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Abstract We study scalar condensations around asymptot-
ically Anti-de Sitter (AdS) regular reflecting shells. We show
that the charged scalar field can condense around charged
reflecting shells with both Dirichlet and Neumann boundary
conditions. In particular, the radii of the asymptotically AdS
hairy shells are discrete, which is similar to cases in asymp-
totically flat spacetimes. We also provide upper bounds for
the radii of the hairy Dirichlet reflecting shells and above the
bound, the scalar field cannot condense around the shell.

1 Introduction

Black holes in classical theories describe compact spacetime
regions surrounded by event horizons, which irreversibly
absorb matter and radiation fields. It was believed that the
absorption at the horizon leads to the famous no scalar hair
theorem of black holes and no hair behaviors are restricted
to spacetimes with horizons, for reviews please refer to [1,2]
and some other discussions can be found in [3–18]. The rela-
tion between the no hair theorem and the stability of pertur-
bations around black hole spacetime was recently discussed
in [19,20].

Whether no hair theorem can exist in regular gravity sys-
tems is a question to be answered. Recently it was shown that
no hair behavior can appear in the background of asymptot-
ically flat horizonless neutral compact reflecting star [21].
Moreover it was found that in asymptotically flat neutral
compact reflecting stars, massless scalar fields nonminimally
coupled to gravity cannot exist [22]. The discussion was fur-
ther generalized to spacetimes with a positive cosmological
constant, where it was proved that massive scalar, vector and
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tensor hairs all die out outside the surface of compact reflect-
ing stars, in consistent with the spirit of the no hair theorem
[23].

However, there are also some counter-examples to chal-
lenge the no hair theorem obtained in regular gravity systems.
It was found that charged scalar fields can condense around a
charged reflecting shell, where the shell charge and mass can
be neglected compared to the shell radius [24,25]. In addi-
tion, it was observed that the reflecting star can also support
massive scalar fields [26,27]. Moreover, around rapid spin
compact reflecting stars scalar condensations were observed
[28]. Thus comparing to black hole spacetimes, it seems that
no hair theorem does not generally hold in regular gravity
systems.

Most available discussions on no hair theorem in hori-
zonless spacetimes were carried out in asymptotically flat
and asymptotically dS backgrounds. It is of great interest to
extend the discussion to asymptotically AdS regular back-
grounds. The first attempt can be found in [23]. With the
interest of the AdS/CFT correspondence [29–34], the AdS
hairy configurations have attracted a lot of attentions and
there are many discussions on the holographic condensation
of scalar hair in AdS spacetimes [35–50]. Besides the holo-
graphic condensation, there is another way to construct hairy
configurations, which can be prepared by enclosing the sys-
tem in a scalar reflecting box [51–59]. Similar to the box
condition, it was found that there is an infinite potential wall
at the AdS boundary to confine the scalar field [60]. Con-
sidering the AdS boundary can confine the scalar field and
make it easy to condense, it is interesting to examine whether
no scalar hair theorem can exist in the asymptotically AdS
horizonless spacetime. It is intriguing to construct a regular
hairy configuration in the asymptotically AdS gravity.

The paper is organized as follows: in Sect. 2, we will
introduce the system composed of a charged reflecting shell
and a scalar field in the AdS gravity. We emphasize here
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that the solution constructed here is a probe solution and that
the shell is a scalar shell. The background geometry is the
AdS Schwarzschild black hole. In the following section, we
will discuss upper bounds on the radius of the scalar hairy
Dirichlet reflecting shell. We will further obtain solutions
of hairy Dirichlet reflecting shells and explore influences of
parameters on the largest hairy shell radii. We will generalize
the discussion to the hairy Neumann reflecting shell. Our
summary and discussion can be found in the last section.

2 Equations of motion and boundary conditions

We consider the system of a scalar field coupled to the
Maxwell field around a reflecting shell in the four dimen-
sional asymptotically AdS gravity. We define the radial coor-
dinate r = rs as the radius of the reflecting shell. And the
corresponding Lagrange density is given by

L = −1

4
FMN FMN − |∇μψ − q Aμψ |2 − m2ψ2, (1)

where q and m are the charge and mass of the scalar field
ψ(r) respectively. And Aμ stands for the ordinary Maxwell
field.

Using the Schwarzschild coordinates, the line element of
the planar symmetric shell can be expressed in the form [35,
61]

ds2 = − f (r)dt2 + dr2

f (r)
+ r2(dx2 + dy2). (2)

where f (r) = r2

L2 − 2M
r + Q2

r2 with M and Q as the mass
and charge of the shell respectively. And L is defined as the
AdS radius.

For simplicity, we study the scalar field with only radial
dependence in the form ψ = ψ(r) and the Maxwell field
is Aν = −δ0

νQ/r . In this paper, we only concentrate on the
case of rs � M, Q as assumed in [24,25]. It was found that
properties in the rs � M, Q limit are qualitatively the same
as cases with nonzero mass and charge [26,27]. From above
assumptions, we obtain equations of motion as

ψ ′′ + 4

r
ψ ′ +

(
q2Q2L4

r6 − m2L2

r2

)
ψ = 0. (3)

We can simply set L = 1 in Eq. (3) with the symmetry
[61]

L → αL , r → αr, q → q/α, t → αt, Q

→ αQ, m → m/α. (4)

Near the AdS boundary r → ∞, the asymptotic behaviors
of the scalar fields are

ψ = ψ−
rλ− + ψ+

rλ+ + · · · , (5)

with λ± = (3 ±√
9 + 4m2)/2. For m2 > 0, only the second

scalar operator ψ+ is normalizable and we fix ψ− = 0. Then
the boundary condition at the infinity is

ψ(∞) = 0. (6)

In addition, we impose Dirichlet or Neumann reflecting
boundary conditions for the scalar field at the surface of the
shell. And the two types of surface boundary conditions are

⎧⎨
⎩

ψ(rs) = 0 Dirichlet B.C;

dψ(rs)/dr = 0 Neumann B.C.

(7)

3 Scalar field condensations around charged reflecting
shells

3.1 Upper bounds for radii of scalar hairy Dirichlet
reflecting shells

Defining the new radial function ψ̃ = √
rψ , one obtains the

differential equation

r2ψ̃ ′′ + 3rψ̃ ′ +
(

−5

4
+ q2Q2L4

r4 − m2L2
)

ψ̃ = 0. (8)

According to the boundary conditions (6) and (7), one
deduces that

ψ̃(rs) = 0, ψ̃(∞) = 0. (9)

The function ψ̃ must have (at least) one extremum point
r = rpeak between the surface rs of the reflecting shell and
the AdS boundary rb = ∞. At this extremum point, the
scalar field is characterized by

{ψ̃ ′ = 0 and ψ̃ψ̃ ′′ � 0} f or r = rpeak . (10)

With the relations (8) and (10), we obtain the inequality

− 5

4
+ q2Q2

( r
L

)4 − m2L2 � 0 f or r = rpeak . (11)

Then we arrive at an upper bound for the radius of the
scalar hairy shell

rs
L

� rpeak
L

� 4

√
q2Q2

m2L2 + 5
4

(12)

According to the symmetry (4), this upper bound can be
expressed with dimensionless quantities as

mrs � mrpeak � mL 4

√
q2Q2

m2L2 + 5
4

(13)

From the upper bound, there is mrs = 0 for Q = 0. So
there is no hairy neutral shell or neutral shells cannot support
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scalar fields. In another case ofq = 0, again we havemrs = 0
or there is no scalar hair behaviors for neutral scalar fields.

3.2 Construction of charged scalar hairy Dirichlet
reflecting shells

In this part, we give an analytical treatment of the AdS hairy
reflecting shell in the limit of M, Q � rs . With the sym-
metry (4), we also fix L = 1 in the calculation. The gen-
eral solutions of the radial differential equation (8) can be
expressed in terms of the Bessel functions [62]. In the case
of 1 − ν 	= 0,− 1,− 2,− 3, . . ., the solutions are

ψ̃(r) = A0 · 1

r3/2 Jν

(
qQ

2r2

)
+ B0 · 1

r3/2 J−ν

(
qQ

2r2

)
(14)

and for 1 − ν = n = 0,− 1,− 2,− 3, . . ., the solutions are

ψ̃(r) = A1 · 1

r3/2 Jν

(
qQ

2r2

)
+ B1 · 1

r3/2 Yν

(
qQ

2r2

)
, (15)

where ν =
√

9+4m2

4 and Ai ,Bi are constants.
The large r behavior of the radial solution (14) and (15) is

given by

ψ̃(r) ∝ Ai · 1

r

(
3+√

9+4m2
)
/2

+ Bi · 1

r

(
3−√

9+4m2
)
/2

. (16)

Considering the boundary condition (9), one deduces that
the coefficient Bi must vanish: Bi = 0. We therefore con-
clude that the bound-state configurations of the charged mas-
sive scalar fields in the background of the charged shell are
characterized by the radial eigenfunction

ψ̃(r) ∝ 1

r3/2 Jν

(
qQ

2r2

)
. (17)

With the boundary condition (9) and Eq. (17), one finds
the characteristic resonance equation

Jν

(
qQ

2r2

)
= 0 (18)

for the composed charged shell and charged massive scalar
field configurations. Interestingly, as we shall show below,
the resonance condition (18) determines the discrete shell
radius, which can support the charged massive scalar field.
The analytically derived resonance condition (18) can be
solved numerically. For given set of parameters, there exists
a discrete set of shell radius

· · · < mR2 < mR1 < mR0

= mRmax � mL 4

√
q2Q2

m2L2 + 5
4

(19)

which can support the static charged massive scalar field.
For given set of parameters, we can search for the largest
radius mRmax below the upper bound. From the Eq. (18), it
is clearly that larger qQ corresponds to a larger hairy shell

Table 1 The largest radius mRmax together with various m2L2 and qQ

m2L2 0 1/2 1 3/2 2

mRmax√
qQ

0 0.2638 0.3682 0.4450 0.5088

0 1 2 3 4
0.0
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0.2

0.3

0.4

0.5

0.6

m2L2

mRmax

qQ

Fig. 1 We show the largest hairy shell radius mRmax√
qQ

as a function of

the scalar field mass m2L2 in blue line. And the red line is with the
fitting formula: mRmax√

qQ
≈ mL(0.3784 − 0.0097m2L2)

radius and we can define a new coordinate rs√
qQ

. In Table 1,
we display the largest radius of the hairy charged shellmRmax

for various parameters m2L2 and qQ with dimensionless
quantities according to the symmetry (4). In Fig. 1, we further
show behaviors of mRmax√

qQ
with various m2L2 in blue line. It

shows that larger scalar field mass leads to a larger hairy shell
radius. We fit the data and arrive at an approximate relation
mRmax ≈ mL(0.3784−0.0097m2L2)

√
qQ as shown in red

line of Fig. 1. We can see from the picture that the red line
almost coincides with the blue line.

3.3 Scalar condensations around a charged Neumann
reflecting shell

In this part, we study scalar field condensations supported by
the Neumann reflecting shell. From the relation (17), we have
ψ = 0 for qQ = 0. It means the no scalar hair behaviors
also exist for the case of qQ = 0 with Neumann reflecting
shells. In contrast, we will show in the following that there is
scalar field configurations supported by Neumann reflecting
shells in the case of qQ 	= 0.

According to Neumann boundary conditions (7), the hairy
shell radius is characterized by the resonance equation

d

dr

[
1

r3/2 Jν

(
qQ

2r2

)]
|r=rs= 0. (20)

We solve the resonance condition (20) with numerical
methods. For given set of parameters, there exists a discrete
set of shell radius

· · · < mR̃2 < mR̃1 < mR̃0 = mR̃max (21)
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Table 2 The largest radius mR̃max together with various m2L2 and
qQ = 1

m2L2 0 1/2 1 3/2 2

mR̃max 0 0.3452 0.4788 0.5764 0.6553

Table 3 The largest radius mR̃max together with various
√
qQ and

m2L2 = 1
√
qQ 0 1/2 1 3/2 2

mR̃max 0 0.2394 0.4788 0.7182 0.9577

which can support the static charged massive scalar field.
In Table 2, we display the largest radius of the hairy charged
shellmR̃max for different values of the scalar massm2L2 and
in Table 3, we show the largest radius of the hairy charged
shell with various parameter qQ. It can be easily seen that a
larger scalar mass corresponds to a largermR̃max and a larger
qQ also leads to a larger mR̃max .

We also show behaviors of mR̃max in Fig. 2. We plot
mR̃max as a function of m2L2 with qQ = 1 in the left
panel and we show mR̃max as a function of

√
qQ with

m2L2 = 1 in the right panel. We find that larger scalar field
mass leads to a larger hairy shell radius and larger qQ also
corresponds to a larger hairy shell radius. And mR̃max is
almost in linear with respect to

√
qQ in the right panel of

Fig. 2. We fit the data and arrive at an approximate relation
mR̃max ≈ mL(0.4979 − 0.0178m2L2)

√
qQ. It can be seen

that the red lines almost coincide with the blue lines in both
panels.

From the approximate formulae and curves in the left pan-
els of Figs. 1 and 2, we can easily see that behaviors of largest
radius are similar for different boundary conditions. We fur-
ther compare the largest radius with different boundary con-

m Rmax

mRmax

0.0 0.5 1.0 1.5 2.0
0.0

0.1

0.2

0.3

0.4

0.5

0.6

m2L2

Fig. 3 We show the largest hairy shell radius as a function of the scalar
mass with qQ = 1 and different boundary conditions. The top line
represents behaviors of mR̃max with Neumann reflecting conditions and
the bottom line shows behaviors of mRmax with Dirichlet reflecting
conditions

ditions in Fig. 3. It can be seen that mR̃max is larger than
mRmax for fixed m2L2 and qQ. This property is qualita-
tively the same as results in asymptotically flat spacetime
[26].

4 Conclusions

We studied condensations of static scalar fields around a reg-
ular reflecting shell in the AdS spacetime. We considered
both Dirichlet and Neumann reflecting boundary conditions
for the scalar field at the surface of the shell. In the case of
Dirichlet boundary conditions, we provided upper bounds for

the radius of the scalar hairy shell as mrs � mL 4

√
q2Q2

m2L2+ 5
4

.

This upper bound showed that the no scalar hair theorem

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.2

0.4

0.6

m2L2

m Rmax

0.0 0.5 1.0 1.5 2.0
0.0

0.2

0.4

0.6

0.8

qQ

m Rmax

Fig. 2 In the left panel, we show the largest hairy shell radius mR̃max
as a function of the scalar field mass m2L2 with qQ = 1 in blue lines
and in the right panel, we represent mR̃max as a function of

√
qQ with

m2L2 = 1 in blue curves. And the red curves in both panels correspond
to the fitting formula mR̃max ≈ mL(0.4979 − 0.0178m2L2)

√
qQ
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exists in the case of qQ = 0 corresponding to neutral scalar
fields or neutral shells. In other cases of qQ 	= 0, we found
that charged scalar fields can condense around the charged
Dirichlet reflecting shell. And the radius of the hairy shell
is discrete similar to cases in the asymptotically flat space.
For each set of fixed parameters, there is a largest hairy shell
radius mRmax . We found that larger scalar field mass cor-
respond to a larger mRmax and larger qQ is also with a
larger mRmax . We further obtained an approximate relation
mRmax ≈ mL(0.3784 − 0.0097m2L2)

√
qQ. Moreover, we

constructed charged scalar field configurations supported by
charged Neumann reflecting shells and the hairy shell radii
are also discrete. We fitted the data and arrived at an approx-
imate relation mR̃max ≈ mL(0.4979 − 0.0178m2L2)

√
qQ

with mR̃max as largest radii of hairy Neumann reflecting
shells.
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