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Abstract The tunneling behavior of fermions with half-
integral spin from a higher dimensional charged anti-de Sitter
(AdS) black hole in de Rham, Gabadadze and Tolley (dRGT)
massive gravity is investigated via a modified Hamilton–
Jacobi equation. The results demonstrate that the modified
thermodynamic quantities not only are related to the proper-
ties of the higher dimensional charged AdS black hole in
dRGT massive gravity but also depend on the parameter
β, the coupling constant σ and the mass of emitted parti-
cles m. In addition, the modified Hawking temperature is
higher than the original temperature; hence, the effect of
MDR can significantly enhance the evolution of the black
hole. Besides, our results can be verified using the modified
Stefan–Boltzmann law.

1 Introduction

Based on the classical viewpoint, black holes were once
thought to only absorb objects [1]. However, this changed
after Hawking proved that black holes can radiate particles.
In the theory of black hole radiation (which we now call it
“Hawking radiation theory”), Hawking introduced the quan-
tum mechanism into gravity theory of curved spacetime and
demonstrated that black holes can emit particles [2,3]. This
theory profoundly reveals the connection among quantum
theory, gravitation theory, thermodynamics, and statistical
physics. One can calculate the temperature of black holes
using the Hawking radiation. Currently, the theory of Hawk-
ing radiation is considered the most important tool for inves-
tigating the thermodynamic properties of black holes.

Apart from the original research method of studying the
radiation of black holes, many new methods have been pro-
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posed in the past 40 years [4–10]. In Refs. [6,7], Kraus,
Parikh and Wilczek pointed out that the black hole radia-
tion process can be considered as the quantum tunneling.
Therefore, regarding the horizons as the tunneling barrier,
one can easily obtain the tunneling rate of the emitted parti-
cles and the thermodynamic properties of black holes. Sub-
sequently, Srinivasan and Padmanabhan developed the tun-
neling method and put forward the Hamilton–Jacobi ansatz,
which substantially simplifies the research process and pro-
motes the understanding of black holes [8]. Then, Kerner and
Mann used the Hamilton–Jacobi ansatz to discuss fermion
tunneling from spherically symmetric black holes [9,10]. In
Refs. [11,12], Yang et al. successfully derived the Hamilton–
Jacobi equation from the Klein–Gordon equation, the Dirac
equation, and the Maxwell equations. According to their
works, the Hamilton–Jacobi ansatz can be used to describe
the tunneling behavior of particles with spin on the hori-
zons of black holes. Hence, the Hamilton–Jacobi ansatz is an
effective approach for studying Hawking radiation. Using the
Hamilton–Jacobi ansatz, extensive investigations of many
types of black holes have been conducted [13–22].

However, the classical theory of Hawking radiation has
some defects [23]. It has been found that the radiation
that is derived from classical theory corresponds to a pure
thermal state; hence, the black hole would emit all infor-
mation at the end of evaporation, which would leads to
the “information loss paradox”. In addition, the singulari-
ties of spacetimes would be exposed to the universe since
the horizons would disappear. For resolving this paradox,
many methods have been proposed. In recent years, many
works have claimed that there is a minimum measurable
length in nature [24–26]. In Refs. [27,28], Amelino-Camelia
showed that the standard energy-momentum dispersion rela-
tion must be changed to the modified dispersion relation
(MDR) nears the minimum measurable length. Based on the
MDR, researchers have developed a new approach for over-
coming the problems of the classical theory of Hawking radi-
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ation. In Refs. [29–37], the authors studied the modified ther-
modynamic properties of black holes via the MDR; accord-
ing to their results, the MRD has significant effect on the
evolution of black holes, namely, it prevents black holes
from total evaporation and leads to remnants. Meanwhile,
it is believed that the MDR can modify the equation of
motion of particles on the event horizon of black holes.
In Refs. [38,39], by using the MDR p2

0 = p2 + m2 −
(�p p0)

2βp2, which appears in space-time foam Liouville-
string models, Kruglov obtained a modified Dirac equation
by fixing β = 1, that is, [γ μ∂μ + m − i�p(γ̄ t∂t )(γ̄

i∂i )]ψ =
0. Subsequently, when assessing β = 1, Yang and his
collaborators proposed another modified Dirac equation,
namely, [γ μDμ + m/h̄−σ h̄(γ t Dt )(γ j D j )]Ψ = 0 and a
new modified Klein–Gordon equation, that is, (−∂2

t + ∂2
j+

m2 − σ 2h̄2∂2
t ∂2

j ) = 0, where σ is a very small parameter
[40,41]. Furthermore, all of those works claimed that the
effect of MDR can be detected by higher energy experiments.

Most of the works have been limited to the study of the
tunneling behavior of particles with spin 0 or 1/2. However, it
should be noted that the black holes radiate particles of both
integral spin (0, 1, · · · ) and half-integral spin (1/2, 3/2, · · · ).
Therefore, in this paper, we discuss the modified tunneling
behavior of fermions with half-integral spin. First, we derive
the modified Hamilton–Jacobi equation from the Rarita–
Schwinger equation in curved spacetime. Then, we study the
fermion tunneling from a D-dimensional charged AdS black
hole in dRGT massive gravity via the modified Hamilton–
Jacobi equation. Finally, the correction for the Hawking tem-
perature of the D-dimensional charged AdS black hole in
dRGT massive gravity is obtained.

The remainder of this paper is organized as follows: In
Sect. 2, according to a modified Dirac equation and the
WKB approximation, we derive the modified Hamilton–
Jacobi equation from the Rarita–Schwinger equation. In
Sect. 3, by using the modified Hamilton–Jacobi equation,
the modified tunneling rate of a fermion with half-integral
spin and the correction for the Hawking temperature of a D-
dimensional charged AdS black hole in dRGT massive grav-
ity are obtained. The conclusions of this work are presented
in Sect. 4.

2 Modified Hamilton–Jacobi equation for fermions
with half-integral spin

In this section, we derive the modified Hamilton–Jacobi
equation from the Rarita–Schwinger equation. In Ref. [42],
the Rarita–Schwinger equation is as follows:

(
γ̄ μ∂μ + m

h̄

)
ψα1···αk = 0. (1)

The above equation is used to describe the kinematics of
fermions with half-integral spin in Minkowski spactime,
which satisfies the supplementary conditions γ̄ μψμα2···αk =
∂μψ

μ
α2···ακ = ψ

μ
μα3···ακ = 0, which satisfy the commuta-

tion relation γ μγ υ + γ υγ μ = 2gμυ I . The role of the sup-
plementary conditions is restrict the spin of fermions, for
instance, if ψα1···ακ = ψ , that is, κ = 0, the supplementary
conditions vanish, and Eq. (1) becomes the Dirac equation,
which describes the spin-1/2 fermion. However, if κ = 1,
term ψ

μ
μα3···ακ vanishes and Eq. (1) reduces to the kinematics

equation for fermions with spin 3/2 [42].
The spacetimes around the black holes are extremely

curved. Therefore, in order to investigate the tunneling
behavior of fermions on the event horizon of a black hole,
one must generalize the Rarita–Schwinger equation to curved
spacetime. In Refs. [40,41], the Rarita–Schwinger equation
in curved spacetime is given by

(
γ μDμ + m

h̄

)
ψα1···ακ = 0. (2)

Notably, the covariant derivative Dμ in Eq. (2) is defined as
Dμ ≡ ∂μ +Ωμ + ieAμ/h̄ with the spin connection in curved
spacetime Ωμ.

To obtain the modified corrected Hamilton–Jacobi equa-
tion for fermions with half-integral spin, we need to construct
a deformed Rarita–Schwinger equation in curved spacetime
by developing the viewpoints in Refs. [38–41,43]

[
γ μDμ + m

h̄
− σ h̄β

(√
gttDt

)β−1
(γ tDt )(γ

jD j )

]

· ψα1···ακ = 0, (3)

where parameter β is a key characteristic of the magnitude
of the effect of MDR, the value of which influences the
modified results, and σ is an extremely small coupling con-

stant, which leads to the correction term σ h̄β
(√

gttDt

)β−1

(γ tDt )(γ
jD j ) being very small. According to Eq. (3), the

wave function ψα1···ακ of a fermion with half-integral spin
can be expressed as follows:

ψα1···ακ = ξα1···ακ exp(i S/h̄), (4)

where ξα1···ακ and S are matrices and the action of the
fermion, respectively [29,43–57]. The angular
momentum parameters and the radiation energy parameters
of radiation particles are denoted as ∂ϕS = j and ∂t S = −ω,
respectively. Now, substituting Eq. (4) into Eq. (3), and ignor-
ing the higher order term O (h̄), yields
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{
iγ μ(∂μS + eAμ) + m − σ

[√
gtt (−iω + ieAt )

]β−1

·γ t (ω − eAt ) γ j (∂ j S + eA j )

}
ξα1···ακ = 0. (5)

By considering the relation γ μ(∂μS + eAμ) =
−γ t (ω − eAt ) + γ j (∂ j S + eA j ), the equation above can
be rewritten as

Γ μ(∂μS + eAμ)ξα1···ακ

+
[
m + σ(gtt )

β+1
2 (−iω + ieAt )

β+1
]
ξα1···ακ = 0, (6)

where Γ μ = γ μ − σ(gtt )
β−1

2 (−iω + ieAt )
β γ tγ μ. Multi-

plying Γ υ (∂υ S + eAυ) by Eq. (6), the results is

Γ μΓ υΔξα1···ακ +
[
m + σ(gtt )

β+1
2 (−iω + ieAt )

β+1
]2

· ξα1···ακ = 0, (7)

whereΓ μΓ υ = γ μγ υ−2σ(gtt )
β−1

2 (−iω + ieAt )
β gtμγ υ+

O(σ 2) and Δ = (∂μS + eAμ)(∂υ S + eAυ). Next, the sub-
scripts μ and υ are interchanged. Then, adding the result with
Eq. (7), and multiplying it by 1/2 [41], one yields

{
γ υγ μ + γ μγ υ

2
Δ − σ(gtt )

β−1
2 (−iω + ieAt )

β

· (gμtγ υ + gυtγ μ)Δ +
[
m + σ(gtt )

β+1
2 (−iω + ieAt )

β+1
]2

+O(σ 2)

}
ξα1···ακ =

{
gμυΔ + m2 + 2σm(gtt )

β+1
2

· (−iω + ieAt )
β+1 − 2σ(gtt )

β−1
2 (−iω + ieAt )

β gυtγ μΔ

+O(σ 2)

}
ξα1···ακ = 0. (8)

Moreover, by using the anti-commutation relations of gamma
matrices, Eq. (8) can be simplified as follows:

iσγ μ(∂μS + eAμ)ξα1···ακ + Mξα1···ακ = 0, (9)

where

M = gμυΔ + m2 + 2σm(gtt )
β+1

2 (−iω + ieAt )
β+1

−2i(gtt )
β−1

2 (−iω + ieAt )
β gυt (∂υ S + eAυ)

.

(10)

Next, by multiplying the left side of Eq. (9) by −iσγ υ (∂υ S
+eAυ), then, interchanging the subscripts μ and υ, adding
the result with Eq. (9) and dividing by 2, the final result is
obtained:

[
gμυΔ + m2 + 2σm(gtt )

β+1
2 (−iω + ieAt )

β+1

−2i(gtt )
β−1

2 (−iω + ieAt )
β gυt (∂υ S + eAυ)

]2

+ σ 2gμυ(∂μS + eAμ) (∂υ S + eAυ) = 0. (11)

Here, the higher order terms, which are denoted as O(σ 2)

are ignored since they are very small, and one obtains

gμυ(∂μS + eAμ)(∂υ S + eAυ)

+ m2 + 2σm(gtt )
β+1

2 (−iω + ieAt )
β+1 = 0. (12)

Obviously, Eq. (12) is the modified Hamilton–Jacobi equa-
tion for fermions with half-integral spin that was derived from
the Rarita–Schwinger equation in curved spacetime. Accord-
ing to previous work, the Hamilton–Jacobi equation can be
derived not only from the Rarita–Schwinger equation or the
Dirac equation but also from the Klein–Gordon equation,
the Maxwell equations, and the gravitational wave equation,
among others. Therefore, the Hamilton–Jacobi equation can
be used to describe the kinematic properties of particles with
any spin. In the next section, we use modified Hamilton–
Jacobi equation to investigate fermion tunneling from the
D-dimensional charged AdS black hole in dRGT massive
gravity.

3 Fermion tunneling from the D-dimensional charged
AdS black hole in dRGT massive gravity

In this section, the tunneling behavior of fermions on the
horizon of a D-dimensional charged AdS black hole in dRGT
massive gravity is calculated. In higher dimensional dRGT
massive gravity, the action with a negative cosmological con-
stant and a Maxwell field can be expressed as

I = 1

16

∫
dDx

√−g

·
[
R − 2Λ − 1

4
FμνF

μν + m2
n∑
i

ciUi (g, f )

]
, (13)

where n ≤ D− 2. The parameters R, ci and f are the scalar
curvature, a series of constants and a fixed rank-2 symmet-
ric tensor, respectively. Fμν is the Maxwell field strength,
which satisfies the relationship Fμν = ∂μAν − ∂ν Aμ. The
last four terms of the above equation represent the massive
potential [58–64]. Meanwhile, when considering the higher
dimensional massive gravity is ghost free, the symmetric
polynomials of the eigenvalues Ui of the D × D matrix
(Kμ

ν ≡ √
gμα fαν )are [65–67]

U1 = [K] ,

U2 = [K]2 − [K2] ,
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U3 = [K]3 − 3 [K]
[K2] + 2

[K3] ,

U4 = [K]4 − 6
[K2] [K]2 + 8

[K3] [K] + 3
[K2]2 − 6

[K4] ,

U5 = 1

60
[K]5 − 1

6
[K]3 [K2] + 1

3
[K]2 [K3] − 1

3

[K2]

· [K3] + 1

4
[K]

[K2]2 − 1

2
[K]

[K4] + 2

3

[
K5

]
,

U6 = 1

360
[K]6 − 1

24
[K]4 [K2] + 1

9
[K]3 [K3] − 1

4
[K]2 [K4]

+ 1

8
[K]

[K2]2 − 1

24

[K2]3 + 1

9

[K3]2 − 1

3

[K3] [K2]

· [K] + 1

4

[K4] [K2] + 2

5

[
K5

]
[K] − 1

3

[K6] ,

U7 = 1

2520
[K]7 − 1

240
[K]5 [K2] + 1

72
[K]4 [K3]

− 1

24
[K]3 [K4] + 1

48
[K]3[K2]2 − 1

12
[K]2 [K2]

· [K3] + 1

10
[K]2

[
K5

]
− 1

48

[K2]3
[K] + 1

24

[K2]

·
[
K5

]
+ 1

18

[K3]2
[K] − 1

12

[K3] [K4]

+ 1

8

[K6] [K] + 1

7

[K7] ,

· · · · · ·, (14)

where K is the matrix square root, namely (
√
A)

μ
ν (

√
A)νλ =

Aμ
λ , and the rectangular brackets denote the traces, namely,

[K] = Kμ
ν and

[Kn
] = (Kn)

μ
ν [68]. Based on the action,

which is expressed as Eq. (13), the line element of a D-
dimensional charged AdS black hole in dRGT massive grav-
ity is expressed as

ds2 = − f (r) dt2 + f (r)−1 dr2 + r2dΩ2
D−2, (15)

where dΩ2
D−2 = hi jdxidx j represents the line element

of a (D − 2)-dimensional space with constant curvature
(D − 2) (D − 3) k, in which k denotes the spatial curva-
ture constant. When k = 0, the horizon hypersurface of
spacetime is flat. If the spatial curvature constant takes the
value k = 1, the geometric property of black hole hori-
zon hypersurface has positive curvature, whereas it has neg-
ative curvature if k = −1. Considering reference metric
fμν = diag(0, 0, c2

0hi j ) and using the notation dk = D − k,
the metric function f (r) can be expressed as follows:

f (r) = k + c2
0c2m

2 + r2

l2
+ c0c1m2

d2
r − 16πM

d2VD−2r D−3

+ d3c3
0c3m2

r
+ d3d4c4

0c4m2

r2 + d3d4d5c5
0c5m2

r2

+ d3d4d5d6c6
0c6m2

r2 + d3d4d5d6d7c7
0c7m2

r2

+ q2

2d2d3r2d3
+ · · · , (16)

where VD−2 is the volume of space that is spanned by coordi-
nates xi , M is the mass of the black hole [59], and l represents
the AdS radius. The electric field in a D-dimensional charged
AdS black hole in dRGT massive gravity is Ftr = 1/rd2 and
the electromagnetic potential becomes At = −q/(d3rd3).
Constant c0 satisfies c0 > 0 and terms c3m2 and c4m2 van-
ish if D < 5 and D < 6, respectively. Term c7m2 only
appears if D ≥ 9; hence, for convenience, we only consider
n = 7 and D ≥ 9 in this paper [69–71]. Based the geo-
metric properties of the D-dimensional charged AdS black
hole in dRGT massive gravity, its event horizon is located at
f (r)|r=rH = 0. Moreover, one can obtain the line element

of the D-dimensional Schwarzschild AdS black hole solu-
tion when m → 0 and q = 0. Based on the ghost-free dRGT
theory and Eq. (14), the form of f (r) in the above equation
includes additional graviton terms, which rarely appear in
previous works. Therefore, according to Eq. (14), one may
obtain more physical information about higher dimensional
nonlinear massive gravity.

Now, substituting the inverse tensors of the D-dimensional
charged AdS black hole in dRGT massive gravity gμν into
Eq. (12), the modified Hamilton–Jacobi equation can be
rewritten as follows

− f (r)−1
[
∂S

∂t
− eq

(D − 3) r (D−3)

]2

+ f (r)

(
∂S

∂r

)2

+ r−2

(
∂S

∂Ω2
D−2

)2

+ 2σm f (r)
β+1

2

[
−iω + i

eq

(D − 3) r (D−3)

]β+1

+ m2 = 0. (17)

Considering the geometric properties of Eq. (15), the action
can be represented as S = −ωt+W (r)+Θ (ΩD−2). Hence,
the radial part of Eq. (17) is

− f (r)−1
[
ω + eq

(D − 3) r (D−3)

]2

+ f (r)

[
∂W (r)

∂r

]2

+ m2

+ 2σm f (r)
β+1

2

[
−iω + i

eq

(D − 3) r (D−3)

]β+1

+ λ0 = 0, (18)

and the nonradial part of the modified Hamilton–Jacobi
equation becomes

r−2

(
∂Θ

∂Ω2
D−2

)2

− λ0 = 0, (19)
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where λ0 is a separation constant. For a spherically symmet-
ric black hole, the nonradial part of the modified Hamilton–
Jacobi equation does not correspond to the tunneling rate of
the emitted particles; hence, here, we only consider Eq. (18).
It should be noted that the result of Eq. (18) depends on
the value of β. Therefore, the MDR effect has an impor-
tant influence on the tunneling behavior of fermions; similar
conclusions can be found in Refs. [38–40]. Hence, different
values of β lead to different tunneling rates. However, for
convenience, we set β = 1, which leads to the integral func-
tion

W± = ±
∫

dr

f (r)

·
√

(1 − 2σm) (ω − eAt )
2 − f (r)

(
m2 + λ0

)
, (20)

where +(−) represent the outgoing (incoming) solutions,
respectively. The solution to the above integral on the event
horizon is

W± = ± iπ
(1 − mσ)

f ′ (rH )
(ω − ω0) , (21)

where ω0 = −(eq)/[(D − 3) r D−3
H ]. Based on the tunneling

theory of black holes, the tunneling rate of fermions with
half-integral spin at the event horizon is given by

Γ = exp

[
− 2

h̄
(ImW+ − ImW−)

]

= exp

[
−4π

h̄

(1 − mσ) (ω − ω0)

f ′ (rH )

]
. (22)

Since Eq. (22) is similar to the Boltzmann formula, the
modified Hawking temperature of the D-dimensional charged
AdS black hole in dRGT massive gravity becomes

TH = h̄

4πrH
Ξ (1 + mσ) = T0 (1 + mσ) , (23)

with

Ξ = d3k + d1r2
H

l2
− q2

2d3r
2d3
H

+ c0c1m
2rH + d3c2c

2
0m

2

+ d3d4c3c3
0m

2

rH
+ d3d4d5c4c4

0m
2

r2
H

+ d3d4d5d6c5c5
0m

2

r2
H

+ d3d4d5d6d7c6c6
0m

2

r2
H

+ d3d4d5d6d7d8c7c7
0m

2

r2
H

+ · · · .

(24)

Besides, according to Ref. [68], we express the mass of the
D-dimensional charged AdS black hole in dRGT massive
gravity in terms of the event horizon as follows

M =d2VD−2r
d3
H

16π

[
k + r2

H

l2
+ q2

2d2d3r
2d2
H

+ c0c2m
2

+ c0c1m2rH
d2

+ d3c3
0c3m2

rH
+ d3d4c4

0c4m2

r2
H

+ d3d4d5c5
0c5m2

r2
H

+ d3d4d5d6c6
0c6m2

r2
H

+d3d4d5d6d7c7
0c7m2

r2
H

+ · · ·
]

. (25)

In Eq. (23), TH is the modified Hawking temperature of the
D-dimensional charged AdS black hole in dRGT massive
gravity, whereas T0 is the original temperature.

Furthermore, by using Eq. (23) and the first law of black
hole thermodynamics, namely, dS = (dM − ΩHdJ−ΦdQ)

/T with the electromagnetic potential ΩH and rotating
potential Φ, the modified entropy of the D-dimensional
charged AdS black hole in dRGT massive gravity is expressed
as

SH =
∫

dM − ΦdQ

(1 + σm) T0

= S0 − mσ

∫
dS0 + O(σ 2), (26)

where S0 = VD−2r
D−2
H /4 is the original entropy of the D-

dimensional charged AdS black hole in dRGT massive grav-
ity. It is clear that both modified Hawking temperature TH
and entropy SH not only are related to the properties of the D-
dimensional charged AdS black hole in dRGT massive grav-
ity but also depend on the coupling constant σ and the mass of
the emitted particles m. Our results more accurately describe
the thermodynamic properties of charged AdS spacetime in
dRGT gravity since the graviton terms are included. How-
ever, if σ = 0, those modifications reduce to T0 and S0.

According to Eq. (25), the modified Hawking temperature
is higher than the original temperature. Therefore, the effect
of MDR can substantially enhance the evolution of the black
hole. Hence, according to our result, MDR can accelerate
the emission of particles from black holes. The emission rate
of black holes is described by the Stefan–Boltzmann law.
Therefore, it is interesting to study the effect of MDR on the
Stefan–Boltzmann law, which is expressed as follows:

dE

dt
= �S AT

4, (27)

where E is the total energy of the black hole, �S is the Stefan–
Boltzmann constant, and A and T represent the area and
temperature of the black hole, respectively. Now, by inserting
Eq. (25) into Eq. (27), the Stefan–Boltzmann law can be
rewritten as
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(
dE

dt

)
modified

= σS AT
4
0 (1 + mσ)4

=
(
dE

dt

)
original

(1 + mσ)4 , (28)

where (dE/dt)original is the original Stefan–Boltzmann law.
According to Eq. (28), the modified emission rate is higher
than the original rate, which accords with a previous analysis
of the Hawking temperature. The above results are obtained
under the assumption β = 1; if once β takes another value,
the final result will change accordingly.

4 Discussion and conclusions

In this paper, according to the MDR effect and the Rarita–
Schwinger equation, we constructed a deformed Hamilton–
Jacobi equation in curved spacetime, which can be used
to describe the kinetic characteristics of fermions with
half-integral spin. Subsequently, the tunneling behavior of
fermions with half-integral spin from a higher-dimensional
AdS black hole in dRGT massive gravity is investigated via
this modified Hamilton–Jacobi equation. It is found that if
we fix β = 1, the modified thermodynamic quantities not
only are related to the properties of spacetime of the higher
dimensional charged AdS black hole in dRGT massive grav-
ity but also depend on the coupling constant σ and the mass
of the emitted particles m. Meanwhile, we calculated the
modified emission rate by using Stefan–Boltzmann’s law.
Our results demonstrate that the modified values are higher
than the original values; hence, the effect of MDR can sub-
stantially enhance the evolution of the black hole. Notably,
based on ghost-free dRGT theory, the graviton terms, namely,
Ui can be extended to higher dimensions, which leads to the
form of f (r) in Eq. (16), which differs from those in previous
works. Therefore, one may obtain more physical information
about higher dimensional nonlinear massive gravity via our
results. In addition, this work demonstrates that the effect of
MDR has a substantial influence on the deformed Hamilton–
Jacobi equation: the modified tunneling rate of fermions, the
Hawking temperature, the entropy and the Stefan–Boltzmann
law depend on the value of parameter β. It is believed that
interesting and meaningful results can be obtained from this
finding, which we will discuss in detail in future works.
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