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Abstract We investigate the dynamical features of a large
family of running vacuum cosmologies for which � evolves
as a polynomial in the Hubble parameter. Specifically, using
the critical point analysis we study the existence and the sta-
bility of singular solutions which describe de-Sitter, radiation
and matter dominated eras. We find several classes of �(H)

cosmologies for which new analytical solutions are given in
terms of Laurent expansions. Finally, we show that the Milne
universe and the Rh = ct model can be seen as perturbations
around a specific �(H) model, but this model is unstable.

1 Introduction

Over the last two decades, most studies in cosmology
strongly indicate that the universe is spatially flat and it con-
sists of ∼ 4% baryonic matter, ∼ 26% dark matter and
∼ 70% of dark energy (hereafter DE), thought to be driv-
ing the phenomenon of cosmic acceleration [1–6]. Although
there is a general consensus regarding the main properties
of DE, namely it has a negative pressure, the origin of this
unexpected component of the universe has yet to be iden-
tified. This has given rise to a plethora of alternative cos-
mological scenarios which mainly generalize the nominal
Einstein–Hilbert action of general relativity using either a
new field in nature [7–10], or a non-standard gravity theory
that increases the number of degrees of freedom [11–16].
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The introduction of a cosmological constant, �, is proba-
bly the simplest modification of the Einstein–Hilbert action
which can be considered. In the framework of the so called
�CDM model, the cosmological constant coexists with cold
dark matter (CDM) and ordinary baryonic matter (see [17]
for review). Although the �CDM model fits accurately, the
current cosmological data suffers from two problems [18–
21]. The first is the ’old’ cosmological problem, namely
the expected (Planck natural unit) vacuum energy density is
∼ 120 orders of magnitude larger than the presently observed
value of �. The second problem is the coincidence problem:
that the density of dark energy is so similar to the matter
density today (the two were equal when the universe had
expanded to about 75% of it present expansion scale).

An alternative approach to resolving these two problems
is to consider the so called �(t)CDM models, wherein �

is allowed to vary with cosmic time (see [22–29] and ref-
erences therein). This class of models [30–49] is based on
a dynamical vacuum energy density that evolves as a power
series of the Hubble rate (for review see [50], [51–53]). Pow-
ered by a decaying vacuum energy density, the spacetime can
emerges from a pure non-singular initial de Sitter vacuum
stage, “gracefully” exit from inflation to a radiation era fol-
lowed by dark-matter and vacuum-dominated phases, before
finally, evolving to a late-time de Sitter phase [26,28,29,54].
Recently, Sola et al. [55] tested the performance of the run-
ning vacuum models against the latest cosmological data and
they found that the �(H) models are favored than the usual
�CDM model at ∼ 4σ statistical level (see also [56]). These
developments have led to growing interest in �(H) cosmo-
logical models.

There was a great effort to explore the �(H) models both
analytically and observationally but a dynamical analysis
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based on critical points is still missing. The purpose of our
work is to bridge this gap, by determining the de Sitter phases
of a general family of �(H) models to search for singular
solutions of the form a (t) ∝ t p which secure the existence
of radiation (p = 1/3) and matter (p = 2/3) dominated eras,
respectively. We will investigate the stability of the critical
points in order to understand the dynamical and cosmolog-
ical properties of the �(H) models. Here, the main math-
ematical tool that we use is that of the singularity analysis
of differential equations, and more specifically we apply the
ARS (Ablowitz, Ramani and Segur) algorithm [57–59]. This
algorithm provides a method to construct the analytical solu-
tion of a differential equation which is expressed as a Laurent
expansion around the singular leading-order term (for some
applications on gravitational theories see [60–65] and ref-
erences therein). Information regarding the stability of the
trajectories close to the singularity can be extracted directly
from the ARS algorithm.

The structure of the manuscript is as follows. In Sect. 2
we briefly introduce the concept of the running �(H) cos-
mologies. In Sects. 3 and 4 we present the main results of our
work, namely we study the critical points and their stability
as well as we provide the corresponding analytical solutions.
Finally, in Sect. 5 we draw our conclusions.

2 �-Varying cosmology

In this section we briefly present the main points of the run-
ning vacuum cosmology. If we model the expanding universe
as a perfect fluid with density ρ, and corresponding pres-
sure1 p = wρ, then the energy–momentum tensor is given
by Tμν = −p gμν + (ρ + p)UμUν . In this context, the term
� gμν can be absorbed by the total energy momentum tensor
T̃μν ≡ Tμν + gμνρ�, where ρ� = �/(8πG) is the vacuum
energy density which is related to �, while the correspond-
ing equation of state is p� = −ρ�. Combining the above
expressions we arrive at

T̃μν = (ρ� − p) gμν + (ρm + p)UμUν, (1)

and thus the Einstein’s field equations become

Rμν − 1

2
gμνR = 8πG T̃μν. (2)

For the spatially flat FLRW metric the field equations boil
down to those of Friedmann equations, namely

3H2 (t) = �(t) + ρ (t) , (3)

− 2Ḣ (t) − 3H2 (t) = − �(t) + p (t) , (4)

1 In the case of w = 0 we have non-relativistic matter, while for w =
1/3 we have relativistic matter (radiation).

where for simplicity we have set 8πG ≡ 1. Although, a
constant � term is the simplest possibility, it is interest-
ing to mention that the Cosmological Principle embodied
in the FLRW spacetime allows � to be a function of the cos-
mic time, or of any collection of homogeneous and isotropic
dynamical variables, i.e. � = �(χ(t)). Moreover, consid-
ering G = const. (for other scenarios see [51–53]) the
Bianchi identity that insures the covariance of the formu-
lation, implies an energy exchange between ρ� (or �) and ρ

ρ̇ + �̇ + 3H(ρ + p) = 0. (5)

In order to find more general solutions for this scenario,
ones in which there is evolution of the form of the expansion
rate over time, we need to explore a more general functional
form for �(H). The case of viable running vacuum � can
be placed in the general framework of quantum field theory
in curved spacetime [50,66,67]. Specifically, in ref. [26] the
following expression (for recent review see [68]) was pro-
posed for the functional form of �(H),

� (H) = c0 + c1H
2 + c2H

2k, (6)

where k > 0. Notice, that this formula is well motivated
in the general context of the re-normalization quantum field
theory (QFT) in curved spacetime and thus only even pow-
ers in H are allowed by the general covariance of the the-
ory (see [50], [51–53]). In this family of running vacuum
models the spacetime emerges from a pure non-singular de
Sitter vacuum stage, allowing a graceful exit from inflation
to a radiation-dominated phase, followed by dark matter and
vacuum regimes, followed by evolution to a late-time de Sit-
ter phase [28,29,68]. From the observational viewpoint, the
current vacuum model agrees with the latest expansion data
and it predicts a growth rate of clustering which is in agree-
ment with the observations (for more details see [55,68,69]
and references therein).

Inspired by Ref. [26] and based only on phenomenological
arguments we introduce in our analysis the following form
of the running vacuum

�(H) = c0 + c1H
2 + c2H

−n, (7)

where the leading term c0 describes in good approximation
the current universe and the other terms introduce a dynam-
ical evolution which can be important under special con-
ditions. Unlike Eq. (6), here the exponent n is allowed to
take positive and negative values as well as it can be either
even or odd. From the phenomenological point of view, the
parametrization (7) describes a large family of dynamical
models of the vacuum energy (see also [68]). As expected,
for the special case where n = −2k the current form of �(H)

reduces to that of Eq. (6).
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Furthermore, for a general quadratic vacuum model, with
�(H) = c1H2 + F (H) , we find

2Ḣ + 3
[
(1 + w)

(
1 − c1

3

)]
H2 − (1 + w) F (H) = 0,

(8)

where F(H) is an arbitrary function. Introducing the follow-
ing parametrizations,

3
[
(1 + w)

(
1 − c1

3

)]
= 3 (1 + w1) , F(H) = (1 + w1)

(1 + w)
F̄ (H) ,

(9)

Equation (8) then becomes

2Ḣ + 3 (1 + w1) H
2 − (1 + w1) F̄ (H) = 0. (10)

This equation is just the original master equation (8) with a
different value for w, which means that the quadratic term
H2 of Eq. (7) can be easily absorbed into the Friedmann
equation (8). In this context, if we decide to use Eq. (10) in
order to study the current class of decaying vacuum models,
then �(H) takes the form

�(H) = λ0 + λ2H
−n, n �= −2, (11)

where the new constants λ0 and λ2 are related with those
of (7) by c0 = 3−c1

3 λ0 and c2 = 3−c1
3 λ2. At this point, it is

important to mention that the equation of state parameter for
the matter source has been changed as given by (9).

In order to understand the possible evolutionary tracks of
the cosmic fluid, we consider the following two cases:
Case A: Assume that the matter source is that of an ideal
fluid for which the equation of state parameter w1 is constant.
Hence, from Eq.(10), we deduce that

2Ḣ + 3 (1 + w1) H
2 − (1 + w1) (λ0 + λ2H

−n) = 0, (12)

or, with the aid of H = ȧ/a, we find

2aä+(1 + 3w1) ȧ
2 −(1 + w1) a

2
[
λ0 + λ2(ȧa

−1)−n
]

= 0.

(13)

At this point we would like to discuss the following issue:
for the vacuum model with n > 0 is it possible to have a
super-accelerated expansion of the universe in the far future?
In order to answer this question we need to compute the
deceleration parameter q = −(1 + Ḣ

H2 ) by numerically inte-
grating Eq. (13) for non-relativistic matter w1 = 0. Concern-
ing the initial conditions we use the present values, mainely,
a (t0) = 1 and ȧ (t0) = 70, λ0 = 3	m0H2

0 − λ2H
−n
0 , with

	m0 � 0.3. We find that in the far future the deceleration
parameter tends to that of de-Sitter cosmology (q ≈ − 1)

Fig. 1 Qualitative evolution of the deceleration parameter q (a), for
the vacuum model (13) for w1 = 0. Solid line is for n = 3 and λ2 = 1,
while dashed line is for n = 1 and λ2 = λB

2 with λB
2 � 1. The behaviour

of the deceleration parameter is similar for all the positive values of λ2
and n. For the initial conditions of the numerical simulation we selected
a(t0) = 1, ȧ (t0) = 70 and 	m0 � 0.3

and thus we exclude the possibility of a super-accelerated
expansion of the universe. In Fig. 1 we plot the evolution of
the deceleration parameter for various λ2 and n values. Prac-
tically, H−n with n > 0 does not really affect the cosmic
expansion at late times. Moreover, one can easily check that
in this case the term H−n plays no role in the early infla-
tion. Under the above conditions in order to provide a viable
running vacuum model one may introduce other additional
terms, namely Ḣn in the form of �(H) (see [68] and refer-
ences therein).
Case B: Here we assume that the cosmic fluid contains two
ideal fluids (nominally case matter and radiation), hence

ρ(t) = ρ1(t) + ρ2(t) , (14)

and

p(t) = p1(t) + p2(t) , (15)

where p1 = w1ρ1 and p2 = w2ρ2. Moreover, assume the
second fluid does not interact either with the first fluid or
with �(H). Hence, the conservation law for this component
implies ρ̇2 + 3(1 + w2)Hρ2 = 0, a solution of which is

ρ2(t) = ρ20a
−3(1+w2), (16)

where we have set w2 = const. Therefore, it is easy to show
that we need to introduce the evolution of the second fluid
into Eq. (12), namely
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2Ḣ + 3 (1 + w1) H
2 − (1 + w1) (λ0 + λ2H

−n)

+w2ρ20a
−3(1+w2) = 0, (17)

or

2aä + (1 + 3w1) ȧ
2 − (1 + w1) a

2
[
λ0 + λ2(ȧa

−1)−n
]

+w2ρ20a
−(1+3w2) = 0. (18)

Notice, that the pair (w1, w2) lies in the region (−1, 1).
In the rest of the paper we proceed to determine analyti-

cal solutions of the Friedmann equations (13) and (18). Since
these equations have a nonlinear nature we apply the algorith-
mic method of singularity analysis due to Ablowitz, Ramani
and Segur (ARS) [57–59]. This method provides informa-
tion about the existence and stability of singular cosmologi-
cal solutions in different eras. In the limit where the constant
λ0 vanishes with n < 0, the closed-form solution of (12)
was found by Perico et al. [26] (see also [70–72]). However,
the existence of singular solutions close to the singularity
has not yet been studied. As we shall see below, the constant
term, λ0, modifies the solution close to the singularity and
so affects the entire cosmic history.

3 De Sitter phases

Consider the scenario with the two ideal fluids, ρ1 (t) and
ρ2 (t). We choose the dimensionless variables 	1 (t) =
ρ1(t)
3H2 , 	2 (t) = 	2(t) = ρ2(t)

3H2 , and after some algebra the

field equations reduce to the following system of first-order
equations:

2Ḣ = (1 + w2) (λ0+λ2H
−n)−3H2 (1 + w2 + (w1 − w2) 	1) ,

(19)

6	̇1 = −18 (w1 − w2) (1 − 	1) H	1 − 6 (1 + w2) λ0	1H
−1

− n (1 + w2) (λ2)
2H2n−3 + −Hn−3(n(1 + w2)λ0λ2)

− 3λ2H
n−1(−n(1 + w2) + (2 − nw1 + (2 + n)w2)	1),

(20)

while the constraint Eq. (3) becomes

3H2 (1 − 	1 − 	2) − λ0 − λ2H
−n = 0. (21)

In order to have a de Sitter phase the corresponding critical
point P = (

HP,	P
)

of the dynamical system (19), (20)
needs to obey Ḣ(P) = 0. This condition implies

H2
P	1 = 0, 3H2

P − λ0 − H−n
P λ2 = 0.

Therefore, if we consider that HP �= 0, which is always true
for λ0 �= 0, then 	1 = 0, and so we have

3H2
P − λ0 − H−n

P λ2 = 0. (22)

Moreover, combining the equation with Eq. (21) we obtain
	2 = 0, which implies that the vacuum component �(H)

ensures the existence of de Sitter points. For example, in
the simplest scenario where n = −1, Eq. (22) provides the
following two critical points

P1 : {H (P1) , 	1 (P1)} =
{

1

6

(
λ2 −

√
12λ0 + λ2

2

)
, 0

}

P2 : {H (P2) , 	1 (P2)} =
{

1

6

(
λ2 +

√
12λ0 + λ2

2

)
, 0

}
.

In order to study the stability of the solution around the criti-
cal points P1, and P2, we linearize the dynamical system by
substituting

H (t) = H(P(1,2))+εHε (t) , 	1 (t) = 	1(P(1,2))+ε	1ε (t)

(23)

in the system (19), (20), with ε2 → 0. Next, we determine
the eigenvalues of the linearized system and conclude that
the point is stable if all the eigenvalues have negative real
parts.

For n = −1, the linearized system around the critical
points is

Ḣε =
(

λ2

2
− 3

)
(1 + w2) Hε, (24)

	̇1ε = (1 + w2) λ2

6
Hε+(3(w1−w2)−(1 + w2) λ0)HP1	1ε.

(25)

The eigenvalues of the linearized system are functions of the
parameters w1, w2 and λ0, λ2. In Figs. 2 and 3 we present
the regions of the parameter space, {λ0, λ2}, for which the
points P1, P2 are real and the eigenvalues have negative real
values. The plots are for specific values of the parameters
w1, and w2. The common area of the regions provides the
appropriate pairs, {λ0, λ2} , for which the de-Sitter points are
stable.

Now for n = 1, Eq. (22) admits the three critical points

P1 : {H (P1) , 	1 (P1)} =
{

1

3

[(
2λ3

0

9λ2

+
√

81λ2
2 − 4λ3

0

)1/3

+
(9λ2 +

√
81λ2

2 − 4λ3
0

2

)1/3]
, 0

}

P2 : {H (P2) , 	1 (P2)} =
⎧
⎨
⎩

1

3

[
− (1 + √−3)λ0

3 3
√

4(9λ2 +
√

81λ2
2 − 4λ3

0)
1/3

+ (1 − √−3)

(9λ2 +
√

81λ2
2 − 4λ3

0

432

)1/3]
, 0

⎫
⎬
⎭
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Fig. 2 Plot of the region in the
space {λ0, λ2} where the
eigenvalues of the linearized
system (19 ), (20) are negative.
The first line is for w1 = 0 and
w2 = 1

3 , while the second line is
for w1 = 1

3 and w2 = 0. The
plots in the left column
corresponds to the point P1, and
the plots in the right column to
the point P2. The points are
stable only when the colored
areas overlap

P3 : {H (P3) , 	1 (P3)} =
⎧
⎨
⎩

1

3

[
− (1 − √−3)λ0

3 3
√

4(9λ2 +
√

81λ2
2 − 4λ3

0)
1/3

+ (1 + √−3)

(9λ2 +
√

81λ2
2 − 4λ3

0

432

)1/3]
, 0

⎫⎬
⎭

provided that � = 12λ3
0 − 243λ2

2 ≥ 0. Otherwise, when
� < 0, only P1 is a real point and describes always a de
Sitter Universe.

Furthermore, for n = 2, the algebraic Eq. (22) admits the
four solutions,

P1± : {H(P1±), 	1(P1±)} =
{

±
√

1

6

(
λ0 −

√
12λ2 + λ2

0

)
, 0

}

P2± : {H(P2±), 	1(P2±)} =
{

±
√

1

6

(
λ0 +

√
12λ2 + λ2

0

)
, 0

}
.

which are de Sitter points for values of λ0, λ2 for which
the solutions are real. Easily, it follows that when λ0, λ2 are
positive, then points P2± are always real.

When n = − 2, Eq. (22) provides the critical points P1± :

{H(P1±), 	1(P1±)} =
{

±
√

λ0

3 − λ2
, 0

}
,

with {λ2 < 3, λ0 > 0} or {λ2 > 0, λ0} .

Finally for n = − 3, the cubic equation Eq. (22) admits
three solutions

P1 : {H (P1) , 	1 (P1)}=
{

1

λ2
−

3
√

2

λ2� (λ0, λ2)
− � (λ0, λ2)

3
√

2λ2
, 0

}
,

P2 : {H (P2) , 	1 (P2)}
=

{
1

λ2
+ (1 + √−3)

(
1

3
√

4λ2� (λ0, λ2)
+ � (λ0, λ2)

3
√

16λ2

)
, 0

}
,

P3 : {H (P3) , 	1 (P2)}
=

{
1

λ2
−

(
1 − √−3

) (
3
√

4λ2� (λ0, λ2)
− � (λ0, λ2)

3
√

16λ2

)
, 0

}
.

where �(λ0, λ2) = (−2 + λ0λ
2
2 +

√
−4λ0λ

2
2 + λ2

0λ
4
2)

1/3.
Point P1 is always real, while P2 and P3 describe de Sitter
universes when 27λ0(4 − λ0λ

2
2) ≥ 0.
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Fig. 3 Plots of the region in the
space {λ0, λ2} where the
eigenvalues of the linearized
system (19 ), (20) are negative.
The first line is for w1 = 0 and
w2 = − 1

3 , while the second line
is for w1 = 1

3 and w2 = − 1
3 .

Recall that w2 = − 1
3

corresponds to the scenario of a
FLRW universe with non-zero
spatial curvature. The plots in
the left column corresponds to
the point P1, and the plots in the
right column to the point P2.
The points are stable only when
the colored areas overlap

4 Singularities and analytical solutions

Technically , in order to study the existence of matter-
dominated eras, that is, singular solutions of the form a (τ ) =
a0τ

p, τ = t − t0, we apply the ARS algorithm, hence
the analytical solution can be written as a Painlevé Series
around the (movable) singularity. Moreover, the ARS algo-
rithm provides important information regarding the stability
of the singular solution a (τ ) = a0τ

p. The approach of the
ARS algorithm is inspired by the work of Kowalevskaya [73],
where the solution of a differential equation is described by
a power-law function when the differential equation admits
a movable singularity. Hence, a necessary condition for the
approach to succeed is the existence of at least one mov-
able singularity. The position of the singularity is t0, and the
singulariy is characterized movable when t0 depends on the
initial conditions.

The ARS algorithm is developed via a three-step process,
a brief description of which is

Step A: The determination of the leading-order behavior.
The leading-order term needs to be a negative integer, or at
least a non-integral rational number. It is important to point

out that the coefficient of the leading-order term may or may
not be determined explicitly.

Step B: The proof of the existence of sufficient number
of (arbitrary) integration constants by determining the reso-
nances (Fuchs indices). The value minus one should always
appear always of one of the resonances. This is important for
the singularity to be movable and hence the ARS algorithm
to be valid.

Step C: The consistency test is performed by substituting
an expansion of the power-law series which describes the
solution of the original equation, to test that it is indeed a
true solution.

From the leading-order term and the resonances, we can
determine the step of the Laurent expansion (Painlevé series)
which describes the actual solution of the original equation.
Whereas, the coefficients of the Laurent expansion are deter-
mined from the consistency test. For a right Painlevé series
the resonances must be positive, for a left Painlevé series the
resonances must be negative, while for a full Laurent expan-
sion the resonances have to be mixed. Clearly, in the case of
an autonomous second-order ordinary equation, since there
is only one free resonance, the possible Laurent expansions
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are either left or right Painlevé series. For more details on the
method we refer the reader to the review article of Ramani
et al. [74].

4.1 Case A: one ideal fluid

In this case we consider one ideal fluid. In order to determine
the movable singularities of Eq. (13) we perform the change
of variables, a (t) → A−1 (t), and multiply the equation with
the term A2 (t) Ȧn (t) and we find

Ȧn(2AÄ − (5 + 3w1) Ȧ
2 + (1 + w1)λ0A

2)

− (−1)1−n (1 + w1) λ2A
2+n = 0. (26)

Then we insert A (τ ) = A0τ
p in the above equation, where

τ = t − t0, and we search for the dominant terms in order
to determine the power p. Notice, that t0 is an integration
constant and it denotes the position of the singularity.

4.1.1 Positive power, n > 0

For n > 0 and in the context of A (τ ) = A0τ
p Eq. (26) then

takes the form

pn+1(3(1 + w1)p + 2) − pnτ 2 (1 + w1) λ0

− (−1)−n (1 + w1) λ2τ
2+n = 0, (27)

from which it follows that the only possible dominant term is
that of pn+1[2 + 3 (1 + w1) p]. Therefore if we assume that
the leading-order behavior describes explicitly the solution
at the singularity then the latter algebraic equation reduces
to

2 + 3 (1 + w1) p � 0, (28)

or

p � − 2

3 (1 + w1)
. (29)

Hence, the singular solution of the ideal fluid, without the
�-varying term, describes the actual solution of the model
close to the singularity.

For the second step of the ARS algorithm, we substi-

tute A (τ ) = A0τ
− 2

3(1+w1) + mτ
− 2

3(1+w1)
+s

, and we linearize
around m = 0. From the remaining terms, we find that the
coefficient of the leading-order term vanishes if and only if

s (s + 1) = 0 (30)

which means that the resonances are s1 = − 1 and s2 = 0.
The second resonance tells us that the second integration con-
stant is the coefficient A0, of leading-order term. We show

that Eq. (28) is not affected by A0, hence this constant is arbi-
trary. In this case the analytical solution of Eq. (26) is given
by a right Laurent expansion, while its step depends on w1.
Notice, that the presence of a right Painlevé series means
that the matter-dominated era close to the singularity, is an
unstable solution.2 We note that the problem contains two
integration constants, namely A0 and w1, hence it is not nec-
essary to perform the consistency test. Below, we complete
the current analysis by presenting some analytical solutions
which are physically interesting.
(a) Analytic solution for a non-relativistic fluid: For a pres-
sureless matter source, we have w1 = 0. Therefore, from
Eq. (29) we calculate p = − 2

3 , which means that the Lau-
rent expansion has a step of 1

3 , that is, the solution of (26)
is

A (τ ) = A0τ
− 2

3 + A1τ
− 1

3 + A2 + A3τ
1
3 +

∞∑
I=4

Akτ
− 2

3 + ν
3 ,

(31)

where we need to determine the coefficients A1, A2, .. etc.
In the case of the �−varying model (11), with n = 1,

the first six non-zero coefficients of (31) are: A0, which is an
arbitrary integration constant, and

A6

A0
= −λ0

12
,

A9

A0
= −λ2

16
,

A12

A0
= (λ0)

2

180
,

A15

A0
= 7λ0λ2

480
and

A18

A0
= 23895λ2

2 − 1072λ3
0

2903040
A0, etc.,

while the rest of non-zero coefficients are those of A21+3ν ,ν ∈
N.On the other hand, for other values of the power n, the coef-
ficients are different. For example, in the case of the �(H)

model with n = 3, aside from A0, the first non-zero coeffi-
cients are

A6

A0
= −λ0

12
,

A12

A0
= λ2

0

180
,

A15

A0
= −9λ2

160

A18

A0
= − 67λ2

0

181440
, etc.,

while the other non-zero coefficients are A18+3ν , ν ∈ N.

From the aforementioned solutions, we observe that the
solution close to the matter-dominated era includes an addi-
tional term A0τ

4
3 , namely

A (τ ) � A0τ
− 2

3 + A6τ
4
3 (32)

2 For a discussion on the relation between stability of solutions and
Laurent expansion see [75].
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and so the scale factor is written as a Taylor expansion around
τ = 0 as follows,

a (τ ) � a0τ
2
3 + a6τ

8
3 . (33)

(b) Analytic solution for a radiation fluid: Considering that
the ideal fluid is radiation (w1 = 1/3) from (29), we obtain
p = − 1

2 , which means that the solution is expressed by a
right Painlevé series with step 1

2 , that is,

A (τ ) = Ā0τ
− 1

2 + Ā1 + Ā2τ
1
2 + Ā3τ +

∞∑
I=4

ĀI τ
− 1

2 + ν
2 ,

(34)

where Ā0 is an integration constant.
For n = 1, the nonzero coefficients of the expansion (34)

are

Ā4

Ā0
= −λ0

9
,

Ā6

Ā0
= −λ2

9
,

Ā8

Ā0
= λ2

0

90
,

Ā10

Ā0
= 17λ0λ2

405
,

Ā12

Ā0
= 1665λ2

2 − 61λ3
0

51030
,

Ā14

Ā0
= −221λ2

0λ2

17010
.N.

For n = 2, the coefficients of the expansion are

Ā4

Ā0
=−λ0

9
,

Ā8

Ā0
= λ2

0 − 12λ2

90
,

Ā12

Ā0
= 4212λ0λ2 − 61 (λ0)

3

51030
,

Ā16

Ā0
= 1261λ4

0 − 362664λ4
0λ2 + 879984λ2

2

9185400
N.

Therefore, the analytical solution prior to the radiation era
is well approximated by the following expression:

A (τ ) = Ā0τ
− 1

2

(
1 − λ0

9
τ 2

)
,

and so

a (τ ) � a0τ
1
2 + a1τ

5
2 . (35)

4.1.2 Negative power, n < 0

Now we study the case where the exponent n in �(H) =
λ0 + λ2H−n is negative. We remind the reader that we are
still using the variable A (τ ) = A0τ

p. Under those conditions
Eq. (26) gives

τ (2−n)(p−1)[(3(1 + w1)p + 2)pτ−n − (1 + w1) λ0τ
2−n

− (−1)−n τp−n (1 + w1) λ2τ
2] = 0. (36)

Following similar notations to those of Sect. 4.1.1 we find
that the only possible leading term is the one with coefficient
2 + 3 (1 + w1) p as long as n > −2, which implies that the
exponent p is given by Eq. (29). As expected, from the ARS
algorithm, we find that the constant A0 is arbitrary, hence

the corresponding resonances (30) are s1 = − 1 and s2 = 0
respectively, whilst the analytical solution is written as a right
Painlevé series. Specifically, we find the following interesting
solutions.
(a) Analytic solution for a non-relativistic fluid: For w1 = 0,

the Laurent expansion is of the form of (31), where with
n = −1, namely �(H) = λ0+λ2H , we obtain the following
coefficients:

A3

A0
= −λ2

6
,

A6

A0
= λ2

2 − 12λ0

144
,

A9

A0
= λ3

2 + 36λ0λ2

2592
,

A12

A0
= 216λ2

0 − 9λ0λ
2
2 − λ3

2

38880
.N

This means that close to the singularity the scale factor is
approximated by

a (τ ) � a0τ
2
3 + a3τ

5
3 . (37)

Notice that the second term of this solution is different with
that of Eq. (33) for n > 0. The closed-form solution in the
case of the �(H) = λ0 + λ2H running-vacuum model has
been found earlier in [68]. In this case the running vacuum
model introduces a mild dynamical behavior of the vacuum
energy at low energies, namely dark matter and dark energy
eras. For more details regarding the dynamics as well as the
corresponding observational constraints of the current vac-
uum model we refer the reader the work of [68]. On the
other hand, terms of the form H3, H4 (n < −2) they can be
important for the early universe (see [26,76]).
(b) Analytic solution for a radiation fluid: Here, the equation
of state parameter (hereafter EoS) is w1 = 1

3 , and the ana-
lytical solution is given by the series (34). For n = −1, the
corresponding non-zero coefficients are

Ā2

A0
= −λ2

6
,

Ā4+2ν

A0
�= 0 ν ∈ N,

and so, prior to the radiation-dominated era (singular solu-
tion), the scale factor can be written as

a (τ ) � a0τ
1
2 + a2τ

3
2 . (38)

Again, this solution includes an extra term which differs from
Eq. (35 ) for n > 0.

At this point the following comments are appropriate. The
current approximate solutions (37), (38), for non-relativistic
matter and radiation contain extra terms which differ from
those in (33) and (35) where n = 1. This is expected: for
negative powers of n, the extra terms of the solutions are
related to the λ2H−n term in Eq. (11), while for n > 0
the extra terms are affected by the constant vacuum term λ0.
However, in this case the λ0 term is introduced in the second-
order correction to the solution, which means that there are
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Fig. 4 Qualitative evolution in time for the relative difference between
the solutions of the master equation (12) for λ0 = 0, with λ0 �= 0
and n = −1. Left figure is for the scale factors while right figure
for the Hubble functions. For the numerical integration we considered
λ2 = 1, while the solid line provides the relative error of solution

with λ0 = 10−1λ2, dash-dash line for λ0 = 10−2λl , dot-dot line for
λ0 = 10−3λ2 and the dash-dot line for λ0 = 10−4λ2. For the numerical
integration we started close to the singular solution with w1 = 1

3 , that
is, at the radiation epoch
ΔΩ

Λ
(t)

Ω
Λ
0(
t)

ΩΛ(t)

Fig. 5 Qualitative evolution in time for the scale factor a(t) (left fig-
ure) and the relative difference of the energy density 	� (t) for the
solutions which were presented in Fig. 4. For the numerical integration
we have considered λ2 = 1, n = −1, while the solid line provides

the relative error of the solution with λ0 = 10−1λ2, the dash-dash line
for λ0 = 10−2λ2, the dot-dot line for λ0 = 10−3λ2 and the dash-dot
line for λ0 = 10−4λ2. We started the numerical integration close to the
singular solution with w1 = 1

3 , that is, at the radiation epoch

differences between the two solutions λ0 = 0 and λ0 �= 0,
not very far from the singularity. In order to understand the
differences between the two solutions, in Fig. 4 we present
the evolution of the relative difference between the numerical
simulations for n = − 1, and λ0 = 0 and those with λ0 �= 0,
for the scale factor and the Hubble expansion rate.

We observe that prior to the singularity the relative error
is close to the error of the numerical integration; however, as
the system evolves the relative error becomes larger. In the
left panel of Fig. 5 we plot the evolution of the scale factors
which are considered in Fig. 4, while in the right panel of
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Fig. 5 we show the relative difference in the energy density
	� = �(H) /3H2 between the different solutions.

Recall that λ0 does not correspond to the value of the
cosmological constant at the present time. In particular, the
latter is given by �(H0) = λ0 + λ2H

−n
0 , where H0 is the

value of the Hubble function at the present time. Therefore,
since we know that �(H0) is small, we must have λ0 of
the order of λ2H

−n
0 : that is, for n < 0, |λ0| > |λ2| . This

makes clear that the correction terms which depend on λ0

are important for the evolution of the system.
The singularity analysis fails for n < −2, and below we

will carry out our analysis for the case of two ideal fluids.

4.2 Case B: two ideal gases

In this section we consider that the cosmic fluid consists
two ideal fluids, where one of them is minimally coupled
(see Case B in Sect. 2). In this case using the transformation
A (t) = a−1 (t), the second-order differential equation (18)
becomes

Ȧn[2AÄ − (5 + 3w1) Ȧ
2 + (1 + w1) λ0A

2 + w2ρ20A
3(1+w2)]

− (−1)−n (1 + w1) λ2A
2−2n = 0. (39)

Using τ = t − t0 and substituting A (t) = A0τ
p in (39), we

find the expression

τ−3+(3+n)p[pn+1(3 (1 + w1) p − 2) − pnτ 2((1 + w1) λ2

−w2ρ20A
3(1+w2)
0 τ 3(1+w2)p) − (−1)n (1 + w1) λ2τ

2+n] = 0.

(40)

This provides the following three dominant behaviors:

4.2.1 Positive power, n > 0, solution I

For n > 0, if we assume that the dominant term close to the
singularity is 2 + 3(1 + w1)p, then p is given by Eq. (29).
This implies that the singular solution describes the matter-
dominated era via the fluidρ1 (t). Of course we need to clarify
that the above term is indeed the dominant one if and only
if the corresponding EoS parameters of the two ideal fluids
satisfy the inequality

w2 < w1. (41)

Within the framework of this latter restriction we present
some special analytical solutions, below. It is important to
mention that when w2 = − 1

3 , Eq. (18) corresponds to that of
one ideal effective fluid in a FLRW spacetime with nonzero
spatial curvature k, such that k = −ρ20.

For the calculation of the resonances, we follow standard

steps; namely, we substitute A (t) = A0τ
− 2

3(1+w1) (1 + mts)
in (39) and from the coefficient of the dominant term in

the linearized equation around the value m = 0 we obtain
s (1 + s) = 0, hence the two resonances are −1 and 0.

Because the second resonance has the value zero, the sec-
ond integration constant is the coefficient of the dominant
term; hence, it is not necessary to perform the consistency
test. However, in order to compare the current solutions with
those of Case A we shall now investigate some applications.
(a) Analytic solution for a non-relativistic fluid and curvature
term: Here, we have (w1, w2) = (0,− 1

3 ). Therefore, the
leading-order term is p = − 2

3 and the step of the expansion
is 1

3 . The analytical solution is given by expression (31) while,
for n = 1, the nonzero coefficients of the Laurent expansion
are given by

A2

A0
= −3A2

0ρ20

20
,

A4

A0
= 9

(
A2

0ρ20
)2

280
,

A6

A0
= −100λ0 + 9

(
A2

0ρ20
)3

1200
,

A8

A0
= 9(39200λ0 + 3483(A2

0ρ20)
3)(A2

0ρ20)

17248000
N.

Notice that the other non-zero coefficients of the series have
the form A10+2ν , ν ∈ N. Recall that the constraint (3) pro-
vides an algebraic relation between the free parameters of the
model. As expected, for k = ρ20 = 0 the current solution
reduces to that of section 3.1, while close to the singularity,
and for k = ρ20 �= 0, the approximated solution is

A (τ ) = A0τ
− 2

3 + A2, (42)

or

a (τ ) = a1τ
2
3 + a2τ

4
3 . (43)

(b) Analytic solution for radiation and non-relativistic matter:
Now, we assume that ρ1 (t) and ρ2 (t) are the radiation (w1 =
1
3 ) and matter (w2 = 0) densities respectively. In this case, the
solution of the problem are the series (34) with Ā0 arbitrary
and for n = 1 the nonzero coefficients are found to be

Ā4

Ā0
= −λ0

9
,

Ā6

Ā0
= −λ2

9
,

Ā8

Ā0
= λ2

0

90
N,

while the other non-zero coefficients take the form A10+2ν ,
ν ∈ N.

(c) Analytic solution for radiation and curvature term: Here
we consider that the cosmic fluid contains radiation (w1 = 1

3 )
and curvature (w2 = − 1

3 ). Again, if in the case of the dust
we consider another fluid, for instance w2 = − 1

3 , which
corresponds to the curvature term, then the analytical solution
is given by Eq. (34) with the following nonzero coefficients
(for n = 1),
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Ā2

Ā0
= − A2

0ρ20

12
,

Ā4

Ā0
= −32λ0 − 3

(
A2

0ρ20
)2

288
,

Ā6

Ā0
= 64λ0A2

0ρ20 − 5
(
A2

0ρ20
)3 − 384λ2

3456
N,

where we clearly observe the differences with respect to that
of the previous solution (radiation and non-relativistic mat-
ter).

4.2.2 Positive power, n > 0, solution II

The second class of solutions are those for which the leading-
order terms of Eq. (40) are −3 + (3 + n) p and −1 +
p[3 (2 + w2) + n]. Keeping only these terms, Eq. (40)
reduces to

−3 + (3 + n) p � −1 + p [3 (2 + w2) + n] , (44)

and so

p � − 2

3 (1 + w2)
. (45)

Therefore, that new singular solution describes the matter-
dominated era of the minimally coupled fluid ρ2 (t).

In contrast to the aforementioned cases, the constant A0

here is not arbitrary but it is given in terms of w1, w2 and
ρ20, by

ρ20 = 4A−3(1+w2)
0 (w2 − w1)

3w2 (1 + w2)
2 , (46)

where w2 �= 0. Since A0 is not arbitrary, we expect that the
second resonance cannot be zero. Indeed, using our method-
ology we find the following resonances:

s1 = − 1, s2 = 2
(w2 − w1)

1 + w2
. (47)

Unlike the previous cases, where the corresponding solutions
are written as right Painlevé series, we have a different sit-
uation here. In particular, if we select the EoS parameters
(w1, w2) such that s2 < 0, then the solution is given by a left
Painlevé series and thus the dominant term is an attractor.3

(a) Analytic solution for radiation and curvature: Using w1 =
1
3 and w2 = − 1

3 Eqs. (45) and (47) provide p = −1 and
s1 = −1, s2 = 1. Therefore, the analytical solution is

A (τ ) = A0τ
−1 + A1 + A2τ + A3τ

2 +
∞∑

v=4

Avτ
−1+ν . (48)

3 For more details, we refer the reader to [77–79] and references therein.

Notice, that the solution passes the consistency test. More-
over, the fact that the second resonance is positive implies
that the solution (48) is unstable. Now, using the dominant
term A � A0τ

−1 of the above solution, i.e. a(τ ) ∝ τ, we
find that the Milne universe and the Rh = ct model [80] can
be seen as perturbations around the present �(H) model.

If the Rh = ct or Milne models were somehow the effec-
tive behavior of the current �(H) model, then we could argue
that the Rh = ct and Milne models are both unstable.

To this end, for n = 1 the nonzero coefficients of (48) are,
A1 which is the second integration constant and

A2 = 27A2
1 − 2A2

0λ0

18A0
, A3 = 90A3

1 − 8A2
0A1λ0 − 3A3

0λ2

36A2
0

, etc,

where A1 is a second integration constant.

4.2.3 Negative power, n < 0

The last case that we have to consider is when the power n is
negative, i.e. n < 0. In this case it follows that the only possi-
ble dominant behavior is that with p = − 2

3(1+w1)
, while the

corresponding resonances are s1 = − 1 and s2 = 0, which
means that the second integration constant is the A0 coef-
ficient. Thus, since we know the two integration constants
explicitly it is not necessary to perform step C of the ARS
algorithm, i.e. the consistency test. However, for the com-
pleteness of our analysis we present the Laurent expansions
for two cases of special interest.
(a) Analytic solution for radiation and nonrelativistic matter
If we assume that w1 = 1

3 and w2 = 0, then the dominant
behavior is p = − 1

2 , and the solution is given as a right
Painlevé series with step 1

2 , that is, series (34), where now
the first nonzero coefficients for n = − 1 are

Ā2

A0
=−λ2

6
,

Ā4

A0
= λ2

2 − 24λ0

216
, A6 = λ3

2 + 24λ0λ2

1296
, etc.

(b) Analytic solution for radiation and curvature: In a similar
way, for w1 = 1

3 and w2 = − 1
3 , the solution is given by the

right Painlevé series (34) with step 1
2 , where the first nonzero

coefficients for n = − 1 are

Ā2

A0
= − 2λ2 + A2

0ρ20

12
,

Ā4

A0
= 4λ2

2 − 96λ0 + 20A2
0ρ20 + 9A4

0ρ
2
20

864
, etc.

In the following section we discuss our results and we
draw our conclusions.

5 Conclusions

In the framework of running vacuum (�) models we imple-
mented a critical point analysis in order to study the existence
and the stability of singular solutions which describe de Sit-
ter, radiation and matter dominated eras. We used one of the
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most popular expressions for the vacuum parameter which
describes a large family of running vacuum models, namely
�(H) = c0 + c1H2 + c2H−n . We showed that this func-
tional form of �(H) allows for a number of de Sitter eras,
depending on the model parameters. The radiation and mat-
ter dominated eras are also investigated with the method of
singularity analysis. In order to recover a sequence of radia-
tion and matter eras, we found some interesting constraints
on the cosmic fluid.

Furthermore, it is interesting to mention that a closed form
solution exists only under special conditions. Indeed, analyt-
ical solutions (see [26,68]) are possible when the cosmic
fluid contains only two components, namely one fluid (non-
relativistic or radiation) and running vacuum �(H). Also,
in the case of [26] we have an additional restriction towards
solving analytically the Friedamnn equations, namely we are
dealing only with even powers in H , hence the term λ2H−n

boils down to λ2H2k with n = −2k and k ≥ 2 [see Eq. (7)].
Despite the fact that the above special solutions are available,
we are unaware of any study concerning the critical points in
running vacuum cosmologies. Moreover, if the cosmic fluid
includes radiation, non-relativistic matter and running vac-
uum �(H) (this situation is close to reality) then analytical
solutions are not yet available, implying that the approxi-
mated solutions of the present study are completely new and
novel.

In this context, we found families of �(H) cosmologies
for which new analytical solutions are given in terms of Lau-
rent expansions. Finally, we showed that the Milne universe
and the Rh = ct model can be written as perturbations devi-
ating from a special, but unstable, �(H) model.
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