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Abstract In this paper, we will obtain the solution corre-
sponding to a static spherically symmetric black hole with a
cloud of strings in a special class of higher curvature gravity,
namely, pure Lovelock gravity. Some aspects of the ther-
modynamics of this black hole will be investigated, with
special emphasis on the behavior of the entropy, Hawking
temperature and heat capacity. The difference between these
quantities and the ones corresponding the Einstein gravity is
pointed out.

1 Introduction

The Einstein gravity is indubitable the theory that describes
the gravitational phenomena at large distances. On the oppo-
site limit, namely, at small distances, we expect that some
corrections should be done in order to describe gravity appro-
priately. On the other hand, Einstein gravity is a non renor-
malizable theory in 4-dimensions, but higher derivative the-
ories of gravity can be renormalizable in this condition [1].
Thus, we have at least one good reason to study these theories.
Among the higher derivative gravity approaches, Lovelock
gravity [2] is the most natural extension of Einstein grav-
ity, where the fundamental field is the metric. It satisfies the
criteria of general covariance, gives second order differen-
tial field equations and reduces to Einstein gravity in four
dimensions. Additionally, Lovelock gravity is free of ghosts
at a linear level [3].

Lovelock gravity is described by an action given by a
homogeneous polynomial of degree N in the Riemann curva-
ture tensor, which yields, curiously, to a field equation which
is a differential equation of second order in the metric, a fea-
ture of Einstein gravity, which is preserved in this extension,
but it is not preserved in no other extension of Einstein gravity
to dimensions other than four. Now, let us consider another
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feature of Einstein gravity in D = 3 dimensions ((2 + 1)-
dimensional spacetime), namely, the kinematic property of
Einstein gravity in this dimension. In fact, the generalization
of this property to odd dimensions demands the necessity to
formulate an extension of Einstein gravity to higher dimen-
sions due to the fact that Einstein gravity is kinematic only
in (2 + 1)-dimensions [4]. This is achieved in the framework
of pure Lovelock gravity, whose action is constructed from
the Lovelock gravity polynomials by taking just a single Nth
order term. In this context, gravity has the kinematical prop-
erty for all odd dimensions, D = 2n + 1 [4,5]. Pure Lovelock
gravity also preserves the existence of bound orbits around a
static black hole as in Einstein gravity [6,7].

Black holes are very important and fascinating structures
which appear in any theory of gravity. The understanding of
their physics could provide some insight with respect to the
formulation of a possible quantum theory of gravity. In view
of these points and many others, there has been during last
decades interest in these structures, especially, more recently,
in the context of higher dimensions. Thus, there are good
reasons to obtain black hole solutions in different theories of
gravity and study their physical behavior. Vacuum solutions
describing black holes in Lovelock gravity have been studied
and their physical characteristics were investigated [3,8–28].
In special, some exact solutions describing black holes were
obtained in the framework of Lovelock gravity [3,9,25,29–
31], when a cloud of strings is taken into account [19,20,32].
Others studies concerning the scenario with a cloud of strings
include the analysis of the thermodynamical properties [33]
and the tensor quasinormal modes [34].

In the context of the string theory, the building blocks of
nature are one-dimensional objects, and not particles, which
are zero-dimensional objects. In the framework of gravity,
we can consider a cloud of strings as a one-dimensional ana-
log of a cloud of dust. The first investigations concerning
a cloud of strings as a source of a gravitational field were
performed by Letelier [35], who obtained a generalization
of the Schwarzschild solution corresponding to a black hole
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surrounded by a spherically symmetric cloud of strings. This
generalization is in the sense that the obtained metric corre-
sponds effectively to the geometry of Schwarzschild from the
local point of view, but with a solid deficit angle. Using the
same formalism to construct this solution, Letelier obtained
some other interesting results [36,37]. Thus, let us assume
that these strings are fundamental objects in gravitational
theory. Therefore, we can consider their extension to grav-
itational theories that go beyond Einstein’s gravity, as for
example Lovelock gravity [2] which we are interested in this
paper, and, more specifically, pure Lovelock gravity.

Therefore, it seems to be important to investigate the
behavior of black holes with a cloud of strings in the context
of Lovelock gravity, more specifically pure Lovelock gravity,
in order to analyze how the effect of higher-order curvature
corrections change the physics of these objects.

The black hole thermodynamics is a very interesting and
updated topic which can give us some insights on differ-
ent aspects of black holes physics [38–40]. In this con-
text, there is a very interesting result connected to the phe-
nomenon of emission of radiation with a black body spec-
trum, termed Hawking radiation [41]. The studies related to
different aspects of the black hole thermodynamics go back
to the 1970’s and, since then, a lot of investigations have been
done with very important and interesting results [42–44].

It is the purpose of this paper to obtain the exact solution
corresponding to a static and spherically symmetric black
hole with a cloud of string in pure Lovelock gravity and
explicitly show the effect of the cloud of strings in this con-
text. Thus, we analyze some aspects of the thermodynam-
ics of this black hole through the calculation of entropy,
Hawking temperature and heat capacity. We will also analyze
some aspects connected with the emission of scalar particles
(Hawking radiation). We highlight the results in the odd and
even critical dimensions in pure Lovelock gravity, which are
described, respectively, by the relations D = 2n + 1 and D =
2n + 2, where n is the nth order of Lovelock polynomial.

This paper is organized as follows. In Sect. 2, we present
a brief review of the Lovelock theory and, more specifically,
the pure Lovelock gravity. We perform a short review related
to a cloud of strings in D-dimensional Einstein gravity in
Sect. 3. In Sect. 4, we obtain the static black hole solution
with a cloud of strings in pure Lovelock gravity. Section 5 is
devoted to the black hole thermodynamics and, in Sect. 6, we
study the Hawking radiation. Finally, in Sect. 7, we present
the concluding remarks. We will adopt units for which G =
c = 1 and the metric signature (+,−,−,−).

2 Pure Lovelock gravity

Lovelock gravity represents a generalization of Einstein
gravity to dimensions other than four. It was proposed in the
1970’s by Lovelock [2] and corresponds to the unique exten-

sion of Einstein gravity to higher dimensions that preserves
the order of derivatives in the field equation with respect to
the metric. Additionally, it is connected with string theory,
from which it can be obtained in the low energy limit [45],
and, thus, providing relativistic corrections to the action of
Einstein gravity, namely, Einstein–Hilbert action.

In Lovelock gravity in D-dimensions, the action is given
by [16,21]:

I = IL + IM = 1

2

∫
M

dxD
√−gR + IM , (1)

where IM is the action related to the matter fields and

R =
n∑

p=0

αp R
(p), (2)

with αp being the coupling constants, n = (D − 1)/2 for
odd dimensions, n = (D − 2)/2 in even dimensions and

R(p) = 1

2p
δ
μ1...μpν1...νp
α1...αpβ1...βp

Rα1β1
μ1ν1

. . . R
αpβp

μpνp . (3)

The generalized Kronecker delta, δ
μ1...μpν1...νp
α1...αpβ1...βp

, is totally
antisymmetric by permutation of any index and could be
obtained by

δ
μ1...μp
α1...αp = p!δμ1...μp

[α1...αp]. (4)

For R(1) = R and αp = 0, for p �= 1, we reobtain the
Einstein–Hilbert action. In the particular case where αp = 0,
for p > 3, we get the Lagrangian of Gauss–Bonnet grav-
ity. We can assume that the parameter α0 can be given by
α0 = −2Λ, where Λ is the cosmological constant. Taking
the variation of the Lovelock action with respect to the met-
ric, we find the generalized Einstein equation [46]

−α0

2
gμν +

n∑
p=0

αpG
(p)
μν

= −α0

2
gμν +

n∑
p=0

αp

[
p

(
R(p)

μν − 1

2
R(p)gμν

)]

= Tμν, (5)

where R(p)
μν = gσρR(p)

μνσρ , R(p) = gμνR(p)
μν , Tμν is the

energy–momentum tensor given by the following relations
[5,47]

123



Eur. Phys. J. C (2019) 79 :117 Page 3 of 9 117

R(p)
μνσρ = F (p)

μνσρ − p − 1

p(d − 1)(d − 2)
F (n)(gμσ gνρ − gμρgνσ ),

(6a)

F (p)
μνσρ = Q αβ

μν Rσραβ, (6b)

Qμν
αβ = δ

μνμ1ν1...μnνn
αβα1β1...αnβn

R μ1ν1
α1β1

. . . R μnνn
αnβn

, (6c)

Qμνσρ

;ρ = 0, (6d)

Tμν = 2√−g

δIM

δgμν
. (6e)

The Lovelock gravity is named pure when we take a fixed
value of p in the equations above, which means that the
homogeneous polynomial of the action contains just one term
of order p in the Riemann curvature tensor. Thus, if we con-
sider p = n, we write the field equation in pure Lovelock
gravity in order n as

−α0

2
gμν + αnG

(n)
μν

= −α0

2
gμν + αn

[
n

(
R(n)

μν − 1

2
R(n)gμν

)]
= Tμν. (7)

3 Cloud of strings

The first studies concerning a formalism to treat gravity with
a cloud of strings as a source, in the framework of Einstein
gravity, was presented by Letelier [35], who obtained a gen-
eralization of the Schwarzschild solution corresponding to a
black hole surrounded by a spherically symmetric cloud of
strings, whose energy–momentum tensor is given by

T t
t = T r

r = ρc = a

r2 (8a)

T θ
θ = T φ

φ = 0, (8b)

where ρc is the energy density of the cloud and a is an inte-
gration constant associated with the presence of the cloud of
strings. The stress–energy tensor for this case has the form
of Eq. (8) due to the spherical symmetry of the configura-
tion [35]. Solving Einstein’s equation taking into account the
source given by Eq. (8), Letelier found that [35] the space-
time metric is given by

ds2 =
(

1 − a − 2M

r

)
dt2

−
(

1 − a − 2M

r

)−1

dr2 − r2dΩ2. (9)

On the other hand, the solution corresponding to a black
hole with a cloud of strings, in a D-dimensional spacetime,
is given by the general form [20]

ds2 = f (r)dt2 − 1

f (r)
dr2 − r2dΩ2

D−2. (10)

In this case, the energy–momentum tensor corresponding
to a cloud of strings, spherically symmetric, is given by [20,
32]

Tμ
ν = a

r D−2 [1, 1, 0, . . . , 0], (11)

and

f (r) = 1 − μ

r D−3 − 2a

(D − 2)r D−4 , (12)

where

μ = 16πM

(D − 2)ΣD−2
, (13)

with

ΣD−2 = 2π(D−1)/2

Γ [(D − 1)/2] , (14)

being the volume of the D-sphere.
Therefore, the metric corresponding to a spherically sym-

metric and static black hole with a cloud of strings in a D
dimensional spacetime is given by Eq. (10) combined with
Eqs. (12)–(14).

4 Black hole with a cloud of strings in pure Lovelock
gravity

In D dimensions, consider a spacetime metric written like
Eq. (10). Let us assume that [16,25,31]

f (r) = κ − r2F(r), (15)

where F(r) is a solution of the polynomial equation

P(F) =
m∑
p=0

α̃pF
p

= 16πM

(D − 2)ΣD−2r D−1 − 2a

(D − 2)r D−2 , (16)

with

α̃0 = α0

(D − 1)(D − 2)
, (17a)

α̃1 = 1, (17b)

α̃p =
2p∏
i=3

(D − i)αp, p > 1. (17c)

In pure Lovelock gravity, for p = n [23], Eq. (16) can be
written as

α̃n F
n = 16πM

(D − 2)ΣD−2r D−1 − 2a

(D − 2)r D−2 , (18)
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Taking, for simplicity, α̃n = α2n−2 [23], where α is a scale
length, we get

F(r) =

⎧⎪⎨
⎪⎩

± 1
α2−2/n

[
16πM

(D−2)ΣD−2r D−2n+1 − 2a
(D−2)r D−2n

] 1
n

, n even

sign(x)
α2−2/n

[
16πM

(D−2)ΣD−2r D−2n+1 − 2a
(D−2)r D−2n

] 1
n

, n odd

(19)

where x = 2M
(D−2)ΣD−2r D−2n+1 − 2a

(D−2)r D−2n . From Eqs. (15)
and (19), we conclude that

f (r) =

⎧⎪⎨
⎪⎩

κ ∓ 1
α2−2/n

[
16πM

(D−2)ΣD−2r D−2n−1 − 2a
(D−2)r D−2n−2

] 1
n

, n even

κ − sign(x)
α2−2/n

[
16πM

(D−2)ΣD−2r D−2n−1 − 2a
(D−2)r D−2n−2

] 1
n

, n odd.

(20)

In the Appendix A, we will show how to obtain the solu-
tion given by Eq. (20) using another procedure. The obtained
metric has an interesting property [23], which is the follow-
ing: if rx is such that x = 0, the Kretschmann scalar, defined
by

RμνσρR
μνσρ = f ′′2(r) + 2(D − 2)

f ′(r)
r2

+2(D − 2)(D − 3)
f (r)2

r4 , (21)

diverges. Thus, we will take into account only values of r
such that r > rx . The Kretschmann scalar also diverges for
r = 0 and, therefore, this point is a physical singularity. If
we take κ = 1 and x > 0, we get

f (r) = 1 − 1

α2−2/n

[
16πM

(D − 2)ΣD−2r D−2n−1

− 2a

(D − 2)r D−2n−2

] 1
n

. (22)

Thus, if n = 1, we obtain the known solution for a black
hole in D dimensions surrounded by cloud of strings:

f (r) = 1 − μ

r D−3 − 2a

(D − 2)r D−4 , (23)

which, in 4 dimensions reduces to

f (r) = 1 − a − 2M

r
. (24)

Now, let us verify the properties of the proposed solution
in the odd and even critical dimensions, respectively, D = 2n
+ 1 and D = 2n + 2, where n is the nth order of Lovelock
polynomial in the action. In the odd critical dimensions, Eq.
(20) can be written as

fo(r) = 1 − 1

α2−2/n

[
8MΓ (n)

(2n − 1)πn−1 − 2a

(2n − 1)r

] 1
n

.

(25)

On the other hand, in even critical dimensions, we get

fe(r) = 1 − 1

α2−2/n

[
4MΓ (n + 1/2)

nπn−1/2r
− a

n

] 1
n

. (26)

Observe that, in the critical dimensions, the form of the
Eqs. (25) and (26) maintains a similarity with Einstein theory.
In the even critical dimensions, the cloud of strings adds a
term that does not depends on the radial coordinate r .

The black hole horizons are defined by the radial coordi-
nate rh , which is obtained from the equality

f (rh) = 0. (27)

In odd critical dimensions, we get

r (o)
h =

[
4MΓ (n)

aπn−1 − α2n−2(2n − 1)

2a

]−1

. (28)

Thus, in odd critical dimensions, the black hole will have
horizons if α2n−2 <

8MΓ (n)

πn−1(2n−1)
. In even critical dimensions,

the black hole horizons will be given by

r (e)
h = 4MΓ (n + 1/2)

πn−1/2(nα2n−2 + a)
. (29)

For even critical dimensions, if a > −nα2n−2, the black
holes will always have horizons.

In Figs.1 and 2, we show the behaviors of the functions
fo(r) and fe(r) in the Einstein gravity (n = 1), in the Gauss–
Bonnet gravity (n = 2) and in pure Lovelock gravity with
n = 3.

5 Black hole thermodynamics

In this section, we study the black hole thermodynamics, in
order to compare the properties of the obtained solution in
the critical dimensions.

In Appendix B, we add the cosmological constant in the
metric under consideration and also perform the thermody-
namical analysis.

In the black hole horizon, f (rh) = 0. Thus, the black hole
mass can be written as

M = (D − 2)ΣD−2

16π

[
α2n−2r D−2n−1

h + 2a

D − 2
rh

]
. (30)

Note that the cloud of string term do not depend on the
order of the pure Lovelock gravity, n, and the first term in the
equation depends on rh in the same way as is presented in
the literature [23]. In the odd and even critical dimensions,
we get, respectively,

Mo = (2n − 1)πn−1

8Γ (n)

[
α2n−2 + 2a

2n − 1
rh

]
, (31a)

Me = nπn−1/2rh
4Γ (n + 1/2)

[
α2n−2 + a

n

]
. (31b)
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Fig. 1 The function fo(r), for M = 1 Fig. 2 The function fo(r), for M = 1
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In both critical dimensions, the black hole mass parameter
has a linear dependence on rh and, when the order of pure
Lovelock gravity is increased, the mass decreases.

The Hawking temperature of the black hole is calculated
from

T = 1

4π

d f (r)

dr

∣∣∣
r=rh

. (32)

Thus, we get

T = α2−2n

4πn

[
α2n−2(D − 2n − 1)

rh
+ 2a

(D − 2)r D−2n−1
h

]
,

(33)

which, in critical dimensions can be written as

To = α2−2na

2π(2n − 1)n
, (34a)

Te = 1

4πnrh

[
1 + aα2−2n

n

]
. (34b)

Thus, considering the odd critical dimensions, we see that
the Hawking temperature is constant with respect to the hori-
zon radius and decreases when n increases.

Using the First Law of the black hole thermodynamics,
dM = TdS, the black hole entropy can be calculated by
[32]

S =
∫

dM

T
=

∫
T−1 ∂M

∂rh
drh

= n(D − 2)ΣD−2

4(D − 2n)α2−2n r
D−2n
h , (35)

It is worth observing that the integration in the previous
equation was done in the interval from 0 to rh , which implies
that the entropy vanishes at rh = 0. Note that the entropy S
depends on the cloud of string parameter, a, only indirectly
through the horizon coordinate rh . Besides that, for D > 2n,
the entropy always assumes positive values. In the critical
dimensions, the entropy assumes the values

So = n(2n + 1)πn

2α2−2nΓ (n)
rh, (36)

Se = n2πn+1/2

2α2−2nΓ (n + 1/2)
r2
h . (37)

The area of a hypersphere in D-dimensions is given by
Ad = 2π(d+1)/2rn/Γ [(d + 1)/2]. Thus, in Einstein gravity
in 4-dimensions, the black hole entropy can be find from the
area law

S = πr2
h = A3

4
, (38)

Note that a similar relation cannot be obtained in the odd
critical dimensions.

Finally, the black hole heat capacity is given by

C = ∂M

∂T
= ∂M

∂rh

∂rh
∂T

= n(D − 2)ΣD−2

4α2−2n

C1(rh)

C2(rh)
, (39)

where

C1 = α2n−2(D − 2n − 2)r D−2n−2
h + 2a

D − 2
, (40a)

C2 = −α2n−2(D − 2n − 1)

r2
h

+ 2a(D − 2n − 1)

(D − 2)r D−2n
h

. (40b)

In even critical dimensions, the heat capacity, as a function
of rh , can be written as

Ce = an2πn+1/2

Γ (n + 1/2)

r2
h

aα2−2n − n
, (41)

which assumes finite values while it diverges in the odd crit-
ical dimensions. In Fig. 3, it is represented the behavior of
Ce for different values of the parameters a and α. We can
verify that the signal of the heat capacity changes for dif-
ferent values of the order of the pure Lovelock gravity and
the parameters under consideration. In other words, the black
hole can be thermodynamically stable (when Ce is positive)
or unstable (when Ce is negative).

6 Hawking radiation

Now, let us consider the phenomenon concerning the radia-
tion of scalar particles by a black hole, which was pointed out
by Hawking [40]. Taking r+, the coordinate r of the event
horizon far away from the black hole, we can perform the
coordinate transformation [48]

dT = dt + 1

f (r)

√
r+
r
dr. (42)

Thus, the metric given by Eq. (10) turns into

ds2 = − f (r)dT 2 + 2

√
r+
r
dT dr

+r − r+
r

1

f (r)
dr2 + r2dΩD−2. (43)

As can be verified, r = r+ is not a singularity of this
spacetime [48]. The null radial geodesic is obtained from

dr

dT
= f (r)

(
1 +

√
r+
r

)−1

. (44)

Therefore, the imaginary part of the action corresponding
to the particle which crosses the horizon is given by:

ImZ = Im
∫ T f

Ti
LdT = Im

∫ r f

ri
pr dr

= Im
∫ r f

ri

∫ pr

0
dprdr, (45)
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Fig. 3 The heat capacity Ce as a function of rh for M = 1

where pr is the canonical momentum associated with the
coordinate r . Thus, using the relation ṙ = dH

dpr

∣∣
r and the fact

that (dHr ) = dM , we find that

ImZ = Im
∫ M f

Mi

∫ r f

ri

dr

ṙ
dM

= Im
∫ M f

Mi

∫ r f

ri

1 + √
r+/r

f (r)
drdM, (46)

where Mi = M is the original mass of the black hole and
M f = M − ω is the mass after the emission of a particle
with energy ω. Note that the integrand has a pole at r = r+,
and, thus, we can calculate the contour integral around that
pole as

ImZ = −2π

∫ M f

Mi

1

f ′(r+)
dM

= −2π

∫ r+ f

r+i

1

f ′(r+)

dM

dr+
dr+. (47)

From Eqs. (15) and (30), we find

ImZ = − n(D − 2)ΣD−2

8(D − 2n)α2−2n r
D−2n+

∣∣∣∣
r+ f

r+i

= −ΔS

2
. (48)

Using the fact that, from the WKB method, the probability
that a particle emitted by the black hole experience tunneling
is given by

Γ ∼ exp(−2ImZ), (49)

we find that

Γ ∼ exp

[
− n(D − 2)ΣD−2

8(D − 2n)α2−2n

(
r D−2n
+ f − r D−2n

+i

)]
, (50)

or

Γ ∼ eΔS, (51)

which means that this probability is related to the change of
the entropy of the black hole. Thus, it depends on the event
horizon squared for even critical dimensions, similarly to
what occurs in Einstein gravity.

7 Concluding remarks

The obtained solutions corresponding to a black hole with a
cloud of strings, for critical odd and even dimensions are anal-
ogous to the ones find in the context of Einstein gravity. As to
the horizons, for odd critical dimensions, they exist if some
conditions are satisfied, which does not involve the parame-
ter a, which codifies the presence of the cloud of strings. On
the other hand, for even critical dimensions the condition that
guarantees the existence of horizons involves the parameter
a.
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Concerning the parameter of mass, for both critical dimen-
sions, this parameter depends linearly on the radius of the
horizon. It decreases when the order of the polynomial
increases for both cases, namely, odd and even dimensions.

The Hawking temperature does not depend on the radius
of the horizon for odd critical dimensions, while depends on
this quantity for even critical dimensions.

The entropy for odd and even dimensions given by Eqs.
(36) and (37) shows us that for even critical dimensions, the
area law which is obtained in the context of Einstein gravity
is preserved. This does not occur for odd critical dimensions.

As to the heat capacity, it diverges for odd critical dimen-
sions and has a behavior similar to the Einstein gravity in the
case of even critical dimensions.

The probability that a particle is emitted by the black hole
depends on the entropy whose behavior depends on the crit-
ical dimensions, namely, even or odd. In particular, for even
critical dimensions, the entropy is proportional to the horizon
radius squared and, thus, it behaves similarly to what occurs
in Einstein gravity.

Therefore, the thermodynamical quantities, like temper-
ature, entropy and heat capacity behave in an appropriate
way depending if the critical dimension is even or odd. In
particular, for all even dimensions, entropy is proportional
to the square of the horizon radius, but this behavior is not
preserved for odd dimensions. As to the rate of emission of
particles, this quantity has a similar behavior as compared
with the one in Einstein gravity for even critical dimensions,
but a different behavior for odd critical dimensions.
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Appendix A: Another way to obtain the solution for a
black hole surrounded by a cloud of strings in pure Love-
lock gravity

In this section, we will reobtain the solution corresponding
to the black hole under consideration by directly integrating
the generalized Einstein’s equation in pure Lovelock gravity.
This result will confirm that the solution we have working

with and the method developed by Cai [23,25]. Let us start
supposing that the metric of the black hole has the form of Eq.
(10). If f = 1 − F , Dadhich [49] shown that the generalized
Einstein’s equation is written as

Gμ
ν = −D − 2

r D−2 (r D−2n−1Fn)′ = T r
r = T t

t . (A.1)

where the comma denotes differentiation with respect to r .
In the exterior region of the black hole surrounded by a cloud
of strings, we can substitute Eq. (8) into Eq. (A.1), to obtain

(r D−2n−1Fn)′ = − a

D − 2
. (A.2)

Integrating both sides of Eq. (A.2), we get

Fn = μ

r D−2n−1 − a

(D − 2)r D−2n−2 . (A.3)

It is worth noting that Eq. (A.3) is similar to Eq. (18)
if we make the substitutions μ → 2M

α̃n(D−2)ΣD−2
and a →

a
α̃n

. Thus, we reobtain the solution of the black hole under
consideration. If we add the cosmological constant to the
gravitational background, we get [49]

Fn = Λ1r
2n + μ

r D−2n−1 − a

(D − 2)r D−2n−2 , (A.4)

where Λ1 = 2Λ
(d−1)(d−2)

.

8 Appendix B: dS/AdS Black hole with a cloud of
strings in pure Lovelock gravity

In this appendix, we will deal with the black hole with a cloud
of strings in pure Lovelock gravity in the background with
cosmological constant Λ. Thus, we will take |α0| = 2Λ into
Eq. (7), and thus we obtain

−Λgμν + αnG
(n)
μν

= −Λgμν + αn

[
n

(
R(n)

μν − 1

2
R(n)gμν

)]
= Tμν. (B.5)

According to the contents of Appendix A, the function
f (r) can be written as

f (r) = 1 − 1

α2−2/n

[
Λ1r

2n + 16πM

(D − 2)ΣD−2r D−2n−1

− 2a

(D − 2)r D−2n−2

] 1
n

. (B.6)

In the limit r → ∞, we get

f (r) = 1 − 1

α2−2/n

[
Λ

1/n
1 r2 + 16πM

(D − 2)ΣD−2r D−3

− 2a

(D − 2)r D−4

]
. (B.7)
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Thus, the asymptotic behavior of the black hole spacetime
corresponds to the solution obtained in Einstein gravity, as
should be expected [49].

Now, let us briefly develop the black hole thermodynamics
adding the cosmological constant in the gravitational back-
ground. In this scenario, the mass parameter of the Eq. (30)
will be given by

M = (D − 2)ΣD−2

16π[
α2n−2r D−2n−1

h + 2a

D − 2
rh − Λr D−1

h

]
, (B.8)

which has an additional term corresponding to the cosmo-
logical constant.

With respect to the Hawking temperature, we find

T = α2−2n

4πn

[
α2n−2(D − 2n − 1)

rh

+ 2a

(D − 2)r D−2n−1
h

− (D − 1)Λr2n−1

]
. (B.9)

Thus, the entropy can be calculated from

S =
∫

dM

T
=

∫
T−1 ∂M

∂rh
drh

= n(D − 2)ΣD−2

4(D − 2n)α2−2n r
D−2n
h . (B.10)

Besides that, we can identify the cosmological constant
with the thermodynamical pressure by [50]

p = − Λ

8π
. (B.11)

Thus, we can write the First Law of the black hole ther-
modynamics

dM = TdS + Vdp, (B.12)

where

V = ∂M

∂p
= (D − 2)ΣD−2

2
r D−1
h . (B.13)

Therefore, we can examine the thermodynamics of this
new black hole by following straightforwardly what was done
in the case where the cosmological constant is absent.
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