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Abstract In this paper, we study the thermodynamics
and geothermodynamics of spherical black hole solutions
in dRGT massive gravity in a new extended phase space.
Inspire by the work of Kastor et al. (Class Quantum Grav-
ity 26:195011, 2009), by interpreting the graviton mass as
a thermodynamical variable, we propose a first law of ther-
modynamics which include a mass term and establish a new
Smarr Formula. Then, we perform a thermodynamical anal-
ysis to reveal the existence of a critical behavior for black
holes in dRGT massive gravity with two different critical
points through canonical and grand canonical ensembles. To
consolidate these results, we make use of the thermodynam-
ical geometry formalism, with the HPEM and the Gibbs free
energy metrics, to derive the singularities of Ricci scalar cur-
vatures and show that they coincide with those of the capac-
ities. The effect of different values of the spacetime parame-
ters on the stability conditions is also discussed.
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1 Introduction

In Einstein’ theory of general relativity, the graviton is a
massless particle. One might raise the natural and legitimate
question of whether a self-consistent gravity theory with mas-
sive graviton is achievable. A massive gravity came into exis-
tence as a straightforward modification of the general rela-
tivity by considering consistent interaction terms that can be
interpreted as a graviton mass.

Massive gravity theories have become increasingly popu-
lar in the current literature. The first construction of a linear
theory of massive gravity with a ghost-free theory of non-
interacting massive gravitons goes back to Fierz and Pauli’
work (FP) [2]. By adding interaction terms in the linearized
level of general relativity, FP showed that the mass term
must be of the form m2

g(h
2 − hμνhμν). Unfortunately, the

theory of Fierz and Pauli suffered from a discontinuity prob-
lem in the zero mass limit and which prevent recovery of
the general relativity results at the low energy scales. This is
called van Dam–Veltman–Zakharov (vDVZ) discontinuity
[3,4].

In addition, a ghost propagating degree of freedom,
dubbed Boulware–Deser ghost (BD) [5,6], shows up at the
nonlinear level in a generic FP theory. This issue has been
resolved recently by de Rham, Gabadadze and Tolley in the
framework of dRGT massive gravity [7], who found a two-
parameter family of nonlinear theories free from the BD
ghost order-by-order and to all orders, at least in the decou-
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pling limit. Then, de Rham et al. proposed a candidate theory
of massive gravity free of BD ghost [8]. The latter is auto-
matically ghost free to all orders in the decoupling limit with
the Hamiltonian constraint maintained at least up to quartic
order away from the decoupling limit. Later, a generaliza-
tion to a ghost free non-linear massive gravity action for all
orders was proposed in [9]. Until now, a four-dimensional
black hole solution with a Ricci flat horizon has been con-
structed in [10]. The exact spherical black hole solution in de
dRGT massive gravity used in this paper has been obtained
in [11].

The graviton mass in massive gravity naturally generates
the cosmological constant and the global monopole term.
Hence such theory can provide the solution for describing
our universe which is currently expanding with acceleration
without introducing any dark energy or cosmological con-
stant [12,13]. Current experimental observations put con-
straints on the mass of the graviton mg , particularly from the
recent detection of gravitational waves by advanced LIGO,
which provided an upper limit : mg < 1.2 × 10−22 eV/c2

[13].
Recently, the study of phase transitions of black holes in

asymptotically Anti de-Sitter spacetime has aroused growing
interest [14–17] since these transitions have been related with
holographic superconductivity in the context of the AdS/CFT
correspondence [18–22]. In this respect, many attempts have
been made to establish relationship between the thermody-
namic phase transitions and quasinormal modes of black
holes [23–25]. The phase transitions are usually signaled by
the existence of discontinuities of a state space variable, via
either the analysis of the heat capacity [16] or by using the
geothermodynamics approaches [26–30] proposed by Rup-
peiner [31], Quevedo [32], HPEM [33] or by Liu–Lu–Luo–
Shao [28].

Hence, our aim in this paper is to analyze the extended
phase structure and investigate the critical behavior of both
neutral and charged black holes in dRGT massive gravity by
using the geometrical studies.

This paper is organized as follows: In the next section,
we present a brief review of the thermodynamics of dRGT
massive gravity black holes. In Sect. 3, by considering the
graviton mass as a thermodynamic variable, we explore the
critical behavior and the phase structure for neutral black
holes, either in the canonical ensemble by fixing the gravi-
ton mass and in the grand canonical ensemble where the
graviton potential is a constant. In Sect. 4, we extend the
analyses of Sect. 3 to the charged black holes. In Sect. 5,
we investigate the criticality from the geothermodynami-
cal point of view with the HPEM and the Gibbs free
energy metrics. The last section is devoted to our conclu-
sion.

2 Massive gravity background and thermodynamics

2.1 General background

The massive gravity model considered in this paper can be
described by the following action [8,34]

S = 1

2κ

∫
d4x

√−g[R + m2
gU(g, φ2)], (1)

the first term is the scalar curvature and U is an interac-
tion mass term corresponding to the massive graviton. The
latter modifies the gravitational sector with the introduction
the parameter mg interpreted as graviton mass. The effective
potential U in four-dimensional spacetime is given by,

U = U2 + α3U3 + α4U4, (2)

where α3 and α4 are dimensionless free parameters of the
theory. We can write the interaction in terms of the tensor
Kμ

ν defined as;

Kμ
ν = δμ

ν −
√

fab∂μφa∂νφb. (3)

Here the square root is understood as
(√A

)μ

σ

(√A
)σ

ν
=

Aμ
ν , while fab is a reference metric (fixed symmetric tensor)

and

U2 ≡ [K]2 − [K2], (4)

U3 ≡ [K]3 − 3[K][K2] + 2[K3], (5)

U4 ≡ [K]4 − 6[K]2[K2] + 8[K][K3] + 3[K2]2 − 6[K4],
(6)

[K] denotes the traces, [K] = Tr(K) = Kμ
μ and [Kn] =

(Kn)
μ
μ. The four scalar fields φa are the Stückelberg scalar

fields introduced to restore general covariance of the theory.
Following the convention of [11], we introduce the new

variable α and β as

α3 = α − 1

3
, α4 = β

4
+ 1 − α

12
. (7)

By considering the reference metric fab =
(

0, 0, c2,

c2 sin2 θ
)

[35], the static and spherically symmetric black

hole solution of Eq. (1) reads as [11],

ds2 = − f (r)dt2 + dr2

f (r)
+ r2d�2, (8)

here, the radial function f (r) reads as,

f (r) = 1 − 2M

r
+ Q2

r2 − �

3
r2 + γ r + ζ, (9)
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with

� = −3m2
g (1 + α + β) , (10a)

γ = −cm2
g (1 + 2α + 3β) , (10b)

ζ = c2m2
g (α + 3β) , (10c)

where c is an arbitrary parameter, M an integration constant
related to the mass of the black hole. We have not considered
an AdS or dS space in the problem, but the graviton mass mg

produces an identifiable term with a nonzero cosmological
constant (1 + α + β �= 0). In this study we consider AdS
space, where we impose the condition α + β + 1 > 0. We
note that at the limit α = −1 and β = 1/3, we recover a
similar of RN-AdS black hole where −m2

g play the role of
the cosmological constant.

2.2 First law and Smarr formula

Kastor et al. have interpreted � as a thermodynamic vari-
able and defined thermodynamically conjugate variable as
the thermodynamic volume [1]. Here, we extend this idea
by treating the graviton’s mass as a thermodynamic vari-
able while its conjugate is identified with the graviton poten-
tial. Then, we perform a study of the thermodynamics and
geothermodynamics of the neutral and charged black hole in
dRGT massive gravity background.

The event horizon rh of the black hole is determined by
the equation f (r)|r=rh = 0. Then, according to Eq. (9), the
mass of the black hole can be expressed as:

M = 3Q2 − �r4
h + 3r2

h (ζ + γ rh + 1)

6rh
. (11)

The black hole entropy may be determined from the
Bekenstein–Hawking formula [36,37]

S = πr2
h , (12)

therefore, by using Eqs. (10) and (11), the mass of the black
hole is re-written as a function of mg and S,

M = Sm2
g(πc

2α′ − √
πc

√
Sβ ′ + Sγ ′) + π

(
πQ2 + S

)
2π3/2

√
S

.

(13)

Here, to simplify the expressions, we use the notations:

α′ = α + 3β,

β ′ = 1 + 2α + 3β,

γ ′ = 1 + α + β.

The temperature reads as,

T = ∂M

∂S

∣∣∣∣
mg,Q

= Sm2
g(πc

2α′ − 2
√

πc
√
Sβ ′ + 3Sγ ′) + π

(
S − πQ2

)
4π3/2S3/2 ,

(14)

which is precisely the Hawking temperature of the black
hole.1

Note here that, one recovers the temperature of RN black
holes in the massless limit mg = 0. Moreover, one can
also derive the static electric potential � associated with the
charge of the black hole as well as the graviton potential μ

conjugate to the graviton mass as,

� = ∂M

∂Q

∣∣∣∣
S,mg

= √
πQS− 1

2 , (15)

μ =
√
Smg(πc2α′ − √

πc
√
Sβ ′ + Sγ ′)

π3/2 . (16)

From Eq. (16), we see clearly that the graviton potential μ is
not sensitive to the charge of the black hole.

To ensure the Smarr relation, we use the recipe suggested
in [38] and assume that α′ and β ′ as variables,

M = 2T S + Q� − μmg + 2μα′α′ + μβ ′β ′, (17)

where μα′ and μβ ′ are the conjugate quantities of α′ and
β ′ respectively.2 For the similar RN-AdS BH (α = −1 and
β = 1/3) we get the formula [39],

M = 2T S + Q� − 2PV,

where � is identified with a negative pressure P = − �
8π

=
m2

g
8π

and V = ∂M
∂P = 4

3πr3
h its thermodynamical conjugate.

3 Thermodynamic behaviour of neutral black holes

In this section, we study the thermodynamic phase transi-
tions by considering the black hole either as a closed system
(canonical ensemble), or as an open system (grand canonical
ensemble).

1 T = κ
2π

= f ′(r)
4π

∣∣∣
r=rh

= Sm2
g(πc

2α′−2
√

πc
√
Sβ ′+3Sγ ′)+π

(
S−πQ2)

4π3/2S3/2 [see

S.G. Ghosh, S.D. Maharaj, PRD 89, 084027 (2014)].
2 Note here that if c is introduced as thermodynamical variable, then the
Smarr formula becomes, M = 2T S+ Q�−μmg + 2 (1 − λ)μα′α′ +
(1 − λ) μβ ′β ′ + λμcc, where λ is an arbitrary constant. We can thus
see that the contribution of α′ and β ′ are lost when λ = 1, a scenario
that we would like to avoid.
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3.1 The canonical ensemble

For a chargeless system, the free energy reads as [39],

G = M − T S =
√
S(m2

g(πc
2α′ − Sγ ′) + π)

4π3/2 . (18)

We plot in Fig. 1, G with respect to the Hawking temperature
for a fixed graviton mass. We have to stress that a direct
substitution of the entropy in terms of temperature is non
trivial, we thus get around this difficulty and evaluate first
the values of G for different values of S and then determine
the corresponding values of T from Eq. (14). The temperature
shows a minimum given by,

Tmin = mg

√
3
√

γ ′(c2α′m2
g + 1) − cβ ′mg

2π
, (19)

corresponding to the minimal entropy:

Smin = π
c2m2

gα
′ + 1

3m2
gγ

′ . (20)

Figure 1 clearly shows several features: (1) No black hole
solution cannot exist below the minimal temperature there.
(2) There exist two branches above Tmin , the upper one is
for small black holes which is thermodynamically unstable,
while the lower branch corresponds to a thermodynamically
stable large black holes. The positive Gibbs free energy for
T < THP shows that the system is in a radiation phase.

Furthermore, at THP , the intersection point of the bottom
branch and G = 0 indicates the well known Hawking-Page
phase transition [37]. We can see from Eq. (18) that this point
occurs at:

SH P = π
c2m2

gα
′ + 1

m2
gγ

′ . (21)

Fig. 1 Canonical ensemble: the Gibbs free energy as function of the
temperature for mg = 1, c = 1, α = 1 and β = 2

After having identified the thermodynamic behaviour of
neutral black holes in dRGT massive gravity, it is impor-
tant to investigate the heat capacity as a state space variable.
Afterwards, we will study the thermodynamic geometry of
the neutral black holes with a fixed graviton mass. Fixing the
graviton mass means that the cosmological constant is kept
constant at a certain value and not treated as a thermodynamic
variable.

Using Eq. (14) the heat capacity of the neutral black hole
for a fixed mg , given by Cmg = T ( ∂S

∂T )mg , can be written as

Cmg = 2S
m2

g(πc
2α′ − 2

√
πc

√
Sβ ′ + 3Sγ ′) + π

m2
g

(
3Sγ ′ − πc2α′) − π

, (22)

it can be seen that the heat capacity diverges at S =
π

c2m2
gα

′+1

3m2
gγ

′ , which is just the point corresponding to the min-

imal Hawking temperature given by Smin in Eq. (20), of
course, we can verify that the numerator of Cmg does not
vanish at this point. From the Fig. 2, we note that the heat
capacity is negative for S < Smin , while it is positive for
S > Smin . A positive heat capacity indicates the thermo-
dynamic stability, whereas, a negative heat capacity corre-
sponds to a thermodynamic instability.

3.2 The grand canonical ensemble

In the grand canonical ensemble, the black hole is seen as an
open system with a fixed graviton potential μ. In this case, by
inverting Eq. (16), then substituting in Eq. (14) and taking the
limit of vanishing charge we obtain Hawking temperature:

T = π2μ2(πc2α′ − 2
√

πc
√
Sβ ′ + 3Sγ ′) + S(πc2α′ − √

πc
√
Sβ ′ + Sγ ′)2

4
√

π S3/2(πc2α′ − √
πc

√
Sβ ′ + Sγ ′)2

,

(23)

Fig. 2 Canonical ensemble: The heat capacity as a function of the
entropy for the neutral BH, with mg = 1, c = 1, α = 1 and β = 2
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as to the Gibbs free energy, defined as G = M − T S −
μmg , it can be expressed in the following form:

G = π2μ2(−3πc2α′+ 4
√

πc
√
Sβ ′−5Sγ ′) + S(πc2α′−√

πc
√
Sβ ′ + Sγ ′)2

4
√

π S(πc2α′ − √
πc

√
Sβ ′ + Sγ ′)2

.

(24)

Here Eqs. (13), (14) and (16) have also been invoked.
Compared to the canonical framework, the thermodynam-

ics behaviour in the grand canonical case, is different. Indeed,
we find a critical behaviour and a critical point located at
μ = μc, while for μ > μc, two critical points S1 and S2 are
revealed, corresponding to the local minimum and maximum
respectively, as can be seen from the left panel of Fig. 3. At
μ = μc the two points S1 and S2 coalesce into a single point
located at Sc resulting from the conditions

∂T

∂S

∣∣∣∣
μc,Sc

= 0,
∂2T

∂S2

∣∣∣∣
μc,Sc

= 0. (25)

At this stage, it is worth to notice that Eq. (25) is difficult to
solve analytically. However, we can get a numerical solution
in a straightforward way by fixing the parameters α, β and c.

Again we call upon the heat capacity Cμ = T ( ∂S
∂T )μ at

constant potential μ to uncover the local stability in grand
canonical ensemble. The behaviour found is reversed com-
pared to that of RN-AdS black hole [39]. Hence, we can see
from Fig. 4, that the locally stable region is located between
S1 and S2 where Cμ is positive, while the regions S < S1

and S > S2, corresponding respectively to small and large
black holes, are locally instable with negative heat capacity:
Cμ diverges exactly at the critical points.

4 Thermodynamic behaviour of charged black holes

In this section we aim to discuss the thermodynamic
behaviour of charged black hole in the canonical ensemble
as well as in the grand canonical ensemble.

4.1 The canonical ensemble

In Fig. 5, we have plotted the temperature given by Eq. (14) in
terms of the entropy by setting Q and mg to non-zero values.
Like a first order phase transition of a van der Waals liquid,
the temperature is not a monotonic function of S. However,

Fig. 3 Grand canonical ensemble: temperature as a function of S (left). The Gibbs free energy versus T for the neutral BH (right). The following
values have been used for c = 1, α = 1 and β = 2

Fig. 4 Grand canonical ensemble: the heat capacity Cμ versus S of neutral BH for: μ > μc (left) and μ = μc (right), the dashed lines correspond
to the divergency points of Cμ; red lines correspond to critical points. We have set: c = 1, α = 1 and β = 2
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Fig. 5 Canonical ensemble: the charged BH temperature as a function of the entropy. The two last panels shows the Gibbs free energy as function
of Hawking temperature, with parameter set Q = 0.5, c = 1, α = 1 and β = 2
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Fig. 6 Canonical ensemble: the heat capacity as a function of the entropy for the charged BH where mg > mgc+ , there are two divergent points,
with Q = 0.5, c = 1, α = 1 and β = 2. The dashed lines correspond to the divergency points of CQ,mg , the red lines correspond to the critical
points

we get two critical points S1 and S2 corresponding to the
local maximum and minimum respectively, they are given
by

S1 = π
c2α′m2

g −
√

(c2α′m2
g + 1)2 − 36Q2γ ′m2

g + 1

6γ ′m2
g

,

S2 = π
c2α′m2

g +
√

(c2α′m2
g + 1)2 − 36Q2γ ′m2

g + 1

6γ ′m2
g

.

The critical points located at S1 and S2 coalesce into a
double point located at Sc± resulting from the conditions

∂T

∂S

∣∣∣∣
mgc±

= 0,
∂2T

∂S2

∣∣∣∣
mgc±

= 0. (26)

Using Eqs. (14) and (26) and assuming that 9Q2α′ >

c2γ ′, we get two critical points (Sc−,mgc−) and (Sc+,mgc+)

as follows

Sc± = ±πQ

√
9Q2 − c2α′

γ ′ + 3πQ2, (27)

mgc± = 1√
9Q2γ ′ − c2α′ ± 3Q

√
γ ′ . (28)

In the canonical ensemble, the expressions of the free energy
of the system, G = M − T S, read as,

G = π S(c2m2
gα

′ + 1) − m2
gS

2γ ′ + 3π2Q2

4π3/2
√
S

. (29)

In Fig. 5, we plot T versus S and the function G as a
function of the temperature for different values of mg , it can
be seen that the characteristic “swallow tail” behaviour of
G−T curve appears for the first order phase transition where
mg satisfying mg < mgc− and mg > mgc+ . However, within
the range mgc− < mg < mgc+ the swallow tail characteristic
disappears. At mg = mgc+ and mg = mgc− , we have the
second order phase transition.

In this framework, the heat capacity C at fixed Q and mg

can be written as,

CQ,mg = 2S(π S(c2m2
gα

′ + 1) − 2
√

πcm2
g S

3/2β ′ + 3m2
g S

2γ ′−π2Q2)

−π S(c2m2
gα

′ + 1) + 3m2
g S2γ ′ + 3π2Q2

.

(30)

We examine Eq. (30) for mg < mgc− and mg > mgc+ , we
find that the denominator of CQ,mg has two real roots, as
shown in Fig. 6, one can check that the two critical points S1

and S2 correspond to the singularities of CQ,mg (left panel

123



342 Page 8 of 13 Eur. Phys. J. C (2019) 79 :342

of Fig. 6). For mg = mgc+ and mg = mgc− we only have
one divergence point at Sc (right panel of Fig. 6). We then
conclude that the black hole is thermodynamically unstable
for S1 < S < S2 where he heat capacity is negative, while
its thermodynamical stability is guaranteed for S < S1 and
S > S2, where CQ,mg becomes positive.

4.2 The grand canonical ensemble

In the grand canonical ensemble, besides the graviton poten-
tial, the electric potential is fixed as well. Thus, the Hawking
temperature is given by,

T = π2μ2(πc2α′ − 2
√

πc
√
Sβ ′ + 3Sγ ′) + S

(
1 − φ2

)
(πc2α′ − √

πc
√
Sβ ′ + Sγ ′)2

4
√

π S3/2(πc2α′ − √
πc

√
Sβ ′ + Sγ ′)2

. (31)

Using Eqs. (13)–(16), the Gibbs free energy, G = M −
T S − �Q − μmg , can be derived in a straightforward way.
In Fig. 7, we plot T versus S (left panel) and G versus T
(right panel). The main outcome delivered by these plots
is that both charged and neutral black holes have similar
thermodynamical behaviour.

Besides, we also analyse the behaviour of the heat capacity
C�,μ as a function of the entropy S at constant μ and � in
Fig. 8. From the left panel, we see that C�,μ is negative for
small black holes (S < S1) and as well as for large black
holes (S > S2), while the heat capacity turns positive when
S1 < S < S2. Hence, one can conclude that the heat capacity
diverges at the critical points S1 and S2, revealing a first
order phase transition, whereas the black hole undergoes a
second order phase transition at Sc, as illustrated by the right
panel.

5 Geometrical thermodynamics in dRGT massive
gravity

In this section, we focus on the thermodynamical geometry
of the black hole in dRGT massive gravity. Our objective

Fig. 7 Grand canonical ensemble: temperature as a function of S (left). The Gibbs free energy versus T for the neutral BH (right). We used the
following values: � = 0.5, c = 1, α = 1 and β = 2

Fig. 8 Grand Canonical ensemble: the heat capacity as a function of S, left panel for μ > μc and the right panel is for μ = μc. The dashed lines
correspond to the divergency points of C�,μ, the red lines correspond to critical points. We used the following values: � = 0.5, c = 1, α =
1 and β = 2
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is to check whether the thermodynamical curvature encodes
the singularities of the heat capacities and consequently the
critical behaviour of the black hole. To this end, two differ-
ent geothermodynamics approaches are used: the first one,
dubbed HPEM, has been proposed in [33] and the second
one is the free energy metric introduced in [28].

5.1 HPEM metric

The HPEM metric is given by:

gH PEM = S
MS

M3
mgmg

M3
QQ

⎛
⎝−MSS 0 0

0 MQQ 0
0 0 Mmgmg

⎞
⎠ , (32)

where the total mass is considered as the thermodynamical
potential, while the charge and the graviton mass are treated
as extensive parameters. It is worth noting that the HEPM
metric is free from some drawbacks of the Ruppeiner and
Quevedo metrics.

In order to uncover the geometrical behaviour of HPEM
metric, we calculate the Ricci scalar:

RHPEM = AHPEM

BHPEM
, (33)

The divergency points in RHPEM appear when,

BHPEM = B2
1 × B3

2 = 0, (34)

with

B1 = Sm2
g(3Sγ ′ − πc2α′) + π(3πQ2 − S),

B2 = π(πQ2 − S) − Sm2
g(πc

2α′ − 2
√

πc
√
Sβ ′ + 3Sγ ′).

Here, the results are more favorable than that for Quevedo,
indeed the HPEM scalar curvature shares the same factor
B1 in the denominator as the specific heat does, while the
expression of B2 is same as the temperature in Eq. (14).
Therefore the curvature RHPEM will exactly diverge at those
points at which the heat capacity CQ,mg is singular as well
as at the extremal black hole, as graphically illustrated in
Fig. 9. Notice that RHPEM does not diverge in S = 0 as can
be assumed from Fig. 9. Indeed from a simple check of Eq.
(34), we can see that the denominator of RHPEM reduces to
B = 9π10Q10 when the entropy becomes null.

5.2 The free-energy metric

Based on the Hessian matrix of several free energy generated
by the Legendre transformations of M , we consider the Gibbs
free energy G = M − T S as a function of T , Q and μ [28].
In differential form, we get

Fig. 9 The scalar curvature versus the entropy for the HPEM metric geometry. The dashed lines correspond to the divergency points of RHPEM

and red lines to critical points. We used the following values: Q = 0.5, α = 1, β = 2 and c = 1
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dG = −SdT + �dQ + μdmg. (35)

Then, it follows that the Gibbs free energy metric is given by

ds2
G = −dTdS + d�dQ + dμdmg. (36)

Within the natural variables
(
T, Q,mg

)
, it is convenient here

to trade the temperature by the entropy S. By using (14)–(16),
the resulting metric becomes

ds2
G = gSSdS

2 + gQQdQ
2 + gmgmgdm

2
g + 2gSQdSdQ

+ 2gSmgdSdmg + 2gQmgdQdmg, (37)

with

gSQ = gSmg = gQmg = 0, (38)

gSS = Sm2
g

(
πc2α′ − 3Sγ ′) + π

(
S − 3πQ2

)
8π3/2S5/2

, (39)

gQQ =
√

π

S
, (40)

gmgmg = π− 2
3 [πc2

√
Sα′ − √

πcSβ ′ + S3/2γ ′]. (41)

So, after a straightforward calculation, the scalar curvature
can be expressed as

RG = AG

B2
1 × B2

3

, (42)

with,

B1 = Sm2
g(3Sγ ′ − πc2α′) + π(3πQ2 − S),

B3 = πc2α′ − √
πc

√
Sβ ′ + Sγ ′.

First, note that the Ricci scalars RG Eq. (42) and RHPEM

Eq. (33) share the same term B1 in their respective denomi-
nator. Furthermore, B1 also appears in the denominator of the
heat capacity as can be seen from Eq. (30). Hence, as illus-
trated in Fig. 10, the divergent points of the heat capacity
are exactly located within the collection of the scalar curva-
ture singularities of the Gibbs free energy metric. However,
comparatively to the HPEM metric, RG is insensitive to the
extremal black hole, and develops other singularities located
at B3 = 0 which do not coincide with those of the heat
capacity CQ,mg . However, these singularities correspond to

the divergent points of the capacity C̃Q,S related to the gravi-
ton mass at fixed charge Q and entropy S, since B3 shows up
in the C̃Q,S denominator, as can be seen from the following
formula:

C̃Q,S = ∂mg

∂μ

∣∣∣∣
Q,S

= π3/2

√
S(πc2α′ − √

πc
√
Sβ ′ + Sγ ′)

.

(43)

Fig. 10 The scalar curvature versus the entropy for the geometry of the free energy metric. The dashed lines correspond to the divergency points
of RG , the red lines to critical points and green lines gives the extremal black hole where T = 0. We used the following values: Q = 0.5, α = 1,
β = 2 and c = 1
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To summarise, our results confirm the recent results
obtained in [40] which pointed out that the divergencies of
the scalar curvature for the HPEM metric coincide with those
of the heat capacity. Consequently, the HPEM metric might
be considered as a powerful tool to describe the phase struc-
tures of black holes in dRGT massive gravity. As to the free
energy geometry, we have seen that the analysis of the singu-
lar behavior of its Ricci scalar can well measure the black hole
phase transition. However, RG is not sensitive to the extremal
black hole and develops other divergent points which rather
coincide with those of the other capacity C̃Q,S . These features
confirm that only the metric of an appropriate thermodynam-
ical potential is relevant to a particular phase transition, as
noticed in [28].

6 Conclusion

In this paper, we have studied a black hole in dRGT massive
gravity, where the graviton mass has been treated as a thermo-
dynamic variable with the graviton potential as its conjugate
quantity. In this framework, we have determined the critical
points and the analysed divergent behaviour of specific heat in
the canonical and grand canonical ensemble. More precisely,
we have examined the T − S criticality using the standard
thermodynamic techniques and revealed that the system has
double critical points located at (Sc−,mgc−) and (Sc+,mgc+).
According to the value of mg , we obtained three scenarios:

• mg = mgc− and mg = mgc+ : the black hole undergoes a
second order phase transition;

• mg < mgc− and mg > mgc+ : the first order phase transi-
tion shows up;

• mgc− < mg < mgc+ , no phase transition.

Besides, we have also employed two geometric approaches
to check the results found above for thermodynamics phase
transitions. Here the graviton mass and the charge Q have
been chosen as an extensive variables for calculating the
scalar curvatures. First, by exploring the singularities for
the scalar curvature of HPEM metric, our analysis showed
that the roots of all terms appearing in the scalar curvature
denominator exactly coincide with those of the heat capac-
ity. Therefore, the obtained features on the phase structure
of black holes in dRGT massive gravity are well established.
Then, we constructed the thermodynamic geometry with the
free energy metric and calculated the corresponding scalar
curvature. The analysis have shown that the Ricci scalar can
well reveal divergent behavior of the heat capacity, which
means that the free energy geometry is an efficient tool to
gain insight into phase transitions of black holes.

At last, we would like to mention that a variety of meth-
ods exist in literature to study black hole thermodynamics

geometry. As example, the main features of Ruppeiner and
Quevedo metrics are briefly presented in the “Appendix”.
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A Appendix

A.1 Ruppeiner phase space

The Ruppeiner metric as defined by Ruppeiner [31] has the
following form

ds2
R = 1

T

∂2M

∂Xα∂Xβ
, (44)

where Xμ = {S, Q,mg}. The Ruppeiner metric can be writ-
ten as:

gR = 1

T

⎛
⎝ MSS MSQ MSmg

MQS MQQ MQmg

MmgS MmgQ Mmgmg

⎞
⎠ . (45)

The resulting general form of the scalar curvature of this
metric reads as:

RR = AR

BR
, (46)

where AR and BR stand for the numerator and the denomi-
nator of RR . We have:

BR = B2 × B2
4 , (47)

with,

B2 = π(πQ2 − S) − Sm2
g(πc

2α′ − 2
√

πc
√
Sβ ′ + 3Sγ ′),

B4 = πc(
√

π
√
Sβ ′(−9c2Sα′m2

g + πQ2 − S)

+πcα′(3c2Sα′m2
g − πQ2 + S) + 8cS2(β ′)2m2

g)

+π Sγ ′(10c2Sα′m2
g − πQ2 + S)

−21
√

πcS5/2β ′γ ′m2
g + 15S3(γ ′)2m2

g.

Nota that B2 ∝ T , while B4 is not identical with the denom-
inator of the heat capacity. Hence the singularities of scalar
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curvature may not coincide with the divergencies of the heat
capacity.

A.2 Quevedo phase space

To have a Legendre invariant geometry in the space of equi-
librium state and to cure the failures of Ruppeiner metrics
[31], Quevedo proposed a new thermodynamics metric [32]
given by:

gQuv = (ST + μ · mg + Q�)

⎛
⎝−MSS 0 0

0 MQQ MQmg

0 MmgQ Mmgmg

⎞
⎠ .

(48)

Here, the resulting scalar curvature can be written as:

RQuv = AQuv

BQuv
, (49)

with,

BQuv = B2
1 × B2

3 × B3
5 , (50)

and

B1 = Sm2
g(3Sγ ′ − πc2α′) + π(3πQ2 − S),

B3 = πc2α′ − √
πc

√
Sβ ′ + Sγ ′,

B5 = Sm2
g(5πc2α′−6

√
πc

√
Sβ ′+7Sγ ′)+π(3πQ2 + S).

We clearly see that the second part, B1, of this denominator
is identical to the denominator appearing in the heat capacity.
Therefore, the curvature will diverge exactly at singular point
of the heat capacity, while B3 and B5 terms in RQuv develop
other divergent points that do not coincide with the specific
points of CQ,mg .
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