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Scalar field black holes
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Abstract With a suitable decomposition of its energy-
momentum tensor into pressureless matter and a vacuum
type term, we investigate the spherical gravitational collapse
of a minimally coupled, self-interacting scalar field, showing
that it collapses to a singularity. The formed blackhole has
a mass M ∼ 1/m (in Planck units), where m is the mass of
the scalar field. If the latter has the axion mass, m ∼ 10−5

eV, the former has a mass M ∼ 10−5M�.

The interface between cosmology and blackhole physics
has been always fertile, leading to theoretical insights and
mathematical analogies that go from singularity theorems
to Hawking radiation and holography [1–5]. This interface
is a counterpart of another rich interplay between processes
occurring in the primordial universe and those characteristic
of dense nuclear media like relativistic stars. In the cosmo-
logical realm, a relatively recent approach to the dark sector
has been based on unified descriptions where both the dark
energy and the dark matter are described by a single fluid,
formed for example by a generalised Chaplygin gas [6–12],
or by a non-adiabatic scalar field [13–17]. In this context, it is
natural to ask whether such unified fluids can also allow for
star-like and blackhole solutions [18,19]. Scalar field black-
holes have been investigated in de Sitter and anti-de Sitter
backgrounds, in both conformal and massive cases [20,21].
Blackhole and wormhole solutions have been found with
phantom fields as well [22]. From an astrophysical view-
point, these solutions are particularly interesting in the case
of an axion field [23,24], the only stable scalar predicted by
the standard model of particles, and one of the natural candi-
dates for the unobserved dark matter particle. Axionic black-
holes are also interesting because of the possible signature the
accretion of axions can leave on future gravitational waves
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observations [25]. Accretion of scalar fields into blackholes
was studied, for example, in [26].

A minimally coupled scalar field has energy-momentum
tensor

Tμν = ∂μφ ∂νφ +
(
V − 1

2
∂αφ ∂αφ

)
gμν, (1)

where V (φ) is the self-interaction potential. We can formally
decompose it into pressureless and “vacuum” components

Tμν
m = ∂μφ ∂νφ, (2)

Tμν
� = �gμν =

(
V − 1

2
∂αφ ∂αφ

)
gμν. (3)

The “matter” density is defined as ρ = Tμ
mμ, and the scalar

field 4-velocity by

uμ = ∂μφ√
∂αφ ∂αφ

. (4)

The vacuum density ρ� = � is a covariant scalar, and its
equation of state, p� = −ρ�, is the same for any observer.
Using the above decomposition, it was shown elsewhere
that a scalar field can accomplish for both dark components
observed in the cosmic fluid [16,17]. The � component does
not cluster at linear order and is responsible for the expansion
acceleration. The pressureless one, on the other hand, can be
identified with observed clustering matter. With an appropri-
ate choice of the scalar field potential, we have the same phe-
nomenology of non-adiabatic generalised Chaplygin gases,
which includes the standard �CDM particular case. Let us
show here, using the same decomposition, that a massive
scalar field can perform a spherical gravitational collapse,
leading to the formation of blackholes.

In comoving coordinates, the metric inside the fluid region
of a spherically symmetrical spacetime can be written as

ds2 = eνdτ 2 − eλdR2 − eμ(dθ2 + sin2 θdφ2), (5)
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where ν, λ and μ are generic functions of time and of the
radial coordinate R. For a substratum formed by a perfect
fluid like above, with energy-momentum tensor

Tμν = ρuμuν + �gμν, (6)

the independent Einstein equations are given by [27]

�=e−ν

(
μ̈ − μ̇ν̇

2
+ 3μ̇2

4

)
− e−λ

2

(
μ′2

2
+ μ′ν′

)
+ e−μ, (7)

� + ρ = e−ν

2

(
μ̇λ̇ + μ̇2

2

)
− e−λ

(
μ′′ + 3μ′2

4
− μ′λ′

2

)
+ e−μ,

(8)
0 = 2μ̇′ + μ̇μ′ − λ̇μ′ − ν′μ̇, (9)

where a dot means derivative w.r.t. time and a prime means
derivative w.r.t. R. On the other hand, the Bianchi identities
Tμν

;ν = 0 lead to

ν′ = 2�′

ρ
, (10)

ρ̇ + �ρ = −�̇, (11)

where

� = λ̇

2
+ μ̇. (12)

For comoving observers the � component remains homo-
geneous, that is, � = �(τ). Hence, from (10) we see
that ν = ν(τ), and this allows the choice of synchronous
observers, for which ν = 0. By also defining r2 = eμ, we
have from (9)

eλ = r ′2

1 + f (R)
, (13)

where f (R) is an arbitrary function of R. In this way, it is
straightforward to obtain, from (7) and (8), the equations

�r2 = 2rr̈ + ṙ2 − f (R), (14)

ρr2 = −2rr̈ − r f ′

r ′ + 2rṙ ṙ ′

r ′ . (15)

From (12) we also have

� = 1

r ′r2

d(r ′r2)

dτ
. (16)

Consider a scalar field that is initially homogeneous and
infinitely diluted, and let us assume that the � component
is positive and remains constant along the collapse. In this
case, Eqs. (14) and (15) are identically satisfied if we take

ṙ2 = F(R)

r
+ f (R) + �r2

3
, (17)

ρ = F ′(R)

r ′r2 , (18)

where F(R) is another arbitrary function of R, with F(0) = 0
in order to have r(0, t) = 0. With this it is easy to check that
(11) (with � given by (16)) is also verified. Solutions (17) and
(18) characterise the collapse of the pressureless component
into the origin. The two arbitrary functions F(R) and f (R)

determine the density and radial velocity profiles. When the
event horizon is formed, the interior metric (5) (with ν = 0)
can be matched with an exterior Schwarzschild metric. The
junction conditions are given by [28]1

0 = (
XẎ ′ − ẊY ′)

R→∞ , (19)

rg =
[
Y

(
1 + Ẏ 2 − Y ′2

X2

)]
R→∞

, (20)

where rg is the gravitational radius, X2 = eλ and Y 2 = eμ =
r2. The former of these conditions is identically satisfied by
(13). The latter leads to ṙ2|rg = 1 + f (∞). Hence we have,
from (17),

rg

(
1 − �

3
r2
g

)
= F(∞). (21)

For F(∞) = 0, we have rg = √
3/�, corresponding to a

de Sitter core matched with an asymptotically flat spacetime
[29]. For F(∞) �= 0, the solution of (21) is unique only for

F(∞) = 2

3
√

�
, (22)

given by rg = 1/
√

�. The collapsed mass is

M = 4πrg = 4π√
�

= 4πF(∞) + 4π

3
r3
g�. (23)

The last equality has an evident interpretation if, by using
(18), we note that

∫ ∞

0
ρr2r ′dR = F(∞). (24)

In the present configuration, in comoving coordinates the
scalar field is homogeneous (see (4)) . Therefore, from
(18) we see that r ′r2 = F ′h(τ ), where h(τ ) is a func-
tion to be determined. Taking for r the separable solution
r = g(R)[h(τ )]1/3, we obtain F ′ = g′g2. From (17) we also
have, taking the particular case f (R) = 0,

3Fg−3 = ḣ2

3h
− �h = k, (25)

1 In [28] metric (5) is matched with an exterior Schwarzschild-de Sitter
metric, whereas in the presente case the resulting spacetime is asymp-
totically flat.
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where k is a separation constant. From these equations it is
easy to see that k = 1, g = (3F)1/3, and

�h = sinh2

[√
3�

2
(τ − τ0)

]
, (26)

where τ0 is an integration constant. Finally, we have the solu-
tion

r(τ, R) =
[

3F(R)

�

]1/3

sinh2/3

[√
3�

2
(τ − τ0)

]
, (27)

while for the matter density we obtain

ρ = �

sinh2
[√

3�
2 (τ − τ0)

] . (28)

This uniform density goes to zero for τ → −∞, and diverges
for τ → τ0. With solution (27), metric (5) acquires the form2

ds2 =dτ 2−a2(τ )

[
F ′2

9F4/3 dR
2 + F2/3(dθ2 + sin2 θdφ2)

]
,

(29)

where

a(τ ) =
(

3

�

)1/3

sinh2/3

[√
3�

2
(τ − τ0)

]
. (30)

It is a generalisation of the parabolic LTB metric (with uni-
form density) in presence of a vacuum term [28]. At any finite
time, the scalar field distribution has a finite physical radius
r(τ,∞) = a(τ )F1/3(∞). Its surface crosses the horizon at
a time given by r(τ̃ ,∞) = rg . Using (27), (23) and (22), we
obtain the collapse time

τ0 − τ̃ = 2√
3�

sinh−1

(√
2

2

)
. (31)

Let us give the conditions on the scalar field potential in order
to have a constant �. From (3) it must satisfy

V = � + φ̇2

2
− φ′2

2
e−λ, (32)

and from (2) we have

ρ = 2(V − �). (33)

2 The choice F = R3 (which does not obey the boundary condition
(22)) corresponds to a spatially flat FLRW space-time filled with pres-
sureless matter and a cosmological constant.

By using (28) and (32), with φ′ = 0, into (33) we obtain,
after integration in τ ,

ρ = � sinh2

(√
3φ

2

)
, (34)

and the potential3

V (φ) = � + �

2
sinh2

(√
3φ

2

)
. (35)

For the sake of consistence, we should also verify that the
Klein-Gordon equation is satisfied. With metric (5), it is writ-
ten as

1

r ′r2

[
∂τ

(
r ′r2φ̇

)
− ∂R

(
r2

r ′ φ
′
)]

+ ∂φV = 0. (36)

By doing φ′ = 0, and using (18), (32) and (33), it is straight-
forward to verify that it is reduced to an identity.

In the limit of small φ (when the collapse begins), (35)
can be approximated by a free field potential

V (φ) = � + m2

2
φ2 (τ → −∞), (37)

with the scalar field mass given by m = √
3�/2. Therefore,

the blackhole mass (23) is

M = 2
√

3π

m
. (38)

The scalar field candidate for a unified description of the cos-
mological dark sector has a mass of the order of the Hubble
parameter,m ∼ H0 ∼ 10−33 eV [16]. Therefore, it may only
form a blackhole of cosmological size. For a scalar field of
massm ∼ 10−5 eV (the axion mass) we have rg ∼ 1 cm, cor-
responding to a blackhole of mass M ∼ 1025 kg (one Earth
mass). This agrees with current theoretical estimates for the
mass of dense axion stars, which ranges from 10−14M� to 1
solar mass [30]. For a scalar field of Planck mass, the horizon
has the Planck length, and the blackhole has a Planck mass.
A Higgs blackhole, if formed prior to the Higgs decay, would
weight a megatonne and evaporate in a century.
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3 It is the same potential adopted for a unified description of the �CDM
cosmological dark sector by means of a single scalar field [17].
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