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Abstract Hot and dense quark matter with isospin and chi-
ral imbalances is investigated in the framework of the (3+1)-
dimensional Nambu–Jona-Lasinio model (NJL) in the large-
Nc limit (Nc is the number of quark colors). Its phase struc-
ture is considered in terms of barion – μB , isospin – μI and
chiral isospin – μI5 chemical potentials. It is shown in the
paper that (i) in the chiral limit there is a duality between chi-
ral symmetry breaking (CSB) and charged pion condensation
(PC) phenomena. (ii) At the physical point, i.e. at nonzero
bare quark mass m0, and temperature this duality relation
is only approximate, although rather accurate. (iii) We have
shown that the chiral isospin chemical potential μI5 in dense
quark matter generates charged pion condensation both at
zero and nonzero m0, and at μI5 �= 0 this phase might be
observed up to temperatures as high as 100 MeV. (iv) Pseudo-
critical temperature of the chiral crossover transition rises in
the NJL model with increasing μI5. (v) It has been found an
agreement between particular sections of the phase diagram
in the framework of NJL model and corresponding ones in
lattice QCD simulations. Two different plots from different
lattice simulations that are completely independent and are
not connected at the first sight are in reality dual to each other,
it means that lattice QCD simulations support the hypothesis
that in real quark matter there exists the (approximate) dual-
ity between CSB and charged PC. Moreover, we can reverse
the logic and we can predict the increase of pseudo-critical
temperature with chiral chemical potential, the much debated
effect recently, just by the duality notion, hence bolster con-
fidence in this result (lattice QCD showed this feature for
unphysically large pion mass) and put it on the considerably
more solid ground.

a e-mail: zhokhovr@gmail.com

1 Introduction

At normal (Earth) conditions, protons and neutrons form
atomic nuclei, and the latter, together with their orbital elec-
trons, form the ordinary matter of our environment. If matter
is subjected to extreme compression, eventually all chemical
and nuclear bonds are broken, and the matter is squeezed
from the molecular scale to the sub-particle scale with den-
sity higher than 0.15 baryon per fm3. Experimental creation
of such dense matter is a very hard problem but such condi-
tions can take place inside compact stars due to compression
by gravity into a stable and extremely dense state. As a rule
neutron stars have comparatively low temperatures and one
can assume that it is zero. What happens at high tempera-
ture is hard to probe studying the physics of neutron stars.
Nevertheless, due to technology advances, modern accelera-
tors of elementary particles are now able to collide not only
single high energy protons, but also heavy ions consisting of
many coupled protons and neutrons. It is believed that in the
fire-ball just after heavy-ion collision there emerges a droplet
of quark gluon plasma with very high temperature. Physics
of heavy ion collision experiments can shed some light on
the conditions that existed a few microseconds after the Big
Bang and provide answers to several other questions.

The fundamental theory of matter in such extreme condi-
tions is quantum chromodynamics (QCD) which is a gauge
field theory associated with SU (3) group, where gauge
bosons (gluons) play the role of interaction carriers for
quarks. The main method of QCD analysis is the perturbative
technique on the basis of coupling constant. However, it is not
always possible to use this technique, as QCD calculations
can be too complex or in the low energy region when the cou-
pling constant is too large. In particular, QCD perturbative
technique is not applicable in a consideration of physically
reachable dense matter , etc. In these cases, non-perturbative
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methods, such as effective theories or lattice calculations, are
usually used.

Thus, the entire QCD phase diagram could not be
described currently in the framework of a unified theory. Lat-
tice calculations are very useful for description of the region
of zero density and high temperature. However, the so-called
sign problem still presents insurmountable difficulties for lat-
tice calculations in the nonzero density region. On the other
hand effective theories do not have fundamental background
and as a result do not share the main prominent features with
QCD such as a gauge invariance, renormalizability, etc. Nev-
ertheless, at this moment, effective models are the best tool
for investigating dense quark matter. At this time one of the
most widely used effective model is the Nambu–Jona-Lasinio
(NJL) model [1–5].

It is well known that usually dense baryonic matter in
compact stars obeys an isospin asymmetry, i.e. where the
densities of up- and down quarks are different (it is charac-
terised by isospin chemical potential μI ). In experiments on
heavy-ion collisions, we also have to deal with quark matter
which has an evident isospin asymmetry because of different
neutron and proton contents of colliding ions. In early 70th
Sawyer [6] and independently Migdal [7] have shown that
there might be phase transition from pure neutron matter to
mixed hadron matter with protons, neutrons and π0-pions at
superdense matter in the compact stars. Later, using the chi-
ral perturbation theory, it was shown that there is a threshold
μc
I = mπ ≈ 140 MeV of a phase transition to the charged

pion condensation (PC) phase [8–11]. This result was ulti-
mately proved in the framework of random matrix model
[12], Ladder-QCD model [13], resonance gas model [14],
quark-meson model [15–17], NJL model [18–21] (including
(1 + 1)-dimensional version of the NJL model [22,23]) and
lattice simulations [24–31]. Nevertheless, the whole picture
is still a matter of debate.

Now the main question is whether the charged pion con-
densation exists in the real world and how this phenomenon
behaves under influence of various external factors. And dif-
ferent factors can have a completely different effect on this
phase. For example, in the framework of NJL model the
finite-size effects, spatial inhomogeneity of the pion con-
densate [32–34] or chromomagnetic background field [35]
could promote the charged PC phase. On the other hand, if
the electric charge neutrality and β-equilibrium constraints
are imposed, the charged PC phenomenon in quark matter
depends strongly on the bare (current) quark mass values.
In particular, it turns out that the charged PC phase with
nonzero baryonic density is not realized within NJL models,
if the bare quark mass m0 reaches the physically acceptable
values of 5 ÷ 10 MeV [36–38], i.e. at the physical point.
In addition, temperature T and different model parameters
such as coupling constants, etc, as well strongly influence
this phase [39,40]. It is also worth to note that the phase

structure of the isospin imbalanced quark matter below the
threshold (μI < mπ ) is an important question because even
small nonzero μI could double the critical endpoint of a
phase diagram and affects the results of heavy-ion collision
experiments [12,41,42].

Recently, it has been shown in the framework of the mass-
less (3+1)-dimensional NJL model (and in the leading large-
Nc order, where Nc is the number of colors of quarks) that
chiral imbalance promotes charged PC phase in dense mat-
ter at zero temperature [43,44] and responsible for the exis-
tence of the duality between chiral symmetry breaking (CSB)
and charged PC phases. The imbalance between densities of
left-handed and right-handed quarks (chiral imbalance) is a
highly anticipated phenomenon that could occur both in com-
pact stars and heavy ion collisions. This effect could stem
from nontrivial interplay of axial anomaly and the topology
of gluon configurations.1 Also, there is another mechanism
of its origin – chiral separation effect which can be realized
in dense matter in the presence of a strong magnetic field. In
this case left-handed and right-handed quarks tend to move
in opposite directions along the magnetic field, thereby cre-
ating regions with chiral imbalance. Moreover, in the case of
two-flavored quark matter the chiral separation effect could
promote (see below in “Appendix A”) both nonzero chiral
density n5 and nonzero isotopic chiral density nI5, and quark
matter can be described using the corresponding chemical
potentials μ5 and μI5.

It was already mentioned above that nonzero bare quark
mass m0 and nonzero temperature T could destroy charged
PC phase in the physically adequate circumstances. So one
of the aims of our present work is to check the robustness of
the charged PC phase generated by chiral imbalance under
the influence of these destructive factors. Another purpose is
to study in the framework of the NJL4 model the fate of the
duality observed in the chiral limit [43] (where it is an exact
symmetry) between CSB and charged PC phenomena in the
leading large-Nc order: we investigate the influence of the
bare quark mass and temperature on this effect, etc. In par-
ticular, it is shown in our paper that duality correspondence
between CSB and charged PC still is a very good approxi-
mate symmetry of a phase portrait of the NJL4 model even
at m0 �= 0 and T �= 0.

It is interesting to investigate not only the charged PC
phase but also hot quark matter itself with chiral asymmetry
only. In this case at zero baryon chemical potential, μB = 0,
there is no sign-problem and we have solid results from lat-
tice simulations [46,47]. Nevertheless, some key properties
of chirally imbalanced quark matter are still under debate.

1 It is predicted that there is an electrical current in the chiral imbalanced
quark matter under strong magnetic field [45]. This phenomenon is
called chiral magnetic effect and it could be an evidence of the chiral
imbalance in QCD.
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So, in addition to charged PC phase, in the present paper
we also investigate in the framework of the NJL4 model at
m0 �= 0 the dependence of the (pseudo-)critical tempera-
ture, which characterizes the chiral cross-over region of the
phase diagram, on the chiral isospin chemical potential μI5

and compare our results with other effective model investi-
gations and lattice simulations on this topic. Note also that
at μB = 0 and m0 �= 0 the (μI , T )- and (μ5, T )-phase dia-
grams have been obtained both using lattice QCD simulations
and in the framework of the NJL model, and the results are
in good agreement. Moreover, in the present paper we show
that just these phase diagrams are dually conjugated (with a
good precision) to each other, so there is a good reason to
argue that duality between CSB and charged PC phenomena
is confirmed by lattice QCD calculations.

The paper is organized as follows. In Sect. 2 a (3 + 1)-
dimensional NJL model with two massive quark flavors (u
andd quarks) that includes three kinds of chemical potentials,
μB, μI , μI5, is introduced. Furthermore, the symmetries of
the model are discussed and its thermodynamic potential is
presented in the leading order of the large-Nc expansion both
at zero and nonzero temperature T . In particular, it is shown
in this section that in the chiral limit (m0 = 0) the phase
structure of the model (in the leading order over 1/Nc) has a
dual symmetry between CSB and charged PC phenomena. In
the next section we formulate the main consequences of the
exact dual symmetry (Sect. 3.1), using which it is possible
to decide that dual symmetry is performed approximately
in the NJL model at m0 �= 0 and T = 0, but with good
accuracy (Sect. 3.2). It Sect. 3.3 we show that at nonzero val-
ues of the chiral isospin chemical potential νI5 the charged
PC phase with nonzero quark density can be realized in the
model up to rather high values of temperature, T ≈ 100 MeV.
Moreover, here we show that duality is also fulfilled approx-
imately at T �= 0. In Sect. 3.4 the plot of the pseudo-critical
temperature of the chiral crossover transition as a function
of μI5 at μ = μI = μ5 = 0 is obtained. Here it is com-
pared with results of other effective models and lattice QCD
approaches. Section 4 presents summary and discussion lead-
ing to the conclusion that duality between CSB and charged
PC observed in the NJL4 model is supported by some phase
diagrams obtained by lattice QCD simulations at μB = 0.
Some technical details and issues not directly related to this
work are relegated to “Appendices A and B”.

2 The model and its thermodynamic potential

2.1 Lagrangian and symmetries

It is well known that in the framework of effective four-
fermion field theories dense and isotopically asymmetric

quark matter, composed of u and d quarks, can be described
by the following (3 + 1)-dimensional NJL Lagrangian

L = q̄
[
γ ν i∂ν − m0 + μB

3
γ 0 + μI

2
τ3γ

0
]
q

+ G

Nc

[
(q̄q)2 + (q̄iγ 5�τq)2

]
. (1)

Here q is a flavor doublet, q = (qu, qd)T , where qu and
qd are four-component Dirac spinors as well as color Nc-
plets of the u and d quark fields, respectively (the summation
in Eq. (1) over flavor, color, and spinor indices is implied);
τk (k = 1, 2, 3) are Pauli matrices; m0 is the bare quark
mass (for simplicity, we assume that u and d quarks have
the same mass); μB and μI are chemical potentials which
are introduced in order to study quark matter with nonzero
baryon and isospin densities, respectively.

The symmetries of the Lagrangian (1) depends essentially
on wether the bare quark mass m0 and chemical potentials
take zero or nonzero values. For example, in the most partic-
ular case, when m0 = μI = 0 the Lagrangian (1) is invariant
under transformations from chiral SU (2)L × SU (2)R group,
which is also inherent in 2-flavor QCD in the chiral limit. This
symmetry is reduced to UB(1) ×UI3(1) ×UAI3(1) group if
all chemical potentials are nonzero, and m0 = 0. In this case
the abelian baryon UB(1), isospin UI3(1) and chiral isospin
UAI3(1) subgroups act on flavor doublet q in the following
way

UB(1) : q → exp(iα/3)q; UI3(1) : q → exp(iατ3/2)q;
UAI3(1) : q → exp(iαγ 5τ3/2)q. (2)

As a result, we see that in the chiral limit (m0 = 0) the quanti-
ties n̂B ≡ q̄γ 0q/3, n̂ I ≡ q̄γ 0τ 3q/2 and n̂ I5 ≡ q̄γ 0γ 5τ 3q/2
are the density operators of the conserved baryon, isospin
and chiral isospin charges of the system (1), respectively.
Introducing the particle density operators for u and d quarks,
n̂u ≡ quγ 0qu and n̂d ≡ qdγ 0qd , we have

n̂B = 1

3

(
n̂u + n̂d

)
, n̂ I = 1

2

(
n̂u − n̂d

)
. (3)

One can also introduce the particle density operators n̂ f R and
n̂ f L for right- and left-handed quarks of each flavor f = u, d
(see in “Appendix A”). In this case the density operator of
the chiral isospin charge looks like

n̂ I5 = 1

2

(
n̂uR − n̂uL − n̂d R + n̂dL

) = 1

2

(
n̂u5 − n̂d5

)
, (4)

where the quantity n̂ f 5 ≡ n̂ f R − n̂ f L is usually called the
density operator of the chiral charge for the quark flavor f =
u, d. Below, in “Appendix A”, we discuss the possibility of
the appearance of a nonzero chiral isotopic density in quark
matter inside neutron stars. It can be explained on the basis
of the chiral separation effect in the presence of a strong
magnetic field in a dense baryonic medium.
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However, at the physical point (m0 �= 0) the symme-
try of the Lagrangian (1) under transformations from axial
isotopic group UAI3(1) is explicitly broken. So in the most
general case with m0 �= 0, μB �= 0 and μI �= 0 the ini-
tial model (1) is invariant only under the UB(1) × UI3(1)

group. (We would like also to remark that Lagrangian (1) is
invariant with respect to the electromagnetic UQ(1) group,
UQ(1) : q → exp(iQα)q, at arbitrary values of m0, where
Q = diag(2/3,−1/3).)

The ground state (the state of thermodynamic equilibrium)
of quark matter with nB �= 0 and nI �= 0, where nB ≡ 〈n̂B〉,
nI ≡ 〈n̂ I 〉,2 both at zero and nonzero values of m0 has been
investigated in the framework of the NJL model (1), e.g., in
Refs. [18–21,39]. However, the fact that quark matter may
have a nonzero chiral isotopic charge was ignored in those
papers. Recently, this gap in researches was filled in the paper
[43], where we have studied the properties of equilibrium
quark matter at nB �= 0, nI �= 0 as well as at nonzero chiral
isospin charge density nI5 ≡ 〈n̂ I5〉 �= 0 in the framework
of the massless (3 + 1)-dimensional two-flavor NJL model
(temperature T was taken to be zero in Ref. [43]). In contrast
to this, in the present paper we consider the properties of
a more realistic quark matter, i.e. at m0 �= 0 and T �= 0,
for which all densities nB , nI and nI5 are also nonzero. The
solution of this problem can be most conveniently carried out
in terms of chemical potentials μB , μI and μI5, which are the
quantities, thermodynamically conjugated to corresponding
charge densities n̂B , n̂ I and n̂ I5 presented in Eqs. (3) and (4).
Therefore, when solving this problem, one can rely on the
Lagrangian of the form

L̄ = L + μI5n̂ I5

= q̄
[
γ ν i∂ν − m0 + μB

3
γ 0 + μI

2
τ3γ

0 + μI5

2
τ3γ

0γ 5
]
q

+ G

Nc

[
(q̄q)2 + (q̄iγ 5�τq)2

]
. (5)

(Generally speaking, in this case the chiral isospin charge is
no more a conserved quantity of our system. Therefore, chiral
isospin chemical potential μI5 is not conjugated to a strictly
conserved charge. However, denoting by τ the typical time
scale in which all chirality changing processes take place,
one can treat μI5 as the chemical potential that describes a
system in thermodynamic equilibrium with a fixed value of
nI5 on a time scale much larger than τ .)

Our goal is the investigation of the ground state prop-
erties (or phase structure) of the system, described by the
Lagrangian (5), and its dependence on the chemical poten-
tials μB , μI and μI5 (both at zero and nonzero tempera-
ture). It is well known that all information on the phase struc-
ture of the model is contained in its thermodynamic poten-

2 The notation 〈Ô〉 means the ground state expectation value of the
operator Ô .

tial (TDP). Namely, in the behavior of its global minimum
point vs. chemical potentials. Moreover, the values of charge
densities nB ≡ 〈n̂B〉, nI ≡ 〈n̂ I 〉 and nI5 ≡ 〈n̂ I5〉 in equilib-
rium quark matter can be found by differentiating the TDP in
the global minimum point with respect to the corresponding
chemical potentials μB , μI and μI5, etc. In order to find the
TDP of the model, we start from a semibosonized version of
the Lagrangian (5), which contains composite bosonic fields
σ(x) and πa(x):

L = q̄
[
γ ρ i∂ρ − m0 + μγ 0 + ντ3γ

0 + ν5τ3γ
0γ 5 − σ

− iγ 5πaτa

]
q − Nc

4G

[
σσ + πaπa

]
. (6)

Here, a = 1, 2, 3 and also we introduced the notations
μ ≡ μB/3, ν ≡ μI /2 and ν5 ≡ μI5/2. From the auxil-
iary Lagrangian (6) one gets the equations for the bosonic
fields:

σ(x) = −2
G

Nc
(q̄q); πa(x) = −2

G

Nc
(q̄iγ 5τaq). (7)

Note that the composite bosonic field π3(x) can be identified
with the physical π0(x)-meson field, whereas the physical
π±(x)-meson fields are the following combinations of the
composite fields, π±(x) = (π1(x) ∓ iπ2(x))/

√
2. Obvi-

ously, the semibosonized Lagrangian L is equivalent to the
initial Lagrangian (5) when using the equations (7). Further-
more, the composite bosonic fields (7) change under the influ-
ence of transformations from the isospin UI3(1) and axial
isospin UAI3(1) groups in the following manner:

UI3(1) : σ → σ ; π3 → π3; π1 → cos(α)π1 + sin(α)π2;
π2 → cos(α)π2 − sin(α)π1,

UAI3(1) : π1 → π1; π2 → π2; σ → cos(α)σ+ sin(α)π3;
π3 → cos(α)π3 − sin(α)σ. (8)

2.2 Thermodynamical potential: Zero temperature case

Starting from the auxiliary Lagrangian (6), one obtains in
the leading order of the large-Nc expansion (i.e. in the one-
fermion loop approximation) the following path integral
expression for the effective action Seff(σ, πa) of the bosonic
σ(x) and πa(x) fields:

exp(iSeff(σ, πa)) = N ′
∫

[dq̄][dq] exp
(

i
∫

L d4x
)
,

where

Seff(σ (x), πa(x)) = −Nc

∫
d4x

[
σ 2 + π2

a

4G

]
+ S̃eff ,

(9)
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The quark contribution to the effective action, i.e. the term
S̃eff in (9), is given by:

exp(iS̃eff ) = N ′
∫

[dq̄][dq] exp
(

i
∫ {

q̄
[
γ ρ i∂ρ − m0 + μγ 0

+ ντ3γ 0 + ν5τ3γ 0γ 5 − σ − iγ 5πaτa
]
q
}
d4x

)
= [Det D]Nc ,

(10)

where N ′ is a normalization constant. Moreover, in (10) we
have introduced the notation D,

D ≡ γ ν i∂ν − m0 + μγ 0 + ντ3γ
0

+ν5τ3γ
0γ 5 − σ(x) − iγ 5πa(x)τa, (11)

for the Dirac operator, which acts in the flavor-, spinor- as
well as coordinate spaces only. Using the general formula
Det D = exp Tr ln D, one obtains for the effective action (9)
the following expression

Seff(σ (x), πa(x)) = −Nc

∫
d4x

[
σ 2(x) + π2

a (x)

4G

]

−iNcTrs f x ln D, (12)

where the Tr-operation stands for the trace in spinor-(s),
flavor-( f ) as well as four-dimensional coordinate-(x) spaces,
respectively.

The ground state expectation values 〈σ(x)〉 and 〈πa(x)〉
of the composite bosonic fields are determined by the saddle
point equations,

δSeff

δσ (x)
= 0,

δSeff

δπa(x)
= 0, (13)

where a = 1, 2, 3. Just the knowledge of 〈σ(x)〉 and 〈πa(x)〉
and, especially, of their behaviour vs. chemical potentials
supplies us with a phase structure of the model. In the present
paper we suppose that in the ground state of the system the
quantities 〈σ(x)〉 and 〈πa(x)〉 do not depend on spacetime
coordinates x ,

〈σ(x)〉 ≡ σ, 〈πa(x)〉 ≡ πa, (14)

where σ and πa (a = 1, 2, 3) are already spatially indepen-
dent constant quantities. In fact, they are coordinates of the
global minimum point of the thermodynamic potential (TDP)
�(σ, πa). In the leading order of the large-Nc expansion it
is defined by the following expression:

∫
d4x�(σ, πa) = − 1

Nc
Seff

(
σ(x), πa(x)

)∣∣∣
σ(x)=σ,πa(x)=πa

.

(15)

In what follows we are going to investigate the μ, ν, ν5-
dependence of the global minimum point of the function
�(σ, πa) vs σ, πa . Let us note that in the chiral limit (due to
a UI3(1) × UAI3(1) invariance of the model) the TDP (15)
depends effectively only on the combinations σ 2 + π2

3 and

π2
1 + π2

2 . Whereas at the physical point (i.e. at m0 �= 0) it
depends effectively on the combination π2

1 + π2
2 as well as

on σ and π3. Since in this case the relations 〈σ(x)〉 �= 0 and
〈π3(x)〉 = 0 are always satisfied (see, e.g., in Ref. [35]), at
m0 �= 0 one can put without loss of generality π2 = π3 = 0
in Eq. (15), and study the TDP as a function of only two vari-
ables. For simplicity, we introduce the following M ≡ σ+m0

and  ≡ π1 notations, and throughout the paper use the
ansatz

〈σ(x)〉 = M − m0, 〈π1(x)〉 = ,

〈π2(x)〉 = 0, 〈π3(x)〉 = 0. (16)

If in the global minimum point of the TDP we have  �= 0,
then isospin UI3(1) symmetry of the model is spontaneously
broken down. Moreover, since at m0 �= 0 chiral symmetry
is explicitly broken down in the model, the M coordinate of
the global minimum is always a nonzero quantity. Note also
that M is a dynamical or constituent quark mass. In terms of
M and  the TDP (15) reads

�(M,) = (M − m0)
2 + 2

4G
+ i

Trs f x ln D∫
d4x

= (M − m0)
2 + 2

4G
+ i

∫
d4 p

(2π)4 ln Det D(p),

(17)

where

D(p) = � p + μγ 0 + ντ3γ
0 + ν5τ3γ

0γ 5

−M − iγ 5τ1 ≡
(
A , U
V , B

)
(18)

is the momentum space representation of the Dirac operator
D (11) under the constraint (16). The quantities A, B,U, V
in Eq. (18) are really the following 4 × 4 matrices,

A = � p + μγ 0 + νγ 0 + ν5γ
0γ 5 − M;

B = � p + μγ 0 − νγ 0 − ν5γ
0γ 5 − M; U = V = −iγ 5,

(19)

so the quantity D(p) from Eq. (18) is indeed a 8×8 matrix
whose determinant appears in the expression (17). Based on
the following general relations

Det D(p) ≡ det

(
A , U
V , B

)
= det[−VU + V AV−1B]

= det[BA − BUB−1V ] (20)

and using any program of analytical calculations, one can
find from Eqs. (19) and (20)

Det D(p) = (
η4 − 2aη2 − bη + c

)(
η4 − 2aη2 + bη + c

)

≡ P−(p0)P+(p0), (21)
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where η = p0 + μ, | �p| =
√
p2

1 + p2
2 + p2

3 and

a = M2 + 2 + | �p|2 + ν2 + ν2
5 ; b = 8| �p|νν5;

c = a2 − 4| �p|2(ν2 + ν2
5 ) − 4M2ν2 − 42ν2

5 − 4ν2ν2
5 .

(22)

It is evident from Eq. (22) that the TDP (17) is an even func-
tion over the variable , and parameters ν and ν5. In addition,
it is invariant under the transformation μ → −μ. 3 Hence,
without loss of generality we can consider in the following
only μ ≥ 0, ν ≥ 0, ν5 ≥ 0, and  ≥ 0 values of these quan-
tities. Moreover in the chiral limit, the TDP (17) is invariant
with respect to the so-called duality transformation:

D : M ←→ , ν ←→ ν5. (23)

(It is interesting to note that the dual symmetry (23) is also
an inherent property of the TDP of the model (5) in the chi-
ral limit and at Nc → ∞, but in the (1 + 1)-dimensional
spacetime [48–50].) One can find roots of the polynomials
(21) analytically, the procedure is relegated to “Appendix B”.
Four roots of P+(η) have the following form

η1 = 1

2

(
−

√
r2 − 4q − r

)
, η2 = 1

2

(√
r2 − 4q − r

)
,

η3 = 1

2

(
r −

√
r2 − 4s

)
, η4 = 1

2

(
r +

√
r2 − 4s

)
.

(24)

The roots of P−(η) can be obtained by changing b → −b
(changing b → −b is equivalent to q ↔ s),

η5 = 1

2

(
−

√
r2 − 4s − r

)
= −η4,

η6 = 1

2

(√
r2 − 4s − r

)
= −η3,

η7 = 1

2

(
r −

√
r2 − 4q

)
= −η2,

η8 = 1

2

(
r +

√
r2 − 4q

)
= −η1. (25)

where q = 1
2

(−2a + r2 − b
r

)
, s = 1

2

(−2a + r2 + b
r

)
,

and r has quite complicated form, but could be always cho-
sen as a real one (all the details can be found in “Appendix
B”). As a result, we have from Eq. (21) that

Det D(p) = �8
i=1(η − ηi ), (26)

where each root ηi is invariant with respect to the duality
transformation (23). So, it is evident from Eqs. (17) and (21)
that for the TDP one can obtain the following expression

3 Indeed, if simultaneously with μ → −μ we perform in the integral
(17) the p0 → −p0 change of variables, then one can easily see that
the expression (17) remains intact.

�(M,) = (M − m0)
2 + 2

4G

+i
8∑

i=1

∫
d4 p

(2π)4 ln(p0 + μ − ηi ). (27)

Then, taking in account a general formula
∫ ∞

−∞
dp0 ln

(
p0 − K ) = iπ |K |, (28)

and using the fact that each root ηi of Eqs. (24) and (25)
has a counterpart with opposite sign as well as the relation
|μ − ηi | + |μ + ηi | = 2|ηi | + 2θ(μ − |ηi |)(μ − |ηi |), one
gets

�(M,) = (M − m0)
2 + 2

4G

−
4∑

i=1

∫
d3 p

(2π)3

(|ηi | + θ(μ − |ηi |)(μ − |ηi |)
)

= (M − m0)
2 + 2

4G

− 1

2π2

4∑
i=1

∫ �

0
p2(|ηi | + θ(μ − |ηi |)(μ − |ηi |)

)
dp.

(29)

To obtain the second line of Eq. (29), where p ≡ | �p| and �

is a three-momentum cutoff parameter, we have integrated in
the first line of it over angle variables. If we are interested in
knowing the phase structure of the model at zero temperature,
we should study just the TDP (29) vs M and  on the global
minimum point (GMP). It is clear that at m0 �= 0 the GMP
of the TDP has the form (M0,0), where M0 is always a
nonzero quantity. If in this case 0 �= 0, then we are in the
charged PC phase with spontaneous breaking of the isospin
UI3(1) symmetry.

2.3 Thermodynamical potential: non-zero temperature case

Though, the effect of non-zero temperatures is quite pre-
dictable (one can expect that the temperatures just restore
all the broken symmetries of the model), here we include
nonzero temperatures into consideration because it is impor-
tant in a number of applications. In heavy ion collisions and
early Universe the temperatures are huge and its account
looks inevitable, but it even makes sense in other not so appar-
ent situations. We know that compact stars are cold and one
can consider their temperatures as zero. But probably there
could be scenarios in which the temperatures could be impor-
tant even in the context of compact stars. For example, their
temperatures right after they are born in a supernova explo-
sion can be as high as T ≈ 10 MeV. So it is instructive to
know how robust the charged PC phase under temperature.
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To introduce finite temperature into consideration, it is
very convenient to use the zero temperature expression (27)
for the TDP. Then, to find the temperature dependent TDP
�T (M,) one should replace in Eq. (27) the integration over
p0 in favor of the summation over Matsubara frequencies ωn

by the rule
∫ ∞

−∞
dp0

2π

( · · · ) → iT
∞∑

n=−∞

( · · · ),

p0 → p0n ≡ iωn ≡ iπT (2n + 1), n = 0,±1,±2, ...,

(30)

In the expression obtained, it is possible to sum over Matsub-
ara frequencies using the general formula (the corresponding
technique is presented, e.g., in [51,52])

∞∑
n=−∞

ln(iωn − a) = ln
[
exp(β|a|/2) + exp(−β|a|/2)

]

= β|a|
2

+ ln
[
1 + exp(−β|a|)] , (31)

where β = 1/T . As a result, one can obtain the following
expression for the TDP �T (M,)

�T (M,)

= �(M,) − T
4∑

i=1

∫ �

0

p2dp

2π2

{
ln(1 + e− 1

T (|ηi−μ|))

+ ln(1 + e− 1
T (|ηi+μ|))

}
, (32)

where �(M,) is the TDP (29) of the system at zero tem-
perature. Since each root ηi in Eq. (32) is a duallyD invariant
quantity (see in Eq. (23)), it is clear that in the chiral limit
the temperature dependent TDP (32) is also symmetric with
respect to the duality transformation D.

Finally, it is necessary to note that in the framework of the
NJL4 model the leading order of the large-Nc limit is iden-
tical to the mean-field approximation. This suggests that at
T = 0, where fluctuations are expected to be suppressed, the
results are likely to be a good approximation to the Nc = 3
case. To be sure that this fact is also valid at nonzero tem-
perature, one can remember, e.g., Refs. [53–55], where it
was shown that mean-field approximation is a rather good
approximation both at zero and finite temperature. So not
only in the limit Nc → ∞ but also at finite Nc thermal fluc-
tuations are not that large and probably cannot destroy the
results, obtained in this approximation. Hence, in the follow-
ing we may compare our NJL4 results with lattice Nc = 3
QCD results at T > 0. Despite all this arguments one should
be very cautious comparing the results obtained in different
approaches with different setups and approximations, and it
should be mentioned that the agreement can be qualitative
and not very precise.

2.4 Technical details

Technically, to define the ground state of the system one
should find the coordinates (M0,0) of the global minimum
point (GMP) of the TDP (29). Since the NJL model is a
non-renormalizable theory we have to use fitting parameters
for the quantitative investigation of the system. We use the
following, widely used parameters:

m0 = 5, 5 MeV; G = 15.03 GeV−2; � = 0.65 GeV.

(33)

In this case at μ = ν = ν5 = 0 one gets for constituent quark
mass the value M = 309 MeV. Moreover, we suppose that
quark chemical potentials are varied in the region μ < �,
ν < � and ν5 < �. At higher values of μ, ν and νI5 the NJL
model (5) no longer describes a phase structure of real quark
matter. The reason is rather obvious and in addition in this
case it is necessary to take into account the condensation of
ρ mesons, color superconductivity phenomenon, etc. Actu-
ally, even though it is shown in [56] that if one includes μ5

into consideration the transition to the color superconduct-
ing phase shifts to higher values of μ, it does not in any way
forbid this phenomenon and the color superconducting phase
can appear in the region under consideration. So we should
admit that it is interesting to include the possibility of color
superconductivity but for simplicity here we will neglect it.

As our main goal of the present paper is to prove the pos-
sibility of the charged PC phenomenon in hot dense quark
matter with chiral imbalance, i.e. in the framework of the
NJL model (5), the consideration of the physical quantity
nq , called quark number density, is now in order. This quan-
tity is a very important characteristic of the ground state,
especially in dynamical phenomena such as superfluidity. It
is related to the baryon number density as nq = 3nB because
μ = μB/3. In the general case this quantity is defined by the
relation

nq = −∂�(M0,0)

∂μ
, (34)

where M0 and 0 are coordinates of the GMP of a thermody-
namic potential. In addition, one can find also the density nI
of isospin, nI = −∂�(M0,0)/∂μI , as well as the chiral
isospin density nI5, nI5 = −∂�(M0,0)/∂μI5.

We distinguish the following phases that could be realized
in the chirally asymmetric system under different external
circumstances (the quantities M0 and 0 below are the coor-
dinates of the GMP of the TDP (29) in the corresponding
phase):
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• M0 = 0;0 = 0 – symmetrical phase. It could be real-
ized only in the chiral limit, m0 = 0. Usually, in this
phase nq �= 0 at μ �= 0.

• M0 �= 0;0 = 0; nq = 0 – chiral symmetry breaking
phase (we use for it the notation CSB). Since quark num-
ber (baryon) density is zero in this phase, sometimes it is
called the ordinary baryonic vacuum.

• M0 �= 0;0 = 0; nq �= 0 – chiral symmetry break-
ing phase with nonzero quark density (below it is CSBd

phase).

In the CSB phase the order parameter M0 is usually greater
than quark number chemical potential μ. Moreover, M0 is
of order of the gap in the energy spectrum of quarks. Due
to this reasons quarks cannot be created in this phase and
nq = 0. However, with increasing of chemical potentials,
it is advantageous for the system to abruptly decrease the
parameter M0 (see, e.g., the right panel of Fig. 5) and move
into a new CSBd phase. In this case, the gap in the energy
spectrum of quarks significantly decreases, which makes it
possible to create quarks in the ground state. As a result, the
quark number density nq is nonzero in the CSBd phase.

• M0 �= 0;0 �= 0; nq = 0 – charged pion condensa-
tion phase with zero quark density (below in all phase
diagrams we use for it the notation PC) (M0 = 0 in the
chiral limit). In the charged PC phaseUI3(1) symmetry is
spontaneously broken down. Since in this phase nq = 0,
sometimes it is called the charged pion gas phase.

• M0 �= 0;0 �= 0; nq �= 0 – charged pion condensation
phase with nonzero quark density (PCd ). In the PCd phase
UI3(1) symmetry is also spontaneously broken down. 4

• We use the notation ApprSYM for the approximate sym-
metrical phase. In the literature this phase is usually called
Wigner-Weyl phase [3,57–59]. It also corresponds to a
GMP of the TDP (29), in which M0 �= 0 and 0 = 0.
But in contrast to the CSB and CSBd phases, dynamical
quark mass M0 in the ApprSYM phase drops rapidly and
continuously to the current quark mass m0 with increas-
ing temperature or chemical potentials. As it follows
from Eqs. (7) and (16), under such conditions the chiral
condensate 〈q̄q〉 is almost zero, and the chiral symme-
try is approximately restored in the model. Moreover, at
m0 → 0 this phase turns into an exactly symmetrical
phase with M0 = 0. These are the reasons why we use
the name ApprSYM in all phase portraits below.

4 The transition between PC and PCd phases is also a first-order phase
transition, as in this case the order parameter 0 decreases by a jump
(see, e.g., the left panel of Fig. 5), and the possibility for the creation
of quarks appears. Therefore, in the PCd phase the quark number den-
sity nq is nonzero. Moreover, in both phases the isospin density nI is
nonzero.

Note that at zero temperature M0 changes its value by a
jump when there is a phase transition from different CSB
or charged PC phases to the ApprSYM phase (see, e.g., in
Figs. 4, 5). However, at nonzero temperature there is usually
a chiral crossover transition between CSB and ApprSYM
phases (see in Fig. 8).

Below we present different phase portraits of the model
as well as its properties in terms of this notations.

3 Phase structure of the model

3.1 Exact duality in the chiral limit (m0 = 0) at zero
temperature (T = 0)

Let us first consider some equilibrium properties of the model
starting from the TDP (17) or (29), i.e. at zero temperature,
and in the chiral limit (m0 = 0). Although this case has been
investigated in details in the article [43], it is useful to recall
the main features of the model phase structure obtained in
the leading order of the large-Nc expansion.

It was already noted above that in the chiral limit the
TDP (17) is invariant under the so-called duality transfor-
mation D, where D : M ↔ , ν ↔ ν5, which could be
strictly seen from Eq. (22). It means that if at some fixed
values μ, ν = A, ν5 = B of the chemical potentials the TDP
has a GMP of the form (M = M0, = 0), then at the
transposed values of the isospin chemical potentials, i.e. at
ν = B, ν5 = A, but at the unaltered value of μ, the GMP of
the TDP (17) lies already at the point (M = 0, = M0).
As a result, we see that if at μ, ν = A, ν5 = B, e.g., the CSB
phase is realized with M = M0 �= 0, = 0, then at the per-
muted (we say dually conjugated) values μ, ν = B, ν5 = A
of chemical potentials the charged PC phase should be real-
ized with M = 0, = M0, and vice versa. Hence, in
the (ν, ν5)-phase portrait all charged PC phases should be
arranged mirror symmetrically to all CSB phases with respect
to the line ν = ν5. However, the symmetrical phase turns into
itself under the duality transformation, and on the (ν, ν5)-
plane the line ν = ν5 is the axis of symmetry of this phase.
Just these facts are well illustrated by the (ν, ν5)-phase dia-
grams of Fig. 1. There one can see three (ν, ν5)-phase por-
traits of the model: the left panel corresponds to μ = 0 MeV,
at the central panel μ = 150 MeV and at the right one
μ = 200 MeV. Moreover, it is clear from the phase dia-
grams of Fig. 1 that in dense quark matter, i.e. at μ > 0,
ν5-chemical potential does promote the charged PC phase
with nonzero quark density (there it is PCd phase).

So, in the presence of duality the knowledge of a phase
of the model (5) at some fixed values of external free model
parameters μ, ν, ν5 (and at m0 = 0) is sufficient to under-
stand what a phase (we call it a dually conjugated) is realized
at rearranged values of isospin chemical potentials, ν ↔ ν5,
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(a) (b) (c)

Fig. 1 The (ν, ν5)-phase portraits of the model in the chiral limit (m0 = 0) for μ = 0 MeV – (a); μ = 150 MeV – (b); and μ = 200 MeV – (c).
Notations are presented in Sect. 2.4

at fixed μ. Furthermore, different physical parameters such
as condensates, densities, etc, which characterize both the
initial phase and the dually conjugated one, are connected by
the main duality transformation D. For example, the chiral
condensate of the initial CSB phase at some fixed μ, ν, ν5

is equal to the charged-pion condensate of the dually conju-
gated charged PC phase. The quark number density nq(ν, ν5)

(34) of the initial CSB phase is equal to the quark number
density in the dually conjugated charged PC phase, etc.

Perhaps, the duality between CSB and charged PC phases
is valid in the framework of the NJL4 model under consid-
eration only in the leading large-Nc order (and at m0 = 0).
However, we think that some signs of this duality remain at
the physical point of the full theory and can be observed, e.g.,
using lattice calculations. What does the duality give? If exact
or approximate dual symmetry between different phenom-
ena exists in the model, then, knowing the phase structure or
other thermodynamic characteristics of the model in a certain
region of chemical potentials, one can predict its properties
in the dual-conjugated domain. For example, due to the dual-
ity between CSB and charge PC phenomena, there was no
need to investigate numerically the TDP (29) at each point
of the (ν, ν5)-plane in order to find the phase diagrams of
Fig. 1 (or the similar diagrams at other values of μ). Instead,
it would be sufficient to obtain a phase portrait in a more nar-
row region, e.g., at ν ≥ ν5 ≥ 0. In this case it is composed
of PC, PCd and symmetrical phases (see in Fig. 1). Then
one should transform each phase of it, using the mapping
ν ←→ ν5, into a dually conjugated phase, which is already
located in the region ν5 ≥ ν ≥ 0. At the same time we
should change the name of the phase according to the rule:
PC → CSB, PCd → CSBd and the name of the symmetric
phase under the dual transformation does not change. Thus,
the duality property of the model can help to save not only the
time of numerical calculations but also immediately imagine

the properties of the model in previously unexplored regions
of the values of chemical potentials.

There is an even more interesting use of duality. So, if we
know, for example, the (ν, μ)-phase portrait of the model at
fixed ν5 = A, there is no need to perform detailed calcu-
lations in order to obtain its (ν5, μ)-phase portrait at fixed
ν = A. To do this, it is enough to rename the ν axis of the
initial phase diagram to the ν5 axis and change the name of
the phases according to the rule: PC→CSB, PCd → CSBd

(symmetrical phase remains intact). We call this technical
procedure as the dual conjugation of a phase diagram. Hence,
the (ν5, μ) and (ν, μ)-phase portraits are mutually conjugate
to each other. However, any (ν, ν5)-phase portrait (such as
in Fig. 1) is self-dual, i.e. it is transformed into itself by the
dual conjugation.

Finally note that there is another kind of duality, the
duality between chiral symmetry breaking and superconduc-
tivity phenomena, which is realized in some (1 + 1)- and
(2 + 1)-dimensional four-fermion theories [60–62]. But in
these models the duality is a consequence of Pauli–Gürsey
symmetry of initial Lagrangians.

3.2 Approximate duality in the case of m0 �= 0 and T = 0

In the present section we study the influence of a nonzero
value (33) of the bare quark massm0 on the charged PC phase.
Moreover, since at m0 �= 0 the TDP (17) is no more invariant
with respect to the dual symmetryD (23), which is exact only
in the chiral limit, we will examine the question whether there
are some formal signs indicating that the dual symmetry D
is at least an approximate symmetry of the NJL model at
m0 �= 0. Among these signs are the following features of the
NJL model at the physical point, when m0 = 5.5 MeV,

(i) At some reliable values of the chemical potentials each
(ν, ν5)-phase portrait of the model (at some fixed μ) is
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(a) (b) (c)

Fig. 2 The (ν, ν5)-phase portraits of the model at the physical point (m0 = 5.5 MeV) and at μ = 0 MeV – (a); μ = 150 MeV – (b); and
μ = 200 MeV – (c)

(a) (b) (c)

Fig. 3 The (ν, ν5)-phase portraits of the model at the physical point (m0 = 5.5 MeV) and at μ = 300 MeV – (a); μ = 400 MeV – (b); and
μ = 500 MeV – (c)

approximately self-dual, i.e. approximately all charged
PC phases of it are arranged mirror symmetrically to all
CSB phases with respect to the line ν = ν5.

(ii) Each (ν, ν5)-phase diagram has a phase (it is the
ApprSYM phase), which is approximately symmetric
under the transformation ν ↔ ν5, i.e. it is arranged
symmetrically with respect to the line ν = ν5.

(iii) Under the dual transformation, when ν ↔ ν5, the order
parameter M0 of CSB or CSBd phase is approximately
equal to the order parameter 0 of the dually conjugated
charged PC or PCd phase.

(iv) The quark number density nq in any phase, correspond-
ing to the chemical potential point (μ, ν = A, ν5 = B),
is approximately equal to quark number density nq
of its dually conjugated phase that lies at the point
(μ, ν = B, ν5 = A).

(v) Each (ν5, μ)-phase portrait (at some fixed ν = A) of
the model is approximately the dual D mapping of a
corresponding (ν, μ)-phase portrait (at some fixed ν5 =
A) and vice versa.

If these properties are inherent in the model or theory, then we
say that in the model (theory) there is an approximate duality
between its chiral properties and charged pion condensation
phenomena.

Bearing this in mind, let us look at the (ν, ν5)-phase por-
traits of Fig. 2, which are depicted for the same values of the
quark number chemical potential μ as in Fig. 1. First of all
note that at ν5 = 0 in all diagrams of Fig. 2 there is a threshold
νc = mπ/2 ≈ 70 MeV of a second order phase transition to
the PC phase, which is also predicted by all known investiga-
tions [8–11] (including lattice calculations [24–31]). More-
over, it is easily seen from these diagrams that ν5 promotes
the charged PC phase in dense quark matter (it is the phase
PCd in Figs. 2, 3) even in the case ofm0 �= 0. The NJL model
is believed to work well at rather high baryon densities where
quark matter can be realized and for low values of chemical
potential μ < 300 MeV NJL model is likely to give not very
trustworthy results and hadron effective model is needed. So
the prediction of the generation of PCd phase at μ < 300
MeV is questionable and the use of hadron effective model,
taking into account the presence of baryons, is needed in this

123



Eur. Phys. J. C (2019) 79 :151 Page 11 of 19 151

Fig. 4 The Gaps M0 and 0 vs. ν5 at μ = 260 MeV and ν = 300 MeV (left panel). The same quantities M0 and 0 vs ν at μ = 260 MeV and
ν5 = 300 MeV (right panel)

Fig. 5 The Gaps M0,0 and baryon density nB vs. ν5 at μ = 200 MeV and ν = 350 MeV (left panel). The same quantities M0,0 and nB vs ν

at μ = 200 MeV and ν5 = 350 MeV (right panel)

region but one can consider the prediction of PCd phase gen-
eration with rather large baryon density (at μ > 300 MeV)
to be reliable (see Fig. 3).

Concerning the above-listed duality signs (i)–(v), we see
that in the region ω = {(μ, ν, ν5) : μ < �(m0), ν <

�(m0), ν5 < �(m0)}, where �(m0) is of the order of the
pion mass mπ , there is no sense to say about duality (even
approximate), because the point (i) of this list is not fulfilled.
However, as it follows from Figs. 2 and 3, outside the region
ω and for all values of μ, ν and ν5 restricted by the conditions
μ < �, ν < � and ν5 < � (the duality is even better sym-
metry in the region of larger values of chemical potentials but
the results of NJL model in this region are not trustworthy)
we see that the items (i) and (ii) are satisfied.

To have a more precise picture, let us take a look at the
Figs. 4 and 5, where the Gaps M0,0 and baryon density
nB vs. ν5 and ν for are depicted. It follows from these pic-
tures that if we go from the phase, corresponding, e.g., to a
chemical potential set (μ = 200, ν = 350, ν5 = A) MeV, to
the dually D conjugated phase with (μ = 200, ν = A, ν5 =
350) MeV (or vice versa), then pion condensate 0 in the
charged PC phase is approximately the same as dynamical
quark mass M0 in the dually conjugated CSB phase (compare
the left and right panels of Fig. 5) and baryon density nB is
not changed (approximately). In the dually conjugated points
of the ApprSYM phase both nB and dynamic quark mass M
are not changed, approximately. The same conclusions one
can obtain from Fig. 4 for μ = 260 MeV when two phases,
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Fig. 6 The (ν, μ)-phase portrait at ν5 = 200 MeV (left figure) and the (ν5, μ)-phase portrait at ν = 200 MeV (right figure)

CSB and PC, are present. Hence, the items (iii) and (iv) of
the list of duality signs are also satisfied.

Finally, comparing, e.g., the (ν, μ)-phase diagram at fixed
ν5 = 200 MeV and the (ν5, μ)-phase diagram at fixed ν =
200 MeV (see in Fig. 6), we see that qualitatively they are
dually D conjugated to each other at a rather low values of
μ � 200 MeV, i.e in this region of each diagram of Fig. 6 one
can perform the following axis and phase renaming, ν ↔ ν5,
CSB↔PC and CSBd ↔PCd (the ApprSYM phase does not
change its name by the duality transformation), in order to
obtain (approximately) the corresponding region of another
diagram of Fig. 6. This conclusion agrees with phase portraits
of Fig. 2 for moving along the lines ν = 200 MeV (or ν5 =
200 MeV) of these diagrams we intersect just the phases
shown in Fig. 6 at low μ. In addition, it is easy to see that
there is a dualityD between diagrams of Fig. 6 in the regions,
where ν � 200 MeV (left panel) and ν5 � 200 MeV (right
panel). So the item (v) of the list of duality signs is also
satisfied.

In conclusion of this section, we can say that the dual-
ity between the phenomena of CSB and a charged PC,
inherent for this model in the chiral limit at Nc → ∞, is
approximately fulfilled even at m0 �= 0, but only for the
points (μ, ν, ν5) of the chemical potential space from the
region, in which μ, ν, ν5 < 500 MeV and at the same time
(μ, ν, ν5) /∈ ω, where ω = {(μ, ν, ν5) : μ, ν, ν5 < �(m0)}
(here �(m0) ∼ mπ ).

3.3 Phase portrait at the physical point (m0 = 5.5 MeV)
and nonzero temperature (T �= 0)

Though, the effect of nonzero temperatures is quite pre-
dictable (indeed, one can expect that the temperature just
restores all the broken symmetries of the model), we inves-

tigate nonzero temperature case because it is important in
a number of applications. We know that compact stars are
cold and one can consider their temperatures as zero, but
probably there could be scenarios in which the temperatures
could be important even in the context of compact stars. So
it is instructive to know how robust the PCd-phase under the
influence of temperature and chiral imbalance.

To clarify this issue, we calculated two (ν, T )-phase dia-
grams of the model at μ = 0 (in order to compare our results
with lattice investigations) and at different values of ν5. In
Fig. 7 (left panel) one can see this diagram at ν5 = 0, whereas
in the right panel it is at ν5 = 200 MeV. Note that the phase
portrait at μ = 0 and ν5 = 0 is in accordance with the same
phase portrait obtained within first principle lattice calcula-
tions [24–31]. Also, as one could expect, it is clear from Fig. 7
that temperature restores broken UI3(1)-symmetry at some
rather high critical values T PC

c , where charged PC phase is
disappeared. 5 (Of course, at fixed values of μ and ν5 the
critical temperature T PC

c depends strongly on the isospin
chemical potential μI ≡ 2ν.) Moreover, as it follows from
Fig. 7, T PC

c vs. ν5 (at μ = 0) drops from values T PC
c ≈ 200

MeV at ν5 = 0 to values T PC
c ≈ 100 MeV at ν5 = 200

MeV (compare left and right panels of Fig. 7), i.e. when
ν5 increases the region of the PC phase is shrinked in the
phase portrait of the model (this fact is in accordance with
the phase diagrams of Fig. 2), but nevertheless the charged
PC is a quite robust effect vs temperature at μ = 0.

Finally, we would like to note that in addition to the list of
signs (i)–(v) (see in the previous Sect. 3.2)) indicating on the

5 In the points of the boundary between ApprSYM and charged PC
phases in Figs. 7, 8 there is a second-order phase transition, whereas
the dashed line in each of these figures represents the so-called pseudo-
critical temperature, which characterizes the so-called cross-over region
between CSB and ApprSYM phases.
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Fig. 7 The (ν, T )-phase portraits at μ = ν5 = 0 MeV (left figure) and μ = 0 MeV, ν5 = 200 MeV (right figure)

Fig. 8 The (ν, T )-phase portraits at μ = 200 MeV, ν5 = 200 MeV (left panel) and at μ = 200 MeV, ν = 200 MeV (right panel), respectively.
The dashed line corresponds to a cross-over region of the phase diagram

presence in the NJL model (5) at m0 �= 0 of an approximate
dual symmetry between CSB and charged pion condensa-
tion at T = 0, the similar approximate dual correspondence
between phase diagrams exists also at nonzero temperature.
For example, two diagrams of Fig. 8, the (ν, T )-phase por-
trait at fixed μ = 200 MeV and ν5 = 200 MeV (left panel)
and the (ν5, T )-phase portrait at fixed μ = 200 MeV and
ν = 200 MeV (right panel), can be considered as a dually
conjugated to each other. Indeed, applying to each of these
diagrams the dual mapping, i.e. the following replacements
ν ↔ ν5, CSB↔PC and CSBd ↔PCd , it is possible to obtain
approximately another diagram. So dual mapping of a well-
known phase portraits can be used in order to predict (approx-
imately) a phase structure of the model at m0 �= 0 in the
dually conjugated region, i.e. at ν ↔ ν5.

Last but not least conclusion from Fig. 8 (in addition to
the analysis of Fig. 7) is that the charged PC is also a rather
temperature stable effect in dense quark matter (at μ > 0).

3.4 Pseudo-critical temperature Tc(ν5) in the NJL4 model:
comparison with lattice QCD and other approaches

A rather significant part of the previous section was devoted
to the consideration of the critical temperature T PC

c (at μ = 0
and different fixed values of ν) of the second-order phase
transition from the charged PC to the ApprSYM phase, as
well as its dependence on ν5. In addition to this, in the present
section we will study in the framework of the NJL4 model
the behavior (at μ = 0 and ν = 0) of the pseudo-critical
temperature Tc(ν5), which characterizes the so-called chiral
cross-over region of the phase diagram (see, e.g., Figs. 7, 8
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Fig. 9 Pseudo-critical temperature Tc(ν5) (35) as a function of ν5

where this region is arranged around the dashed lines). It sep-
arates the low-temperature phase with CSB and a (partially)
chirally restored ApprSYM phase, which corresponds at high
temperatures to quark-gluon plasma. In the cross-over region
different physical parameters, such as the dynamical quark
mass M0 etc, of the CSB phase smoothly (without jumps), but
rather sharply go over to the corresponding parameters of the
ApprSYM phase. Therefore, in this region, there occurs not a
true phase transition with corresponding critical temperature,
etc., but rather a pseudo-phase transition (cross-over) charac-
terized by a pseudo-critical temperature Tc ≡ Tc(μ, ν, ν5),
etc. (In Figs. 7, 8 the pseudo-critical temperature Tc is rep-
resented by dashed lines.) Here we study the behavior of the
pseudo-critical temperature only as a function of ν5 and at
fixed μ = 0, ν = 0. That is, we investigate the quantity
denoted by Tc(ν5),

Tc(ν5) ≡ Tc(μ, ν, ν5)

∣∣∣
μ=0;ν=0

. (35)

In particular, it is clear from Fig. 7 that Tc at ν5 = 0 MeV (left
panel of Fig. 7) is slightly smaller than Tc at ν5 = 200 MeV,
which can be found at the right panel of Fig. 7. The plot of the
function Tc(ν5) vs ν5 is presented in Fig. 9. However, before
comparing these our results on the pseudo-critical tempera-
ture with the predictions, obtained in the framework of other
effective models and lattice QCD calculations, it is necessary
to make a few remarks.

Strictly speaking, so far nobody has investigated the func-
tion Tc(ν5) (35) both in the NJL model and other approaches.
The matter is that in the most general case, the chiral asym-
metry of dense quark matter is described by two chemical
potentials, chiral μ5 and chiral isospin μI5 ≡ 2ν5 chemi-
cal potential. 6 The first, μ5, is usually used when isotopic

6 In general, chiral imbalance of dense quark matter is characterized
by two densities, chiral isospin n̂ I5 = 1

2

(
n̂u5 − n̂d5

)
and chiral den-

sity n̂5 = n̂u5 + n̂d5 (see Introduction for notations). Alternatively, it
can be described by corresponding chemical potentials μI5 and μ5,
which are the quantities thermodynamically conjugated to n̂ I5 and n̂5,
respectively.

asymmetry of quark matter is absent, i.e. in the case μI = 0
[63]. The second, μI5, might be taken into account when, in
addition to chiral, there is also isotopic asymmetry of mat-
ter, in which charged PC phenomenon can be observed, etc.
[43,44]. And up to now the behavior of a pseudo-critical
temperature of the cross-over region as a function of only
the chiral chemical potential μ5 was investigated in differ-
ent approaches at fixed μ = 0, μI = 0 and ν5 = 0 [64–69].
That is the possibility of the existence of a quark system with
nonzero chiral isospin imbalance was ignored in these works.
(In this particular case we use for a pseudo-critical temper-
ature of the NJL4 model the notation Tc ≡ T̃c(μ5). Do not
confuse with the expression (35), which in fact corresponds
to a pseudo-critical temperature, obtained in another limiting
case of an external parameter set of the NJL4 model, μ = 0,
ν = 0, μ5 = 0 and for arbitrary values of ν5.)

So in order to compare our results on the pseudo-critical
temperature with other approaches to this quantity, we need
formally to find in the model under consideration the behav-
ior of a pseudo-critical temperature vs μ5, i.e. the quantity
Tc ≡ T̃c(μ5).

Recall that for simplicity, in the present paper we study
the phase structure of the NJL4 model (5) only in the case
μ5 = 0 with other nonzero chemical potentials, however
in the recent paper [44] the phase structure of this model
was investigated in the chiral limit in a more general case
with all four nonzero chemical potentials μ,μ5, μI , μI5. In
particular, it was established in [44] that in addition to the
dual symmetry (23) the TDP of the NJL4 model is invariant
with respect to a transformation DM ,

DM : μ5 ←→ ν5,  = 0. (36)

In Ref. [44] the symmetry (36) is called constrained duality
(due to the relation  = 0). Note that, in contrast to the main
duality relationD (23), which is only an approximate symme-
try between CSB and charged PC phenomena at the physical
point (see in the sections above), the constrained duality DM

is an exact symmetry of phase portraits of the model even at
m0 �= 0. It means that in all phase diagrams of the present
paper, obtained for μ5 = 0 and ν5 ≥ 0, one can treat ν5 out-
side of the charged PC phase as a chiral chemical potential
μ5. Moreover, just due to this additional dual symmetry the
following relation between pseudo-critical temperatures of
the NJL4 model is valid,

Tc(ν5)

∣∣∣
ν5=μ5

= T̃c(μ5), (37)

where Tc(ν5) and T̃c(μ5) are the pseudo-critical temperatures
of this model in the cases μ = ν = μ5 = 0 and μ = ν =
ν5 = 0, respectively. The duality can be used only in the
case of  = 0 and this assumption was shown to be true in
these cases in [44]. So it can be used in the considered cases,
μ = ν = μ5 = 0 and μ = ν = ν5 = 0.

123



Eur. Phys. J. C (2019) 79 :151 Page 15 of 19 151

Just the relation (37) gives us the possibility to compare
our results with previous predictions for the (pseudo-)critical
temperature T̃c(μ5) obtained in the framework of differ-
ent effective models [63–69], using the Dyson–Schwinger
equations [70,71] and lattice calculations [46,47,72–74].
It should be noted that all these studies do not provide a
well-defined consistent prediction for the behavior of T̃c(μ5)

vs μ5, and rather contradict each other. For example, the
works [63–67] predict decreasing of T̃c(μ5) with growing
μ5, whereas in the works [69,70] there is an opposite pic-
ture. The situation has been partially clarified in the works
[68,75–77], where it has been shown that in the framework
of the effective models, regularisation scheme could play a
crucial role in the behaviour of the pseudo-critical tempera-
ture T̃c(μ5). There are several approaches to regularization of
effective models. For example, one can regularize the whole
TDP �T (M,) (32), including both the vacuum �(M,)

and thermal terms of Eq. (32), or regularize only the vacuum
term �(M,), etc. It was shown in Refs. [75–77] that the
behaviour of the T̃c(μ5) in the NJL model depends strongly
on the scheme that used. And in the present paper, as it follows
from Eq. (32), we regularize the whole TDP �T (M,) using
in Eq. (32) the so-called hard-cutoff regularization scheme
when the integration region of the thermal part of the TDP is
restricted by the cutoff parameter �.

Taking into account the relation (37), it is easy to see
from the plot of Fig. 9, that in this regularization scheme
the pseudo-critical temperature T̃c(μ5) of the NJL model
increases for μ5 < μ∗

5 � 400 MeV. Above this value it
drops down, but at μ5 > μ∗

5 the NJL4 model, in our opin-
ion, does not provide very reliable predictions, because μ5

is near the cutoff �. The similar quantity has been investi-
gated in the NJL4 model with the same regularization scheme
but in the chiral limit [75]. In this case T̃c(μ5) is no more a
pseudo-critical but rather a critical temperature of a 2nd order
phase transition from CSB to symmetrical phase. In contrast
to Ref. [75], we study the NJL4 model at the physical point
(m0 �= 0). However, the behavior of T̃c(μ5) vs μ5 in both
cases is qualitatively the same.

The selection of such a regularization scheme is supported
and justified by several things. Namely, using the first princi-
ple lattice calculations, it was shown that the T̃c(μ5) increases
with μ5. Then, there is a qualitative description of the mech-
anism leading to an increase in the pseudo-critical tempera-
ture T̃c(μ5). It is based on the Fermi-sphere treatment [78]
and backed up with the results achieved in the framework
of different non-perturbative methods [70,71]. And finally,
and maybe most importantly in the context of the present
work, we are guided by predictions for T̃c(μ5), which fol-
low from the duality symmetries (23) and (36) of the model.
Indeed, it is well established that in the (ν, T )-phase por-
trait the critical temperature T PC

c at which isospin symme-
try is restored increases with the chemical potential ν (see,

e.g., the left panel in Fig. 7). Applying to this diagram an
(approximate) duality transformation D (23), we obtain a
(ν5, T )-phase diagram corresponding to ν = 0, μ = 0 and
μ5 = 0 with horizontal ν5 axis as well as with the CSB phase
at ν5 � 0.1 GeV. On the boundary between the ApprSYM
and CSB phases there will most likely be a cross-over region
with a pseudo-critical temperature Tc(ν5) (35) that, due to
the approximate dual symmetry D, should increase vs ν5,
as it does T PC

c vs ν in Fig. 7. And finally, applying to this
phase diagram the constrained duality transformation DM

(36), we obtain a (μ5, T )-phase diagram corresponding to
ν = 0, μ = 0 and ν5 = 0 from which it is clear that T̃c(μ5)

also rises vs μ5. It is this qualitative analysis based on the
duality properties of the NJL4 model that is confirmed by
Eq. (37) along with the plot of Fig. 9. The duality is only
approximate but we also saw in the previous sections that
it is a good approximation for values of chemical potential
larger than approximately pion mass.

Note that in lattice approach to QCD the simplest (ν, T )-
and (μ5, T )-phase diagrams at μ = 0 are well investigated.
Moreover, they are in accordance with the similar phase dia-
grams, obtained in the framework of the NJL model (although
it should be mentioned that the agreement can be not very
precise because in NJL model the results were obtained in
the large-Nc limit and in lattice QCD with Nc = 3). But
in the last approach, as it follows from above consideration,
these phase portraits are (approximately) dually conjugated
to each other. Consequently, the same connection can exist
between these phase diagrams in real QCD. So there is a solid
foundation, the lattice QCD simulations, which allows us to
hope that duality between CSB and charged PC phenomena
is one of the properties of real dense quark matter.

4 Summary and discussion

In this paper the influence of isotopic and chiral imbalance on
phase structure of hot/cold dense quark matter has been inves-
tigated at the physical point (i.e. at nonzero current quark
mass m0) in the framework of the (3 + 1)-dimensional NJL
model with two quark flavors in the large-Nc limit (Nc is
the number of colors). Dense matter means that our consid-
eration has been performed at nonzero baryon μB chemical
potential. Isotopic and chiral imbalance in the system were
accounted for by introducing isospin μI and chiral isospin
μI5 chemical potentials (see Lagrangian (5)). Of course, one
knows that current quark masses of u and d quarks (the ones
that we considered in the paper) are rather small and, in gen-
eral, the chiral limit is a very good approximation. But some-
times although small but nonzero masses can change some
aspects of the phase diagram. For example, charged pion
condensation (PC) phase in the chiral limit and at T = 0
starts from infinitesimally small values of isospin chemical
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potential μI , but when one takes into account quark masses,
then it shifts the charged PC to the values of μI larger than
pion mass mπ ≈ 140 MeV (compare diagrams of Figs. 1
and 2). The phase structure of cold dense quark matter in the
chiral limit has been obtained in [43,44], where it has been
shown that chiral isospin chemical potential μI5 generates
charged PC in dense quark matter and there is a duality cor-
respondence between CSB and charged PC phenomena in
the leading order of the large-Nc approximation. The goal of
the present paper is the extension of this consideration to a
more physical case of the NJL4 model with nonzero current
quark masses. This allows us to draw more accurate phase
diagram and perform comparison with lattice QCD. More-
over, we take into account finite temperatures, which give
us a chance to consider the results in the context of heavy
ion collision experiments in which temperatures are always
rather large. Even in the context of neutron stars it can be
interesting to consider the case of finite temperature. It has
been found that the duality between CSB and charged PC
phenomena observed in [43,44] in the chiral limit (where it
was exact) is valid with good accuracy even in the physical
point. It has been also shown that temperature does not spoil
the duality as well.

We have studied the full (μB , μI , μI5, T )-phase diagram
of quark matter in terms of the NJL4 model with m0 �= 0.
This general consideration is not feasible in the lattice QCD
simulations, mainly due to the famous sign problem which
does not allow for the consideration of finite baryon densities
(nonzero baryon chemical potential μB). But contrary to the
case of non-zero baryon chemical potential, simulations with
non-vanishing isospin μI and chiral μ5 chemical potentials
are not hampered by a sign problem and some particular cases
have been considered on the lattice. For example, the (μI ,
T )-phase diagram at zero values of μB, μI5, μ5 chemical
potentials is well established as in lattice QCD as well as in
different effective models and a rather good agreement can
be observed between this different approaches. And there
are lattice QCD simulations of the quark matter with only
nonzero chiral chemical potential μ5 in terms of as SUc(2)

QCD (two-colour QCD) [46] as well as real SUc(3) QCD
(three-colour QCD) [47], where the catalysis of chiral sym-
metry breaking by chiral chemical potential has been estab-
lished. Namely, it has been shown that chiral condensate and
(pseudo)critical temperature (the temperature at which the
chiral condensate drops) grows with increase of chiral chem-
ical potential μ5. In this paper, as well as in Ref. [44], we
have supported these conclusions by effective NJL model
considerations. In paricular, the plot of the pseudo-critical
temperature T̃c(μ5) vs chiral chemical potential [see Fig. 9
and take into account Eq. (37)] has been drawn and it was
shown that this quantity rises with the raise of μ5 and the
behaviour is rather similar to the results of the lattice QCD
simulations.

So let us gaze at all this from the general picture view-
point. We have two lattice simulation results, (μI , T )- and
(μ5, T )-phase diagrams. These phase diagrams have been
also obtained in the NJL model and the results are in a good
agreement with lattice QCD simulations. But in terms of
NJL model we can consider the general case and we know
that there is the duality D (23) (it is exact in the chiral limit
only) between CSB and charged PC phenomena in the lead-
ing order of the large-Nc approximation. Moreover, there is
also the so-called constrained DM (36) duality of the NJL4

model phase diagram, which is valid even in the physical
point [44]. So the significant regions (at νI , μ5 � mπ/2) of
the particular (μI , T )- and (μ5, T )-phase diagrams should be
dually conjugated to each other with respect to a sequential
action of two mappings, D and DM (see the discussion at the
end of Sec. 3.4), but the duality D in the case of the physical
point is only approximate (see in Sects. 3.2 and 3.3), although
it is valid with a good precision. Since the particular (μI , T )-
and (μ5, T )-phase diagrams in these two approaches agree,
one can conclude that the duality can be observed in the lat-
tice QCD simulations. And this put the notion of the duality
on another level of confidence, for it is observed in terms
of the toy (1 + 1)-dimensional NJL model [48–50], effective
(3+1)-dimensional NJL model [43,44], lattice QCD simula-
tions and similar dualities has been observed in the large-Nc

orbifold equivalences approach [79,80]. Comparison to the
lattice QCD is important not only due to the fact that it is ab
initio method for dealing with QCD, but because it does not
make use of, for example, large-Nc approximation (as in NJL
models or in large Nc orbifold equivalences approaches).

The question of catalysis of chiral symmetry breaking
by chiral chemical potential, i.e. the growth of Tc vs μ5,
is a rather debated one and there are a number of papers
that predicted that (pseudo-)critical temperature decrease
with increase of chiral chemical potential μ5 [63–67], as
well there are a number of papers that support our results
[69,70,75,76]. Different regularization schemes have been
applied in [68,75–77] and it has been stated that if the right
one is used there is no catalysis, but lattice QCD results is
probably more trustworthy and it disagrees with them. But
the catalysis of chiral symmetry breaking by chiral chemical
potential μ5 can be established in terms of duality notion, let
us elaborate on that. As we have talked about, the (μI , T )-
phase diagram is well established one and the duality fails
only in the region of small isospin and chiral isospin chemi-
cal potentials (smaller than half of the pion mass), but works
quite well for the larger values (see, e.g., in Figs. 2, 3). But at
the (μI , T )-phase diagram in the region of isospin chemical
potential larger than half of the pion mass the critical tem-
perature increases when μI is raised and the duality here is a
good approximation, so the critical temperature at the dual-
ity conjugated (μ5, T )-phase diagram should increase with
rising of μ5 as well (see at the end of Sect. 3.4).
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Let us summarize the core results of our paper.

• It has been demonstrated that the duality correspondence
between CSB and charged PC phenomena observed in
Refs. [43,44] in the chiral limit (where it was exact) is a
very good approximate symmetry of the phase diagram
even in the physical point in the framework of the NJL4

model in the leading order of the large-Nc approximation
(see in Sect. 3.2). And it stays a very instructive feature of
the phase diagram that can be used in different situations.

• It has been also shown that temperature does not spoil
the duality correspondence between CSB and charged
PC phenomena and it stays exact at finite temperature in
the chiral limit (see the comment at the end of Sect. 2.3)
and it is a good approximate symmetry at the physical
point (see in Sect. 3.3).

• We have shown that there is a huge PCd phase region
in the phase portrait of the model (1) promoted by ν5

even in the physical point (see, e.g., in Fig. 3). And it
has been revealed that PCd phase can exist at rather large
temperatures up to even about 100 MeV (see in Fig. 8).

• The particular cross sections of the obtained phase por-
traits are in qualitative accordance with the recent lattice
simulations [24–31,46,47]. And it has been established
that lattice QCD results support the existence of the dual-
ity.

• The rise of pseudo-critical temperature with increase of
chiral chemical potential μ5 has been established in terms
of duality notion and the well explored results of lat-
tice QCD and different approaches on phase structure
of isotopicaly imbalanced quark matter. It gives addi-
tional argument in favour of this behaviour of the pseudo-
critical temperature and it is of importance because,
although the lattice results confirming this behaviour are
conclusive, the value of the pion mass that is used in these
simulations is still quite high and well above the physical
pion mass and our results are made at the physical point
with the right value of the pion mass.

The central result of our paper is the fact that there is
an approximate duality that is supported by recent lattice
results. Two different lattice simulations that are completely
different and are not connected at the first sight are in reality
dual to each other. Moreover, the logic can be reversed and
we can predict the increase of pseudo-critical temperature
with rising of chiral chemical potential, the much debated
effect recently, just by the duality notion.

This work is intended to generalize and refine the pre-
viously obtained results of Refs. [43,44] to a more physi-
cally motivated situation (physical point and finite tempera-
tures). These generalizations require much more computing
resources and technically is rather challenging, but it pays

off when you can compare the results with lattice QCD and
it supports them. Moreover, we hope that our results might
shed new light on phase structure of dense quark matter with
isotopic and chiral imbalance and hence could be of inter-
est in the context of the heavy ion collision experiments and
neutron stars interiors.
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Appendix A:Generation of nonzero chiral isospin charge
in dense quark matter

Let us suppose, for simplicity, that dense quark matter con-
sists of two massless u and d quarks, whose chemical poten-
tials, μu = μ+ν and μd = μ−ν [see the notations adopted
just after the Eq. (6)], are positive. Moreover, we suppose
also that quarks do not interact, and there is an external mag-
netic field �B = (0, 0, B) directed along z axis. In this case in
the equilibrium state of quark matter there is a nonzero and
nondissipative axial current

�j5 f ≡ 〈q̄ f �γ γ 5q f 〉 = Q f μ f �B
2π2 (A1)

for each quark flavor f = u, d. In Eq. (A1) Q f is an electric
charge of the quark flavor f , i.e. Qu = 2/3, Qd = −1/3. In
this case it is not difficult to conclude from Eq. (A1) that axial
currents of u and d quarks are opposite in their directions.
Since �j5 f = 〈q̄ f R �γ q f R〉 − 〈q̄ f L �γ q f L〉, where

q f R = 1 + γ 5

2
q f , q f L = 1 − γ 5

2
q f , (A2)

we see from Eq. (A1) that left- and right-handed quarks of
each flavor f = u, d moves in opposite directions of the
z axis. As a result, a spatial separation of quark chiralities
for each flavor f occurs. It is the so-called chiral separation
effect [81]. In other words, one can say that in the upper half
of the three-dimensional space, i.e. at z > 0, the density, e.g.,
nuR ≡ 〈q̄uRγ 0quR〉 of the right-handed u quarks is greater
than the density nuL ≡ 〈q̄uLγ 0quL 〉 of the left-handed u
quarks. Hence, in this case we have at z > 0 the positive
values of the chiral charge density nu5 ≡ nuR − nuL for u
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quarks. (It is evident that at z < 0 the chiral charge of u
quarks is negative.)

On the contrary, since the axial current �j5d of d quarks
differs in its direction from the axial current �j5u of u quarks,
one can see that in this case at z > 0 (at z < 0) the density
nd5 of the chiral charge of d quarks is negative (positive).
Consequently, we have at z > 0 the positive values of the
quantity nI5 ≡ nu5 −nd5, which is the ground state expecta-
tion value of the density operator for the chiral isospin charge
[it is defined in Eq. (4)]. Whereas at z < 0 the chiral isospin
charge is negative.

In summary, we can say that in dense quark medium under
the influence of a strong magnetic field (as an example we can
mention neutral stars), regions with a nonzero chiral isospin
charge nI5 might appear. Therefore physical processes inside
these regions can be described, e.g., in the framework of
the Lagrangians of the form (5), containing chiral isospin
chemical potential μI5.

Appendix B: Calculation of roots of P±(η)

In this appendix it will be shown how to get roots of the
following quartic equation (general quartic equation could
be reduced to the one of this form)

P+(η) ≡ η4 − 2aη2 + bη + c = 0. (B1)

The coefficients a, b, c in Eq. (B1) are given by the relations
(22). First, we represent the polynomial on the left-hand side
of this equation as the product of two quadratic polynomials,

(η2 + rη + q)(η2 − rη + s) = 0, (B2)

where

−r2 + q + s = −2a, qs = c, rs − rq = b.

It follows from these relations that

q = 1

2

(
−2a + r2 − b

r

)
, s = 1

2

(
−2a + r2 + b

r

)
.

(B3)

Substituting Eq. (B3) into Eq. (B2), one gets that r = √
R,

where R is one of the solutions of the following cubic equa-
tion

X3 + AX = BX2 + C, (B4)

where we used notations A, B,C that are given by

A = 16(2ν5
2 + ν2ν5

2 + ν2M2 + p2
(
ν2 + ν5

2
)
),

B = 4a, C = b2.

All three solutions of the cubic equation (B4) are

R1,2,3 = 1

3

(
4a + L

3
√
J

+ 3
√
J

)
, (B5)

where

J = 1

2
(K + i

√
4L3 − K 2), K = 128a3 − 36aA + 27b2,

L = −3A + 16a2,

and 3
√
J in Eq. (B5) means each of three possible complex

valued roots. There is a determinant D ≡ 4L3 − K 2 > 0
of the Eq. (B4) that can tell us the structure of roots R1,2,3.
Namely, if D > 0 then all roots Ri are real and different, if
D = 0 all roots are real and at least two are equal. Finally, if
D < 0 then one root is real and two are complex conjugate.
So, there is always a real solution of Eq. (B4). In numerical
simulations it is more handy to work with real solution and it
is always possible to choose one. There is a procedure that,
depending on values of parameters, chooses a real solution,
but it is quite lengthy so we will not present it here.

And when one has found r , the roots of Eq. (B1) has the
following form

η1 = 1

2

(
−

√
r2 − 4q − r

)
, η2 = 1

2

(√
r2 − 4q − r

)
,

η3 = 1

2

(
r −

√
r2 − 4s

)
, η4 = 1

2

(
r +

√
r2 − 4s

)
.

(B6)

The roots η5,6,7,8 of the equation P− ≡ η4−2aη2−bη+c =
0 can be obtained by changing b → −b in Eq. (B1) [or q ↔ s
in Eq. (B6) with r unchanged]. So, we have

η5 = −η4, η6 = −η3, η7 = −η2, η8 = −η1.

References

1. Y. Nambu, G. Jona-Lasinio, Phys. Rev. 122, 345 (1961)
2. Y. Nambu, G. Jona-Lasinio, Phys. Rev. 124, 246 (1961)
3. S.P. Klevansky, Rev. Mod. Phys. 64, 649 (1962)
4. T. Hatsuda, T. Kunihiro, Phys. Rep. 247, 221 (1994)
5. M. Buballa, Phys. Rep. 407, 205 (2005)
6. R.F. Sawyer, Phys. Rev. Lett. 29, 382 (1972)
7. A.B. Migdal, Sov. Phys. JETP 36, 1052 (1973)
8. D.T. Son, M.A. Stephanov, Phys. Rev. Lett. 86, 592 (2001)
9. K. Splittorff, D.T. Son, M.A. Stephanov, Phys. Rev. D 64, 016003

(2001)
10. D.T. Son, M.A. Stephanov, Phys. Atom. Nuclei 64, 834 (2001).

(Yad. Fiz. 64, 899, 2001)
11. M. Loewe, C. Villavicencio, Phys. Rev. D 67, 074034 (2003)
12. B. Klein, D. Toublan, J.J.M. Verbaarschot, Phys. Rev. D 68, 014009

(2003)
13. A. Barducci, G. Pettini, L. Ravagli, R. Casalbuoni, Phys. Lett. B

564, 217 (2003)
14. D. Toublan, J.B. Kogut, Phys. Lett. B 605, 129 (2005)
15. K. Kamikado, N. Strodthoff, L. von Smekal, J. Wambach, Phys.

Lett. B 718, 1044 (2013)

123



Eur. Phys. J. C (2019) 79 :151 Page 19 of 19 151

16. R. Stiele, E.S. Fraga, J. Schaffner-Bielich, Phys. Lett. B 729, 72
(2014)

17. P. Adhikari, J.O. Andersen, P. Kneschke, Phys. Rev. D 98(7),
074016 (2018)

18. A. Barducci, R. Casalbuoni, G. Pettini, L. Ravagli, Phys. Rev. D
69, 096004 (2004)

19. C. Ratti, W. Weise, Phys. Rev. D 70, 054013 (2004)
20. D. Ebert, K.G. Klimenko, J. Phys. G 32, 599 (2006)
21. J.O. Andersen, T. Brauner, Phys. Rev. D 81, 096004 (2010)
22. D. Ebert, K.G. Klimenko, Phys. Rev. D 80, 125013 (2009)
23. P. Adhikari, J.O. Andersen, Phys. Rev. D 95, 054020 (2017)
24. D.T. Son, M.A. Stephanov, Phys. Rev. Lett. 86, 592 (2001)
25. J.B. Kogut, D.K. Sinclair, Phys. Rev. D 66, 014508 (2002)
26. J.B. Kogut, D.K. Sinclair, Phys. Rev. D 66, 034505 (2002)
27. J.B. Kogut, D.K. Sinclair, Phys. Rev. D 70, 094501 (2004)
28. S. Gupta, arXiv:hep-lat/0202005
29. B.B. Brandt, G. Endrodi, S. Schmalzbauer, Phys. Rev. D97, 054514

(2018)
30. B.B. Brandt, G. Endrodi, S. Schmalzbauer, EPJ Web Conf. 175,

07020 (2018)
31. B.B. Brandt, G. Endrodi, PoS Lattice 2016, 039 (2016)
32. D. Ebert, T.G. Khunjua, K.G. Klimenko, V.C. Zhukovsky, Int. J.

Mod. Phys. A 27, 1250162 (2012)
33. N.V. Gubina, K.G. Klimenko, S.G. Kurbanov, V.C. Zhukovsky,

Phys. Rev. D 86, 085011 (2012)
34. T.G. Khunjua, K.G. Klimenko, R.N. Zhokhov, V.C. Zhukovsky,

Phys. Rev. D 95, 105010 (2017)
35. D. Ebert, K.G. Klimenko, V.C. Zhukovsky, A.M. Fedotov, Eur.

Phys. J. C 49, 709 (2007)
36. H. Abuki, R. Anglani, R. Gatto, G. Nardulli, M. Ruggieri, Phys.

Rev. D 78, 034034 (2008)
37. H. Abuki, R. Anglani, R. Gatto, M. Pellicoro, M. Ruggieri, Phys.

Rev. D 79, 034032 (2009)
38. R. Anglani, Acta Phys. Polon. Suppl. 3, 735 (2010)
39. D. Ebert, K.G. Klimenko, Eur. Phys. J. C 46, 771 (2006)
40. J.O. Andersen, L. Kyllingstad, J. Phys. G 37, 015003 (2009)
41. D. Toublan, J.B. Kogut, Phys. Lett. B 564, 212 (2003)
42. M. Frank, M. Buballa, M. Oertel, Phys. Lett. B 562, 221 (2003)
43. T.G. Khunjua, K.G. Klimenko, R.N. Zhokhov, Phys. Rev. D 97,

054036 (2018)
44. T.G. Khunjua, K.G. Klimenko, R.N. Zhokhov, Phys. Rev. D 98,

054030 (2018)
45. K. Fukushima, D.E. Kharzeev, H.J. Warringa, Phys. Rev. D 78,

074033 (2008)
46. V.V. Braguta, V.A. Goy, E.-M. Ilgenfritz, A.Y. Kotov, A.V.

Molochkov, M. Muller-Preussker, B. Petersson, JHEP 1506, 094
(2015)

47. V.V. Braguta, E.M. Ilgenfritz, A.Y. Kotov, B. Petersson, S.A.
Skinderev, Phys. Rev. D 93, 034509 (2016)

48. D. Ebert, T.G. Khunjua, K.G. Klimenko, Phys. Rev. D 94, 116016
(2016)

49. T.G. Khunjua, K.G. Klimenko, R.N. Zhokhov, V.C. Zhukovsky,
Phys. Rev. D 95, 105010 (2017)

50. T.G. Khunjua, K.G. Klimenko, R.N. Zhokhov-Larionov, EPJ Web
Conf. 191, 05016 (2018)

51. L. Jacobs, Phys. Rev. D 10, 3956 (1974)
52. K.G. Klimenko, Theor. Math. Phys. 70, 87 (1987). (Teor. Mat. Fiz.

70, 125, 1987)
53. M. Oertel, M. Buballa, J. Wambach, Phys. Atom. Nuclei 64, 698

(2001). (Yad. Fiz. 64, 757, 2001)
54. T. Hell, S. Roessner, M. Cristoforetti, W. Weise, Phys. Rev. D 79,

014022 (2009)
55. A.E. Radzhabov, D. Blaschke, M. Buballa, M.K. Volkov, Phys.

Rev. D 83, 116004 (2011)
56. G. Cao, P. Zhuang, Phys. Rev. D 92, 105030 (2015)
57. Z.F. Cui, J.L. Zhang, H.S. Zong, Sci. Rep. 7, 45937 (2017)
58. C.M. Li, P.L. Yin, H.S. Zong, arXiv:1811.10009 [hep-ph]
59. H.S. Zong, W.M. Sun, J.L. Ping, Xf Lu, F. Wang, Chin. Phys. Lett.

22, 3036 (2005). arXiv:hep-ph/0402164
60. M. Thies, Phys. Rev. D 68, 047703 (2003)
61. D. Ebert, T.G. Khunjua, K.G. Klimenko, V.C. Zhukovsky, Phys.

Rev. D 90, 045021 (2014)
62. D. Ebert, T.G. Khunjua, K.G. Klimenko, V.C. Zhukovsky, Phys.

Rev. D 93, 105022 (2016)
63. M. Ruggieri, Phys. Rev. D 84, 014011 (2011)
64. K. Fukushima, M. Ruggieri, R. Gatto, Phys. Rev. D 81, 114031

(2010)
65. M.N. Chernodub, A.S. Nedelin, Phys. Rev. D 83, 105008 (2011)
66. R. Gatto, M. Ruggieri, Phys. Rev. D 85, 054013 (2012)
67. L. Yu, H. Liu, M. Huang, Phys. Rev. D 90, 074009 (2014)
68. M. Ruggieri, G.X. Peng, arXiv:1602.03651 [hep-ph]
69. M. Frasca, Eur. Phys. J. C 78, 790 (2018)
70. S.S. Xu, Z.F. Cui, B. Wang, Y.M. Shi, Y.C. Yang, H.S. Zong, Phys.

Rev. D 91, 056003 (2015)
71. B. Wang, Y.L. Wang, Z.F. Cui, H.S. Zong, Phys. Rev. D 91, 034017

(2015)
72. A. Yamamoto, Phys. Rev. Lett. 107, 031601 (2011)
73. A. Yamamoto, Phys. Rev. D 84, 114504 (2011)
74. V.V. Braguta, E.-M. Ilgenfritz, A.Y. Kotov, M. Muller-Preussker,

B. Petersson, A. Schreiber, PoS Lattice 2014, 235 (2015)
75. L. Yu, H. Liu, M. Huang, Phys. Rev. D 94, 014026 (2016)
76. Z.F. Cui, I.C. Cloet, Y. Lu, C.D. Roberts, S.M. Schmidt, S.S. Xu,

H.S. Zong, Phys. Rev. D 94, 071503 (2016)
77. R.L.S. Farias, D.C. Duarte, G. Krein, R.O. Ramos, Phys. Rev. D

94, 074011 (2016)
78. V.V. Braguta, A.Y. Kotov, Phys. Rev. D 93, 105025 (2016)
79. M. Hanada, N. Yamamoto, JHEP 1202, 138 (2012)
80. M. Hanada, N. Yamamoto, PoS Lattice 2011, 221 (2011)
81. M.A. Metlitski, A.R. Zhitnitsky, Phys. Rev. D 72, 045011 (2005)

123

http://arxiv.org/abs/hep-lat/0202005
http://arxiv.org/abs/1811.10009
http://arxiv.org/abs/hep-ph/0402164
http://arxiv.org/abs/1602.03651

	Chiral imbalanced hot and dense quark matter: NJL analysis  at the physical point and comparison with lattice QCD
	Abstract 
	1 Introduction
	2 The model and its thermodynamic potential
	2.1 Lagrangian and symmetries
	2.2 Thermodynamical potential: Zero temperature case
	2.3 Thermodynamical potential: non-zero temperature case
	2.4 Technical details

	3 Phase structure of the model
	3.1 Exact duality in the chiral limit (m0=0) at zero temperature (T=0)
	3.2 Approximate duality in the case of m0neq0 and T=0
	3.3 Phase portrait at the physical point (m0=5.5 MeV) and nonzero temperature (T=0)
	3.4 Pseudo-critical temperature Tc(ν5) in the NJL4 model: comparison with lattice QCD and other approaches

	4 Summary and discussion
	Acknowledgements
	Appendix A: Generation of nonzero chiral isospin charge in dense quark matter
	Appendix B: Calculation of roots of Ppm(η)
	References




