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Abstract Standard quantum mechanics is not capable of
solving properly the Planck scale problems. A quantum
theory of spacetime, Quantum Gravity, which could be
in essence a combination of general relativity and quan-
tum mechanics, is necessary to address the Planck scale
phenomena. Natural cutoffs as fundamental characteristics
of quantum spacetime are phenomenological outcomes of
approaches to quantum gravity proposal. These natural cut-
offs are encoded as a minimal length, a maximal momen-
tum and a minimal momentum. These are indeed technically
related to compactness of corresponding symplectic mani-
fold in Snyder noncommutative phase space. Here we focus
on the issue of particle processes and photon’s propagation
in the presence of all natural cutoffs. We firstly derive a
modified dispersion relation encoding these cutoffs in a mas-
sive particle process and then pay our attention to the mass-
less photon’s dispersion relation. As a novel achievement,
we show that photon’s propagation, in addition to photon’s
energy, depends also on the position due to existence of a
minimal measurable momentum. This novel position depen-
dence of quantities in this framework provides new physics
in the infrared regime of the background gravitational the-
ory. We also consider frequency at the peak GW strain based
on event GW170814 and investigate the possible constraints
on the model parameters in this setup by treating graviton’s
group velocity.

1 Introduction

Quantum mechanics and general theory of relativity are two
cornerstones of modern physics. Both theories play a key role
in characterizing the very natural world regardless of differ-
ent scales. Contrary to the many successes that each of these
theories obtained separately, they seemed to be incompatible.
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Quantum mechanics explains atomic and subatomic struc-
tures and general theory of relativity explains large scales
towards structures in the universe. The theory of general rel-
ativity is studied in a continuous space-time manifold, while
the underlying concept of spacetime in quantum mechanics is
based on discrete states in essence. This contradiction in the
heart of theoretical physics was one of the most controver-
sial subjects in Science. The inconveniences between these
theories appeared quite clearly as the restriction of twentieth-
century physics. A more perfect explanation of nature has to
embrace general relativity and quantum mechanics in a uni-
fied manner. In other words, it seems that the real essence of
nature follows as a composition of quantum mechanics and
general relativity.

Since gravity is coupled to everything and the ultimate
description of nature should be quantum mechanical in prin-
ciple, to describe all natural phenomena properly a quantum
theory of gravitation is indeed inevitable. This is a very dif-
ficult task and has not been done successfully so far. But,
at least from the prospect of phenomenology, if we impose
quantum effects on gravity or take gravity in the framework
of quantum mechanics, the very notion of space becomes
a dynamical concept, and the result is a spacetime with a
quantum mechanically fluctuating metric [1,2]. In fact, in
order to incorporate general relativity with quantum field the-
ory, it was necessary to construct a new mathematical frame-
work in which generalizes Riemannian geometry and accord-
ingly our imagination of space and space-time [3]. In recent
years and within contemporary developments in theoretical
physics it has been suggested that a new kind of geometry
could be incorporated into physics, and space-time itself can
be reinterpreted as a discrete concept. Thusly, the candidates
of quantum gravity theories come in all varieties shape and
forms [4], but behind each candidate lies a common secret to
why they were constructed. In other words, the underlying
spacetime of all promising approaches to quantum gravity
is not fundamental, but is constructed by other components,
such as strings, loops, q-bits, etc. (see for instance Ref. [5]).
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This is the source of complication in construction of the ulti-
mate quantum theory of gravity.

The equivalence principal tells us that gravitational field
is coupled to everything. In this respect, the gravitational
interaction between photon and electron in Heisenberg’s
thought experiment is expected to be the origin of important
effects, which are neglected in the standard quantum mechan-
ics. Physical foundations of Heisenberg uncertainty principle
in standard quantum mechanics can be examined based on
Heisenberg’s thought experiment. In principle, Heisenberg’s
thought experiment was designed to violate the uncertainty
principle, but ultimately and surprisingly has led to the confir-
mation of the very principle of uncertainty. In order to deter-
mine the position of the electron in Heisenberg’s thought
experiment as accurately as possible, we need to have a light
with a high energy or shorter wavelength. In fact, in order
to probe spacetime and to have resolution of adjacent points
more accurately, we need high energetic photons as much
as possible. But, based on the theory of special relativity, a
higher-energy wave has also a higher equivalent mass for the
photon. So, the equivalent mass of the energetic photon inter-
acts with electron gravitationally. In the Heisenberg’s orig-
inal gedanken experiment, Heisenberg ignored the gravita-
tional interaction between the electron and the scattered pho-
ton. But, if this interaction is taken into account, then the stan-
dard uncertainty relation could be corrected. In recent years,
several modifications have been introduced in the framework
of various phenomenological approaches to quantum grav-
ity proposal, the results of which are known as the Gen-
eralized (Gravitational) Uncertainty Principle (GUP). For
instance, Kempf et al. presented an uncertainty relation that
led to the smallest uncertainty in position measurement as
(�x0) [6]

�x�p ≥ h̄

2
(1 + β(�p)2 + γ ). (1)

According to some evidences (for instance from string the-
ory), this minimal uncertainty in position is of the order of
the Planck length [7]. When there is a minimal length in the
space-time structure, then there will be essentially a maximal
energy (momentum) too. So the uncertainty principle in the
presence of a minimal length and a maximal momentum will
be as follows [8–10]

�x�p ≥ h̄

2

(
1 − α(�p) + 2α2(�p)2

)
, (2)

which can be investigated based on the theory of Doubly Spe-
cial Relativity [11]. Eventually, if the spacetime background
is curved, the fluctuations of spacetime don’t allow the uncer-
tainty in momentum to be zero. Hence, the momentum of the
system cannot be set to zero and there is always a mini-
mal observable momentum for all systems [12]. Therefore,
the uncertainty principle that includes all the natural cutoffs
including minimal length, maximal momentum and minimal

momentum can be represented by the following relationship
[13–15]

�x�p ≥ h̄

2

(
1 − α(�p) + 2α2(�p)2 + 2η2(�x)2

)
. (3)

This generalized uncertainty relation forms the basis of our
forthcoming discussions in this paper. Of course, it should
be noted that in this kind of relations there are other terms
containing the expectation values of position and momentum
operators, that here we set aside for the sake of simplicity. It
can be shown that this procedure does not detract the gener-
ality of the discussion.

Another structure that is expected to be modified accord-
ing to different approaches to quantum gravity proposal (due
to the existence of natural cutoffs) is the energy–momentum
dispersion relation. Particularly, a substantial contribution of
quantum gravity phenomenology is considering the sequels
which would become manifest if the particles obtain, because
of spacetime fuzziness, some very small extra terms in the
dispersion relation. Various species of phenomenological
consequences of this new appearance of modified dispersion
relation have been studied by authors [16–24]. This strat-
egy has been presented fully in Ref. [24] where the authors
interpreted energy-momentum relation in the presence of a
minimal length and a maximal momentum. Now, we focus
on a conceivable emergence of modified dispersion relation
which is agreed in the majority of quantum gravity stimu-
lated designs for testing departures from ordinary energy–
momentum relation in the presence of all natural cutoffs
as a minimal length, a maximal momentum and a minimal
momentum. In this regard our study is one more step for-
ward in this streamline. We treat particle processes in this
framework in details. On the other hand, detection of grav-
itational waves via events such as GW170814 [25], which
has constrained gravitational theories dramatically (see for
instance [26–30]), provides a fascinating framework to con-
straint GUPs’ parameters (see also [31]). This is the issue we
shall focus on and investigate via some numerical analysis.

The structure of the paper is classified as follows: in
Sect. 2, we review briefly the issue of natural cutoffs which
plays a significant role in approaches to quantum gravity.
In Sect. 3, we focus our attention on particle processes and
wave propagation in a discrete spacetime where discreteness
of spacetime is an implication of the existence of a minimal
length cutoff. Then we use the generalized uncertainty rela-
tion to obtain a modified dispersion relation. In Sect. 4, we
consider a photon with a special gravitational background
which is characterized by metric approach and we derive
phase and group velocities of the system respectively. A posi-
tion dependence of these quantities appears as a result of min-
imal momentum. In Sect. 5, inspired by the detection of grav-
itational waves, by setting frequency at the peak GW170817
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strain in energy relation of graviton we constraint the GUP
parameters in this setup.

2 Natural cutoffs and discontinuity of position and
momentum spaces

In view of Planck scale physics and recent studies in this
area, the existence of a minimal measurable length is unde-
niable, see for instance [7,32–36]. In the presence of a min-
imal length, the representation of position space in quantum
mechanics encounters with serious difficulties. When there
is no possibility of resolution between adjacent points closer
than the Planck length, defining a wave function with specific
support (as it is the case in mathematical analysis), is impos-
sible. If we do not consider the minimal momentum, then the
representation in the momentum space is sufficient to formu-
late the Hilbert space of the theory. But when we consider
the minimal momentum, the representation of the momen-
tum space, as valid in standard quantum mechanics, loses
its credibility. For this reason, generalization of the Hilbert
space representation is necessary in the presence of natural
cutoffs. Of course, quasi-position and quasi-momentum rep-
resentations or maximally localized states in coordinate and
momentum spaces in the framework of Bargmann–Fock the-
ory, though complex and troublesome, present the ways to
solve the issue of representation in quantum gravity [6,8,13–
15]. The important point to note here is that when we con-
sider the presence of a minimal momentum as the infrared
cutoff of the theory, we mean that the position operator in
our expressions is a representation of this operator in the
maximal localization space or quasi-position representation
of underlying quantum mechanics [6,8]. This is an essential
point in our forthcoming analysis.

3 Dispersion relations in a discrete spacetime

A significant concept in the class of waves and wave propa-
gation is dispersion. A dispersion relation is characterized
as the relation of the frequency and the wavenumber (or
energy and momentum equivalently). Within the framework
of the special theory of relativity, the dispersion relation is
a relation between the rest mass, total energy and momen-
tum in the form of E2 = (m0c2)2 + (pc)2. In recent years
it has been revealed that dispersion relations could be gen-
eralized in high energy regime. As a result of Planck scale
physics (at the scope of high energies or equivalently very
short distances), the real spacetime has a complicated struc-
ture. In other words, spacetime at high energies and short
distances has granular structure and subsequently leads to
a discrete spacetime. At the high energy or short distance
regime the modified dispersion relation can be expressed as

E2 = (m0c2)2+(pc)2(1+ f (p)). This can be achieved in the
framework of doubly special relativity (including the mini-
mal length and maximal momentum constraints). To com-
pleting this process and in order to have a dispersion relation
that addresses and includes all natural cutoffs, we add also a
minimal momentum (as one of the implications of the curva-
ture of spacetime) to our model [12]. In this regard, we obtain
a dispersion relation which corresponds to the generalized
uncertainty principle introduced in relation (3). Motivated
by the modifications of position and momentum operators
relationships in the Planck scale physics, we firstly specify
the standard 4-momentum, modified 4-momentum and mod-
ified position operator respectively as pa , Pa and Xa . In this
regard, the following relationships exist between standard
and modified operators1

P0 = p0; X0 = x0, (4)

Xi = xi (1 − αp + 2α2 p2 + 2η2x2),

Pi = pi (1 − αp + 2α2 p2 + 2η2x2), (5)

where α and η are small parameters, p2 = δi j pi p j and x2 =
δi j x i x j . To prove that these maps are capable of realizing the
generalized algebra

[Xi , Pj ] = i h̄δij

(
1 − αp + 2α2 p2 + 2η2x2

)
, (6)

we set

Xi = xi (1 + α1 p + α2
2 p

2 + η2
1x

2),

Pj = p j (1 + α3 p + α2
4 p

2 + η2
2x

2), (7)

and we find

[Xi , Pj ] = i h̄δij

[
1 + (α1 + α3)p

+(α1α3 + α2
2 + α2

4)p2 + (η2
1 + η2

2)x
2
]

+i h̄δik pk p j

(α3

p
+ α1α3 + α2

4

)
. (8)

Since the last term of this relation is absent in relation (6),
so we set α3 = 0 and α4 = 0. Now comparing the result
with (6), we find α1 = −α and α2

2 = 2α2. In this situation,
we have [Pi , Pj ] ∼ −2i h̄η2

2Li j where Li j = xi p j − x j pi .
In order to get no effect in the curvature of the spacetime,

1 According to the Darboux theorem, one can always find a local chart
in which any structure takes the canonical form as the corresponding
algebra becomes commutative. At the classical level, models such as the
generalized uncertainty principle (our case), and also any model which
includes natural UV and IR cutoffs, can be realized from the deformed
Hamiltonian system. Such systems are usually led to deformed non-
canonical Poisson algebras with non-vanishing commutation relations
between positions and momenta which signal the existence of UV and
IR cutoffs respectively. This is, however, a local criterion and we know
that the Hamiltonian system are described by the symplectic manifolds
which are locally equivalent. Any noncanonical Poisson algebra then
can be transformed to a canonical form in the light of the Darboux
theorem [37].
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we demand that η2 = 0 and we recover the algebra (6) or
the generalized uncertainty (3) by setting η2

1 = 2η2. As an
important result, we see that just by the assumption η2 = 0
(that is, [Pi , Pj ] = 0) we are faced with a flat spacetime
(space of Xi ’s).

Now we consider a set of metrics based on the model
(following Ref. [24]). Remembering that the gravitational
background metric is expressed as follows2

ds2 = gABdx
Adx B = g00c

2dt2 + gi j dx
i dx j , (9)

and continuing on this line, the result in terms of square of
4-momentum is

PAPA = gAB P
APB = g00(P

0)2 + gi j P
i P j

= g00(p
0)2 + gi j p

i p j (1 − αp+2α2 p2+2η2x2)2 .

(10)

For simplicity, we preserve terms of the order of α2 and η2,
namely3

PAPA = g00(p
0)2 + p2

+p2(−2αp + 5α2 p2 + 4η2x2). (11)

Clearly, the standard dispersion relation can be recovered
easily from the above relation as

PAPA = −m2c2 + p2(−2αp + 5α2 p2 + 4η2x2). (12)

Now, proceeding on this manner by using the relation (5)
and writing the standard momentum based on the modified
momentum as pi = Pi (1+αp−2α2 p2−2η2x2), and then by
applying this definition in (12), the corresponding dispersion
relation is obtained by the Generalized Uncertainty Principle
(3) as follows

PAPA = −m2c2 − 2αP3 − α2P4 + 4η2P2x2. (13)

2 We note that in our framework one can show that [Xi , X j ] ∼
−2i h̄η2Li j . Then [Xi , X j ] �= 0 shows that the momentum space gets
quantum gravity modification while, [Pi , Pj ] = 0 ensures that space-
time (space of Xi ’s) would not get any quantum gravity modification.
This is actually our case. More precisely, the curvature of any space is
defined by the noncommutativity of the associated translation operator.
Much similar to the General Relativity where [∇μ,∇ν ] ∝ Curvature
and momenta ∇μ (translation operator in coordinate space) are non-
commutative, here the translation operator for momentum space, that
is, Xi ’s are noncommutative and therefore [Xi , X j ] gives the curvature
of the momentum space. So, in our framework we are working with
[Pi , Pj ] = 0 which is the reason why we have not changed the line-
element. Since in our case [Xi , X j ] �= 0, so we are faced with a curved
momentum space and therefore modified dispersion relations.
3 We note our analysis in this paper are not exact and all of our cal-
culations are essentially perturbative and up to the second order in QG
parameters α and η. Nevertheless, we have not used the symbols �
or ≈ in equations just for simplicity of notation as is usual in related
literature.

In this regard, quantum gravity corrections can be interpreted
as a modification of the particle’s mass. So, the quantity of
effective mass in this framework appears as follows

mef f =
√
m2 + 2αP3 + α2P4 − 4η2P2x2

c2 (14)

This relation has some interesting physical implications. As
it is seen, now the mass of the particle is position depen-
dent. We note that position x here can be interpreted as max-
imal localization of the particle in the language of maxi-
mally localized states, or quasi-space coordinate (operator)
in quasi-space representation. Albeit, position dependence
of particles’ mass is familiar in, for instance, condensed
matter physics. There are various models toward quantum
mechanical systems that imply the position-dependent mass
in physics, see for instance [38,39]. Generally, the mass of the
particle that interacts with an external environment appears
to be an effective mass that depends on the position. Further
treatment on this issue is desirable to extend our knowledge in
this content. Using the peculiarity of metric (9) and the grav-
itational background energy as E = −g00 c p0, we extract
the time component of momentum from (13) in the form

(P0)2 = 1

g00

[
−m2c2−P2(1+2αP+α2P2−4η2x2)

]
. (15)

In this situation we can express energy of the particle as

E2 = −g00

(
m2c4+c2P2(1+2αP+α2P2−4η2x2)

)
. (16)

This is a position dependent particles’ energy or equivalently
a position dependent dispersion relation. Given the above
relation for a particular Minkowski spacetime in which g00 =
−1 and in the absence of quantum gravity corrections i.e.
α, η → 0, the standard dispersion relation is recovered. It
should be noted that Majhi and Vagenas have investigated
the corrective effects of quantum gravity in the state η = 0
in reference [24].

4 Phase and group velocities

After deducing the modified dispersion relation (16) that
addresses the effects of all natural cutoffs, now we treat some
kinematical issues in this setup. In this respect, to expand our
understanding about the propagation of waves and the role of
modified dispersion relation, we discuss the phase and group
velocities in this context. Consider a photon with a special
gravitational background described by Eq. (9). Recalling this
point, the phase velocity of each particle including massive
or massless is defined as the ratio of the relativistic energy

and its momentum as vph ≡ (−g00)
1
2 E
P . Thus we can write
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the phase velocity in the following form

vph = c(−g00)
1
2

(
1 + 2αP + α2P2 − 4η2x2 + m2c2

P2

) 1
2

.

(17)

The group velocity of particles including massive or mass-
less particles is defined as the derivative of the relativistic
energy with respect to its relativistic momentum as vg ≡
(−g00)

1
2 ∂E

∂P , so we obtain modified group velocity as follows

vg = c(−g00)
1
2

[
1 + m2c2

P2

(
1 + 3αP + 2α2P2 − 4η2x2

)

+ 5αP + 9α2P2 − 8η2x2
]
. (18)

Eventually, from Eqs. (17) and (18) we get

vphvg = (−g00)c
2

×
[
1 + m2c2

P2

(
2 + m2c2

P2 − 16η2x2 − 4
m2c2η2x2

P2

+18α2P2 + 10αP + 2m2c2α2 + 3m2c2α

P

)

+20α2P2 + 7αP − 12η2x2
]
, (19)

where for m = 0 gives

vphvg = (−g00)c
2
(

1 + 7αP − 20α2P2 − 12η2x2
)
. (20)

In the standard case (where α, η = 0), the product of
the phase and group velocities is in the form of vphvg =
(−g00)c2. Here there is a correction factor which appears as
a result of existence of natural cutoffs. The new and important
ingredient of this relation is its position dependence.

In fact, existence of a minimal momentum for the test par-
ticle due to the curvature of the background geometry is the
basis of such a position dependence. So, when one incorpo-
rates an IR cutoff as a manifestation of minimal momentum,
a position dependence appears in all kinematical quantities of
the theory. To shed more light on this novel phenomenon, we
note that in the presence of a minimal measurable length, the
position space representation of the Hilbert space of the stan-
dard quantum mechanics breaks down [6]. Then one can do
all calculations in momentum space without any difficulty.
If one insists on using the position space representation in
the presence of a minimal length, then one has to go to the
maximally localized states or quasi-space representation to
handle the problem. When there is also an additional cutoff,
a minimal measurable momentum, then momentum space
representation of the Hilbert space of the standard quantum
mechanics breaks down too. To overcome these issues, Max-
imally Localized States in position or momentum spaces
are introduced successfully [8]. Since existence of a min-
imal measurable momentum (as an IR cutoff) in the GUP
is addressed by the term containing position operator, it is

so important to say trivially that what are the eigenvalues
of this position operator. One can do all of calculations in
Maximally Localized States or equivalently in Quasi-Space
Representation to distinguish clearly the eigenvalues of the
position operator. Now, about the phrase “position” in our
context we note that this is the position of the received gravi-
ton with respect to, for instance, the laboratory observer. This
is actually a symmetry breaking model as can be seen in Ref.
[40]. This feature can be described also as some intrinsic
uncertainty of the emission point with respect to the observer.
One may argue that why should we take into account such
a contribution when we have only a vague idea of the exact
emission (or reception) point of the gravitational wave? By
working in a generalized Hilbert space based on Maximally
Localized States or Quasi-Position Representation this fea-
ture is understandable. We mean that now we are faced (and
working) with a generalized representation that is based on
a discretized space where gravitons is propagating.

Now, if we assume the particle to be massless, by setting
m = 0 in (16) we find

vg = ±c(−g00)
1
2

(
1 + 5αP − 9α2P2 − 8η2x2

)
. (21)

In order to express the above relation in terms of energy, we
solve Eq. (16) for P and then we propose to use an iteration
method as described in [24]. This procedure will be used
to compute the energy of the system based on relation (16).
The solution of the zeroth-order for P is obtained by putting
α, η = 0 in relation (16)

P = ± 1√−g00

E

c
. (22)

Now, we replace the solution of the zeroth order to P to find

P = ± E

c
√−g00

[
1 ∓ αE

c
√−g00

− 1

2

α2E2

(c
√−g00)2

+ 2η2x2
]
. (23)

After substituting Eq. (22) into Eq. (16) one can write

∂E

∂P
= ±(−g00)

1
2 c

(
1 + 5αE

c
√−g00

+ (∓5 + 9)
α2E2

(c
√−g00)2 − 8η2x2

)
.

(24)

So the iterative process with P goes into an infinite loop
without converging. As a corollary, the velocity of the photon
is corrected as follows

u = 1√−g00

∂E

∂P

= c
(

± 1 ± 5αE

c
√−g00

± (∓5 + 9)
α2E2

(c
√−g00)2 ∓ 8η2x2

)
.

(25)
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Given this relation, if we consider a certain model of the
Minkowski spacetime, i.e. g00 = −1 and in the absence of
quantum gravity effects (α, η = 0), the relation (25) should
recover the photon’s velocity with the standard dispersion
relation, that is, c. Therefore, in this framework, we must
choose the sign of the first term in the right hand side to
be positive. Therefore, the modified photon velocity is as
follows

u = 1√−g00

∂E

∂P

= c
(

+ 1 ± 5αE

c
√−g00

± (∓5 + 9)
α2E2

(c
√−g00)2 ∓ 8η2x2

)
.

(26)

As is demonstrated in this equation, in this new structure
(the presence of natural cutoffs in the theory), the photons
velocity not only depends on energy, but also depends on the
position of the particle. Moreover, since, based on the relation
(26), photon’s velocity u can attain values greater than the
speed of light [for example, when the symbols in (25) are all
positive], the propagation of photons at speeds greater than
the speed of light is essentially allowed in this theory due to
gravitational quantum corrections. Note that dependence of
this velocity to the position of the photon, which is indicated
by the presence of the position in (26), has the origin on
the presence of the minimal momentum as a natural infrared
cutoff.

5 Bounds on the GUP parameters based on the
gravitational wave event GW170817

Perception of gravitational waves, which started up with the
discovery of an occurrence by LIGO in 2015 and then LIGO
and VIRGO revolutionary discoveries in 2017 with further
progresses then after, has opened new and promising window
on fundamental physics. In this section we consider gravita-
tional waves data from GW170814 event in order to inves-
tigate possible constraints on the model parameters in this
setup. To proceed we analyze the problem by adding cutoffs
gradually. That is, we firstly consider the case just with a
minimal length. Then we add the maximal momentum and
finally we treat the case with all natural cutoffs. We note that
this issue has been considered for the first two cases in Ref.
[31] with data from GW150914. We reconsider these two
cases with more recent data from GW170814 to find more
updated constraints. The case with all natural cutoffs together
is totally novel by special focus on infrared cutoff.

To constraint our setup with GW data, we firstly derive the
difference between gravitational and electromagnetic waves
in the frameworks of the standard uncertainty principle and
the generalized uncertainty principle. In the framework of

the standard uncertainty principe, a simple analysis based
on the relativistic dispersion relation pa pa = −m2c2 gives
E2 ≡ (−g00cp0)2 = −g00(p2c2 + m2c4) where we have
used the fact that GW observation is in a weak gravitational
background and hence g00 = −1. So, the graviton’s speed is
given by [31]

vg = ∂E

∂p

= c2 p√
c4m2 + c2 p2

= c

√
1 − m2c4

E2
g

≈ c
(

1 − m2
gc

4

2E2
g

)
,

(27)

where Eg and mg are the energy and rest mass of gravi-
tons. Now the difference between the speed of gravitons and

photons (light) is given by δv = c − vg = m2
gc

5

2E2
g

. The data

from GW170814 gives frequency at peak GW strain from
155 to 203 Hz leading to the maximum energy of gravitons
as Eg = hν ≈ 8.4 × 10−13 eV. The upper bound for the
mass of gravitons calculated based on the analysis provided
in Ref. [41] (which considers Solar system versus gravita-
tional wave bounds on the graviton mass via constraint on
the wavelength of gravitons) is mg ≈ 4.4 × 10−22 eV/c2.
Therefore, we find δv ≈ 4.1 × 10−11 m/s.

For the case of GUP with just a minimal measurable
length following Ref. [31] we consider the GUP as �x�p ≥
h̄
2 (1 + β(�p)2). Following the same procedure as the pre-
vious paragraph, we find E2 = m2c4 + p2c2(1 − 2βp2).
In this case the speed of graviton as a massless particle is
given by vg = ∂E

∂p ≈ c(1 − 3βp2). Since Eg = pgc, we find

vg ≈ c(1 − 3β
E2
g

c2 ). So, the following result is obtained

δv = c − vg = 3β
E2
g

c
= 3β0

E2
g

M2
pc

3 , (28)

where Mp is the Planck mass. We see that quantum gravi-
tational effect encoded in GUP reduces the speed of grav-
itational waves in essence. Now if we use the value of δv

obtained in previous part as an upper bound, it is possible to
constraint β0 as follows:

3β0
E2
g

M2
pc

3 ≤ 4.1 × 10−11m/s ⇒ β0 ≤ 9.63 × 1059 .

(29)

Note that this result is one order of magnitude better than
the result obtained in Ref. [31] which was obtained by the
2015 GWs data. Figure 1 gives the frequency at the peak
GW strain versus β0 for this case. The shaded region gives
the acceptable range of β0 based on the GW170814 data.

In the first step, we extend our study to the case with a
minimal length and maximal momentum. In this case with
the GUP as �x�p ≥ h̄

2 (1 − αp + 2α2(�p)2), by some
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Fig. 1 Frequency at the peak GW strain versus β0 for the case with
just a minimal length cutoff. The shaded region gives the acceptable
range of β0 based on the GW170814 data

simple calculation in the lines of the previous parts, we find
vg ≈ c(1 − 2α

Eg
c ) and therefore, δv = c − vg ≈ 2αEg .

By using the value of δv obtained in the first case as an
upper bound, that is, by setting δv ≤ 4.1 × 10−11 m/s, we
have 2 α0

M2
pc

2 Eg ≤ 4.1×10−11 m/s which gives the following

bound on β0 by using the GW170814 event data

α0 ≤ 9.93 × 1020 . (30)

We note that this bound is different from the result reported
in Ref. [31] in numerical coefficient (see Eq. 32 in this ref-
erence that should be actually 2.68 × 1020). Figure 2 gives
the frequency at the peak GW strain versus α0 for this case.
The shaded region gives the acceptable range of α0 based on
the GW170814 data.

Now we pay our attention to the most general form of GUP
with all natural cutoffs including minimal length, maximal
momentum and minimal momentum. We start with the GUP
as

�x�p ≥ h̄

2

(
1 − αp + α2(�p)2 + η2(�x)2

)
. (31)

With this GUP we find the dispersion relation as

E2 = −g00

[
m2c4 + c2 p2(1 + 2αp + α2 p2 − 4η2x2)

]
.

(32)

Now, up to the second order of the GUP parameters, we find
vg ≈ c−2cη2x2− 3

2cp
2α2+2cpα which gives δv = c−vg =

2cη2x2 + 3
2cp

2α2 − 2cpα, or in terms of Eg as

Fig. 2 Frequency at the peak GW strain versus α0 for the case with
minimal length and maximal momentum cutoffs. The shaded region
gives the acceptable range of α0 based on the GW170814 data

δv = 2cη2x2 + 3

2

E2
gα

2

c
− 2αEg. (33)

Once again, by using δv ≤ 4.1 × 10−11 m/s, we find
[

2
η2

0 h̄
2

M2
pc

x2 + 3

2

α2
0E

2
g

M2
pc

3 − 2
α0Eg

Mpc

]
≤ 4.1 × 10−11m/s,

(34)

where by definition η = h̄ η0
Mpc

and α = α0
Mpc

. Now we

should decide about the value of x2. Actually x is the posi-
tion of a test particle in the presence of all natural cutoffs.
Because of existence of a minimal uncertainty in position,
it is impossible to localize the particle perfectly. So, based
on the seminal work of Kempf et al. [6] we have to consider
maximal localization or quasi-space representation to speak
about localization of the test particle. We work in maximally
localized state representation and suppose the particle is sit-
uated around the origin with x ∼ l p = h̄

Mpc
. So we find

[
2
η2

0 h̄
2

M2
pc

(
h̄

Mpc

)2

+ 3

2

α2
0E

2
g

M2
pc

3 − 2
α0Eg

Mpc

]

≤ 4.1 × 10−11m/s. (35)

To proceed further, we work in two different fashion. Firstly
we use the constraint on α0 from (29) to find a constraint on
η0. This gives

η0 ≤ 1.41 × 1060. (36)

The other way is to find a constraint on α0 and η0 in the phase
plane α0–η0. For this goal, we numerically analyze a con-
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Fig. 3 The phase plane of α0–η0 for two different values of the frequency at the peak GW strain, ν = 155 and ν = 203 as lower and upper
frequencies at the peak GW strain. The shaded regions in these two panels give the allowed values of α0 and η0 based on GW170817 data

Table 1 The permissible range of GUP parameter η0 corresponding to the frequencies at the peak GW strain, ν

ν η0 ν η0 ν η0 ν η0 ν η0 ν η0 ν η0

155 1.32825 162 1.34117 169 1.35396 176 1.36663 183 1.37919 190 1.39164 197 1.40397

156 1.33010 163 1.34300 170 1.35578 177 1.36844 184 1.38098 191 1.39341 198 1.40573

157 1.33195 164 1.34483 171 1.35759 178 1.37023 185 1.38276 192 1.39517 199 1.40748

158 1.33380 165 1.34666 172 1.35941 179 1.37203 186 1.38454 193 1.39694 200 1.40923

159 1.33564 166 1.34849 173 1.36122 180 1.37383 187 1.38632 194 1.39870 201 1.41097

160 1.33749 167 1.35032 174 1.36303 181 1.37562 188 1.38809 195 1.40046 202 1.41272

161 1.33933 168 1.35214 175 1.36483 182 1.37741 189 1.38987 196 1.40222 203 1.41446

straint on this phase plane in the background of GW170814
data. The results of these analysis are shown in Fig. 3 for
two different values of the frequency at the peak GW strain,
ν = 155 and ν = 203 as lower and upper frequencies at the
peak GW strain. The shaded regions in these two panels give
the allowed values of α0 and η0 based on GW170814 d ata.

Finally, to see the situation for other values of frequencies
in the range ν = 155–ν = 203, Table 1 gives a detailed
numerical values of η0 based on GW170817 data with the
constraint on α0 as α0 = 9.93 × 1020.

As the final argument, in Sect. 4 we defined some
deformed expressions for the group/phase velocity of pho-
tons, asserting that it may vary from c, depending on the
photon’s observables. However in Sect. 5 we only looked for
modifications in the graviton’s velocity, giving for granted
an unmodified speed of light. It is not astonishing to have
deformed expressions for photon’s velocity from QG phe-
nomenology, but the reason that in Sect. 5 we have looked
just for modifications in the graviton’s velocity and consid-
ered unmodified speed of light is the fact that we were seek-
ing for some constraints on the QG parameters (α and η) of

the model at hand by using the observational data related to
the detection of gravitational wave from LIGO and VIRGO.
The data from black holes merger released by LIGO and
VIRGO show a very small time deference between recep-
tion of gravitational waves and the companion electromag-
netic waves, | cgc − 1| ≤ 5 × 10−16. In fact, multimessenger
gravitational-wave (GW) astronomy has commenced with
the detection of the binary neutron star merger GW170817
and its associated electromagnetic counterpart. The almost
coincident observation of both signals places an exquisite
bound on the GW speed as | cgc − 1| ≤ 5 × 10−16 [28]. Since
we were seeking for some constraints on the parameters α

and η by using this observational bound, it is permissible
to consider the modifications imposed just on the graviton’s
speed. We know that in this context photon’s velocity could
be modified too, but graviton probably feels some quantum
spacetime effects since gravitons is actually the ripples of
spacetime itself. In fact, we considered the photon’s uncer-
tainty principle as “classic” while the graviton’s one “feels”
some quantum spacetime effects. Note also that the graviton’s
energy is so narrow that only allows to shrink the parameter’s
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space to less than 1060 or 1020. However, it is so important
to find some severe constraints on the free parameters of the
GUP (QG parameters). Since GUPs are actually some phe-
nomenological aspects of the ultimate quantum gravity, any
step forward to better understanding the issue is appreciable.
It is a positive point of our work that uses the latest released
data of GW for study of a phenomenological aspect of QG.

6 Summary and conclusion

The issue of massive and massless particles propagation (by
focusing on the phase and group velocities) in the presence of
natural cutoffs has been studied in this paper. While the pres-
ence of a minimal length and a maximal momentum causes
no considerable complication due to applicability of momen-
tum space representation, the presence of a minimal measur-
able momentum (as a consequence of a limited resolution
in momentum space due to curvature of background mani-
fold which leads to an infrared cutoff) faces with a conceptual
issue. This is because of the presence of position x in the gen-
eralized uncertainty relations and also all kinematical quan-
tities such as the phase and group velocities, from the repre-
sentation point of view. In another words, the question arises
that what is x in, for instance, group velocity. We argued
that this issue can be addressed by using quasi-position or
maximally localized space representation in the presence of
a minimal length cutoff. In this manner we were able to treat
the issue of massive and massless particles propagation in the
presence of both the ultra-violet and infra-red cutoffs. Then
we obtained a position dependent effective mass and energy
for a test particle. The phase and group velocities for this
general case are also position dependent in the language of
quasi-position or maximally localized states. What is impor-
tant in this kind of studies is possible constraints on the quan-
tum gravity parameters appeared via generalized uncertainty
principle. We have used the frequency at the peak GW strain
based on the event GW170814 and investigated the possible
constraints on the model parameters in this setup by treat-
ing graviton’s group velocity. In this way we were able to
find severe numerical constraints on the GUPs parameters
for several cases encoded in figures.
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