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Abstract In this paper we show that any static and spher-
ically symmetric anisotropic solution of the Einstein field
equations can be thought as a system sourced by certain
deformed isotropic system in the context of Minimal Geo-
metric Deformation-decoupling approach. To be more pre-
cise, we developed a mechanism to obtain an isotropic solu-
tion from any anisotropic solution of the Einstein field equa-
tions. As an example, we implement the method to obtain the
sources of a simple static anisotropic and spherically sym-
metric traversable wormhole.

1 Introduction

The Minimal Geometric Deformation (MGD) decoupling
method, which was originally developed in the context of
the brane-world [1,2] (see also [3,4]), has been successfully
used to generate brane-world configurations from general rel-
ativistic perfect fluid solutions. Now we know that the utility
of this method goes beyond this context [5–30], and a new
interpretation of it [18] in terms of the so-called gravitational
decoupling, is being actively used [18,22–27,30]. This is
precisely the scenario to study in this paper. In this sense,
the MGD-decoupling represents the first systematic way to
decoupling Einstein field equations, opening thus a new win-
dow in the analysis and study of these equations. By using
this approach it is interesting to note how local anisotropy can
be induced in well known spherically symmetric isotropic
solutions of self-gravitating objects. Even more, the isotropic
solution can be thought as a generator which, after gravita-
tional interaction with certain decoupler matter content, lead
through the MGD-decoupling to an anisotropic solution of
the Einstein field equations.

Based on the above statement we may wonder if it can
be possible to solve the inverse problem, namely, given any
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anisotropic solution of the Einstein field equations we can
study if it is possible to obtain both its isotropic generator
and its decoupler matter content. This inverse problem pro-
gram could be implemented, for example, in situations where
an anisotropic solution is known but the mechanisms behind
such a geometry are unclear. Such is the case of traversable
static and spherically symmetric wormholes [31–40] which
in many cases are sourced by anisotropic fluids (for iso-
tropic wormhole solutions see [41]). It is well known that
traversable wormhole solutions suffer from some issues
related to their instability and violation of the energy con-
ditions which has been explained in terms of the so–
called exotic matter [38–40]. For these reasons, it could be
interesting to explore the existence of isotropic solutions
obeying suitable energy conditions which, after the MGD-
decoupling, lead to wormholes geometries. Even more, it
could be interesting to study if the MGD-decoupling could be
considered as a kind of mechanism responsible for the break-
ing of the isotropy in the matter sector and for the appearance
of the exotic source.

In this work we develop a method to obtain the isotropic
generator of any anisotropic solution. More precisely, given
any anisotropic solution we provide their sources through the
MGD-decoupling (the generator perfect fluid and the decou-
pler matter content) and, as an example, we implement it to
obtain the sources of a simple wormhole model.

This work is organized as follows. In the next section we
briefly review the MGD-decoupling method. In Sect. 3 we
develop the method to obtain the generator of any anisotropic
solution of the Einstein field equations and then, we imple-
ment the method in a wormhole configuration in Sect. 4. The
last section is devoted to final comments and conclusion.

2 Einstein equations and MGD–decoupling

Let us consider the Einstein field equations

Rμν − 1

2
Rgμν = −κ2T tot

μν , (1)
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and assume that the total energy-momentum tensor is given
by

T (tot)
μν = T (m)

μν + αθμν, (2)

where Tμ(m)
ν = diag(−ρ, p, p, p) is the matter energy

momentum for a perfect fluid and θμν is an additional source
coupled with the perfect fluid by the constant α. Since the
Einstein tensor is divergence free, the total energy momen-
tum tensor T (tot)

μν satisfies

∇μT
(tot)μν = 0. (3)

Besides, we demand that the sources do not exchange
energy–momentum between them but interact only gravi-
tationally, which implies

∇μT
μ(m)
ν = ∇μθμ

ν = 0. (4)

In what follows, we shall consider spherically symmetric
space–times with line element parametrized as

ds2 = eνdt2 − eλdr2 − r2dΩ2, (5)

where ν and λ are functions of the radial coordinate r only.
Considering Eq. (5) as a solution of the Einstein field equa-
tions, we obtain

κ2ρ̃ = 1

r2 + e−λ

(
λ′

r
− 1

r2

)
(6)

κ2 p̃r = − 1

r2 + e−λ

(
ν′

r
+ 1

r2

)
(7)

κ2 p̃⊥ = e−λ

4

(
ν′2 − ν′λ′ + 2ν′′ + 2

ν′ − λ′

r

)
, (8)

where the primes denote derivation respect to the radial coor-
dinate and we have defined

ρ̃ = ρ + αθ0
0 (9)

p̃r = p − αθ1
1 (10)

p̃⊥ = p − αθ2
2 . (11)

It is well known that solutions of Eqs. (6), (7) and (8) can
be obtained by the MGD–decoupling method [18,22–27]. In
particular, a well known isotropic system can be extended
to, in some cases more realistic, anisotropic domains. The
method consists in decoupling the Einstein field Eqs. (6), (7)
and (8) by performing

e−λ = μ + α f, (12)

where f is the geometric deformation undergone by the
radial metric component μ “controlled” by the free param-
eter α which is a Lorentz and general coordinate invariant
[5–19]. Doing so, we obtain two sets of differential equa-
tions: one describing an isotropic system sourced by the con-
served energy–momentum tensor of a perfect fluid Tμ(m)

ν an

the other set corresponding to quasi–Einstein field equations
with a matter sector given by θμν . More precisely, we obtain

κ2ρ = 1 − rμ′ − μ

r2 (13)

κ2 p = rμν′ + μ − 1

r2 (14)

κ2 p = μ′ (rν′ + 2
) + μ

(
2rν′′ + rν′2 + 2ν′)

4r
, (15)

for the perfect fluid and

κ2θ0
0 = −r f ′ + f

r2 (16)

κ2θ1
1 = −r f ν′ + f

r2 (17)

κ2θ2
2 = − f ′ (rν′ + 2

) + f
(
2rν′′ + rν′2 + 2ν′)

4r
, (18)

for the anisotropic system. It is worth noticing that the con-
servation equation ∇μθ

μ
ν = 0 leads to

(θ1
1 )′ − ν′

2
(θ0

0 − θ1
1 ) − 2

r
(θ2

2 − θ1
1 ) = 0, (19)

which is a linear combination of Eqs. (16), (17) and (18).
In this sense, there is no exchange of energy–momentum
tensor between the perfect fluid and the anisotropic source
as required.

As commented before, the MGD has been implemented to
extend isotropic solutions by performing the following proto-
col: given the metric functions {ν, μ} and the matter content
{ρ, p} that solve Eqs. (13), (14) and (15), the deformation
function f is obtained from Eqs. (16), (17) and (18) after
suitable conditions on the anisotropic source θμν (a linear or
barotropic equation of state, tracelessness of the correspond-
ing sector, etc. [24]) are provided. With this information at
hand, the “coupled” original set of Eqs. (6), (7) and (8) are
finally solved. In this work we show that the scope of the
MGD goes beyond the anisotropization of isotropic solution
given that it allows to solve the inverse problem. To be more
precise, we use the MGD-decoupling to obtain the isotropic
generator and the decoupler matter content of any anisotropic
solution of the original equations (6), (7) and (8) as it will be
explained in the next section.

3 MGD-decoupling: the inverse problem

In this section we study how to obtain the isotropic gen-
erator and the decoupler matter content of any aniso-
tropic system by the MGD-decoupling. The crucial point
is to realize that given any anisotropic solution with metric
functions {ν, λ}, matter content {ρ̃, p̃r , p̃⊥} and definitions
in Eqs. (9), (10) and (11), the following constraint must be
satisfied
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p̃⊥ − p̃r = −α(θ2
2 − θ1

1 ). (20)

In this sense, we can combine Eqs. (17) and (18) in order to
obtain the geometric deformation function f . With this infor-
mation at hand we are able to use the geometry deformation
e−λ = μ + α f to obtain the remaining metric function of
the perfect fluid μ and its matter content. More precisely, the
combination of Eqs. (17) and (18) with the constraint (20)
leads to a differential equation for the decoupling function f
given by

f ′ − F1 f = F2, (21)

where we have introduced the auxiliary functions F1 and F2

as

F1 = 4 − r
(
2rν′′ + ν′ (rν′ − 2

))
r (rν′ + 2)

(22)

F2 = e−λ
(
r
(−λ′ (rν′ + 2

) + 2rν′′ + ν′ (rν′ − 2
))

αr (rν′ + 2)

+ 4e−λ
(
eλ − 1

))
αr (rν′ + 2)

. (23)

From Eq. (21), it is straightforward that the deformation func-
tion f is given by

f (r) = e
∫ r F1 du

∫ r

F2e
− ∫ w F1 du dw. (24)

The next step consists in to obtain the metric function μ by
replacing Eq. (24) in the geometric deformation relation (12),
from where

μ = e−λ − αe
∫ r F1 du

∫ r

F2e
− ∫ w F2 du dw. (25)

Now, from Eqs. (13), (14) and (15), the matter content for
the isotropic system reads

ρ = G1 + αG2e
∫ r F1 du

∫ r

F2e
− ∫ w F1 du dw (26)

p = G3 − αG4e
∫ r F1 du

∫ r

F2e
− ∫ w F1 du dw. (27)

where we have introduced four additional auxiliary functions

G1 = re−λ
((
eλ − 3

)
ν′ + 2rν′′ + rν′2)

8πr2 (rν′ + 2)

+ 6e−λ
(
eλ − 1

)
8πr2 (rν′ + 2)

(28)

G2 = 6 − r
(
2rν′′ + ν′ (rν′ − 3

))
8πr2 (rν′ + 2)

(29)

G3 = e−λ
(−eλ + rν′ + 1

)
8πr2 (30)

G4 = rν′ + 1

8πr2 . (31)

To determine the decoupler matter content we simply
replace Eqs. (24) and (25) in (16), (17) and (18) to obtain

θ0
0 = − (rF1 + 1)e

∫ r F1 du
∫ r F2e− ∫ w F1 du dw

r2

+F2

r
(32)

θ1
1 = −

H1e
∫ r F1 du

(∫ r F2e− ∫ w F1 du dw
)

r2 (33)

θ2
2 = −

e
∫ r F1 du

(∫ r F2e− ∫ w F1 du dw
)

4r

+F2 (H1 + 1)

4r
, (34)

where

H1 = 1 + rν′ (35)

H2 = ((
rν′ + 2

) (F1 + ν′(r)
) + 2rν′′(r)

)
. (36)

At this point the inverse problem program is completed.
More precisely, Eqs. (25), (26) and (27) determine the
isotropic generator {μ, ρ, p} and Eqs. (32), (33) and (34)
determine the decoupler matter content {θ0

0 , θ1
1 , θ2

2 } once any
anisotropic solution {ν, λ, ρ̃, p̃r , p̃⊥} is provided.

In the next section, as an example of the applicability of
the method, we shall implement it to obtain the isotropic
generator and the decoupler matter content corresponding to
a static spherically symmetric wormhole.

4 Static spherically symmetric wormholes

Let us consider the static and spherically symmetric worm-
hole [38–40] line element given by1

ds2 = e2Φ − dr2

1 − b
r

− r2dΩ2. (37)

The metric functions Φ and b are arbitrary functions of
the radial coordinate r . As Φ is related to the gravitational
redshift, it has been named the redshift function, and b is
called the shape function [38–40]. From Eq. (37) we identify
ν = 2Φ and e−λ = 1 − b

r . The matter content associated to
this geometry is given by

ρ̃ = b′

8πr2 (38)

p̃r = −2r(b − r)Φ ′ + b

8πr3 (39)

p̃⊥ =
(
rΦ ′ + 1

) (−rb′ + 2r(r − b)Φ ′ + b
)

16πr3

+2r2(r − b)Φ ′′

16πr3 . (40)

1 In what follows we sall assume κ2 = 8π .
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It is well known that the exotic matter content, as it has been
usually coined, sustaining a traversable wormhole entails the
violation of the weak energy condition. However, in order
to minimize the use of such a source we can consider a dis-
tribution of matter which falls off rapidly with radius. As
an example of the above mentioned case we can consider a
simple wormhole [37] characterized by

Φ = 0 (41)

b = r0, (42)

where r0 is the minimum radius of the throat of the wormhole.
From Eq. (41) the matter content reads

ρ̃ = 0 (43)

p̃r = − r0

8πr3 (44)

p̃⊥ = r0

16πr3 . (45)

As pointed out by Morris and Thorne [37], the parameter
ζ = p̃r

ρ̃
− 1 quantifies the amount of exotic material needed

to sustain the wormhole. In this particular case, although the
exotic material decays rapidly with radius, ζ is positive and
huge. We may wonder if there exists some mechanism involv-
ing well behaved matter content (fulfilling the weak energy
condition at least) which could lead to a wormhole geometry
sustained by the matter content (43), (44) and (45). As we
shall see later, the answer is affirmative and the mechanism
involved is the MGD-decoupling of a perfect fluid which
satisfies all the energy conditions.

In what follows, we shall implement the inverse prob-
lem program developed in the previous section to obtain the
isotropic generator which after MGD-decoupling leads to the
wormhole geometry described above. Replacing ν = 2Φ =
0 and e−λ = 1 − r0

r in Eq. (24) leads to

f = c1r
2 − r0

αr
, (46)

where c1 is a constant of integration with dimensions of
inverse of length squared. Combining Eqs. (46) and (41) in
(25) we obtain the metric function

μ = 1 − αc1r
2. (47)

Replacing Eqs. (47) and (41) in (26), (27) the matter content
of the perfect fluid reads

ρ = 3αc1

8π
(48)

p = −αc1

8π
. (49)

Note that the system described by {μ, ρ, p} corresponds to
the isotropic generator of the wormhole geometry. To com-
plete the inverse problem program we obtain the decoupler
matter content which after gravitational interaction with the

perfect fluid {ρ, p} leads to the appearance of the exotic mat-
ter that sustains the wormhole geometry. Combining Eqs.
(46) and (41) in (32), (33) and (34) the decoupler matter
content reads

θ0
0 = −3c1

8π
(50)

θ1
1 = r0 − αc1r3

8παr3 (51)

θ2
2 = −2αr3c1 + r0

16παr3 . (52)

Henceforth we shall study the energy conditions fulfilled
by the perfect fluid and the decoupler matter content by set-
ting the parameter α and the constant of integration c1. Let
us start with the case c1 < 0 and α < 0. Note that for this
choice, the perfect fluid satisfies not only the weak but also
the strong and the dominant energy conditions. In fact,

ρ ≥ 0 (53)

ρ + p ≥ 0 (54)

ρ ≥ |p|. (55)

For the decoupler matter content the analysis is more sub-
tle because the weak energy condition is satisfied whenever

θ0
0 + θ1

1 ≥ 0 (56)

θ0
0 + θ2

2 ≥ 0. (57)

It is worth noticing that the requirement in Eq. (57) is
automatic but Eq. (56) leads to

r3 ≥ r0

4c1α
. (58)

In this case a suitable choice for c1 and α would be

c1α = 1

4r2
0

, (59)

which implies

r ≥ r0. (60)

Remember that r0 is the minimum length allowed in the
wormhole geometry so Eq. (60) does not contradict this fact.
It is worth mentioning that with the above considerations the
fulfilment of the strong and the dominant energy condition
lead to r ≥ r0. In this sense, the case α < 0 and c1 < 0 cor-
responds to a perfect fluid and a decoupler matter satisfying
all the energy conditions which after gravitational interac-
tion leads to the appearance of the exotic matter sustaining
the wormhole geometry. Even more, the exotic source could
be thought as an effective matter arising as a consequence of
the gravitational interaction between suitable fluids through
the MGD decoupling.

Another case of interest could be to consider α > 0 and
c1 > 0. Note that for this choice the perfect fluid satisfy all
the energy conditions listed above but the decoupler matter
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results in an exotic matter content. In this sense, if we insist
in well behaved sources of the wormhole geometry, this case
results unattractive. As a final case we could consider α > 0
and c1 < 0 or α > 0 or c1 < 0 but, as in the previous
case, these choices are inadequate if we desire to avoid exotic
content.

5 Conclusions

In this work we have developed the inverse problem pro-
gram in the context of the Minimal Geometric Deformation
method. Specifically, here we show that given any anisotropic
solution of the Einstein field equations, its matter content
can be decomposed into a perfect fluid sector interacting
gravitationally with some decoupler matter content. As it
was remarked in the manuscript, this inverse problem pro-
gram could be implemented in cases where some anisotropic
solution is known but the mechanism behind such a con-
figuration remains obscure. Such is the case of traversable
wormhole solutions where the matter sustaining it is the so
called exotic matter which unavoidably violates all the energy
conditions. Whether the exotic matter can be experimentally
found or not, it could be interesting to provide a mechanism
to explain its apparition. For this reason we illustrated how
the inverse problem method works studying a simple model
of a traversable wormhole space–time. We obtained that the
exotic matter of the wormhole could be decomposed into a
perfect fluid (the isotropic generator) and a matter (the decou-
pler matter) satisfying all the energy conditions. In this sense
the emergence of the exotic matter could be thought a con-
sequence of the gravitational interaction of reasonable (at
least classically) matter content in the Minimal Geometric
Deformation scenario.

The implementation of the method to obtain other
anisotropic solutions both in general relativity and in extended
theories of gravity is currently under study.
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