. The specific modified BD actions we study
has previously been studied in literature [28,30,40]. How-
ever, exact solutions have not really been considered. Exact
solutions are never guaranteed mainly due to the high degree
of non-linearity of the BD field equations, however, they
remain an interesting avenue of research carrying a pedagog-

ical importance. Taking a different approach from assuming
a cosmic expansion history at the outset, we incorporate a
purely mathematical property of general second order differ-
ential equations with variable coefficients that can be point
transformed into an integrable form. The property is derived
from the symmetry analysis of classical anharmonic oscil-
lator equations by Duarte, Moreira, Euler and Steeb [41];
generalized by Euler et al. [42] and thereafter expanded by
Euler [43] and Harko et al. [44]. The exact solutions extracted
using this property give accelerating cosmological solutions.
While some of the solutions give forever accelerating solu-
tions, some examples indeed show a signature flip of decel-
eration parameter in recent past, hinting that such models
can work well to model a late time acceleration. For relevant
models we perform a Markov Chain Monte Carlo (MCMC)
analysis using the supernova distance modulus data, observa-
tional measurements of Hubble parameter, baryon acoustic
oscillation data and the CMB Shift parameter data to study
the constraints on the model parameters. We reconstruct the
cosmological quantities for the best fit values of the model
parameters.

We consider two different modifications of the standard
BD action. The first modifiction involves a non-minimal cou-
pling of the matter sector with the BD scalar field. A similar
action finds it’s existence in the low energy limit of string
theory or the dilaton gravity. Under such a setup, the BD
scalar field behaves as a chameleon scalar field (for an idea
and some examples of chameleon fields and their relevance
in cosmology, we refer to the works of Khoury and Weltman
[45,46]; Mota and Barrow [47,48]; Das et al. [49]; Mota and
Shaw [50,51]). Clifton and Barrow [40] studied the cosmo-
logical solutions and their relevance for a similar setup of
BD theory. Das and Banerjee [30] studied accelerating solu-
tions in this setup assuming cosmic expansion history at the
outset and discussed the evolution of deceleration parameter
for different epochs. In the present work, instead of using
any apriori ansatz over the scale factor or the BD scalar
field, we solve the modified BD field equations for a general
power-law non-minimal coupling between matter and scalar
field. The second modification involves a minimally coupled
self-interacting scalar field serving as a quintessence matter
within the standard action of BD theory. A quintessence mat-
ter is added to enlarge the scope of the theory since this matter
field in known to describe accelerated expansion under the
scope of standard GR itself, confirmed by the observational
data from the luminosity-redshift relation of type Ia super-
novae [52–54]. Amongst many scalar field models consid-
ered as quintessence matter in literature, the model proposed
by Zlatev et al. [55,56] serves particular importance, where a
tracker field slowly rolls down the potential. The role of such
a scalar field in BD theory was studied by Banerjee and Pavon
[28] for some particular choices of the self-interaction poten-
tial. We study exact solutions for different self-interaction
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potentials, a simple power law and the other being a com-
bination of power law terms. For a self-interaction potential
of the form V (φ) ∼ φδ1 + φδ2 , the integrability property
of the scalar field equation produces some interesting exact
solutions hinting at a late-time accelerated expansion.

In Sect. 2, we briefly outline the mathematics of point
transformation and direct integration of a general anhar-
monic oscillator equation. In Sect. 3 we present exact solu-
tions describing a forever accelerationg cosmology for some
modifications of standard BD theory. Section 4 contains
exact solutions describing a late time acceleration of the uni-
verse for a quintessence plus BD scalar field setup. Solutions
present in Sect. 4 also closely resemble the observational data
as checked in Sect. 5 through parameter estimation by statisti-
cal analysis and the analysis of the evolution of cosmological
parameters. We conclude the manuscript in Sect. 6.

2 Integrability of anharmonic oscillator equations

An anharmonic oscillator can be written as a second order
differential equation having variable coefficients.

φ̈ + f1(t)φ̇ + f2(t)φ + f3(t)φ
n = 0. (1)

Here, f1, f2 and f3 are variable coefficients which are func-
tions of t and n is a constant. This equation can be written
in an integrable form by a pair of point transformations, if
and only if n /∈ {−3,−1, 0, 1}. Additionally, the coefficients
must satisfy the differential condition

1

(n + 3)

1

f3(t)

d2 f3
dt2 − (n + 4)

(n + 3)2

[
1

f3(t)

d f3
dt

]2

+ (n − 1)

(n + 3)2

[
1

f3(t)

d f3
dt

]
f1 (t)

+ 2

(n + 3)

d f1
dt

+ 2 (n + 1)

(n + 3)2 f 2
1 (t) = f2(t). (2)

The point transformations are to be defined as

Φ (T ) = Cφ (t) f
1

n+3
3 (t) e

2
n+3

∫ t f1(x)dx , (3)

T (φ, t) = C
1−n

2

∫ t

f
2

n+3
3 (ξ) e

(
1−n
n+3

) ∫ ξ f1(x)dxdξ, (4)

where C is a constant.
The scope of this approach in gravitational physics has

been studied only very recently, for example, in massive
scalar field collapse [57,58] and Scalar-Einstein-Gauss-
Bonnet gravity [59], cosmological reconstruction of modi-
fied theories of gravity [60,61].

3 Exact solutions and forever accelerating cosmologies

3.1 Brans Dicke scalar field as a chameleon (Model I )

In this section we work with a setup where the BD scalar
field φ is non-minimally coupled to the matter distribution
through an arbitrary function f (φ). The relevant action is
written as

A = 1

16π

∫ √−g

[
φR − ω

φ
φ,μφ,μ + Lm f (φ)

]
d4x, (5)

where ω is the Brans Dicke parameter. R is the standard
Ricci scalar and Lm defines the matter distribution which
we assume to be pressureless dust. One may note that for
f (φ) = 1, one gets back the usual BD action. We define
the metric for a homogeneous and isotropic, spatially flat
universe as

ds2 = dt2 − a2(t)
[
dr2 + r2dΩ2

]
, (6)

where a(t) is the scale factor of the universe. Variation of the
action with respect to the metric gives the field equations as,

3

(
ȧ

a

)2

= ρm f

φ
− 3

ȧ

a

φ̇

φ
+ ω

2

(
φ̇

φ

)2

, (7)

2
ä

a
+

(
ȧ

a

)2

= −ω

2

(
φ̇

φ

)2

− 2
ȧ

a

φ̇

φ
− φ̈

φ
. (8)

A dot denotes derivative with respect to cosmic time t .
ρm denotes density of the fluid distribution. The condition
for conservation of energy-momentum distribution for a dust
fluid can be written as

ρ̇m + 3
ȧ

a
ρm = −3

2

ḟ

f
. (9)

Varying the action with respect to the BD scalar field φ one
can also write

φ̈ + 3
ȧ

a
φ̇ = ρm

(2ω + 3)

[
f + d f

dφ
φ

]
. (10)

From Eq. (9) one arrives at the evolution of matter density
as a function of the scale factor, written as

ρm = ρ0

a3 f
3
2

, (11)

where, ρ0 is a constant of integration. One can note from
Eq. (11) that due to the presence of the non-minimal cou-
pling function f (φ), there is a departure from usual matter
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conservation equation. Equations (11) and (10) together pro-
duces the following differential equation as

φ̈ + 3
ȧ

a
φ̇ = ρ0

(2ω + 3)a3

[
f − 1

2 + d f

dφ
f − 3

2 φ

]
. (12)

We study the Eq. (12) for a power law coupling function,
i.e., f (φ) ∼ φδ . Under such an ansatz for f (φ) Eq. (12) falls
within the large class of equations that can be identified as
a classical anharmonic oscillator equation. These equations
can be point-transformed into an integrable form. We now
consider a power law coupling such that f (φ) can be written
as f (φ) = φm . With this the Eq. (12) can be written as

φ̈ + 3
ȧ

a
φ̇ − ρ0

a3

(
1 + m

2ω + 3

)
φ−m

2 = 0. (13)

We write n as −m
2 . Therefore,

φ̈ + 3
ȧ

a
φ̇ + ρ0

a3

(
2n − 1

2ω + 3

)
φn = 0. (14)

One may note that this equation indeed is a particular case
of anharmonic oscillator with the coefficients identified as,

f1 = 3
ȧ

a
, (15)

f2 = 0, (16)

f3 = ρ0

(
2n − 1

2ω + 3

)
1

a3 = D

a3 . (17)

Therefore one can transform the above equation into an
integrable form and integrate for the BD scalar field. More-
over, the integrability criterion (2) is expected to reduce into
a solvable equation of the cosmological scale factor. For the
analysis to stand, n can not be −3,−1, 0, 1. This implies
some restrictions over the choice of m as m �= 6, 2, 0,−2
i.e., f (φ) �= φ6, φ2, 1, φ−2. From Eq. (2), we find an exact
solution for the scale factor which goes as,

a(t) =
{

3(n + 2)

n + 3
λ(t − t0)

} (n+3)
3(n+2)

. (18)

From the expression of the scale factor (18) it is evident
that the nature of the exponent governs the evolution. Now
using the condition (3) we point transform the scalar field
evolution Eq. (12) and solve for the BD field. The solution
can also be written from (12) simply by using the solution
for scale factor as in (18) and is given by,

φ(t) = φ0

{
ρ0(2n − 1)

2ω + 3

} 1
1−n

(t − t0)
− (n+1)

(n+2)(n−1) . (19)

where, φ0 is to be determined from the consistency check of
the theorem. Amongst the Eqs. (7), (8), (9) and (10), only

Fig. 1 Plots of the Brans Dicke scalar field φ for Model I using dif-
ferent n. The top most figure shows the logarithmic variation of φ as a
function of z scaled with φ0. The graph in the middle shows the scaled
out variation of φ w.r.t. z at low redshifts. The lowermost graph gives
the variation of φ as a function of the Brans Dicke parameter, ω. In
the figure, n = 650: black, n = 750: black, dashed, n = 1000: black,
dotted

three are independent equations as the fourth can always be
derived using the Bianchi identity. Therefore an exact solu-
tion coming out from (9) and (10) is a consistent solution as
long as it satisfies any one of the field equations. From Eq.
(8) the consistency criterion can be written as

ω = −2(n + 2)2(1 − n)2

(n + 1)2

[
(n + 3)2

3(n + 2)2 − 2(n + 3)

3(n + 2)

+ 2(n + 3)(n + 1)

3(n + 2)2(1 − n)
+ (n + 1)2

(n + 2)2(1 − n)

− (n + 1)

(n + 2)(1 − n)

]
.
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For a numerical analysis, the value of ρ0 is obtained from
the relation of matter density parameter, Ωm0. We define
Ωm0 = 8πGρ0

3H0
2 , where we use the value of Ωm0 ≈ 0.3 [62]

and H0 = 72.8 km Mpc−1s−1 [63], being consistent with
recent observational data. The value of ω considered is nearly
60,000 for the results to be consistent with the local astro-
nomical tests. We choose a suitable value of n following Eq.
(20) such that this domain of ω is strictly maintained. Figure 1
shows the logarithmic variation of φ (top graph) as a function
of z scaled with φ0. The graph in the middle gives the varia-
tion of φ w.r.t. z at low redshifts. The lowermost graph gives
the variation of φ as a function of the Brans Dicke parameter
ω.

We note that the deceleration parameter for Model I is a

constant for all z, given by
(

2n+3
n+3

)
. Therefore, depending on

the respective n value we will get either a constant accelerat-
ing or decelerating universe. Thus, Model I becomes redun-
dant as far as present observational cosmology is concerned.
However, it still serves as a simple toy model based on sim-
ple power-law potential assumption, even more so because
the scale factors they produce are very simple. Moreover, a
power law evolution of scale factor a(t) ∼ tα may have more
interesting role in early universe cosmology.

3.2 Brans Dicke with a quintessence and simple power law
potential (Model I I )

In this section we study the standard BD action alongwith a
self-interacting scalar field playing the role of quintessence
matter. The corresponding action is given by,

S = 1

16π

∫ √−g

[
φR − ω

φ
φ,αφ,α + Lm

]
d4x . (20)

φ defines the BD Scalar Field, ω is the BD parameter and
R is the Ricci scalar. Lm is the matter distribution and in the
present case, is defined by a combination of a perfect fluid and
a spatially homogeneous scalar field ψ with a self-interaction
potential.

The field equations, where the metric is given by Eq. (6)
are,

3

(
ȧ

a

)2

= ρm + ρψ

φ
− 3

ȧ

a

φ̇

φ
+ ω

2

(
φ̇

φ

)2

, (21)

2
ä

a
+

(
ȧ

a

)2

= − pm + pψ

φ
− ω

2

(
φ̇

φ

)2

− 2
ȧ

a

φ̇

φ
− φ̈

φ
.

(22)

ρm and pm denotes the density and the pressure for matter
sector. ρψ and pψ denotes the density and pressure for the
quintessence field. They are written as a function of ψ as

ρψ = ψ̇2

2
+ V (ψ) , (23)

pψ = ψ̇2

2
− V (ψ) . (24)

V = V (ψ) defines the self-interaction potential for the
quintessence scalar field. Varying the action with respect to
the scalar field ψ one gets the wave equation corresponding
to the scalar field ψ as,

ψ̈ + 3
ȧ

a
ψ̇ + dV

dψ
= 0. (25)

Moreover, varying the action with respect to the BD scalar
field, one gets the wave equation corresponding to φ as

φ̈ + 3
ȧ

a
φ̇ = 1

(2ω + 3)

[
(ρm − 3pm) + (

ρψ − 3pψ

)]
. (26)

The matter conservation equation for the fluid gives

ρ̇m + 3
ȧ

a
(ρm + pm) = 0. (27)

It is not unphysical to assume that in the current era pm can
be put to zero, since the universe is dominantly filled with
cold matter. Thus the matter conservation equation gives

ρm = ρ0

a3 , (28)

where ρ0 is a constant of integration. We note here that the
evolution equation (25) for ψ is a simple case of classi-
cal anharmonic oscillator for suitable choices of the self-
interaction potentials, as is evident from the form of Eq. (1).
Therefore we intend to extract as much information as possi-
ble from the above set of equations by virtue of the integrabil-
ity analysis. Eq. (25) will provide us with the exact solution
for the scale factor and the quintessence field ψ for which
the equation will be integrable. These solutions will in turn
be used to determine ρm from Eq. (28). Finally, using the
solutions for a(t), ψ(t) and ρ(t) in Eq. (26), we expect to
have an idea of the time evolution of the BD scalar field φ. In
the following sections, we study the system of equations for
some relevant self-interaction potentials of the quintessence
scalar field.

The first example taken is for a self-interaction potential
power law in ψ , given by

V (ψ) = ψn+1

n + 1
. (29)

Therefore the evolution equation for the quintessence Eq.
(25) becomes

ψ̈ + 3
ȧ

a
ψ̇ + ψn = 0. (30)
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Fig. 2 Plot of the quintessence scalar fieldψ with redshift for Model I I
using different values of n. In the figure, n = −0.01: black, n = −0.2:
black, dashed, n = −0.5: black, dotted

Fig. 3 BD scalar field for model I I as a function of redshift using
different values of n. In the figure, n = −0.01: black, n = −0.2: black,
dashed, n = −0.5: black, dotted

Straightaway, this can be identified as a simple case
of anharmonic oscillator equation. Following the detailed
method as in Sect. 2, the solutions for a(t) and ψ(t) can
be written as

a(t) = β (t − t0)
(n+3)
3(n+1) , (31)

ψ(t) = ξ(t − t0)
2

(1−n) . (32)

provided n /∈ {−3,−1, 0, 1}. ξ can be evaluated from a
consistency check, written as (Fig. 2)

ξ =
[

2(n + 3)

3(n2 − 1)
− 2(n + 1)

(n − 1)2

] 1
(n−1)

. (33)

From the expression of the scale factor (31) we note that
for flat cosmology one must have n > 0, whereas a negative
n very close to zero gives open cosmologies. For −1 < n <

0, a late-time acceleration can be realized. Using the exact
solutions, and the expression of density (using Eq. (31) in
Eq. (28)) one gets a second order differential equation for
the BD scalar field φ(t) as,

φ̈ + (n + 3)

(n + 1)

φ̇

(t − t0)
− 1

(2ω + 3)

[
ρ0

(
β(t − t0)

)− (n+3)
(n+1)

+ 4ξn

(1 + n)
(t − t0)

2 (1+n)
(1−n)

− 4ξ2

(1 − n)2 (t − t0)
2 (1+n)

(1−n)

]
= 0. (34)

Equation (34) is solved numerically to study the evolution
of φ. The evolution as a function of redshift z is shown in
Fig. 3, for different values of n. The value of ρ0 is obtained
from the relation of matter density parameter, Ωm0 just as in
case for model I . The BD parameter ω is considered to be
60,000 to meet the requirement of local astronomical tests.

We note that the value of the deceleration parameter for

Model I I is a constant for all z. For Model I I it is
(

2n
n+3

)
.

So, depending on the respective n value we will get either a
constant accelerating or decelerating universe. Thus, Model
I I become redundant as far as present observational cos-
mology is concerned. However, it can serve as a simple toy
model based on simple power-law potential assumptions,
even more so because the scale factors they produce are
very simple. Moreover, a power law evolution of scale factor
a(t) ∼ tα may have more interesting role in early universe
cosmology.

4 Exact solutions and late time accelerating cosmologies

4.1 Brans Dicke with a quintessence and Higgs potential
(Model I I I )

The Higgs interaction potential is defined as

V (ψ) = V0 + 1

2
μ2ψ2 + 1

4
λ0ψ

4, (35)

which is basically a combination of two simple power law
self-interaction terms, one a quadratic and another a quartic in
φ. This serves an additional purpose as it expands the scope of
the integrability analysis. A quadratic potential straightaway
does not fall within the scope of the theorem as for a simple
φn term in the equation, n /∈ {−3,−1, 0, 1}. For the Higgs
potential, Eq. (25) becomes

ψ̈ + 3
ȧ

a
ψ̇ + μ2ψ + λ0ψ

3 = 0, (36)

Analyzing the equation in a similar fashion as in Sect. 2,
we find the exact solution for the scale factor as

a(t) =
(

1

2μ2 e
√

2μt − λ0e
−√

2μt
) 1

2

. (37)
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Fig. 4 Plot of the quintessence scalar field ψ with redshift for Model
I I I

We note that the general solution of scale factor for a

ΛCDM cosmology goes as a(t) ∼ (
Aeαt + Be−αt

) 2
3 where

A, B, and α are independent constants. This may somewhat
resemble equation Eq. (37) except for the exponent value
being 1

2 instead of 2
3 and that we have two independent param-

eters λ0 and μ instead of three.
The general solution for ψ(t) in this case can be written

in terms of Gauss Hypergeometric function as follows

ψ(t) = ψ0

1
a(t)∫ 1
a(t) dt

= ψ0
μ

√
2

√
1 − e2

√
2μt

2μ2λ0
2F1

(
1
4 , 1

2 ; 5
4 ; e2

√
2μt

2μ2λ0

) (38)

The solution for ψ is non-trivial to work with without
any further simplification. As we are interested in a late time
cosmological dynaimics, we note that in the limit t → ∞,
a hypergeometric function can be written as a simple series
expansion. Morepver, for large t the term containing e

√
2μt

dominates over the term of e−√
2μt in the expression of scale

factor as in Eq. (37). Thus, we can write,

a(t) 	 1√
2μ

e
μt√

2 (39)

ψ(t) 	 D1 exp (−D2t) (40)

where,

D1 = 2ψ0

λ1λ3

(
1

2λ3
2μ2

) 1
4 ;

D2 = √
2 − 1/

√
2 = 1√

2
;

λ1 =
Γ

(
5
4

)
Γ (1)

;

λ3 = Γ
(− 1

2

)
Γ ( 3

4 )
.

Using the approximate solution for ψ in Eq. (26) one gets
a differential equation for the BD Scalar field φ which is
solved numerically. The solution of the BD scalar field φ,
scaled with φ0 is plotted as a function of redshift in Fig. 5.
The value of BD parameter ω is again taken to be 60,000.
Moreover, the evolution of the quintessence scalar field ψ

with redshift is plotted in Fig. 4.
The nonminimally coupled scalar field theories allow for

a variation of the strength of the gravitational interaction as
well. As 1

φ
behaves as the effective Newtonian gravitational

constant G [19], one can write,

Ġ

G
= − φ̇

φ
= + k

H
where, k ≤ 1

∣∣∣∣ ĠG
∣∣∣∣
z=0

≡
∣∣∣∣ φ̇φ

∣∣∣∣
z=0

= k

H0
≤ 10−10 per year. (41)

The values of model parameters have been taken from
Table 1. The initial conditions for solving the second order
differential equation of φ for the Models I I and I I I are
chosen obeying the constraint on G according to Eq. (41).

Comparing Figs. 5 and 4 we comment that at present epoch
z ∼ 0 the BD scalar field φ almost becomes a constant,
while the quintessence scalar field ψ has a sharp increasing
behavior. At an early epoch z � 0 this behavior simply
reverses. One can interpret that within the domain of early
universe cosmology, the BD scalar field plays a much more
dominating role over the quintessence field. During present
epoch, the role reverses and the quintessence field dominates
the accelerated expansion. However, detailed comments on
such aspects require further analysis and shall be addressed
elsewhere.

Using the solutions as in Eq. (39) one can rewrite ψ and
ψ̇ as,

ψ = D1e
− t√

2 = C[a(t)]−μ, (42)

ψ̇ = − D1√
2
e
− t√

2 = − ψ√
2
. (43)

Thus, the expression for quintessence energy density ρψ

becomes

ρψ = V0 + 2μ2 + 1

4
ψ2 + λ0

4
ψ4. (44)

In BD theory the scalar field is proportional to inverse of
the Gravitational constant. Therefore one can write

φ = φ0[a(t)]ε such that φ̇ = εHφ. (45)

Using Eqs. (42), (44) and (45) in the Friedmann equation
(21), we get the expression for reduced Hubble parameter as,
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Table 1 The parameter values
and the associated 1σ

uncertainty of the parameters of
Model I I I , obtained from the
analysis with different
combinations of the data sets

h0 λ0 μ

OHD + J L A 0.720+0.011
−0.010 0.089+0.004

−0.004 −1.429+0.014
+0.014

J L A + BAO 0.720+0.010
−0.010 0.034+0.003

−0.002 −1.481+0.012
−0.012

OHD + J L A + BAO 0.720+0.010
−0.010 0.065+0.003

−0.003 −1.496+0.013
−0.012

OHD + J L A + BAO + CMB 0.719+0.010
−0.009 0.042+0.003

−0.003 −1.517+0.012
−0.011

Fig. 5 Plot of the Brans Dicke scalar field φ as a function of redshift
for Model I I I , scaled with φ0

h2 =
Ωm0a−(3+ε) + V0

3H2
0 φ0

a−ε + E1a−(2μ+ε) + E2a−(4μ+ε)

[
1 − ω

6 ε2 + ε
]

(46)

where,

E1 = C2(2μ2 + 1)

12H2
0 φ0

E2 = C4λ0

12H2
0 φ0

.

Figure 5 depicts that in a late time scenario, φ behaves
as a constant (φ0), which implies ε can be considered 0 in
present epoch. So, the modified expression for the reduced
Hubble parameter becomes,

h2 = Ωm0a
−3 + V0

3H2
0 φ0

+ E1a
−2μ + E2a

−4μ. (47)

Using the constraint equation such that, in the present
epoch at z = 0, a = a0 = 1, h = 1, we are finally left
with,

h2 = Ωm0a
−3 + E1a

−2μ + E2a
−4μ + (1−Ωm0 − E1 − E2)

(48)

Note that, if μ is chosen as unity, Eq. (48) exactly mimics
a ΛCDM model where, the constraint term V0

3H2
0 φ0

behaves

as Cosmological constant.

4.2 Brans Dicke with a quintessence and a general
combination of power law potentials (Model I V )

We also present an example where the self-interaction poten-
tial of the quintessence scalar field is a simple combination of
power functions ∼ ψ2 +ψδ , not restricting δ to 4 only. Sim-
ilar to the higgs potential, this allows us to observe the role
of a quadratic term in the potential. Moreover, this allows
one more parameter in the solutions, which is the expo-
nent, allowing wider variety of solutions and possibilities.
The potential can be written as

V (ψ) = 1

2
ψ2 + ψ(n+1)

(n + 1)
, (49)

using which one can write the scalar field evolution Eq.
(25) as

ψ̈ + 3
ȧ

a
ψ̇ + ψ + ψn = 0. (50)

On a comparison, this gives a class of the general oscillator
Eq. (1) for different n. Using the aforementioned method
of integrability we arrive at the evolution equation for scale
factor a(t) and quintessence field ψ(t) written as

a(t) =
[
δ0 cosh

√
(n + 1)

2
{t + 6 (3 + n) δ}

] (n+3)
3(n+1)

, (51)

ψ(t) = −2n
√

1 − y(t)y(t)

3
√

(1 + n)z(t)
,

y(t) = cosh
[√

2(1 + n) {t + 6(3 + n)}
]
,

z(t) = 2 F1

[
1

2
,

n

3(n + 1)
;
(

3 + 4n

3 + 3n

)
; z1(t)

]
,

z1(t) =
{

cosh

(√
1 + n

2
(t + 6(3 + n)δ1)

)}2

. (52)

Carrying out a similar treatent as in Sect. 3.1 one may find
that the qualitative behavior of the Quintessence scalar field
ψ and the BD scalar field φ are similar to that of Model I I I ,
apart from some scaling.
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5 Comparison with observational data for the late time
accelerating cosmologies

5.1 Parameter estimation

The Models in Sect. 3, i.e., models in I I I and I V , involving
a combination of two potential functions, gives the deceler-
ation parameter as a function of redshift, which might show
a possibility for signature flip in the expression of q. There-
fore, it is prescribed to estimate the model parameters and
study the evolution of the different cosmological quantities
extensively for Model I I I and I V . In this section, we esti-
mate the model parameters and study the confidence contours
on the parameter space, the marginalized likelihood func-
tion using four different data sets; the Supernova distance
modulus data (SNe), observational measurements of Hubble
parameter (OHD), Baryon Acoustic Oscillation (BAO) data
and the Cosmic Microwave Background (CMB) data.

We first write the cosmological quantities in a dimension-
less way from the expression of scale factor a(t) and it’s
time derivatives, using the redshift as the argument instead
of cosmic time t . Redshift z is a dimensionless observational
quantity defined as,

(1 + z) = a0

a(t)
, (53)

a0 being the present value of the scale factor. The Hubble
parameter H(t) = ȧ

a can also be written as a function of the
redshift z as

H(z) = − 1

(1 + z)

dz

dt
. (54)

We can estimate the Hubble parameter from Eqs. (37)
and (51) by rewriting it as a perfect square term. Using the
method of substitution and writing down the exponential term
as functions of redshift, we get the parametric expression for
the Hubble parameter as

H(z)I I I = H0

√
λ0(1 + z)4 + μ2

2

H(z)I V =
√

(n + 3)2

18(n + 1)

(
1 − H2

0 (1 + z)
6(n+1)
n+3

)
+ H2

0 (1 + z)
6(n+1)
n+3

where we scale the present value of Hubble parameter, H0

by 100 km Mpc−1 s−1 and represent it in a dimensionless
form as h0. Thus, the reduced Hubble parameter becomes,

h(z) = H(z)

H0
= H(z)

100 × h0
. (55)

We note that the contribution of the Higgs field towards
the total energy density of the Universe resembles a radiation
dominated Universe in the early epoch.

For parameter estimation, we use the distance modulus mea-
surements of type Ia supernova from the Joint Light-Curve
Analysis following the work of Betoule et al. [64], who stud-
ied cosmological constraints from the SN-Ia observations of
SDSS-II and SNLS collaborations. We incorporate the esti-
mation of the Hubble parameter as a function of redshift
[65–70], alongwith the measurement of Hubble parameter
from Lyman-α forest at redshift z = 2.34 by Delubac et al.
[71] and measurement of H0 from Planck [62]. For BAO
data, three independent measurements of rs (zd )

Dv(zBAO )
are used.

rs(zd) gives the sound horizon at photon drag epoch (zd ) and
Dv is the dilation scale at the redshift of BAO measurement.
Three measurements are for three different values of redshift,
for instance, from 6dF Galaxy Survey at z = 0.106 [72],
from Baryon Oscillation Spectroscopic Survey (BOSS) at
z = 0.32 (BOSS LOWZ) and at z = 0.57 (BOSS CMASS)
[73]. The BAO measurements have been scaled by the acous-
tic scale (lA) estimated from Planck [62]. The CMB shift
parameter is related to the position of the first acoustic peak
in power spectrum of the temperature anisotropy of the CMB
radiation. Value of the parameter is estimated from the CMB
data along with some assumption about the model of back-
ground cosmology, as estimated from Planck data [62].

Uncertainty of the parameters are estimated by ‘Markov
Chain Monte Carlo’ (MCMC) method with the assumption of
a uniform prior distribution. In the present analysis, we have
adopted a Python implementation of the ensemble sampler
for MCMC, the ‘emcee’, introduced by Foreman-Mackey
et al. [74].
Figure 6 shows the confidence contours on the parameter
space and the marginalized likelihood function of Model I I I
and I V obtained from the combined analysis with differ-
ent datasets. It clearly depicts that, the parameters h0 and
λ0 for Model I I I have a positive correlation between them-
selves. The best-fit values of the model parameters have been
estimated for both cases, and the associated 1σ uncertainty,
obtained for different combinations of the data sets in case of
Model I I I and I V are represented in Tables 1 and 2 respec-
tively.

5.2 Evolution of cosmological parameters

Depending on the best fit choice of model parameters, the
functional form of the cosmological quantities can be plotted
as a function of redshift. Figures 7 and 8 show that the plots of
H(z) for the reconstructed models I I I and I V are consistent
with the observational data in the low redshift regime. As the
value of z increases (z > 1.0) a discrepancy arises between
the theoretical and observational results. Note that the best fit
value for Hubble parameter at present epoch, i.e, H0 is close
to the result obtained by Riess et al. [63].

The kinematic quantities related to the expansion of our
universe play a vital role in cosmology. They basically are
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Fig. 6 i Confidence contours on the parameter space and the marginal-
ized likelihood function of Model I I I , obtained from the combined
analysis of OHD + JLA + BAO + CMB are shown on the figure on top.
The associated 1σ , 2σ confidence contours are shown. ii Confidence
contours on the parameter space and the marginalized likelihood func-
tion of Model I V , obtained from the combined analysis of OHD + JLA
+ BAO + CMB are shown on the figure below. The associated 1σ , 2σ

confidence contours are shown

Table 2 The parameter values and the associated 1σ uncertainty of
the parameters of Model I V , obtained from the analysis with different
combinations of the data sets

h0 n

OHD + J L A 0.719+0.009
−0.010 0.264+0.021

−0.020

J L A + BAO 0.720+0.010
−0.010 0.565+0.017

−0.017

OHD + J L A + BAO 0.719+0.009
−0.010 0.380+0.009

−0.009

OHD + J L A + BAO + CMB 0.719+0.009
−0.009 0.326+0.008

−0.008

Fig. 7 Plot of the reconstructed Hubble parameter H(z) for Model
I I I , Higgs Potential. The best fit values and the associated 1σ , 2σ

confidence regions are obtained from the combined analysis

Fig. 8 Plots of the reconstructed Hubble parameter H(z) for Model
I V , general combination of power law potential. The best fit values
and the associated 1σ , 2σ confidence regions are obtained from the
combined analysis. Hubble parameter plots using different values of n
for Model I V are also shown
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Fig. 9 The deceleration parameter q(z) plot for Model I I I using the
best fit values and the associated 1σ , 2σ confidence regions from the
combined analysis

connected to the second and third order derivatives of the
scale factor. For instance, the deceleration parameter is writ-
ten as,

q = − ä

aH2(t)
≡ −1 + 1

2
(1 + z)

[H2(z)]′
H2(z)

. (56)

The jerk parameter can be written as

j = −
...
a

aH3(t)
≡ 1 − (1 + z)

[H2(z)]′

H2(z)

+1

2
(1 + z)2 [H2(z)]′′

H2(z)
. (57)

The effective equation of state parameter we f f , repre-
sented by a ratio of the total pressure contribution to the total
energy density in our universe, can be written as a function
of z as

we f f (z) = −1 + 2

3
(z + 1)

H ′(z)
H(z)

. (58)

Figure 9 shows that for Model I I I , there is a transition in
the signature of q(z) from a decelerated phase to an accel-
erated phase of expansion. Moreover, the transition redshift
zt < 1 is consistent with direct observational results [75,76].
Thus, it can be said that the Higgs’ interaction potential model
is consistent with the observed evolution of q(z). But in case
of Model I V no such transition behavior could be seen. So,
Model I V is inconsistent with the observed evolution of q,
and hence can be ruled out. This situation probably arises
because of the fact that in Model I V the coefficients for
combined potential functions is considered as unity, which
hints towards a uncompensated reduction in the necessary
model parameters.

The deceleration parameter is expected to show a non-
trivial evolution with respect to redshift as recent observa-

Fig. 10 The jerk parameter j (z) plot for Model I I I using the best fit
values and the associated 1σ , 2σ confidence regions from the combined
analysis

tional cosmology suggests. Therefore it is very important to
investigate the next order derivative of the scale factor or
the jerk parameter, whose value is unity for ΛCDM model.
Model I I I shows a non-trivial evolution of jerk parame-
ter as a function of redshift, shown in Fig. 10. The present
value of jerk parameter obtained from Model I I I remain
in between 0.9 and 1.3 at 1σ level, well in agreement with
the requirement of observational evidences. This also con-
firms the recent prediction that jerk parameter is in general
expected to be in close proximity with the corresponding
ΛCDM value [77].

The graph on the top of Fig. 11 shows the evolution of we f f

for Model I I I . At the present epoch, z = 0, we f f is around
−1 but slightly greater. While this may indicate a ‘phantom’
nature, it also strongly indicates a ΛCDM behavior depend-
ing on different model parameter values. With increase in z,
we f f gradually rises and becomes a constant at ∼ 0.3 which
resembles a radiation dominated universe at high redshift
(bottom graph of Fig. 11).

In Table 3, we compare different values cosmographical
parameters for the Brans–Dicke + Higgs (Model I I I ) setup
with corresponding values of the parameters from ΛCDM
and observations.

6 Conclusion

It can not be denied that Brans-Dicke theory might have
renounced it’s original appeal a little bit as long as it can not
reproduce GR at some limit of the BD parameter ω. However,
this does not diminish the stature of the theory as a proto-
type of scalar-tensor theories of gravity. Moreover, the theory
has the elegance of describing both the inflationary universe
and the present accelerated expansion of the universe with-
out any need of dissipative processes or an exotic fluid. One
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Fig. 11 Plots for the effective equation of state of Model I I I using
different ranges of redshift. The best fit, 1σ and 2σ confidence regions,
obtained in the combined analysis are shown

Table 3 Comparison of the cosmographical parameters

H0 q0 j0

Higgs 72.34 −0.79 1.16

ΛCDM 70.46 −0.61 1.0

Observed 69.8 ± 1.9 [78] −0.60 ± 0.2 [62]

often considers generalizations or modifications of the the-
ory in a hope of tackling the shortcomings and making it a
‘better’ theory of gravity.

The present work deals with accelerating solutions in
modifed BD theory. Keeping in mind the non-linearity of the
system of field equations, a mathematical method of treating
an anharmonic oscillator equation system is incorporated.
The BD scalar field evolution equation is treated with an
Euler–Duarte–Moreira method of integration. The advantage
of this method is that, it helps one to solve the system of equa-
tions without any apriori assumption on the scale factor or the
scalar field from the cosmic history, but rather, the restriction
over the choice of the functions come from a purely mathe-
matical property.

The solutions for three different models are discussed.
For model I I I , a parameter estimation is carried out and the

confidence contours on the parameter space are studied using
four data sets, namely, SNe, OHD, BAO and the CMB data.
The cosmological quantities, for instance the effective equa-
tion of state parameter ωe f f , the deceleration and the jerk
parameters are plotted as a function of redshift for the best
fit choices of the model parameters. For Model I I I the evo-
lution of ωe f f closely resembles a ΛCDM behavior around
z ∼ 0 and a matter dominated universe at high redshift.
Model I I I also shows a transition in the signature of q(z)
and the transition redshift is consistent with direct observa-
tional results. Models I and I I has zero value of the jerk
parameter whereas Model I I I shows a non-trivial evolution
of j (z) with the present value of jerk parameter remaining
in between 0.9 and 1.3 in the present epoch. We can there-
fore note that the Brans Dicke with quintessence or a ‘BDQ’
setup with a Higgs interaction potential case is well consis-
tent with the observed evolution of cosmological quantities,
as compared to the other significant options. A general com-
bination of power functions of the quintessence field is also
considered as potential. In such a case, the scale factor is
seen to describe an accelerated expansion. For some choices
of the potential, the hubble parameter also follows closely
the observational data-points. However, not all combinations
produce a result consistent with observational prediction as
they fail to describe the signature flip in the evolution of
deceleration parameter.

The simplification of the BD field equations and a subse-
quent extraction of an exact solution is extremely non-trivial.
This difficulty is often by-passed by studying simplified sys-
tems who do not fail to describe the physics involved. In that
sense, the present work also presents some special cases, as
the solutions come under a specific assumption over the inte-
grabilty of one particular equation only. However, the cosmo-
logical solutions found through the present method seem to
describe the accelerated expansion of the universe quite well,
at least for some specific cases. The solutions are simple and
easy to work with for further allied investigations. Moreover,
the simplicity provides one with the opportunity to study the
evolution of the BD scalar field in a general manner.

It must also be mentioned that the issue regarding the
value of BD parameter ω remains to be solved such that the
theory can solve cosmological requirements along with sat-
isfying the lower limit on the BD parameter, imposed by the
solar system experiments. To conclude we note that different
single or multiple scalar field models remain extremely pop-
ular even in the present context candidates to fill in for the
fluid responsible for the late-time acceleration. However, it
is always better to have a complete mathematical theory pro-
viding a unified description of the whole expansion history
of the universe, from an early inflationary epoch to a late
time cosmic acceleration, and beyond. It was quite exten-
sively discussed by Elizalde et al. [79] that given a certain
universe expansion history, one can reconstruct a wide class
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of minimally or non-minimally coupled scalar field theories
presenting a number of explicit examples which show a uni-
fied description of the inflationary era and a late-time cosmic
acceleration epoch. While the models discussed in the present
work do not describe a unified cosmic history in that sense,
it shows potential in producing interesting exact solutions
describing atleast some patches of our universe, namely the
late-time era. Some simple power law solutions also have
the potential to describe early inflation of the universe. Some
modification of the starting action of our models may solve
these problems, for instance, considering ω a function of φ

which gives a Nordtvedt type theory [34]. We note therefore,
in conclusion that the application of the anharmonic oscil-
lator treatment for a varying ω theory is perhaps the next
prescribed step. This may produce novel solutions under the
scope of the theory bridging an early inflation, a decelerat-
ing radiation and a late time accelerated expansion without
violating the astronomical constraints.

Acknowledgements The authors thank Prof. Narayan Banerjee (DPS,
IISER Kolkata) and Prof. Sayan Kar (CTS, IIT Kharagpur) for important
feedbacks. SC was supported by the National Post-Doctoral Fellowship
(file number : PDF/2017/000750) from the Science and Engineering
Research Board (SERB), Government of India.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: The datasets
generated during and/or analyzed during the current study are available
from the corresponding author on reasonable request.]

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.
Funded by SCOAP3.

References

1. A. Einstein, Sitzungsber Preuss (Akad. Wiss., Berlin, 1915). (p.
844)

2. C.M. Will, Living Rev. Relativ. 9, 3 (2005)
3. R. Eötvös et al., Ann. Phys. 68, 11 (1922)
4. A. Michelson, E. Morley, Am. J. Sci. 34, 333 (1887)
5. A. Brillet, J. Hall, Phys. Rev. Lett. 42, 54 (1979)
6. B. Abbott et al., Phys. Rev. Lett. 166, 6 (2016)
7. S. Weinberg, Rev. Mod. Phys. 61, 1 (1989)
8. B. Ratra, P.J.E. Peebles, Phys. Rev. D 37, 3406 (1988)
9. A.W. Brookfield, C. van de Bruck, D.F. Mota, D. Tocchini-

Valentini, Phys. Rev. Lett. 96, 061301 (2006)
10. J.M. Overduin, F.I. Cooperstock, Phys. Rev. D 58, 043506 (1998)
11. M.C. Bento, O. Bertolami, A.A. Sen, Phys. Rev. D 66, 043507

(2002)
12. S. Nojiri, S.D. Odintsov, Phys. Rep. 505, 59 (2011)
13. S. Capozziello, M. De Laurentis, Phys. Rep. 509, 167 (2011)
14. V. Faraoni, S. Capozziello, Fundam. Theor. Phys. 59, 170 (2010)
15. K. Bamba, S.D. Odintsov, Symmetry 7, 220 (2015)
16. S. Nojiri, S.D. Odintsov, V.K. Oikonomou, Phys. Rep.692, 1 (2017)

17. C. Brans, R.H. Dicke, Phys. Rev. 124, 3 (1961)
18. C. Misner, K. Thorne, J. Wheeler, Gravitation (W. H. Freeman and

Company, San Francisco, 1973)
19. S. Weinberg,Gravitation and Cosmology (Wiley, New York, 1972)
20. N. Banerjee, S. Sen, Phys. Rev. D 56, 1334 (1997)
21. V. Faraoni, Phys. Rev. D 59, 084021 (1999)
22. A. Guth, Phys. Rev. D 23, 347 (1981)
23. C. Mathiazhagan, V.B. Johri, Class. Quantum Gravity 1, L29

(1984)
24. D. La, P.J. Steinhardt, Phys. Rev. Lett. 62, 376 (1989)
25. N. Banerjee, D. Pavon, Phys. Rev. D 63, 043504 (2001)
26. V. Faraoni, E. Gunzig, Int. J. Theor. Phys. 38, 217 (1999)
27. O. Bertolami, P.J. Martins, Phys. Rev. D 61, 064007 (2000)
28. N. Banerjee, D. Pavon, Class. Quantum Gravity 18, 593 (2001)
29. S. Sen, A.A. Sen, Phys. Rev. D 63, 124006 (2001)
30. S. Das, N. Banerjee, Phys. Rev. D 78, 043512 (2008)
31. L. Jarv, P. Kuusk, M. Saal, O. Vilson, Phys. Rev. D 91, 024041

(2015)
32. P.G. Bergmann, Int. J. Theor. Phys. 1, 25 (1968)
33. R.V. Wagoner, Phys. Rev. D 1, 3209 (1970)
34. K. Nordtvedt Jr., Astrophys. J. 161, 1059 (1970)
35. B.M. Barker, Astrophys. J. 219, 5 (1978)
36. J. Schwinger, Particles, Sources and Fields (Addison-Wesley,

Reading, 1970)
37. N. Van den Bergh, Gen. Relativ. Gravity 14, 17 (1982)
38. Y. Fujii, K. Maeda, The Scalar-Tensor Theories of Gravitation

(Cambridge University Press, Cambridge, 2004)
39. T. Sotiriou, Gravity and Scalar Fields, Based on a Lecture Given

at the Seventh Aegean Summer School “Beyond Einsteins Theory
of Gravity” (2014). arXiv:1404.2955v1 [gr-qc]

40. T. Clifton, J.D. Barrow, Phys. Rev. D 73, 104022 (2006)
41. L.G.S. Duarte, I.C. Moreira, N. Euler, W.H. Steeb, Phys. Scr. 43,

449 (1991)
42. N. Euler, W.H. Steeb, K. Cyrus, J. Phys. A Math. Gen. 22, L195

(1989)
43. N. Euler, J. Nonlinear Math. Phys. 4, 310 (1997)
44. T. Harko, F.S.N. Lobo, M.K. Mak, J. Pure Appl. Math. Adv. Appl.

10(1), 115 (2013)
45. J. Khoury, A. Weltman, Phys. Rev. Lett. 93, 171104 (2004)
46. J. Khoury, A. Weltman, Phys. Rev. D 69, 044026 (2004)
47. D.F. Mota, J.D. Barrow, Mon. Not. R. Astron. Soc. 349, 291 (2004)
48. D.F. Mota, J.D. Barrow, Phys. Lett. B 581, 141 (2004)
49. S. Das, P.S. Corasaniti, J. Khoury, Phys. Rev. D 73, 083509 (2006)
50. D.F. Mota, D.J. Shaw, Phys. Rev. D 75, 063501 (2007)
51. D.F. Mota, D.J. Shaw, Phys. Rev. Lett. 97, 151102 (2006)
52. S. Perlmutter et al., Astrophys. J. 517, 565 (1999)
53. A.G. Riess et al., Astron. J. 116, 1009 (1998)
54. P.M. Garnavich et al., Astrophys. J. 509, 74 (1998)
55. I. Zlatev, L. Wang, P.J. Steinhardt, Phys. Rev. Lett. 82, 896 (1999)
56. P.J. Steinhardt, L. Wang, I. Zlatev, Phys. Rev. D 59, 123504 (1999)
57. S. Chakrabarti, N. Banerjee, Eur. Phys. J. C 77, 166 (2017)
58. N. Banerjee, S. Chakrabarti, Phys. Rev. D 95, 024015 (2017)
59. S. Chakrabarti, Eur. Phys. J. C 78, 296 (2018)
60. S. Chakrabarti, J.L. Said, G. Farrugia, Eur. Phys. J. C 77, 815 (2017)
61. S. Chakrabarti, K. Bamba, J.L. Said. arXiv:1809.04955v1 [gr-qc]
62. Planck collaboration, P.A.R. Ade et al., Astron. Astrophys. 571,

A16 (2014)
63. A.G. Riess et al., Astrophys. J. 855, 136 (2018)
64. M. Betoule et al., Astron. Astrophys. 568, A22 (2014)
65. J. Simon, L. Verde, R. Jimenez, Phys. Rev. D 71, 123001 (2005)
66. D. Stern, R. Jimenez, L. Verde, M. Kamionkowski, S.A. Stanford,

J. Cosmol. Astropart. Phys. 02, 008 (2010)
67. C.-H. Chuang, Y. Wang, Mon. Not. R. Astron. Soc. 435, 255 (2013)
68. M. Moresco, L. Verde, L. Pozzetti, R. Jimenez, A. Cimatti, J. Cos-

mol. Astropart. Phys. 07, 053 (2012)
69. C. Blake et al., Mon. Not. R. Astron. Soc. 425, 405 (2012)

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1404.2955v1
http://arxiv.org/abs/1809.04955v1


681 Page 14 of 14 Eur. Phys. J. C (2019) 79 :681

70. C. Zhang, H. Zhang, S. Yuan, T.J. Zhang, Y.C. Sun, Res. Astron.
Astrophys. 14, 1221 (2014)

71. T. Delubac et al., Astron. Astrophys. 574, A59 (2015)
72. F. Beutler et al., Mon. Not. R. Astron. Soc. 416, 3017 (2011)
73. BOSS collaboration: L. Anderson et al., Mon. Not. R. Astron. Soc.

441, 24 (2012)
74. D. Foreman-Mackey, D.W. Hogg, D. Lang, J. Goodman, Publ.

Astron. Soc. Pac. 125, 306 (2013)

75. A.G. Riess et al., Astrophys. J. 607, 665 (2004)
76. O. Farooq, B. Ratra, Astrophys. J. 766, L7 (2013)
77. A. Mukherjee, Mon. Not. R. Astron. Soc. 460, 273 (2016)
78. W.L. Freedman et al., (2019). arXiv:1907.05922 [astro-ph.CO]
79. E. Elizalde, S. Nojiri, S.D. Odintsov, D. Sáez-ómez, V. Faraoni,

Phys. Rev. D 77, 106005 (2008)

123

http://arxiv.org/abs/1907.05922

	Exact solutions and accelerating universe in modified Brans–Dicke theories
	Abstract 
	1 Introduction
	2 Integrability of anharmonic oscillator equations
	3 Exact solutions and forever accelerating cosmologies
	3.1 Brans Dicke scalar field as a chameleon (Model I)
	3.2 Brans Dicke with a quintessence and simple power law potential (Model II)

	4 Exact solutions and late time accelerating cosmologies
	4.1 Brans Dicke with a quintessence and Higgs potential (Model III)
	4.2 Brans Dicke with a quintessence and a general combination of power law potentials (Model IV)

	5 Comparison with observational data for the late time accelerating cosmologies
	5.1 Parameter estimation
	5.2 Evolution of cosmological parameters

	6 Conclusion
	Acknowledgements
	References




